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1. Introduction

Let K be a knot in the 3-sphere S3 with exterior Xx = S3\ int N(K) (where N(-) denotes regular neighborhood). For r
a slope in X, we let K(r) = Xx Uy S! x D? denote the manifold obtained by performing surgery on K along the slope r,
so that r bounds a disk in S! x D2. A Seifert Klein bottle for K is a once-punctured Klein bottle P properly embedded
in Xg which has integral boundary slope; such a surface P is unknotted if cl(Xgx \ N(P)) is a genus two handlebody.
We say that K has crosscap number two if K has a Seifert Klein bottle and its exterior contains no properly embedded
Moebius band. The knot K has tunnel number one if there is a properly embedded arc 7 in Xk such that cl(Xkg \ N(7)) is
a (genus two) handlebody. We also say that the knot K admits a (g, n) decomposition, or that K is a (g, n)-knot, if there is
a Heegaard splitting surface S in S3 of genus g which intersects K transversely and bounds handlebodies H, H’, such that
both KNH c H and K N H’ C H' are trivial n-string arc systems. Finally, we will use the notation S2(a, b, c) to represent
any small Seifert fibered space over a 2-sphere with three singular fibers of indices a, b, c.

Any (1, 1)-knot has tunnel number one; the converse, however, does not hold in general. It is therefore remarkable that
for genus one hyperbolic knots the properties of having tunnel number one, admitting a (1,1) decomposition, or being
2-bridge are all mutually equivalent; this is the content of the Goda-Teragaito conjecture, which is the main result of [13].
Since a genus one knot bounds a once punctured torus, which is the orientable homotopy equivalent of a once punctured
Klein bottle, one might expect crosscap number two hyperbolic knots to exhibit similar behavior, i.e. with having tunnel
number one, admitting a (1, 1) decomposition, and being 2-bridge are all equivalent conditions. That this is not the case
follows from [11, Theorem 1.1], which shows that crosscap number two hyperbolic (1, 1)-knots are in general not 2-bridge.
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Fig. 2. A (1, 2) decomposition of the knot K (0, 1).

One may still ask if, for crosscap number two hyperbolic knots, having tunnel number one is equivalent to admit a (1, 1)
decomposition. In this paper we show this is not the case by constructing explicit examples of crosscap number two
hyperbolic knots that have tunnel number one but do not admit (1, 1) decompositions; moreover, all such knots admit a
(1,2) decomposition. The construction of such examples is based on the classification of the nontrivial crosscap number
two (1, 1)-knots in S given in [11]. Explicit examples of general tunnel number one knots without (1, 1) decompositions
were first given by Morimoto, Sakuma and Yokota [10], and more recently by Eudave-Muifioz [4] (see also [6]).

Our family of examples is constructed starting from the trivial knot K (0, 0) shown in Fig. 1, which lies in the bound-
ary dH of an unknotted genus two handlebody H standardly embedded in S3. We obtain a two-parameter infinite family
of knots K(p,q) C dH, for any integers p, q, by Dehn-twisting K(0,0) p-times along dDg and g-times along dD{, where
Do, D1 is the complete meridian system for H shown in the figure; the Dehn-twists are carried out by cutting dH along aD;,
obtaining a 4-punctured 2-sphere Fg, and then twisting only the two ‘bottom’ boundary circles of Fg indicated by the ar-
rows of the figure the required number of times (in the direction of the arrows for p,q > 0, see e.g. the knot K(—1,1) in
Fig. 11).

It is not hard to see that each knot K(p,q) is a (1, 2)-knot. Fig. 2 shows a pair of parallel unknotted tori Sg, S; in s3,
with the region between Sy and S; a product of the form Sg x I; in the figure, the knot K (0, 1) is represented as the union
of 4 pairs of arcs: one pair on each Sg, S and two pairs of arcs in Sg x I, with each arc in the latter pairs intersecting each
level torus Sp x {t}, t € I, transversely in one point. It is well known (and easy to prove) that under such conditions the
given representation is in fact a (1,2) decomposition of K(0, 1) relative to either Sp or Sy. A (1,2) decomposition for the
knot K(p, q) can be obtained by Dehn twisting the knot K(0, 1) p-times along the disk D¢ in Fig. 2 (following our previous
convention) and varying the number q of full twists on the top pair of strands that run between Sg and S; (with ¢ >0
corresponding to g positive full twists on the strands).

On the other hand, it is not easy to see that most of the knots K(p,q) are not (1, 1)-knots. Our main result is the
following:

Theorem 1.1. The (1, 2)-knot K(p, q) is trivial iff (p,q) = (0, 0), (0, 1), and a torus knot iff p = 0 and q # —1, 0 (with K(0,q) =
T(2,2q—1))or(p,q) =(—1,1) (with K(—1,1) =T (5, 8)); in all other cases,

(a) K(p, q) is a hyperbolic tunnel number one knot which is not 2-bridge;
(b) K(p, q) bounds an unknotted Seifert Klein bottle P(p, q) of boundary slope r = 4q — 36p;
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(c) K(p,q)isa (1, 1)-knot iff (p, q) is a pair of the form (p, 1), (p, 2), (1, q), or (—1,0);
(d) with the exception of K(—1,2)(r) = S2(2,2,3), K(=2, 1)(r) = §2(2,2,7), and K(p, 0)(r) = S2(2, 2, |6p — 1|), the manifold
K(p, q)(r) is irreducible and toroidal.

In particular, there are infinitely many hyperbolic (1, 2)-knots with crosscap number two and tunnel number one which admit no
(1, 1) decompositions.

Proof. We have already seen that each K(p, q) is a (1, 2)-knot; all other claims follow from Lemmas 4.3, 4.4, and 4.6. O

We remark that the family of knots K(p, q) is one of the simplest families that can be obtained following our method of
construction, which is quite general. The paper is organized as follows. In Section 2 we provide definitions and background
results, and develop several specific properties of circles embedded in the boundary of a genus two handlebody, in both
algebraic and topological versions, which will be needed in later sections. Section 3 contains, among many other miscel-
laneous results, the criteria used to determine if a crosscap number two knot with an unknotted Seifert Klein bottle has
tunnel number one, and if so whether or not it admits a (1, 1) decomposition; such criteria are given in decidable algebraic
terms involving primitive or power words in a rank two free group. Finally, in Section 4 we apply these criteria to prove
Lemmas 4.3, 4.4 and 4.6, which establish the properties of the family of knots K(p, q) given in Theorem 1.1.

2. Preliminaries
2.1. Once-punctured Klein bottles

Let P denote a once-punctured Klein bottle. Any circle embedded in P is, up to isotopy, of one of the following types
(cf. [12, §2]):

(i) a meridian circle m: this is an orientation preserving circle which cuts P into a pair of pants;
(ii) a center c: this is an orientation reversing circle whose regular neighborhood in P is a Moebius band;
(iii) a longitude ¢: this is an orientation preserving circle which separates P into two components, one of which is a Moebius
band.

The meridian circle of P is unique, while there are infinitely many isotopy classes of center and longitude circles (cf. [16,
Lemma 3.1]). This contrasts with the situation in a closed Klein bottle, where up to isotopy there is only one longitude circle
and two center circles.

Denote by P x I the orientable twisted I-bundle over P, where I =[0,1]. P X I is a genus two handlebody; the pair
(P X I,dP) can be seen in Fig. 4, up to homeomorphism. In particular, if N(P) is the regular neighborhood of a once-
punctured Klein bottle which is properly embedded in an orientable 3-manifold with boundary, then (N(P), P) ~ (P x
I,Px %), where ~ denotes homeomorphism.

2.2. Lifts of meridian, center, and longitude circles

Let Tp be the twice punctured torus dN(P) \ int N(dP) C dN(P). For any meridian circle m or longitude circle ¢ of P,
the restriction of the I-bundle N(P) to m, ¢ is a fibered annulus A(m), A(¢), respectively, properly embedded in N(P),
which intersects P transversely in m, ¢, respectively; if ¢ is a center circle of P, the restriction of N(P) to c is a fibered
Moebius band B(c) which intersects P transversely in c. Notice that A(m), A(¢), and B(c) are all unique up to isotopy
in N(P) (i.e., any annulus (A, dA) C (N(P), Tp) intersecting P in m is isotopic to A(m), etc.), and that the boundary circles
0A(m), dA(£), dB(c) may all be assumed to lie in Tp. We call the circles dA(m), dA(£), dB(c), respectively, the lifts of m, ¢, c
to Tp; thus m has two distinct nonparallel lifts mg LU m; = dA(m), while ¢ has a unique lift. Each longitude ¢ also has a
unique lift, of which dA(¢) gives two parallel copies. In fact, if £ splits off a Moebius band from P with center c,, then the
lifts of ¢, and ¢ are isotopic in Tp: for A({) is isotopic to the frontier of the regular neighborhood in N(P) of the Moebius
band B(cy). Thus, the set of lifts of centers of P coincides with the set of lifts of longitudes of P.

2.3. Seifert Klein bottles

Let P C Xk be a Seifert Klein bottle for a knot K ¢ S3, and let N(P) ~ P X I be a small regular neighborhood of P in X.
We define the exterior of P in $3 as the manifold X(P) = $3 \ int N(P); we thus have

S3 = N(P) Uy X(P) (2.1)

with 9P C dN(P) = 0 X(P). We will identify the twice punctured torus Tp C dN(P) with the frontier in Xx of N(P), so that
Tp C N(P)NaX(P).
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Given that K and 9P are isotopic in S3, the translation of properties of K ¢ S or P C X into properties involving the
decomposition given in (2.1) can be easily carried out. For instance, it is easy to see that P is unknotted in S3 iff X(P) is a
handlebody.

2.4. Companion annuli and multiplicity

Let M be an orientable, irreducible, and geometrically atoroidal 3-manifold with connected boundary, and let y be a
circle embedded in M which is nontrivial (i.e., it does not bound a disk) in M.

Let A be an annular regular neighborhood of y in 9M, and A’ a properly embedded separating annulus in M with
dA’ = 9dA. We say that A’ is a companion annulus for y in M if A’ is not parallel into M. It follows from [16, Lemma 5.1]
that the region cobounded in M by A’ and the annular neighborhood A of y is a solid torus, the companion solid torus of y
in M, and that a companion annulus and a companion solid torus for y are unique up to isotopy. We define the multiplicity
u(y) of y in M to be 1 if y has no companion annuli, and as the number of times y runs around its companion solid
torus when y has a companion annulus. Thus y has a companion annulus in M iff u(y) > 2.

