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1. Introduction

In commutative ring theory one studies the prime spectrum of a ring. This is a functorial con-
struction that associates a topological space Spec A with a ring A. It serves at least two important
purposes: Firstly, it is an invariant that encodes information about the ring. Secondly, it helps translate
algebraic information into geometric language, and vice versa. This second aspect of prime spec-
tra is the basis of their application in algebraic geometry via schemes, where SpecA is equipped
with a structure sheaf (cf. Grothendieck’s EGA, or some introductory text about algebraic geometry,
such as [Ha]). Concerning the first aspect, the usefulness of spectra as invariants depends to a large
extent on understanding how properties of a ring correspond to properties of its prime spectrum:
Given a ring A with some arithmetical property, does Spec A have a corresponding topological prop-
erty?

In the present paper the converse question is addressed, i.e.: If Spec A has some particular topo-
logical property, how is this property reflected in the arithmetic of A? Some of the most fundamental
notions of commutative ring theory are instances of the correspondence between arithmetic and
topology; e.g., the property “SpecA is irreducible” says that A modulo its nilradical is a domain
(equivalently: if a- b =0 then there is some k € N such that a¥ = 0 or b¥ = 0); the property “Spec A
has a unique closed point” says that the non-units of A form an additive subgroup of A (i.e., the ring
is local); the property "Spec A is connected” means that the ring has only trivial idempotents.

Let P be a topological property that prime spectra may or may not have. We ask whether the
class R(P) of those rings whose prime spectrum has property P is first order-axiomatizable in the
language . = {+, —, -, 0, 1} of rings. We are interested in explicit arithmetical descriptions of the
class R(P).

We focus on properties of spectra that are concerned with the space of maximal ideals or with
the space of minimal prime ideals, or with how these spaces sit inside the full prime spectrum. Here
is a selection:

e the spectrum is normal, i.e., every prime ideal is contained in a unique maximal ideal, or

e the spectrum is completely normal, i.e., the set of prime ideals that contain a given prime ideal
form a chain with respect to inclusion, or

e the spectrum is inversely normal, i.e., every prime ideal contains a unique minimal ideal, or

e the set of maximal points is a Hausdorff space, or

o the set of minimal points is a compact space.

Experience shows that spectra with these properties abound in real algebra.

Whenever we prove axiomatizability of a class of rings we also provide an explicit set of axioms.
But we do not develop a general method that decides upon input 7P whether the class R(P) is
elementary.

For each question there are two different variants: One may ask the question for all rings or only
for reduced rings. If the class of rings whose spectrum has property P is axiomatizable then the same
is clearly true for the class of reduced rings. This is the case, for example, if PP says that the spectrum
is normal. On the other hand, if P means that the spectrum is completely normal then neither the
class of rings, nor the class of reduced rings is axiomatizable. But if the prime spectrum has only one
point then the answers are different for all rings and for reduced rings: Everybody knows that the
class of reduced rings with only one prime ideal is the class of fields, which is clearly an axiomatizable
class. But the class of all rings with only one prime ideal is not axiomatizable (cf. 6.8 and 6.7).

In Section 11 a table summarizes our axiomatizability results, as well as some well-known classical
answers to the type of question we study. Most of the answers that we present are new. Our answers
are based upon a few key results and constructions. The first one is Theorem 4.3, which shows that
the rings with normal prime spectrum form an axiomatizable class. (This, in fact, is not a new result,
cf. [Col, Theorem 4.1]. We still include an extensive discussion of rings with normal spectrum. The
proofs seem to be new, the results, as well as their presentation, are more comprehensive and play a
key role later on the paper. More comments on the literature are given in Sections 4 and 5.) Without
much additional effort this leads to the fact that the classes of rings whose space of maximal ide-
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als is Hausdorff, or is Boolean, or is a proconstructible subspace of the full prime spectrum are all
axiomatizable as well.

In Section 3 we introduce the notion of pseudo elementary classes of structures, which is a more
general notion than axiomatizability. If a class of structures is known to be pseudo elementary then it
is possible to prove or disprove axiomatizability via judiciously chosen numerical invariants. We shall
apply the technique several times. The basic procedure is always the same: First we associate subsets
of N with elements of the ring. Then, for each element, we form the infimum of this set in NU{w, oo},
where N < @ < oco. Thus, we have a numerical invariant for each element of the ring, which is either
in N or is oco. Finally we associate a number in N U {w, oo} with the ring by forming the supremum
of the set of invariants of the ring elements. Then the pseudo elementary class is axiomatizable if and
only if the invariants of the rings of the class have a uniform upper bound in N (cf. 3.2).

We use this method to show that the class of rings with completely normal prime spectrum is
not axiomatizable. In this case we denote the numerical invariant of the ring A by CN(A). In 6.7 we
show that for every axiomatizable class R of rings with completely normal spectrum, there is an
upper bound in N for all the CN(A), A € R. Then we construct a sequence of rings (Ap)nen Such
that SpecA, is a singleton and the CN(A,) are an unbounded sequence of integers. Consequently,
no axiomatizable class of rings with completely normal prime spectrum contains all the A,. This
also gives non-axiomatizability of the rings with only one prime ideal, or of the rings with Boolean
spectrum, or of the rings with linearly ordered spectrum.

The rings (Anp)nen are not reduced. But we use them to construct, in 6.11, a sequence (Bp)neN
of domains with exactly two prime ideals such that (CN(Bj;))nen is an unbounded sequence of
integers. This then proves that the class of reduced rings with completely normal spectrum is non-
axiomatizable as well.

These explanations account for many entries in Table 1 of Section 11. In Section 7, we show that
the class of all rings with inversely normal spectrum is not axiomatizable, whereas the class of all
reduced rings with inversely normal spectrum is axiomatizable. (Recall that Spec A is inversely normal
if every prime ideal of A contains a unique minimal prime ideal.)

The most difficult issue that remains is the question of compactness of the minimal prime spec-
trum. The model theoretic method for proving non-axiomatizability is the same as before: We asso-
ciate a numerical invariant AS(A) € NU {w, oo} with every ring A (cf. 10.1) as follows: For a € A we
define the annihilator size AS(a) of a as the infimum (formed in N U {w, 0co}) of the set

{k € N|3b1,...,bx € Ann(a): Ann(a, by, ..., b) = (0)}.

Then we define AS(A) :=sup{AS(a) e NU {w} U {o0} | a € A}, hence AS(A) = w if and only if {AS(a) |
a € A} is an unbounded subset of N. It turns out that (cf. 10.2):

e Spec A has compact minimal spectrum if and only if AS(A) < w.
o Every axiomatizable class R of rings with compact minimal spectrum must have a common upper
bound in N for all the invariants AS(A), A € R.

In Section 10 we modify and extend a construction due to Quentel to produce a ring A with
AS(A) = w (cf. 10.16). It follows that A has compact minimal prime spectrum, but there is no ax-
iomatizable class of rings with compact minimal prime spectrum that contains the ring A. There is
an ultrapower of A whose minimal prime spectrum is not compact.

2. Preliminaries on spectral spaces
In this section we set up notation and terminology for spectra and present some results that will

be used throughout. The theory of spectral spaces was started by Hochster with his paper [Hoc].
Section 2 of [Tr] is a convenient place to look up more basic notions and facts.

Notation 2.1. Let X be a topological space. If x, y € X we write x ~» y if y € {x} and we say y is a
specialization of x or x is a generalization of y. Moreover we define
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}%(X) :={U C X | U is quasi-compact and open},

K0 = [X\U|UekX),

K(X) :=the Boolean algebra of subsets of X generated by IOC(X);
the elements of (X) are called constructible,

Xmin.— {x € X | x does not have a proper generalization},

XM .= {x € X | x does not have a proper specialization},

Xcon := the set X equipped with the constructible topology,
which, by definition, has K (X) as a basis;

the closed subsets of X.o, are called proconstructible,

YN .— the closure of a subset Y C X in the constructible topology,

Xiny := the set X equipped with the inverse topology,

which, by definition, has I%(X) as a basis of closed sets.

We emphasize that, for a subset Y C X, the set Y™# is the set of maximal points of the subspace Y
of X. In general Y™ is different from X™#* NY. The same clarification applies to Y™,
For any subset Y C X, let

Gen(Y):={xe X|x~> yforsomeyeY}
be the set of generalizations of Y in X; we refer to this set as the generic closure of Y.

For any ring A let SpecA be the prime spectrum of A. We use the standard notations V(S) =
{peSpecA|SCp} (SCA) and V(ay,...,a;) =V({ay,...,an}) (ai,...,a, € A). Moreover, for each
element a € A we define D(a) = {p € SpecA | a ¢ p} = SpecA \ V(a). The sets V(a) are the principal
closed subsets, the sets D(a) are the principal open subsets of Spec A.