Multiplicities of circles in the case where M is a genus two handlebody will be of particular interest in later develop-
ments. So let H be a genus two handlebody; we shall see that the fact that 1 (H) (rel some base point) is a free group on
two generators allows for a simple interpretation of multiplicities of circles in dH in purely algebraic terms. We will need
the following general definitions.

Let F, denote the free group on the two generators; if free generators (i.e., a basis) x, y for F, are given, so that
Fy = (x,y | —), we may refer to the elements of F, as words in x and y. For convenience, we will denote the inverse u~!
of u by u, and by [u, v] the commutator uvuv of any two elements u, v of F,. A word u € F, is primitive if there is v € F;
such that {u, v} is a basis of F, and that u is a power if there is a nontrivial element w € F, and an integer n > 2 such that
u=w". We write u=v for u, v € Fy if u =cv®c for some c € F, and ¢ € {1, —1}. A word u € {(x, y | —) is said to be cyclically
reduced if, for e = £1 and z € {x, y}, the pair of symbols z%, z7¢ do not occur consecutively in u nor u simultaneously begins
with z¢ and ends with z7¢; notice u = v whenever v is a cyclic reduction of u or i.

We will see in Lemma 2.3 below that multiplicities of circles in dH can be characterized in terms of primitive or power
elements in 711 (H). A complete characterization of primitive words in F» = (x, y | —) can be found in [5]; for our purposes,
the following partial characterization of such primitive words (originally given in [3]), which easily extends to words that
are powers of primitive elements, will suffice.

Lemma 2.1. ([3,5].) If an element u in the free group F, = (x,y | —) is primitive or a power of a primitive then there is a basis
{a,b} C {x,X,y, ¥} of F» and an integer n > 1 such that either u = ab"', u = a™*!, or u = ab™ -..ab™, k > 2, for some integers
{my,....m}={nn+1}

The next result establishes some useful equivalences in F».

Lemma 2.2. Let {u, v} and {a, b} be any two bases of F, and m,n > 1 any two integers.

(a) The identities [W, w'] = [w, w'] = [w’, w] hold for any w, w’ € F,.

(b) If w € Fy, then {u, w} is a basis for Fy iff w = ukveu! for some integers k,l and € € {—1, 1}.
(c) Ifu™ =a™ then [u™, v]=[a™, b].

(d) Ifu™ =a™ and v = b" then [u™, v"] = [a™, b"].

Proof. Part (a) follows by direct computation, while the result in (b) is well known (cf. [9, §3.5, Problem 3]).

For part (c) we have that u™ = ¢a™c = (ca®c)™ for some c € F, and ¢ € {—1, 1}./ and hence that u = ca®c (cf. [9, §1.4]). It
follows that cu¢ = a® and cv¢ form a basis for F», and hence by (b) that cvé = a*b®'a' for some integers k,[ and &’ € {—1, 1}.
Therefore

[u™, v]=[ca™c, Eakbglalc] =[a™, bg/] =[da",b].

Similarly, for part (d) we continue to have u™ = ca™*c = (ca®c)™ and also have v" = db™d = (db®d)" for some d € F, and
8 € {—1,1}, whence u = ca®c and v =db®d hold in F. It follows that cu¢ =af and cv¢ = éb%e form a basis of Fy, where
e =d¢. By (b) we must have éb’e = a*b®a¥, and so [u™, v"] = [ca™c, cakbPa¥c] = [a™€, b®] = [a™, b"] holds. O

The following sequence of lemmas will establish several fundamental facts about circles in dH which may represent
primitive/power elements in 771 (H). For any loop o C H, denote by [«] the element of 771 (H) representing « (rel some base
point). We will call any disk properly embedded in H which separates H into two solid torus components a waist disk of H.
Also, for a 3-manifold M, we will say that the pair (M, d.M) is irreducible if M is irreducible and .M is incompressible
in M.
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Lemma 2.3. Let H be a handlebody of genus two and y, y’ be disjoint circles embedded in d H which are nontrivial in H.

(a) 9H \ y compresses in H iff [y] is primitive or a power in 71 (H), in which case there is a waist disk of H which is disjoint from y.
In particular, if [y] is a power in t1 (H) then [y] is a power of a primitive element.

(b) y has multiplicity n > 2 in H iff [y] is the nth power of some primitive element in 7r1(H); moreover, if [y] = A" for some integer
n > 1 and some primitive element A € w1 (H) thenn = u([y]).

(c) Suppose y and y’ are not parallel in dH. If [y] is primitive or a power in 1 (H) and [y’] is conjugate to [y] in 1 (H), then y
and y' cobound a nonseparating annulus in H.

(d) Suppose y’ does not cobound an annulus with y in H and that, in 711 (H), either [y] is primitive or a power while [y'] is a power.
Then there is a waist disk D of H which separates y and y’.

Proof. Parts (a) and (b) follow from the argument used in the proof of [2, Theorem 4.1], which deals with roots in the
fundamental group of a compression body; we prove them here in the context of handlebodies of genus two for the
convenience of the reader.

Suppose dH \ y compresses in H along a disk D. If D is nonseparating then there is an embedded circle « C 9H \ y
which intersects dD transversely in a single point, and hence the frontier of a small regular neighborhood in H of D U « is
a waist disk in H which compresses dH \ y; we may thus assume D is a waist disk of H. Cutting H along D produces two
solid torus components, one of which, say V, contains y in its boundary; given that y is nontrivial in H, it follows that y
must be a nonseparating circle in dH. By Van Kampen’s theorem, if 8 is a core of V then [B] is primitive in 71(H) and
yl= [BI¥ for some integer k # 0. Thus [y] is either primitive or a power of a primitive in 71 (H); moreover, it is not hard
to see that if |k| > 2 then V is the companion solid torus of y in H, so i (y) = |k|. This proves one direction of part (a).

Conversely, let M be the 3-manifold obtained by adding a 2-handle to H along y. If, in 1(H), [y] is primitive then
m1(M) =7 and so M is a solid torus, while if [y] is a power then 7r1(M) has nontrivial torsion by [9, Theorems N3
and 4.12] and hence M is reducible (cf. [8, Theorem 9.8]). Therefore the pair (M, dM) is not irreducible, so the surface
dH \ y compresses in H by the 2-handle addition theorem (cf. [2]), and hence by the above argument [y] is a primitive or
a power of a primitive in 71 (H). Thus (a) holds.

For part (b), assume y has multiplicity n > 2; that is, for A C 9H an annular neighborhood of ¥ and A’ a companion
annulus of y with A’ =9A, A and A’ cobound a solid torus V C H such that y runs n times around V. Since y is nontrivial
in H, and A’ separates H, it follows that A’ boundary compresses in H into a nontrivial separating compression disk
of dH \ y; hence, by the first part of the argument for (a), y is the nth power of a primitive element of 7t (H). Conversely,
suppose [y] = A" for some integer n > 1 and some primitive element A € 1 (H). By the first part of the argument for (a),
there is a loop B in H with [B] primitive in m1(H) and [y] = [B1*Y). Therefore the abelianization of w1 (H)/{[y]) is
isomorphic to both Z @ Z, and Z @ Zyy), so n = u(y). Thus (b) follows.

In parts (c) and (d), let F=0H \ y, so that Y’ C F; observe that F compresses in H by (a), given that [y] is either
primitive or a power in 771 (H). Let M be the manifold obtained by attaching a 2-handle to H along y’, so that y C dM. In
part (d), [y'] is a power in 71 (H) and so M is reducible by the argument used in part (a); in part (c), since [y] is conjugate
to [y’] in w1(H) but ¥ and y’ are not parallel in dH, and y C M, [y] must be trivial in 771 (M) but nontrivial in dM,
and hence y bounds a nonseparating disk in M. Either way the pair (M,dM \ y) is not irreducible, so by the 2-handle
addition theorem the surface F\ y’=09H \ (y Uy’) compresses in H along some disk D C H. In part (c) the disk D must
be nonseparating, so y, ¥’ lie in the boundary of the solid torus H \ int N(D) and hence cobound a nonseparating annulus
in H; similarly, in part (d) the disk D must be a waist disk of H which separates y and y’. O

For a Seifert Klein bottle P in a knot exterior Xy, recall that Tp is the twice punctured torus obtained from the frontier
of N(P) in the knot exterior Xk, so Tp C dX(P)\ oP and intTp, X(P) \ 0P are homeomorphic surfaces. In this context,
Lemma 2.3(a) has the following immediate consequence.

Corollary 2.4. An unknotted Seifert Klein bottle P for a knot K is mi-injective in Xy iff [0 P] is neither primitive nor a power of a
primitive in t1 (X (P)). Specifically, Tp is boundary compressible in X iff [d P] is primitive in 71 (X (P)).

Proof. Since N(P) is an I-bundle over P, we have that P is m-injective in N(P) and Tp is incompressible in N(P); hence,
by the Dehn’s lemma-loop theorem [8], P is mq-injective in X iff Tp is geometrically incompressible in X(P). Thus the
first part follows from Lemma 2.3(a).

Now, given the relationship between the surfaces Tp and X(P) \ 9P, it is not hard to see that the boundary compress-
ibility of Tp in X(P) is equivalent to the existence of a properly embedded disk D in X(P) which intersects the circle
dP C dX(P) transversely in one point; as the latter condition is equivalent to [0 P] being primitive in 71 (X (P)), the second
part of the claim follows. O

The following result gives a simple algebraic way of determining if the manifold T x I, T a torus, is obtained by attaching
a 2-handle to a genus two handlebody H; though the result is well known, we sketch its proof as preparation for the
argument used in its generalization given in Lemma 2.6, which deals with the case of attaching a 2-handle to a genus two
sub-handlebody of H.
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Lemma 2.5. Let H be a genus two handlebody and T be a closed torus. Let y be a circle embedded in 9H and M = H U,, N(D) be the
manifold obtained by attaching a 2-handle N(D) to H along y.Then M ~ 7T x I iff [y] = [a, b] for some (and hence any) basis {a, b}
of m1(H).