Remark 2.2. Let Y be a subset of an arbitrary topological space X.

i) Gen(Y)=){U € X |U open and Y C U}.
(ii) Gen(Y) is generically closed, i.e., closed under generalization.
(iii) Gen(Y)Mmax = ymax,
(iv) Gen(Y) D Gen(Y™maX),
v) Gen(Y) = Gen(Y™®) if and only if Y C Gen(Y™X),
(vi) If Y is Tg then the following are equivalent:
(a) Y is quasi-compact.
(b) Gen(Y) is quasi-compact.
(c) YMX js quasi-compact and Y € Gen(Y ™),
In particular, every point in a quasi-compact To-space specializes to a maximal point in that
space.

i
i
(

Proof. (i)-(v) are obvious. We give the proof of (vi). (a) and (b) are equivalent by (i). (c) = (a).
First note that Y C Gen(Y™®) means Gen(Y) = Gen(Y™®) (by (v)). Then we apply the implication
“(a) = (b)” to the quasi-compact set Y™,

(@) = (c). Let y € Y. We show y € Gen(Y™3), By Zorn there is a maximal chain Z C Y in the
set of specializations of y. The intersection of finitely many sets of the form {z} NY, with z € Z, is
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nonempty. Since Y is quasi-compact the intersection of all these sets is nonempty, hence contains a
point zg. This is a maximal point of Z (as Y is Tg). However, Z is a maximal specialization chain
in Y, thus zg € Y™, This shows Y C Gen(Y™#), in other words: Gen(Y) = Gen(Y ™), and, using the
equivalence “(a) < (b)”, we conclude that Y™ is quasi-compact. O

Recall from [Hoc] that a topological space X is called spectral if X is quasi-compact, Ty, ]%(X) is
a basis of the topology and is closed under finite intersections, and each closed irreducible subset A
of X has a (unique) generic point x € A, ie., {x} = A. A map between spectral spaces is called a
spectral map if preimages of quasi-compact open sets are quasi-compact open.

We mention that a subset Y of X is proconstructible if and only if Y is a spectral subspace of X,
i.e., Y together with the topology inherited from X is spectral and the inclusion is a spectral map.

Proposition 2.3. Let X be a spectral space and let Y C X. The following are equivalent.

(i) Y is quasi-compact.

(ii) Gen(Y) is quasi-compact.
(ili) YMX js quasi-compact and Y € Gen(Y ™M),
(iv) Gen(Y) is proconstructible.

(v) Gen(Y) =({U e K(X) | Y CU).
Proof. The implications (v) = (iv) = (iii) are trivial; items (i)-(iii) are equivalent in every Ty-space
by 2.2(vi). Hence it remains to show (i) = (v). Let Y be quasi-compact. Clearly Gen(Y) C ({U €

IOC(X) | Y € U}. Conversely, pick x € X \ Gen(Y). For each y € Y we have x -~ y. Since }%(X) is a basis
of the topology of X, there is some Uy € IOC(X) with x ¢ Uy > y. Therefore Y is covered by all the Uy,

and since Y is quasi-compact there is some U € }OC(X) withx¢UDY. O

Applying 2.3 to X and Xj,, gives the following consequences, which can also be found in [Tr,
Corollary (2.7)] as a consequence of the so-called separation lemma [Tr, Theorem (2.6)].

Corollary 2.4. Let X be a spectral space and let Y, Z C X. Then:

(i) Y is quasi-compact in the inverse topology if and only if Y = Uer v

(ii) If Y is closed, Z is quasi-compact and disjoint from Y, then there is a closed, constructible subset A of X
withY CAand ANZ =4¢.

(iii) If Y and Z are quasi-compact in the inverse topology and if there are no points y € Y, z € Z that have a
common specialization in X, then there are closed and constructible subsets A, Bof X withY C A, ZCB
and ANB =4.

(iv) IfY and Z are quasi-compact and if there are no points y € Y, z € Z which have a common generalization
in X, then there are open quasi-compact subsets U, V of X withY CU,ZCVandUNV =0.

If X is any topological space and Y C X, then int(Y) denotes the interior of Y.

Lemma 2.5. Let X be a spectral space and let x € X. The following are equivalent.

(i) x € Xmin,
(ii) IfV € K(X) withx € V, then x € int(V).
(iii) If Y € X is open in the constructible topology with x € Y, then x € int(Y) (w.r.t. the spectral topology).

Proof. (iii) = (ii) = (i) are obvious. We prove (i) = (iii). Let the subset Y € X be open in the
constructible topology and let x € Y. If x ¢ int(Y), then for all U € IOC(X) with x € U we have U N (X '\
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Y) # (. Since Xcon is compact we get an element y € () UN(X\Y). This shows that y is a
X

cUeK(X)
proper generalization of x, a contradiction to (i). O

Corollary 2.6. Let X be a spectral space.

() IfY € X is open in the constructible topology, then Y N X™in — int(Y) N X™N, In particular, the topologies
induced by X and Xcon on X™" are the same.
(ii) If Y C X is proconstructible, then X™" C Y iff Y is dense in X.

Proof. (i) holds by 2.5(iii).
(ii). Obviously we have =. Conversely if Y is dense in X, then X\ 'Y has empty interior, so for
each x € X™" we have x ¢ X \ Y, by 2.5(i) = (iii). O

It is a consequence of 2.6 that, in a spectral space X, the subspace of minimal points is always a
Tychonov space (i.e., a completely regular space, or, equivalently, a subspace of a compact Hausdorff
space). This is so, since by 2.6, X™" is a subspace of Xcon. In particular, if a spectral space does not
have any proper specializations, then X™" = X4, and the space is Boolean.

Corollary 2.7. Let X be a spectral space. Then X™™ is quasi-compact (hence compact) if and only if X™ is
proconstructible, if and only if

xmin _ ﬂ{U e K(X) | U is dense in X }.

Proof. By 2.6, we know that for every U € I%(X). X™in  y iff U is dense in X. Therefore the corollary
follows from 2.3, (i) & (iv) & (v). O

Lemma 2.8. Let Y be a subset of a spectral space X. Then the minimal points of the closure of Y are the same
as the minimal points of the constructible closure of Y. In particular, if A is a ring, X = Spec A and Y is a set
of prime ideals, then the minimal points of V (I), I := ﬂpey p, are contained in the constructible closure of Y

(note that Y is V (I)).

Proof. The constructible topology is finer than the spectral topology. Therefore Y C Y. Using 2.4(i)
we conclude that

ye}_/min y€7con ye(ycon)min
It follows that ymin = (ycomymin

3. Pseudo elementary classes

We shall use basic notions from model theory (cf. [Ho]).

Definition 3.1. Let £ be a first order language and let C be a class of .Z-structures. Let Th(C) be the
theory of C, i.e.,, Th(C) is the set of all .#-sentences, that are valid in all structures from C. We call C
pseudo elementary if there is an index set I and .Z-formulas @; x (X1, ..., Xn(i), Y1, ..., Yii k) (i €1,
k € N) with, at most, the free variables x1,..., X, Y1, ..., ik, such that for every model M of
Th(C) we have M € C if and only if for each i € I and all a e M"® there are k € N and some b € M!(:0
such that M = @; (@, b).

The formulas ¢; x (i €I, k € N) are called witnesses of C.
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We shall write x;, y; for the tuples (x1,..., X)), (¥1,--., Yii k), Tespectively. If I is a singleton,
we suppress the subscript i.

For example, the class of finite .Z-structures is pseudo elementary, where [ is a singleton and the
witnesses

Qk=3TV1,..., vy YUU=VIV - VU=V,
have no free variables.

Proposition 3.2. Let C be a pseudo elementary class of £ -structures with witnesses @; x(xi, yix) (i € I,
k € N). The following are equivalent:

(i) C is axiomatizable, in other words every model of Th(C) is in C.
(ii) C is closed under (countable) ultraproducts.
(iii) For every i € I, there is a natural number K such that for every M e C and every a € M™® there are some
k < K and some b € M'“0 with M = ¢; (@, b).

Proof. This holds by basic model theory; for the convenience of the reader we include a proof:
(iii) = (i). Condition (iii) says that the sentences

VX 3Yit.---. Yik QiR Yi) Ve Veik&i,yik) (Ge€l)

are in Th(C). As C is pseudo elementary, it follows that every model of Th(C) is in C.
(i) = (ii) holds by Corollary 9.5.10 of [Ho]. It remains to show (ii) = (iii). Fix i € I and suppose

there is no bound K as in (iii). For each K € N pick some Mg € C and a(K) € M';éi) such that

Mk EV¥ik —¢ik(@K), yix) (1<k<K).