Proof. Suppose that m1(M)/([y]) =Z & Z, so that y is nontrivial in H. If dH \ y compresses in H then by Lemma 2.3(a)
there is a waist disk in H disjoint from y and so M is a manifold of the form S' x D2 # L for L = S3 or a lens space; but
then r1(M)/([y]) # Z & Z, contradicting our hypothesis. Thus dH \ y is incompressible in H and so the pair (M, dM) is
irreducible by the 2-handle addition theorem, hence by [8, Theorem 12.10] the condition M ~ 7 x I is equivalent to the
condition 7r1(H)/{[y]) = Z @ Z. The lemma follows now from the fact (due to Nielsen, cf. [9, §4.4]) that, for any word w
nExyl-), &yl-)y/w=ZoZiff w=[x,y]. O

Lemma 2.6. Let H be a handlebody of genus two and yy, y1, y2 be disjoint circles embedded in d H which are nontrivial in H; let T
denote a closed torus.

(a) If Ao C H is a companion annulus for y with core ag and corresponding companion solid torus Vo C H, then H' = cl(H \ Vo) is
a genus two handlebody, and there is a common waist disk D of H and H’ such that

(i) H' = Wq Up W1 for some solid tori W, W1 in H with D =W N adW1 = WoN Wy and Ag C 9Wq \ D,
(ii) if By is a core of W1 then {wq = [oo], w1 = [B1]} is a basis for 71 (H'),
(iii) if Bo is a core of Vo then {u = [Bol, v = [B1]} is a basis for 71 (H), and the inclusion map i: H' C H induces an injection

71 (H') 25 711 (H) given by wo > ut0 = [yo] and wy > v,
(iv) if H' U N(D(y»)) is the manifold obtained by attaching a 2-handle N(D(y»)) along y», then H' U N(D(y»)) ~ T x I iff
[y2] = [a*0), b] for some (and hence any) basis {a, b} of w1 (H) such that [yg] = a* (),
(b) Suppose Ag, A1 C H are disjoint companion annuli for yy, y1, respectively, with corresponding cores oo, o1 and companion solid
tori Vo, V1 C H.Then H' = cl(H \ (Vo U V1)) is a genus two handlebody, and there is a common waist disk D of H and H' such
that

(i) H' = WqUp W for some solid tori Wo, W1 in H with D = dWoN oW = WoN W1, Ag C dWqo\ D, and A1 C dW1\ D,
(ii) {wo = [ao], w1 = [ar1]} is a basis for 7t1(H'),
(iii) if Bo, B1 are cores of Vg, V1, respectively, then {u = [Bo], v = [B11} is a basis for 71 (H) and the inclusion map i: H' C H

induces an injection 71 (H') ~ 71 (H) given by wo > uf00) = [yg] and wy > vEOD) =[],
(iv) if H' U N(D(y»)) is the manifold obtained by attaching a 2-handle N(D(y»)) along y», then H' U N(D(y»)) ~ 7T x I iff
[y2] = [a*(0) b D] for some (and hence any) basis {a, b} of 1 (H) such that [yp] = a*"® and [y;] = b*"D,

Proof. For part (a), by Lemma 2.3(a), (b), there is a waist disk D for H such that H = Uy Up W1 for some solid tori Ug, W1
with 9 C aUg \ D. After a slight isotopy we may also assume that Ag C Ug, and then we may write Ug = Wq Ua, V¢ for
some solid torus Wy C Ug. Thus H' =cl(H \ Vo) = Wy Up W1 is a genus two handlebody and (i) holds.

As the circles y,a C a3V run pu(yp) > 2 around Vo, and Ug = Wy Uy, Vo is a solid torus, it follows that ag C dWo
must run once around Wy and hence that o is isotopic to a core of Wy; therefore, that (ii) and (iii) hold follows by Van
Kampen'’s theorem and the fact that ap and yp are isotopic in Vg.

For part (a)(iv), we assume as we may that dAp and y, are disjoint in dH, whence y, C dH’; we write [}2], [12]
for the elements in 771 (H’), 11 (H) represented by y», respectively, so that i.([}2]) = [y2]. Recall by Lemma 2.5 that H' U
N(D(y»)) ~ 7T x I iff [y»] =[x, y] for some and in fact any basis {x, y} of 1(H’). Thus, if H UN(D(y2)) 7T x I then
[¥2] = [wo, w1l in 71 (H’) and hence [y,] =i, ([y2]) = [u*?0), v] in 1 (H); that [y2] = [@*7®), b] holds for any basis {a, b}
of 71 (H) with [y] = a*® now follows from Lemma 2.2(c).

Suppose now {a, b} is any basis of 7r1(H) such that [yp] =a*™ and [y,] = [a*"" b] hold in 71 (H); by Lemma 2.2(c),
we then also have that [y,] = [u#) v]. Observe that [u#(0 v] is a cyclically reduced word in 71 (H) = (u, v | —); for
definiteness, we will assume, that [u#*(0) v] is a cyclic reduction of [y>] in 71 (H) = (u, v | —).

Let W (wp, w1) be a cyclic reduction of [y»] in 71(H') = (wg, wq | =). Then, in w1(H) = (u, v | =), ix(W(wo, wq)) =
W (i (Wp), ix(W1)) = W ) v) is also a cyclically reduced word, which must then be a cyclic reduction of [y;] =
i+ ([¥2]). Thus the words i, (W (wg, wq)) and [u*(0), v] are identical except for the cyclic order of their factors. Given that
i, (W) = ut) and i,(wq) = v, it is not hard to see that changing the cyclic order of the wq, wq factors in W (wg, wq) will
produce the identity i, (W (wg, wq)) = [u*) v], so we may assume that such identity holds. As i, ([wg, w1]) = [u*70), v]
holds too, so that i, ([wg, w1]) = ix(W (wg, wy)), we must have [wg, w1] = W (wg, w1) =[y2] in 711 (H’). Thus (a)(iv) holds.

The proof for part (b) is similar: by Lemma 2.3(d), there is a waist disk D for H such that H=Uq Up U; for some solid
tori Ug, Uy with Y9 C 90U\ D and y; C 9U1\ D, and we may also assume that Ag C Ug, A1 C Uy. Thus Ug = WqUa, Vo and
U1 =Wy Ug, Vi for some solid tori Wo C Ug, W1 C U1, so H =cl(H \ (VqU V1)) = Wo Up Wy is a genus two handlebody
and (i) holds. As before, g, a7 are isotopic to cores of Wy, W1, respectively, so that (ii) and (iii) hold follows by Van
Kampen'’s theorem. The proof of (b)(iv) follows from the same argument as that of (a)(iv), using Lemma 2.2(d) instead of
Lemma 2.2(c) to deduce [y,] = [u*¥0) vA)] from [y,] = [a*P0), b)), g
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Fig. 3. Construction of the Seifert Klein bottle P(c0 c1 R).

3. Crosscap number two knots

In this section we establish necessary and sufficient conditions for a crosscap number two hyperbolic knot to admit
a (1,1) decomposition. We also establish miscellaneous results that can be used to detect when a crosscap number two
knot with an unknotted Seifert Klein bottle has tunnel number one or is hyperbolic, as well as means of identifying and
constructing the lifts of meridians, centers, and longitudes of a Seifert Klein bottle.

3.1. (1, 1) decompositions

The following construction of a special family of Seifert Klein bottles P(c0 ,c1 ' R) in $3 with boundary a (1, 1)-knot is
taken from [11, §1]. Let T be an unknotted (i.e., Heegaard) torus embedded in S3; we identify a small regular neighborhood
of T in S3 with a product T x I, where I = [0, 1]. Thus, there are unknotted solid tori Vo, V; C S3 such that

S3 = Vo Upye=tx(o) T X I Uay,=Tx(1) V1. (3.1)

We say that an arc y embedded in T x I is monotone if the natural projection map T x I — I is monotone on y. We may
further assume that T x I lies within a slightly larger embedding of the form T x [—§, 1 4 8], for some small § > 0.

For i =0, 1, let ¢; be a circle nontrivially embedded in T x {i}. Let R be a rectangle properly embedded in T x I with one
boundary side along cg and the opposite side along c1, such that RN (T x [0,8]UT x [1—6,1]) Cco x[0,8]Ucy x [1—4,1]
and some core 8 C T x I of R is monotone. The union of R with the annuli A; =c¢; x [i —8,i+ 8], i=0,1, is then a
pair of pants; giving one half-twist relative to T x {i} to each annulus piece .4;, away from R, produces a once punctured
Klein bottle P(c0 ,c1 ' R), where g; € {+, —} and the notation cs' stands for one of the two possible half-twists that can be
performed on the annulus A; (see Fig. 3). We remark that in [11] the knot E)P(c0 ,cl , R) is denoted by K(cj, c], R).

We say that P(c0 ,cl 1, R) is in vertical position if some monotone core B C R is a fiber {q} x I of T x I; in such case,
P(co ,c1 1. R) can be isotoped so as to properly embed in some regular neighborhood of co U{q} x D Ucq in S3. The next
result states that vertical position is always attainable for any surface of the form P(c0 ,c1 ' R).

Lemma 3.1. Any once-punctured Klein bottle of the form P(c0 , c1 , R) can be isotoped into vertical position.
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Fig. 4. A pair of disjoint centers co,c; in 7P and some twisted lifts o, ¢1 C Tp.

Proof. Consider an arbitrary once-punctured Klein bottle of the form P(c0 ,c1 ' R) with 8 a monotone core of R. We claim
that the arc g is isotopic in T x I to some (and hence any) fiber {q} x I, g € T; in such case, the isotopy that moves 8 onto
some fiber {p} x I can be extended to an isotopy of coUBUcy in T x I, and then further extended to an isotopy of S3 that
puts P(c0 ,cl ' R) in vertical position.

Given 0 < x < y <1 and any monotone arc y C T x I, denote the point y N (T x {x}) by yx and the arc y N (T x [x, ¥])
by ¥ix,y]. Since B is monotone in T x I, there is a sufficiently large integer n > 0 such that, for each integer 1 <k <n, the
arc Bi—1)/n,k/m1 is isotopic, rel By, (ie., fixing the set {By/n}), to the arc {Bi/m} x [(k—1)/n,k/n] in T x [(k —1)/n, k/n].