Let .# =[x Mk /% , where % is a nonprincipal ultrafilter on N. Let a := (a(K))/% € ™D By (ii),
. is in C, hence there are k € N and some b = (b(K))/% € .#'"¥ such that .# = @i k(a,b) (where

each b(K) is a tuple from M',?'k) ). Since % is nonprincipal there is some K >k such that

Mk k= @ik (a(K), b(K)),
which contradicts the choice of Mg and a(K). O

Observe that (ii) does not imply (i) in Proposition 3.2, without the assumption that C is pseudo
elementary; e.g. if C is the class of all uncountable structures in a countable language, then (ii) holds,
but not (i).

Note that every elementary class C is also pseudo elementary. Every sequence ¢y = @k (X, yx) of
formulas (x of length n, y, of length I(k), as above) trivially serves as a sequence of witnesses if it
satisfies the following condition:

(%) For each M € C and for all @ € M" there are k € N and a tuple b € M'® such that M = gok(d,E).

We shall use the following consequence of 3.2:

Corollary 3.3. Let C be an elementary class of £ -structures and let (¢ (X, Yx))ken be a sequence of £-
formulas that satisfies condition (x). Then there is some K € N such that for every M € C and every a € M"
there are some k < K and b € M'® with M = ¢ (@, b).
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The example of finite structures above shows that the existence of bounds K as in 3.2(iii) that
depend on the selected structure, but are independent from the choice of tuples a € M*, does not
imply that C is axiomatizable. The following proposition characterizes those situations where a bound
exists for a particular structure from C.

Proposition 3.4. Let C be a pseudo elementary class of £ -structures with witnesses @; (X, yik) (i € I,
k € N). The following are equivalent for every £ -structure M.

(i) M € C, and for each i € I there is some K € N such that for all a € M"D there are k < K and some
b e M'G with M = g (@, b).
(ii) Every (countable) ultrapower of M is in C.

Proof. (i) = (ii). If (i) holds, then in M the sentences

K
VX 3Yin. ViV ik Vik)
k=1

hold true. By the theorem of tos (cf. [Ho, Theorem 9.5.1]), this sentence also holds in every ultrapower
M% of M, which implies that M% €, as the @i k(Xi, ¥i k) are witnesses of C.
(ii) = (i) holds by the same proof as 3.2(ii) = (iii), where each M is equal to M. O

4. Axiomatizing rings with normal spectrum

Recall that a topological space X is called normal if for all disjoint closed subsets Y, Z of X, there
are disjoint open subsets U, V of X with Y CU and Z C V. If X is a spectral space, then X is normal
if and only if every point in X has a unique specialization in X™#, Equivalently, for every y € X™,
Geny is closed. All this is well known (cf. [Ca-Co, Proposition 2]) and follows quickly from 2.4. Also
recall that closed subspaces of normal spaces are normal again and that the set of maximal points of
a normal spectral space is Hausdorff.

Rings with normal Zariski spectrum are called Gel'fand rings (cf. [Joh, p. 199]) and have been
studied by several authors, e.g., [Ca,Ca-Co,Co1,C02,Co,dM-Or].

Lemma 4.1. Let X be a spectral space and let Y C X such that for all x € X, y1, y2 € Y with x ~ y1, y» we
have y1 = y;. Then:

(i) Forall yq,y2 € Y with y1 # y, thereare U1, U; € /%(X) with y; € U; and Uy NU = ¥ - in particular
Y is Hausdorff.
(ii) The map r:Gen(Y) — Y that sends z to the unique y € Y with z ~~ y is a closed map.
(iii) IfY is quasi-compact, then Gen(Y) is a spectral subspace, Y = Gen(Y )™ and r is continuous (cf. [Ca-Co,
Proposition 3]).

Proof. Item (i) holds by 2.4(iv).

(ii) r is closed, since for a closed subset A of X, r(Gen(Y) N A)=ANY, which is closed in Y.

(iii) If Y is quasi-compact, then by 2.3, Gen(Y) is a spectral subspace and Y = Gen(Y )™, Thus, in
order to prove that r is continuous we may assume that Y = X™® and Gen(Y) = X. We show that
r is continuous: If A € X™ js closed, then A is quasi-compact, hence r—1(A) = Gen(A) is procon-
structible by 2.3. The assumption implies that Gen(A) is closed under specialization, hence r~1(A) is
closed by 2.4(i). O

By Hochster’s Theorem [Hoc], every spectral space is homeomorphic to Spec A for some ring A. The
ring of course imposes a lot of additional structure on X. A simple, but crucial, separating property in
terms of the principal open sets D(f), f € A, is the following.
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Lemma 4.2. Let A be a ring. If V C Spec A is closed and U C Spec A is open with V C U, then there are
f.geAwithV CV(f) S D(g) CU.

Proof. Let I, | be ideals of A with V =V (I) and SpecA \ U = V(J). Since V € U we have V(I +
D=VIHNV(]) =0, in other words 1 €1+ J. Take f €I, ge J with 1= f + g. Then V C V(f),
V(J)CV(g) and V(f) NV (g) =0, which gives the assertion. O

In the next theorem we extend the list of characterizations of Gel'fand rings given in [Ca-Co, Propo-
sition 3] and [Joh, p. 199]. The equivalence of conditions (i) and (iv) is Contessa’s Theorem 4.1 [Co1].
The implication (i) = (iii) is essentially Lemma 3.1 of [Co1].

Theorem 4.3. Let A be a ring. The following are equivalent:

(i) Ais a Gel'fand ring.
(ii) IfV,..., V,, C Spec A are closed with V1 N --- NV, =0, then there are c1, ..., cy € A with V; € D(c;)
and D(c1) N ---N D(cy) =0.
(iii) For all a,b € A with V(a) NV (b) = @ there are c,d € A with V(a) C D(c), V(b) € D(d) such that
D(c) N D(d) = 4.
(iv) Foralla,b € Awith1 € (a,b) therearec,d € Awith1e€ (a,c), 1€ (b,d) such thatc-d=0.
(v) AEVadx, ¥ (1—xa)-(1—x'(1—a))=0.

Hence the class of rings with normal spectrum is axiomatizable. Normality of Spec A can be characterized by a
strict Horn formula (cf. [Ho, Section 9.1]) in the language of rings.

Proof. (i) = (ii). We first show that there is some ¢; € A with V1 € D(cq) and D(c;) N W = @, where
W =VyN-..NVy. Since Spec A is normal and V1, W are disjoint and closed we can apply 2.4(iv) to
find open and disjoint sets O D V, U D W. By 4.2 there is some c¢; € A with V{ € D(cqy) € O. Then
D(c1) €0 cSpecA\ U, and D(ci) "W =4.

Applying this argument again to V, and D(c;) NV3N---NV, gives c; € A with V, C D(cy) and
D(c1)ND(ca)NV3zN---NVy=0. Continuing in this way we get the elements cq, ..., ¢y as desired.

(ii) = (iii) is a weakening.

(iii) = (iv). Let a,b € A with 1 € (a, b). Then V (a) NV (b) = @. Hence by (iii) there are c,d € A with
V(a) € D(c), V(b) € D(d) such that D(c) N D(d) = @. Now D(c) N D(d) = ¥ says c* - d* =0 for some
k € N. Note that V (a) € D(c) = D(c¥) implies 1 € (a, c*). Similarly one proves 1 € (b, d¥). The elements
ck, d* have the properties required in (iv).

(iv) = (v). By (iv), there are c,d € A with 1 € (a,c), 1€ (1 —a,d) and c-d=0. Pick x,x',y,y € A
with 1=xa+ yc, 1 =x'(1 —a) + y'd. Then

(1—xa)-(1-x¥(1—a))=ycy'd=0.

(v) = (i). Let m, n be distinct maximal ideals of A. Take a € m, b € n with 1 =a + b. By (v) there
are x,X' € A with (1 —xa) - (1 — x’(1 —a)) = 0. Hence a common generalization p of m and n will
contain 1 —xa or 1—x'(1—a), say 1 —xa € p. Then a, 1 —xa € m, so 1 € m, a contradiction. This shows
that distinct maximal ideals of A do not have a common generalization, which proves (i). O

The theorem says that the class of all rings with normal spectrum is axiomatizable. We shall apply
this result to the factor rings A/Jac A, where JacA is the Jacobson radical. The class of rings with
normal Spec(A/JacA) is axiomatizable as well. The argument we use is a special instance of the
“interpretation method”, which is explained in [Ho, Section 5]. We sketch the method since it will
appear several times later on.

To start with, recall that Jac A is the intersection of the maximal ideals of A and

JacA={aeA|VxFul=u-(1+xa)}.
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Hence Jac A is the subset of A defined by the formula
t(v):=Vxul=u-(1+xv).
In this sense A/JacA is a “definable residue ring” of A.