Isotope the arc Bjo,1/n onto the arc {B1/n} x [0, 1/n] rel Bi/n, and let BV be the union of the arcs {B1/n} x [0, 1/n]
and By1/n,1); clearly, BM and B are isotopic in T x I rel Bi1/n,11- Now isotope the arc ﬁ[(ll/)n 2/n] (= Bi1/n,2/n)) onto the arc
{Bam} x[1/n,2/n] in T x[1/n,2/n] rel By/q; this isotopy easily extends to an isotopy of the arcs 5[0 2/n] and {ﬁél) } x[0,2/n]
in T x [0,2/n] rel 52/;1' and produces the arc @ = {ﬂé};} x [0, 2/n] Uﬁ[z/n 4y in T x 1, isotopic to g rel ﬁ[z/n,n = Bim1)-
Continuing the process in this fashion, the claim follows by induction, with g isotopic to ™ = {1} x [0,1] in T x I
rel 1. O

Assumption 3.2. In light of Lemma 3.1, any Seifert Klein bottle of the form P = P(co ,c1 1. R) constructed relatively to an
unknotted T x I C S3 will be assumed to be in vertical position relatively to T x I. In particular, we may always assume
that N(P) = N(co U {q} x I Ucq) for some point g € T and that T x I\ int N(P) is isotopic to Tg x I for the once punctured
torus To =T \ intN(q) C T (see Fig. 3).

Now let K be a knot in S* spanning a once-punctured Klein bottle P. If cg, c; are two disjoint center circles of P, we
say that K admits a {P, co, c1}-structure if P is isotopic to some once-punctured Klein bottle of the form P(c0 ,C1 1,R). In
this context, [11, Theorem 1.1] can be restated, in the case of hyperbolic non 2-bridge knots, as follows:

Theorem 3.3. ([11].) Let K be a hyperbolic knot in S3 which is not 2-bridge and bounds a Seifert Klein bottle P. Then K has a (1, 1)
decomposition iff K admits a {P, cg, c1}-structure for some pair of disjoint centers cg, c1 of P.

3.2. Twisted lifts of centers

Let P C Xk be any Seifert Klein bottle for a knot K  S3, and let N(P) C Xk be its regular neighborhood. If cg, c; are
disjoint centers of P, then, up to isotopy, there is a unique arc « properly embedded in 7P which separates co from cq, and
which gives rise (via the I-bundle structure of N(P)) to a waist disk D C N(P) with D NP = «, which cuts N(P) into two
solid tori Wy, W1 with ¢; C W; (see Fig. 4). Notice that such a waist disk is also unique up to isotopy, and that B; =P N W;
is a Moebius band for i =1, 2. Performing one half-twist to B; in W; produces an annulus in W;; there are two ways of
half-twisting B;, and each way produces an annulus, say with boundary slope ¢; or 6; C oW \ D, respectively. Each of the
circles ¢;, ¢} runs once around W; and intersects 9P transversely in one point. We call the circles ¢;, ¢} the twisted lifts of
the center ¢; C P to IN(P).

In the particular case where P = P(c0 ,c1 1. R) for some disjoint centers cg,cq C P, relative to some unknotted T x
I c S3, so that N(P) = N(co U ({q} x I) Ucy), it follows that any circle of intersection ¢; between dN(co U ({q} x I) Ucy) and
T x {i} is a twisted lift of ¢; (see Fig. 3), which we call the induced twisted lift of c;.

Back in the general case, assume further that 7 has atoroidal exterior X(P) c S3; as X(P) is irreducible, companion
solid tori and multiplicities of circles on dX(P) C X(P) are thus defined. So, for any pair co, c1 of disjoint centers of P
with twisted lifts ¢g,¢1 C Tp C dX(P), define V(¢;) C X(P) as the companion solid torus of ¢; if w(¢;) > 2 in X(P), with
A(C;) C dW; the annular neighborhood of ¢; C dW; such that V(¢;) N N(P) = A(C;), and otherwise set V (¢;) =0 = A(Cj);
we now construct the manifold

M(P, &g, ¢1) = cl(X(P)\ (V(E0) UV (E0))) C S°. (3.2)
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Let D be a waist disk of N(P) that separates o and ¢ (see Fig. 4); D is unique up to isotopy, and can always be chosen
such that

aD C AM(P, &, &1). (3.3)

Let cI(N(P)\ N(D)) = Wou Wy, where Wp, Wy are solid tori with ¢o C W and ¢; C 9W1. Then Ug = WUy, V (Co) and
Ui =Wi1Uge) V(¢q) are solid tori since, whenever present, each annulus A(¢;) runs once around W; (see Fig. 4); since, in
light of (2.1), we have

$3 =Up Uy (M(P, &, ¢1) UN(D)) Uy Uy, (3.4)

it follows that M(P, ¢g, 1) U N(D) is the exterior in S3 of the link formed by cores of the solid tori Uy and Uj.
The manifolds M(P, ¢g, ¢1) and M(P, Cg, ¢1) UN(D) can be readily identified whenever P is of the form P(cg", Cf‘ ,R).

Lemma 3.4. Suppose P = P(cgo, cf‘ , R) for some disjoint centers cg, c1 C P, relative to some unknotted T x I C S3; let &g, ¢1 be the

induced twisted lifts, respectively, and let D C N(P) be the unique waist disk that separates Co and ¢1. If X(P) is atoroidal then there
is a once punctured torus Tog C T such that, in S3, M(P, o, 1) is isotopic to Tg x I and M(P, &g, ¢1) UN(D) is isotopic to T x I, with
the isotopy carrying the circle 9D C dM (P, Co, €1) to a circle in d(To x I) isotopic to (dTg) x {0}.

Proof. Recall from (3.1) that S3> = VoUT x I U Vy; also, by Assumption 3.2, we may assume that N(P) = N(coU{q} x IUcy)
for some q € T, so that T x I\ int N(P) is isotopic to Tg x I for the once punctured torus To =T \ intN(q) C T.
For i =0, 1, consider the annuli A; C dX(P) and A] C T x {i} indicated in Fig. 3, with dA; = 3A]. We then have

X(P) = V(/) UA[') T() X IUA/] V{,

where V{ = V;\intN(P) C V; is a solid torus. Now, for i =0, 1, the circle ¢; is isotopic to a core of the annulus A; C 3X(P);
moreover, if ©«£(¢;) > 2 in X(P) then the annulus A} is a companion annulus for a core of A;, so we can take V(¢ = Vi,
while if @(¢;) =1 in X(P) then the annuli A; and A} are isotopic in V{ C X(P). It is not hard to see now that the
manifold M(P, ¢y, ¢1) may always be isotoped in S3 onto the manifold Tg x I in such a way that 4D c dIM(P, Cg, C1)
isotopes to a circle in d(Tg x I) isotopic to (dTp) x {0}, and that such an isotopy can be extended to an isotopy that maps
M(P,Co,c1)UNMD) onto T x I. O

We are now ready to give necessary and sufficient conditions for a Seifert Klein bottle P to be of the form P(cg", cfl ,R).

Lemma 3.5. Let K C S3 be a knot, P any Seifert Klein bottle in Xy with atoroidal exterior X(P), co, c1 any two disjoint centers of P,
Co, C1 C Tp any two twisted lifts of cg, c1, respectively, and D the unique waist disk of N(P) that separates ¢o and ¢1. Then, K admits
a {P, co, c1}-structure with induced twisted lifts Cq, C1 iff the following conditions hold:

(a) the manifold M(P, g, C1) is a genus two handlebody, and
(b) M(P,¢o,C1) UN(D)~T x I, where T is a closed torus.

Proof. If such a {cg, c1}-structure exists, that (a) and (b) hold follows from Lemma 3.4.

Conversely, suppose (a) and (b) hold. By (b), M(P, ¢o,¢1) UN(D) =T x I for some closed torus T =T x {0} C $3; the
identity in (3.4) implies that T is unknotted in S and hence that M(P, ¢g, ¢1) U N(D) is the exterior of the Hopf link in S3.
We will assume that ¢; C T x {i} for i =0, 1, and that T x I lies inside a slightly larger product of the form T x [—§, 1+ §]
for some sufficiently small § > 0.

Let N(D) be a small regular neighborhood of D in N(P) which is disjoint from ¢; and ¢; for i =0, 1, and such that
R =N(D) NP is a rectangle properly embedded in N(D) whose core @ C R is also a cocore of the 2-handle N(D).

Recall from the construction of M(P, ¢g, ¢1) that cI(N(P)\ N(D)) = Wo LI W1, where Wy, Wy are solid tori in N(P) with
Co C 9Wy and ¢; C aW1, so that for i =0, 1, we have

Ai=W;N (M(P,¢o,1) UN(D)) = W;N(T x I) = @W;) N (T x I)

is an annulus with core élf C int A; isotopic to ¢; in dW; and 9(T x I). We may further assume, after an isotopy of Wq U
(T x I UWq which leaves T x I fixed, that Wg = Ag x [=4§,0], and W1 =A1 x[1,1+48]in T x [-§,1 4+ 8].

Consider now the Moebius bands B; = P N Wj, i =0, 1; the rectangle R has one boundary side on dBo N T x {0} and
its opposite side on dB; N T x {1}, with P = By U R U By. Since ¢ is a twisted lift of cg in N(P), giving one half-twist
to By in Wo away from R C N(D) produces an annulus properly embedded in Wy with the same boundary slope as the
core 86 of Ap; this annulus can be isotoped within W onto the annulus 66 x [—§, 0], with co C Bg corresponding to the
circle ¢ x {—8/2}. In a similar way, one half twist on By C W1 (away from R) may be assumed to produce the annulus
¢} x [1,1 48], with ¢y C By corresponding to the circle ¢} x {1+ §/2}. Finally, the rectangle R C T x I may be slightly
isotoped within T x I so that its side RN T x {0} lies on 66 and its side RN T x {1} on 6/1, in such a way that P may be
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recovered from the pair of pants Q = ¢ x [-8,0]URUCE) x [1,14 8] C N(P) by performing the corresponding reverse one
half twists on the annuli ¢ x [—8,0]1 C Wo and ¢} x [1,1468] C Wi.