Proposition 4.4. If C is an axiomatizable class of rings, then the class D of all rings A with A/JacA € C is
axiomatizable, too. Moreover, any explicitly given set of axioms of C can be explicitly translated into a set of
axioms for D.

Proof. We give an outline the proof: Let T be the theory of C. For each quantifier free ring-formula
@(V1,...,Vp), let @jac be the ring-formula obtained from ¢ by replacing a term equality t(v) = 0 with
t(t(v)). Then for each n-tuple a € A" we certainly have

A/JacAEg@@mod JacA) & AE@ac@. (%)

By induction on the number of quantifiers, we extend the assignment ¢ — ¢jac to all ring-
formulas. It is straightforward to check that (x) remains true for all formulas. This proves the propo-
sition, since now we know that {¢j.c | ¢ € T} axiomatizes the class of rings A with A/JacAeC. O

We give an application of 4.4 using 4.3. First recall from [Ca-Co, p. 230] for every spectral space X:
If XM is Hausdorff and dense in X, then X is normal. (If x, y € X™3 are distinct points, then take

U,Ve IOC(X), xeU,yeV and UNV NXM* =g The density of X™®* implies U NV =, in particular
X, y do not have a common generalization in X.)

Corollary 4.5. Let A be a ring. We set X = Spec A and Y = Spec(A/Jac A). Then X™ is a Hausdorff space
if and only if Y is normal. Hence, by 4.4 and 4.3, the class of rings A with Spec A Hausdorff is first-order
axiomatizable.

Proof. We identify Y canonically with a closed subspace of X. Note that X™3 = Y™ By the above
remark, Y™ is Hausdorff if and only if Y is normal. O

The class of rings such that the maximal points form a proconstructible subset of the spectrum is
axiomatizable as well:

Corollary 4.6. Let A be a ring. Then (Spec A)™® is proconstructible if and only if A/]Jac A has Boolean spec-
trum. Since A/ Jac A has Boolean spectrum if and only if it is von Neumann regular, the property “(Spec A)™a*
is proconstructible” defines an axiomatizable class of rings.

Proof. Since SpecA/JacA is a proconstructible subset of Spec A, (Spec A)™¥ is proconstructible if
A/Jac A has Boolean spectrum.

Conversely, if (Spec A)™3* is proconstructible, then by 2.8, V (Jac A)™™ js contained in (Spec A)™3,
which shows that A/Jac A has Boolean spectrum. 0O

Remark 4.7. In [Sch-Tr] we give an elementary description of the property
“(Spec A)™¥ is Boolean”,
namely (Spec A)™* is Boolean if and only if in the ring A/JacA is an exchange ring, i.e., every

element is a sum of a unit and an idempotent (cf. [Joh, p. 187]; another name appearing in the
literature is clean ring).
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5. Partition of unity and local characterization of normality
For any subset S of a ring A let
D(S) :={p eSpecA|pNS =0}

Hence D(S) is a generically closed subset of Spec A, in fact D(S) =(scs D(s) is inversely closed (and
thus proconstructible). Note also that not every inversely closed subset is of this form. For example
D(a) U D(b) = D(S) for some set S if and only if D(a) U D(b) = D(c) for some c € A.

Recall that for any multiplicatively closed subset S of A, the localization map ¢s: A — As induces
a homeomorphism Spec As — D(S).

Theorem 5.1 (Partition of unity in Gel'fand rings). Given a ring A, Spec A is normal if and only if A has
partitions of unity, i.e., for every open cover SpecA =Uq U ---U Uy, thereare f1,..., fre Awith1= f1 +
.-+ fpsuchthat D(f;) CU; (1 <i<n).

Proof. First suppose A has partitions of unity. Take a, b € A with V(a) NV (b) = @. We show that there
are open disjoint neighborhoods of V (a) and V (b) in Spec A. From the characterization 4.3(iii) and 4.2
this proves normality of Spec A. Since D(a) U D(b) = SpecA and A has partitions of unity, there are
f,g e A with f +g=1 such that D(f) € D(a) and D(g) € D(b). Then V (a) C SpecA\ D(f), V(b)
SpecA\ D(g) and (Spec A\ D(f)) N (Spec A\ D(g)) = ¥, since SpecA = D(f) U D(g) € D(f) U D(g).
Thus Spec A is normal.