Now, the endpoints g =a NT x {0}, g1 =a NT x {1} of & lie on Cp, ¢, respectively. Therefore, if o’ is the arc {go} x
[—8/2,0]UaU{q1} x[1,1+8/2] C Q then ¢ is an arc properly embedded in the product T x [—§/2, 1+ §/2] with endpoints
on co U ¢y such that cI(T x [—§/2,1+8/2]\ N(«)) is homeomorphic to cl(T x [0, 1]\ N(@)).

By (a), the manifold cI(T x [0, 1]\ N(a)) ~ cl(T x [0,1]\ N(D)) = M(P, ¢o, ¢1) is a genus two handlebody. Since T x
[—8/2,1+8/2] and T x [0, 1] are isotopic in S3, and T x [0,1] C S? is the exterior of the Hopf link, it follows that o is
a tunnel for the Hopf link exterior T x [—8/2,14 8/2] C S3. As the Hopf link is a 2-braid link, by [1, Theorem 2.1] such a
tunnel arc o’ is unique up to isotopy, hence &’ can be isotoped into a fiber {*} x [—§/2,1+68/2] of T x [—8/2,1+ §/2].

Therefore P is isotopic to a surface of the form P(cf)o, c?, R) and so K admits a {P, cg, c1}-structure. O

With the aid of Lemma 2.6, the conditions in Lemma 3.5 can now be expressed entirely in simple algebraic terms
whenever the Seifert Klein bottle surface P is unknotted; this is the main content of the next result.

Lemma 3.6. Suppose P is an unknotted Seifert Klein bottle for a knot K C S3. Let co, c1 be disjoint centers of P with corresponding
twisted lifts Co, €1 C dX(P) and D the unique waist disk of N(P) that separates ¢y and 1.

(a) The knot K admits a {P, cg, c1}-structure with induced twisted lifts ¢o, ¢1 iff one of the following set of conditions holds:
(i) u(€o) =1=pu(¢y) and [0D] = [u, v] in w1 (X(P)) for some (and hence any) basis {u, v} of w1 (X(P));
(ii) for some {i, j} = {0, 1}: w(€&;) =1, w(Cj) > 2, and 9D = [u, vHCDT in 1 (X(P)) for some (and hence any) basis {u, v}
of w1 (X(P)) such that [¢] = v @);
(i) (o) =2, w(@1) =2, and 9D = [t yHC)] in 1 (X(P)) for some (and hence any) basis {u, v} of w1(X(P)) such that
[Eo] = ut @ and [¢1] = vHED,
(b) Suppose K admits a {P, cg, c1}-structure with induced twisted lifts g, ¢1, and let {i, j} = {0,1}. If u(¢;) = 1 in X(P) then,
in w1 (X(P)), either [C;], [€;] are both primitive or [C;] is a power of a primitive.

Proof. Since X(P) is a genus two handlebody, part (a) follows from a direct application of Lemma 2.6 to Lemma 3.5;
in particular, observe that, by Lemma 2.6, a basis {u, v} of m1(X(P)) satisfying the condition [éj] = vH©)) in (ii) or the
conditions [Co] = u*© and [¢1] = v#©) in (iii) always exists.

For part (b) we have that P is a surface of the form P(cé”,cfl, R) with induced twisted lifts Co,¢q; we assume for
definiteness that t(¢o) =1 in X(P). If u(¢;) =1 too then X(P) = M(P, ¢g, ¢1); since, by Lemma 3.4, M(P, o, C1) =To x I
for some once punctured torus To C S3 such that ¢o € To x {0} and ¢&; C Tg x {1}, it follows that [¢o], [¢1] are prim-
itive in 79 (X(P)) = m1(Tg x I) = m1(Tp). Otherwise, (¢1) > 2 and so [¢1] is a power of a primitive in 71(X(P)) by
Lemma 2.3(b). O

3.3. A tunnel number one criterion

The next result gives a condition for a knot with an unknotted Seifert Klein bottle to have tunnel number one.

Lemma 3.7. Let K C S be a nontrivial knot with an unknotted Seifert Klein bottle P. Then K has tunnel number one if some center
circle of P has a lift to Tp which is primitive in X(P).

Proof. Since P is unknotted, it follows from (2.1) that N(P) U X(P) is a genus two Heegaard decomposition of S3. Let ¢y be
any center circle of P, and let ¢; be the only other center circle of P which is disjoint from co. Then N(P) = Wy Up Wy,
where Wy, W1 C N(P) are solid tori and D is the (unique) waist disk D of N(P) which separates cg, c1. Finally, let B(cp)
be the Moebius band in N(P) constructed in Section 2.1, so that dB(cg) C Tp is the lift of c, and let V(cp) be a regular
neighborhood of B(cg) in N(P) disjoint from dP; V(c) is a solid torus.

If dB(co) is primitive in X(P) then H; = X(P) U V(cg) is a genus two handlebody, while clearly Hy = cl(N(P) \
V(co)) C S3 is also a genus two handlebody; thus H; U H, is a Heegaard decomposition for S3. From the representa-
tion of N(P), D,dP shown in Fig. 4 it is not hard to see that [dP] is primitive in 1 (H3), which implies that there is a
properly embedded disk Do in Hy which intersects 9P transversely in one point. Therefore the knot 9P, and hence K, has
tunnel number one. O

3.4. Hyperbolicity

Lemma 3.8. Let k C S3 be a knot which is a (possibly trivial) torus knot or a 2-bridge knot. Let P be a Seifert Klein bottle for k with
meridian circle m, and let Tp be the frontier of N(P) in X.

(a) Ifk is a trivial or 2-bridge knot then m is a trivial knot in S°.
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Fig. 5. The torus knots T(3,7) and T(3,5).

(b) Ifk is nontrivial then P is unknotted; moreover, if k is a torus knot then
(i) Tp is not mrq-injective in Xy,
(ii) Tp is boundary compressible in X, iffk = T(3,5), T(3, 7), or T(2, n) for some odd integer n # %1, in which case

{ trivial knot, k#T(3,7),
m=
T(2,3), k=T(@3,7).

Proof. If k is a 2-bridge knot then it follows from [11, Theorem 1.2(a)] that k is a plumbing of an annulus A and a Moebius
band B, which are unknotted and unlinked in $3. Moreover, k bounds a unique Seifert Klein bottle P by [7], namely the
one obtained as the plumbing of A and B, so P is unknotted. This proves part (a) for k a 2-bridge knot; since the meridian
circle m of P is the core of A, it also follows that m is a trivial knot in S3.

The only nontrivial torus knots that bound a Moebius band are those of the form T(2,n) for some odd integer n # +1.
Hence, any nontrivial torus knot k which is not of the form T(2,n) and bounds a Seifert Klein bottle has crosscap number
two, so it follows from [16, Corollary 1.6] that P is unique in X} up to isotopy and that P is unknotted and not m{-injective
in Xy; moreover, by the argument used in the proof of [16, Corollary 1.6], Tp is boundary compressible in X} iff k is a torus
knot of the form T(5,3) or T(3, 7). Projections of the knots T(3,5) and T(3,7) spanning their unique Seifert Klein bottle
P are shown in Fig. 5; it can be seen that indeed the meridian circle m of P is the trivial knot and the trefoil T (2, 3),
respectively (T (3, 5) can also be drawn as the pretzel (-2, 3, 5), again showing the meridian circle of its Seifert Klein bottle
is trivial).

We now deal with the cases where k is either a nontrivial torus knot of the form T(2,n), or k is the trivial knot with
a Seifert Klein bottle whose boundary slope, relative to a standard meridian-longitude pair @, A C dXy, is not 0/1. These
cases have in common that any Seifert Klein bottle P in X, and hence the associated surface Tp, boundary compress in Xj:
this follows from [12, Lemma 4.2] if k = T (2, n), while if k is trivial then Xj is a solid torus and hence the surface P must
boundary compress in Xg. In either case, P boundary compresses into a Moebius band B C Xj such that A(dP,dB) =2. If
k=T(2,n) then B is unique and so, for a fixed boundary slope, P is obtained by adding a band (rectangle) in dX; to the
Moebius band B, and hence P is unique up to isotopy in Xj; if k is the trivial knot we will see below that though B may
not be unique, the surfaces P are unique relative to their boundary slopes.

Using a standard meridian-longitude pair u, A in d X}, we may assume that 0P =au + A and

{ 2+ bir (b=o0dd), k= trivial,
2np + A, k=T(2,n).

Since A(dP,dB) =2, we must then have

_ { +4 and b =F1, k= trivial,
“l2nt2, k=T, n).

The knot k = T(2,n) can be represented as the pretzel knots (n — 2,1, —2) or (n+ 2, —1, 2), and in these projections k
spans a Seifert Klein bottle with boundary slope 2n — 2, 2n + 2, respectively, all having meridian circle a trivial knot. Since
the Seifert Klein bottle for k is unique for each of these slopes, it follows that the meridian circle of any Seifert Klein bottle
bounded by k = T(2,n) is a trivial knot.

If k is the trivial knot then it follows from the above computation that k bounds two Seifert Klein bottles with boundary
slopes distinct from 0/1: Py with boundary slope +4, which boundary compresses to the unique Moebius band B; C Xy
such that 9By =2 — A, and P, with boundary slope —4, which boundary compresses to the unique Moebius band B, C X
such that 9By = 2u + A. Therefore Py and P are unique relative to their boundary slope; the trivial knot k can be repre-
sented as the pretzel knots (0,1,1) or (0,—1,—1) and in these projections k spans the unique Seifert Klein bottles with
boundary slopes 4, —4, respectively, both of which have the trivial knots as meridian circle.

Therefore part (b) holds, and for part (a) only the case when k is trivial and P has boundary slope 0/1 remains. But
in this last case, if D is the meridian disk of the solid torus X) then aD and dP both have the same boundary slope and
so P and D can be isotoped in X, so that dD and 9P are disjoint, and hence so that P N D intersect transversely and
minimally in circles only. Necessarily, PN D is nonempty and consists of orientation preserving circles in P, i.e. of meridians
or longitudes of P (cf. Section 2.1). As an innermost disk D’ of PN D C D compresses P along dD’, the circle 3D must be a
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meridian of P, for otherwise dD would be a longitude of P that bounds some Moebius band B C P, and B Uy D’ would be
a closed projective plane in $3, an impossibility. Hence the meridian circle of P is a trivial knot in S3. O

The above lemma can be used to give conditions under which a knot bounding a Seifert Klein bottle P is hyperbolic in
terms of the lifts of the meridians and the longitudes of P.

Lemma 3.9. Let K be a nontrivial knot with Seifert Klein bottle P such that X(P) is atoroidal. Let my, my be the lifts of the meridian
circlem of P and L the collection of lifts of longitudes of P. If, in X(P), u(¢") =1 for each £’ € L and either u(my) =1 or w(my) =1,
then X is atoroidal, and in such case,

(a) if P is m-injective in Xk then K is hyperbolic,
(b) if the frontier Tp of N(P) is boundary compressible in X and the meridian circle m of P is a nontrivial knot in S3 then either
K is hyperbolic and not 2-bridge, or K =T (3,7) and m=T (2, 3).

Proof. By Lemma 2.3(b), no element of £, nor say my, has a companion annulus in X(P).

Suppose T is an essential torus in X. Since, by [12, Lemma 4.2], the fact that K is a nontrivial knot implies that the
surface P is incompressible in Xk, and both N(P) and X(P) are atoroidal, we may assume T intersects P transversely and
minimally with P N T a nonempty collection of circles which are nontrivial in both P and T. Necessarily, PNT C T is a
family of mutually parallel nontrivial circles, so we may assume that T N N(P) is a collection of annuli which are fibered
under the I-bundle structure of N(P) =P x I, i.e. TN N(P) = (T N P) x I C N(P), and that each component of T N X(P)
is an annulus. Moreover, each circle in PN T C P is either a meridian circle, a longitude circle, or a circle parallel to dP.
It is not hard to see that if all circles PNT C P are parallel to 3P then T must be parallel to d Xk, which is not the case.
Therefore there is a component A of T N X(P) such that at least one of its boundary components 91 A, 3, A is not parallel
to 9P in P. By [16, Lemma 2.3] we then have that, in dX(P), the circles 9;A, d,A are either both parallel to my, both parallel
to my, or both parallel to some element of L. Given our hypothesis on £ and mi, my, since |P N T| is minimal, this implies
necessarily that A is a companion annulus in X(P) for my. By minimality of |P N T|, there are two annular components
A’, A” of T N N(P) with, say, ;A = 01A’, 3A =0;A”, and with 9,A, 3A” C AN(P) = 90X (P) parallel to m;. Applying [16,
Lemma 2.3] again, it follows that some component of T N X(P) must be a companion annulus of my in X(P), which by
hypothesis is not the case.

Therefore Xk is atoroidal and so by [15] the knot K is either a hyperbolic or torus knot, hence part (a) holds by
Lemma 3.8(b)(i). Suppose now Tp is boundary compressible in Xg. If m is a nontrivial knot then K is not a 2-bridge knot
by Lemma 3.8(a), and if K is a torus knot then by Lemma 3.8(b)(ii) K must be the T(3,7) torus knot and m = T(2, 3);
hence (b) holds. O

3.5. Meridians, centers, longitudes, and their lifts

Our first result gives a criterion to identify the lifts of a meridian or longitude circle of a once punctured Klein bottleP;
along with Lemma 2.3(c), this result will provide a simple algebraic way of identifying the lifts of the meridian.

Lemma 3.10. Let P be a once punctured Klein bottle and H = P X I. If A is an incompressible annulus properly embedded in H with
0A C OH \ 9P, and A is not parallel into dH, then A can be isotoped in H so that A N P is either one meridian (if A is nonseparating)
or one longitude (if A is separating) circle of P; in particular, 9 A are the lifts of the circle AN P to dH.

Proof. Let Ap be an annular regular neighborhood of 9P in dH, T be the twice punctured torus dH \ int Ap, and M be the
manifold obtained by cutting H along P, so that M =T x I with T corresponding to T x O.

Isotope A and P in H so as to intersect transversely and minimally. If ANP =@ then A liesin M =T x I with dA C T x0;
but then A is parallel into T x 0 in M (cf. [17, Corollary 3.2]), and hence A is parallel into dH in H, contradicting our
hypothesis; thus A N P # @. Since A is orientable, AN P consists of a collection of circles which preserve orientation in P,
i.e,, of longitudes of P only or meridians of P only. If o, 8 are distinct components of A N P which cobound an annulus
A’ C A with PNnint A’ =@, then the annulus A’ N M has both of its boundary components in T x 1, and hence A’ is parallel
into T x 11in T x I. It follows that A’ is parallel into P in H, contradicting the fact that AN P is minimal. Therefore, AN P
consists of a single circle y, a meridian or longitude of P, and so dA are the lifts of y to 9H. O

Now let m be the meridian circle of P, and let c, £ be a center and a longitude circle of P, respectively. If c(n), £(n) C P
denote the circles obtained by Dehn-twisting n-times the circles c, ¢ along m, it follows from [16, Lemma 3.1] that the
collections {c(n) |n € Z} and {£(n) | n € Z} consist of all center and longitude circles of P up to isotopy.

This fact generalizes into the following result, which describes the construction of the twisted lifts of all centers of P
and of all lifts of longitudes; its proof follows easily from the fact that Dehn-twisting P x I along the fibered annulus
A(m) C P x I defined in Section 2.1 is an automorphism of H that fixes m and maps P C H into itself.
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Fig. 7.

Lemma 3.11. Let P be a once punctured Klein with meridian circlem € P and fibered annulus A(m) C H = P x I. Let co, c1 be a pair
of disjoint center circles of P with ), cj and ¢/, c] their twisted lifts to dH, respectively, and let £’ C dH be the lift of any longitude
of P.

Let co(n), c1(n) C P and cy(n), cg(n), ¢y (), c{(n), £'(n) C dH be the circles obtained from co, c1, ¢y, g, ¢y, cf, €' after Dehn
twisting H n-times along A(m). Then,

(a) the collection {(co(n), c1(n)) | n € Z} consists of all pairs of disjoint centers of P, and the twisted lifts of each cj(n) are the circles
ci(m, cf' (n);
(b) tflze colllection {¢'(n) | n € Z} consists of all lifts of longitudes of P.

4. The knots K (p, q)

We begin this section by providing a detailed construction of the family of knots K(p,q) given in Section 1. Let H be
a genus two handlebody standardly embedded in S3 with a complete system of meridian disks Dg, D1, as shown in Fig. 6,
and let g, cj and ¢}, ¢} be the four circles embedded in the boundary dH shown in the same figure; notice that any pair
formed by one circle in cj, cj and one in ¢}, c] give rise to a basis of 771 (H). The homological sums £ and ¢} of the pairs
of curves cp, cg and ¢}, ¢}, respectively, indicated in Fig. 7, bound disjoint Moebius bands B, By in H, respectively.

A waist disk D, of H separating B1 and By can be constructed from the meridian disk Dy of H in Fig. 9, which is
disjoint from By and intersects Bg in a single essential arc, by taking the frontier of a regular neighborhood of Do U ¢} (or
of Do Uc}) in H; such a waist disk of H is unique up to isotopy.

We now connect the Moebius bands Bg, By with the rectangle R shown in Fig. 8 and produce a properly embedded
Seifert Klein bottle P(0,0) in H whose boundary dP (0, 0) is isotopic to the knot K(0,0) shown in Fig. 1; notice the cores
o, c1 of Bg, By, respectively, are disjoint centers of P (0, 0). The fact that R intersects D, transversely in a single arc implies
that H = P(0,0) x I, whence H' = X(P(0, 0)), by Section 3.2 that the twisted lifts of the centers co, c; are the pairs 5y
and ¢}, ¢, respectively, and by Section 2.1 that £; = dBo and ¢ = 3B are the lifts of the longitudes of P corresponding to
the centers co, c1, respectively. In particular, P(0, 0) is unknotted.

Finally, consider the circles mg, m; shown in Fig. 10, which are disjoint from K (0, 0). Relative to the base of 71 (H) dual
to the meridian disks Dg, D1, mg, my give rise to conjugate primitive words and so mg, m; cobound a nonseparating annulus
in A(0,0) in H by Lemma 2.3(c). By Lemma 3.10, it follows that mg, m; are the lifts of the meridian m of P(0, 0), so A(0, 0)
can be isotoped so as to intersect P(0,0) in m; thus A(0,0) is the fibered annulus generated by m in H =P x I.
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Fig. 10.

By Lemma 3.11, Dehn twisting H n times along A(0, 0) for n € Z gives rise to the collections {(cy(n),cg(n)) |n € Z} and
{(cj(n),c{(n)) | n € Z} of twisted lifts of disjoint pairs of centers of P, as well as to the collection {¢/(n) | n € Z} of all lifts of
longitudes of P (with c; giving rise to cj(n), £ to £;(n), etc.). At the same time the waist disk D, C H gives rise to a waist
disk Dy(n) separating the twisted lifts c(n) U cg(n) and c}(n) Uc}(®).

Remark 4.1. Any once punctured Klein bottle with H as regular neighborhood can be constructed following the procedure
outlined above for P (0, 0). That is, once the pairs of circles cg, cj and ¢/, ¢ (such that any pair formed by one circle in c, ¢
and one in ¢}, c is a basis for 771(H)), and the disk D, separating them are given, any rectangle R C H that intersects D
in one arc may be used to join the Moebius bands Bg, B1; the latter condition on R guarantees that H = P x I. In general,
different rectangles R will give rise in H to nonisotopic once punctured Klein bottles whose meridians induce nonisotopic
fibered annuli.

For any integers p, q, the Seifert Klein bottle P(p, q) and the knot K(p,q) = dP(p, q) are then obtained by Dehn twisting
the pair (P(0,0), K(0,0)) p and q times along the disks Do, D of Fig. 1, respectively, as explained in Section 1. We will
denote the pairs of twisted lifts of centers of P(p,q) by c;(n, p,q),cy(n, p,q) and ¢} (n, p,q),c{(n, p.q), by D2(n,p,q) CH
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Fig. 11. The knot K(—1,1) C 9H.

the waist disk that separates these pairs, by ¢'(n, p, q) the lifts of the longitudes of P(p,q), and by A(p,q) C H the fibered
annulus in H = P(p, q) % I induced by the meridian circle m of P(p,q) (with cy(n) giving rise to c(n, p, q) after the Dehn
twists along Dg, D1, etc.).

By construction we have H = N(P(p,q)) = P(p,q) x I and H' = X(P(p, q)), so P(p,q) is unknotted. Let w1 (H") = (x, y),
where x, y is the base dual to the complete disk system of H’ indicated in Fig. 1 (with the disks, and hence the circles x, y,
oriented by the arrow head and arrow tail shown in the same figure). It is not hard to see that the words in 71(H’) =
(x,y | —) corresponding to the circles constructed above, up to equivalence, are the ones given in the next lemma; for
convenience, we may denote the elements [c,(n, p, )], [cy(n, p, @)], etc., of w1 (H’) simply by c;(n, p.q), cy(n, p, q), etc.

Lemma4.2.In Ty (H) = (x,y | —),

(i) cy(n, p,q) = xP (xPT1yxP ydT1xP y)1;

(ii) cg(n, p, q) =xP yxy (yxP yxP yixP yxP yxP)";
(iii) ¢}y (n, p,q) = yxPyXPyI(yI+1xP yxPH1yxP)1;
(iv) c{(n, p, q) = YIXPyxP (xP yxP yIxP yxP yxP y)"';

)
)

(V) Lo, p.q) = (xPH1yxP yTHIxPyytxP 1y (yxP yxP yIxP yxP yxP)"xP y;
(vi) €y (n, p,q) = (Y1 IxPyxPT1yxP)1yxP yxP yIXP yxP (xP yxP yixP yxP yXPy)"y4;

(vii) dD2(n, p,q) = (xPyxPT! yxP yTH)" (FIRP yRP yxP yxPyRP)" (yxP yxP yRPYIRPIRP) "X yxP (yOxP yxP yxP yxP yxP)" y
- (RPyxPH YRPYITT)RP GRP (xP yxP yIxP yxP yRP §)" y:
(viii) mo(p, q) = xP yxP yxP yxP yxP y4;
(ix) mi(p, q) = xPyxPH1yxPyatl;
(x) dP(p, q) = xPyx2PT1yxP ydxP yxP yd.

Lemma 4.3. The knot K (p, q) is trivial if (p, q) = (0, 0), (0, 1), and a torus knotif p =0 and q # —1,0 (with K(0,q) = T(2,2q — 1))
or(p,q) =(—1,1) (withK(—1,1) = T(5, 8)). In all other cases, K (p, q) is a hyperbolic tunnel number one knot which is not 2-bridge,
and its Seifert Klein bottle P(p, q) is 1 -injective in the knot exterior iff (p, q) is not a pair of the form (-1, 2), (=2, 1), or (p, 0).

Proof. It is easy to see that K(0,0) and K(0, 1) are trivial knots, K(—1,1) =T (5, 8) (see Fig. 11), and K(0,q) =T(2,2q—1)
for all g. From now on we assume that (p, q) is not a pair of the form (0, 0), (0, 1), (-1, 1), or (0, q).

By Lemma 3.7, since £;(0, p,q) = x(xPy)? is primitive in 71 (H’), all the knots K(p, q) have tunnel number one.

By Corollary 2.4, the Seifert Klein bottle P(p,q) is m1-injective iff [dP(p, q)] is not primitive nor a power in 71(H’).
By Lemma 4.2(x), dP(p, q) = xP yx*PT1yxP yIxPyxP y4, so dP(p,0) = x(x*Py)> is a primitive word. Suppose now q # 0. If
p # —1 then by Lemma 2.1 8P (p, q) is primitive/power iff g = 1; since dP(p, 1) = xP*t1(xPy)>, it follows that dP(p, 1) is
primitive/power iff |p + 1| <1 iff p =—2 (as p #0, —1), in which case dP(—2, 1) is primitive. If p = —1 then dP(—1,q) =
xyxyxyixyxy4, so by Lemma 2.1, as ¢ #0, dP(—1,q) is a power iff g =1 (which corresponds to the torus knot K(—1,1) =
T(5,8)) and primitive iff ¢ = 2. Therefore, P(p, q) is mrq-injective iff (p, q) is not one of the pairs (-1, 2), (-2, 1), or (p, 0).

Now, for p # 0, the circle my(p, q) is a positive or negative braid on s =3 strings with ¢ = 6|p| crossings (see Fig. 10),
whence its genus is g=(c—s+1)/2=3|p| — 1> 2 (cf. [14]), and so the meridian circle of P(p,q) is a nontrivial knot
which is distinct from the genus one knot T (2, 3). Since dP(—1,2),3P(-2,1),dP(p,0) are all primitive in 771 (H’) by the
argument above, the hyperbolicity of K(p,q) for (p,q) # (0,0), (0,1), (=1, 1), (0,q) can be established via Lemma 3.9 by
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checking that w(£y(n, p,q)) =1= (€} (n, p,q)) and either p(mo(p,q)) =1 or u(mi(p,q)) =1 hold in H' = X(P(p, q)) for
all n and the allowed values of (p, q).

By Lemma 4.2, mo(p,q) = xPyxPyxPyxPyxPyd € w1(H). As p # 0, if ¢ # 0 then the word for mgy(p,q) is cyclically
reduced, while the cyclic reduction of mg(p, 0) is x?PyxPyxPyxPy; in either case the word for mgy(p,q) contains both y
and y factors and so it is neither primitive nor a power by Lemma 2.1; thus w(mo(p,q)) =1 for all p,q by Lemma 2.3(b).

Consider now £y(n, p,q) = (xPT1yxP ydT1xP y)xP+1y(yxP yxP yixP yxPyxP)'xPy € 7r1(H'). Clearly €4(0, p,q) = x(xP y)? is
primitive. If |n| > 2 then, since p # 0, it is not hard to see that the cyclic reduction of the word £;(n, p,q) contains both y
and y factors, while for n = +1 the word £;(n, p, q) contains both y" and y3" factors. Hence in all cases ulyn, p,q) =1
by Lemmas 2.1 and 2.3(b).

Finally, £7(0, p,q) =XPyxPyixPyxPyi~1 € 1 (H'). For n =0, if |p| > 2 then £7(0, p,q) contains at least three factors x;
if [p| =1 then ¢}(0, p, 0) contains both y and ¥ factors, ¢] (0, p,1) =xP(XPy)3 is primitive, and for any q # 0, 1 the word
¢,(0,p,q) contains three different powers y, y?, y4~1. Finally, for [n| =1 we have ¢ (n, p,q) = x(xPy)*)I"|, a primitive
word, and for |n| > 2 the word ¢} (n, p,q) contains both y and y factors. Thus again (¢} (n, p,q)) =1 in all cases. O

Lemma 4.4.

(a) The boundary slope of the surface P(p, q) isr = 4q — 36p.
(b) If (p,q) is not a pair of the form (0,0), (0,1), (=1, 1), (0,q) then, except for K(—1,2)(r) = $2(2,2,3), K(—=2,1)(r) =
$2(2,2,7), and K(p, 0)(r) = S2(2, 2, |6p — 1|), the manifold K (p, q)(r) is irreducible and toroidal.

Proof. Since dP(p, q) lies in dH, the boundary slope of dP(p, q) coincides with the linking number between dP(p,q) and
a parallel copy in dH. From Fig. 1 we can thus see that the boundary slope of dP(p,q) is r =0, and that the above linking
number decreases by 62 = 36 with each positive Dehn twist along Dy, and increases by 22 = 4 with each positive Dehn
twist along Dq. Thus the boundary slope of P(p,q) is r =4q — 36p and (a) holds.

For part (b) suppose (p,q) # (0,0), (0, 1), (—1,1), (0, q), and denote P(p,q) by P for simplicity. Let X and N be the
manifolds obtained by attaching 2-handles to H' = X(P) and N(P) along 9P, respectively; thus, if r is the boundary slope
of P then K(p,q)(r) = X Us N. We will consider N(P) as a Seifert fibered space over a disk with two singular fibers
of indices 2,2; in particular, the pair (N, dN) is irreducible, and the circle £5(0,p,q) C 9N is a fiber of N disjoint from
aP(p.q).

By Lemma 4.3, if (p,q) # (—1,2),(—2,1),(p,0) then the surface P is mq-injective in the exterior of K(p,q), which
implies that the surface Tp is incompressible in H' = X(P) and hence, by the 2-handle addition theorem, that the pair
(X, 3X) is irreducible. Therefore K(r) = X Uy N is irreducible and X = 9N is an incompressible torus in K(r).

Now, by Lemma 4.2, [0P(p, 0)] = x(x2Py)3 is primitive in m(H y =1 (X(P)) and so X is a solid torus; thus the Seifert
fibration of N extends to a Seifert fibration of K(p, 0)(r) = X Uy N over the 2- -sphere with fibers of indices 2, 2, n, where
n=|6p — 1| is the order of the cyclic group

11 (X)/([€5(0, p,0)]) =71 (H)/{[aP (P, 0)]. [€5(0. p. 0)]) = Zigp—1).

Therefore K(p, 0)(r) = S2(2,2,|6p — 1|). The identities K(—1,2)(r) = $2(2,2,3) and K(—2, 1)(r) = $2(2,2,7) follow in a
similar way. O

We now classify the words [cj(n, p,q)] and [c] (n, p,q)] which are primitive or a power in r1(H'); we will need this
information to discern which knots K(p, q) admit a (1, 1) decomposition.

Lemma 4.5. In w1 (H'), for p #0,

(a) e cy(n, p, q) is primitive iff (n, p, q) = (0, £1,q), (1, -2,0), (1, -1, 1), (1, p, =1), (=1,2,0), (=1, 1, 1), (2, =1,0), (-2, 1,0),
or (n,p,q)=(n,1,—1) forall n;
e co(n, p,q) is a power iff (n, p, q) = (0, p, @) for |p| > 2, 0r (n, p,q) = (1, -1,0), (-1,1,0);
(b) e cy(n, p.q) is primitive iff (n, p,q) = (0, 2,¢), (1, p,0), (1,-1,2), (1, -2, 1);
e co(n, p,q) is a poweriff (n, p,q) = (0,1,9), (1, =1, 1);
(c) &) (n. p.q) is primitive iff (n, p.q) = (0.£1, 1), (0. £1,3), (~1,2,0), (1. =1.2), or (=1, p, 1);
e c;(n, p,q) is a power iff (n, p,q) = (—1,1,0) or (0, p, 2);
(d) e ¢y (n, p,q) is primitive iff (n, p. q) = (0, %1,2) or (0, p, 0);
e c{(n, p,q) is a power iff (n, p,q) = (0, p, 1).

Proof. The words for c;(n, p,q) and c/'(n, p,q) in m1(H") = (x, y | —) are given in Lemma 4.2. It is easy to see that in the
given cases the words c;(n, p,q) and ¢ (n, p, q) are indeed primitive or powers as claimed. In order to establish the converse
statements we apply Lemma 2.1; the fact that a word of the form usv’ in the free group (u, v | —) is primitive iff |s| =1 or
[t| =1, and a power iff s=0, |t| > 2 or |s| > 2,t =0, will also be of use.
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So suppose some word c;(n, p,q) or ¢ (n,p,q) is primitive or a power in 71(H’). We consider the case of the word
com, p,q) =xP (xPt1yxP ya+1xP )7 in part (a) in full detail; the other parts of the lemma follow along entirely similar lines,
so their proof will be omitted.

(1) For n=0, c5(0, p,q) = xP. Thus c;(0, p, q) is primitive iff p =41 and a power iff |p| > 2.

(2) Forn=1, c{(1, p,q) = x*PH1yxPyitixPy.

e If £ —1 then x?PT1yxPyd+1xPy is cyclically reduced, so by Lemma 2.1 either all exponents of x are 1 or all —1, or
all exponents of y are 1 or all —1; that is, either p = —1 or ¢ = 0. By Lemma 2.1, the word cé(l, —1,q) = xyxyTHixy
is primitive iff ¢ =1 and a power iff g =0, while the word c{(1, p, 0) = x?PT1yxP yxPy = xP*1(xPy)3 is primitive iff
p+1==1iff p=-2 (as p#0) and a power iff p =—1.

e If g=—1 then c(1, p, —1) =x?P*1yx?Py is primitive for all p.

Remark. For the rest of the argument in this proof, we will implement the strategy used in (2) and will not explicitly
indicate the use of Lemma 2.1 for the sake of brevity.

(3) For n=—1, ch(—1,p,q) =xyxPyitixPy.

e If g —1 then xyxPy9™1xPy is cyclically reduced, hence either p =1 or g = 0. The word cj(—1,1,q) = xyxy?*lxy is
primitive iff g =1 and a power iff g =0, while the word c;(—1, p, 0) = xyxPyxPy is primitive iff p =2 and a power iff
p=1.

e If g =—1 then the word cy(—1, p, —1) = xyx?Py = x*P~1(xy)? is primitive iff p=1 (as p # 0) and never a power.

(4) For n >2, cy(n, p, q) = xP (xPT1yxPy+1xP y)n,

e If p#—1and q# —1 then cy(n, p,q) =xP (xPH1yxP ya+1xP )7 is cyclically reduced and x appears with the three distinct
exponents 2p + 1, p+ 1, p, so c;(n, p, q) is never primitive nor a power.
o lf p=—1,cy(n, —1,9) = x(yxy?1xy)" is cyclically reduced and y appears with exponents 1,2, q + 1, hence we must
haveq+1=0,1,2,i.e. q=-1,0,1.
- If g=—1 then c{(n, —1, —1) = x(yx*y)" = Xyx? y?x*y (yx*y)"~2 is cyclically reduced and both X and y appear with
exponents 1 and 2, so cé)(n, —1,—1) is never primitive nor a power.
- If ¢=0 then cj(n, —1,0) = X(yXyxy)" = u"1y3 for the basis u = yxyxy and v = yx of 71 (H’), hence co(n, —1,0) is
primitive iff n =2 and never a power.
- If g =1 then cj(n, —1, 1) = X(yXy*xy)" = u>"~1v2 for the basis u = yXy and v = yx of 7r1(H’), hence cj(n, —1,1) is
neither primitive nor a power.
e For g=—1 and p # —1 the word

co(n, p, —1) = xP (xPH1yx®P y)" = x2PH1yx2P yxPH1yx2P y (xP 1 yle’y)n_2

is cyclically reduced and x appears with exponents 2p + 1, 2p, p + 1, which are mutually distinct for p # 1, in which
case c6(n, p, —1) is neither primitive nor a power, while for p =1 the word c{)(n, 1, —1) =x(x2y)?" is always primitive.

(5) For n < -2,

cp(n, p,q) = xP (xP*! yxpyq“xpy)lnI = xyxPyTHIxP yxP 1 yxP yatixPy (xP+1 yxpyq“xpy)ml_z.

e If g —1 then the word for c;(n, p,q) is cyclically reduced and x appears with exponents p 4+ 1, p, 1 while y appears
with exponents g + 1,1, so we must have p=1 and g = 0; thus cj(n, 1,0) = x(x?yxyxy)" = ul"=1v3 for the basis
u =x%yxyxy and v =xy of w1 (H’), so co(n,1,0) is primitive iff n = —2 and never a power.

o If g=—1 then c(n, p,q) = xyx*? yxPT1yx?P y(xPT1yx?P y)I"=2 and x appears with exponents 2p,p + 1,1, so p=1
again; clearly cj(n, 1, —1) = x(x?y)?"l is always primitive.

Therefore part (a) holds. O
The following lemma is the last result needed in the proof of Theorem 1.1.

Lemma 4.6. If K(p, q) is a hyperbolic knot then K (p, q) is a (1, 1)-knot iff (p, q) is a pair of the form (-1, 0), (1, q), or (p, 1), (p, 2)
forp #£0.
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Proof. By Lemma 4.3, (p, q) is not a pair of the form (0, 0), (0, 1), (—1, 1), or (0,q). That K(p, q) admits a (1, 1) decompo-
sition for (p,q) = (p, 1), (p,2), (1,q), and (—1, 0) follows directly from Lemma 3.6(a) using the following choices for g, ¢1
and the fact that H' = X(P(p, q)):

(1) ¢o = c5(0,p,1) and ¢; = c{(0,p,1); then [Co] = xP, [¢1] = (yxP)%, whence u(Co) = |p| and w(¢) = 2, and
[0D2(0, p, 1)] = (yxP)%(yxP)% = [xP|, v2] for the basis {x, v = yxP} of 71 (H');

(2) €0 = c(0,p,2) and ¢ = (0, p,2); then [Co] = P, [¢1] = (yxP)?, so again w(Co) = |p| and w(¢;) = 2 while
[0D2(0, p, 2)] = (yxP)%(yxP)% = [xIP!, v2] for the basis {x, v = yxP} of 1 (H');

(3) Co=c5(0,1,q) for g+ 1,2 (the cases g =1,2 follow from (1) and (2) above); then [cj(0,1,q)] = (yx)?, so (co) =2,
while 1£(¢1) =1 by Lemma 4.5(c) and [8D3(0, 1, q)] = [u?, y] for the basis {u = yx, y} of 7 (H');

(4) €0 = c5(1,—1,0); then [Co] = (y%)3, so () =3, and w() =1 by Lemma 4.5(c) while [dD»(1,—1,0)] =
(y%)2y(xy)3% =[u3, y] for the basis {u = yx, y} of w1 (H).

Conversely, assume that K(p,q) admits a (1, 1) decomposition and the pair (p, q) is not of the form (—1,0), (1,q), or
(p, 1), (p,2) for p #0 (recall also that (p, q) is not a pair of the form (0, 0), (0, 1), (—1, 1), or (0, q)); we show this situation
contradicts Lemma 3.6(a). The following fact will be useful in the sequel.

Claim 4.7. If 4(Co) =1 = ju(¢1) thenn # —1,0.

Proof. For n=—1,0 the word for [dD,(n, p, q)] in 71(H’) has the following cyclic reductions:

2/—-p\2
[0D2(0, p,q)] = (yxP)" (¥&P)",
[0D2(—1, p.q)] = xPyxPyIxP yxP yxP yxyxP yIxP yxP yIxP yxP yxP ylyxyxP yd, q#0,

[8D2(~1, p,0)] = x*Pyx?P yxP xP yxyx*P y%*P 2P yxP yxy.
Thus [0D;,(n, p,q)] # [x, y] for n =—1,0, so the claim follows by Lemma 3.6(a)(i). O

We now consider two cases:
Case 1. u(Co) =1.

By Lemmas 2.3(b) and 3.6(b), in 71 (H’), [Co] is not a power and [¢1] is either primitive with w(¢1) =1 or a power with
JL(€1) > 2. We thus consider the following subcases.

Subcase 1.1. [¢1] is primitive, (¢q) = 1.

As ¢y =cj(n,p,q) or c{(n, p,q) gives rise to a primitive word in 1 (H’) then n=—1,0 by Lemma 4.5, contradicting
Claim 4.7.

Subcase 1.2. [¢1] is a power, u(Cq) > 2.

By Lemma 4.5, ¢; must be one of ¢} (—1,1,0), ¢} (0, p, 2), or ¢{(0, p, 1), contradicting our hypothesis that (p, q) is not of
the form (1,q), (p, 1), (p,2).

Case 2. [4(Co) > 2.

Then [Cg] is a power in 771 (H’); by Lemma 4.5, with the given restrictions on the pair (p, q), we must have ¢g = c5(0,p,q)
for |p| > 2 and q # 1, 2, and hence either [¢1] = [c}(0, p,q)] = Y4~ 1xPyxP or [¢1] = [c](0, p,q)] = yIxPyxP.

Now, by Lemma 2.1, for any p # 0, y9~1xPyxP is a power iff ¢ =2 while y9xPyxP is a power iff ¢ =1; thus w(¢;) =1 in
all cases. However, . (Co) = |p| > 2 since [Co] = [c;(0, p, q)]1 = xP, while [0D2(0, p,q)] = (yxP)2(yxP)2 = [xP, y] for the basis
{x, y} of m1(H’), contradicting Lemma 3.6(a)(ii). O
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