Conversely assume Spec A is normal. Take an open cover SpecA =UU---UU,. Let V; :=SpecA\
U;. Then ViN---NV, =0 and by 4.3(ii), there are ¢; € A with V; € D(c¢;) and D(cy)N---ND(cyp) = 4.
Let I; € A be an ideal with V (I;) = D(c;). Then V(I;)N---NV (I;) =@, which means 1 € I +---+ I,,.
Pick f; € I; with 1= f1 +---+ f;. Then V; C D(c;) € V(I;) € V(fi), thus V; is in the interior of V (f;),
in other words le,) CU;(1<ign). O

Lemma 5.2. If S C A is multiplicatively closed, then (s is surjective if and only if D(S) is closed.

Proof. If ¢s is surjective, then the image of Spects is V (Kerts), which is closed.

Conversely assume D(S) is closed. Take s € S. As D(S) C D(s) and D(S) is closed, 4.2 gives us
some a € A with D(S) C V(a) C D(s). Since V (a) C D(s), there are «, 8 € A with aa + Bs = 1. Since
D(S) C V(a) we have “Tk =0 in As for some k. Then 1= (xa + Bs)* =k -ak +s - ¢ for some c € A.
Hence 51—‘ =1 in As, which shows that % € As is in the image of ¢s, as desired. O

For any subset X of Spec A we write S(X) for the multiplicatively closed set {s € A | X C D(s)}.
Observe that S(X) = S(Gen X).

Corollary 5.3. If X is closed and generically closed, then X = D(S(X)). Hence by 5.2, the localization map
tsx) s A= Ascx) is surjective.

Proof. Obviously X C D(S(X)). Conversely if p ¢ X, then X N {p} =¥, since X is generically closed.

Since X is closed we may apply 4.2 to X € SpecA \ {p} and there is some s € A with X € D(s) and
p € V(s). This means p ¢ D(S(X)). O

As a remark we give the following characterization of Gel'fand rings. Contessa proved the result
in [Co2, Theorem 1.2]. It is also related to [Joh, Section 3.8, p. 199, Lemma]. The proof is an easy
application of our previous considerations.

Remark 5.4. The following are equivalent for every ring A.

(i) A is a Gel'fand ring.
(ii) For every maximal ideal m of A, the localization map A — Ay, is surjective.
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(iii) For all mutually disjoint, quasi-compact subsets Ki,..., K, of (Spec A)™¥, the product of the
localization maps

n
U, ..., tn) A~ HAS(K,-)
i=1

is surjective.

Proof. Clearly (iii) implies (ii): take n =1 and K; = {m}. If (ii) holds, then for every maximal ideal m
of Spec A, D(A\ m) is closed by 5.2. But D(A \ m) is the set of generalizations of m in Spec A. This
shows that Spec A is normal.

It remains to show that (i) implies (iii). Let V; := Gen(K;) and let K := K7 U --- U K. Since Spec A
is normal, all these sets are closed and generically closed, and GenK is the disjoint union of the V;.
By 5.3 we know that t5(x) is surjective and it remains to show that the natural map

n

Asy) —> l_[AS(Ki)
i=1

is an isomorphism. Since (; is surjective, we know that Ag;) = A/l;, where [; is the kernel of ;.
Since the V(I;) = Gen(K;) are mutually disjoint, the assertion follows from the Chinese Remainder
Theorem. O

Remark 5.4 can be used to show that for every Gel'fand ring the natural map between the Boolean
algebras of idempotents of A and A/JacA is onto. This will be discussed (and proved) in greater
generality in [Sch-Tr].

By 4.3(v), a ring A is a Gel'fand ring if and only if for every a € A, the equation (1—Xa)-(1-Y(1—
a)) =0 has a solution (x, y) in A x A. One may ask if there is an overring C of A which is Gel'fand
(in other words: which has solutions for these equations) and which is in some sense minimal with
this property.

In fact by successively adjoining solutions to A for the equations above in a universal way one
can easily show the following: For every ring A, there is an overring N of A, N Gel'fand, such that
whenever ¢ : A — B is a ring homomorphism and B is Gel'fand, then there is a ring homomorphism
¥ :N — B extending ¢. In general ¢ will not be uniquely determined by ¢ and N. Moreover there
are many overrings N with these properties and it is unlikely that there is a “Gel'fand hull” for every
ring A.

Nevertheless there are canonical constructions that produce a Gel'fand extension for any ring.
Below we exhibit such a construction. The question whether Gel'fand hull exists has also been stud-
ied in [Co2]. Contessa arrived at the same construction that we give below (cf. [Co2, Theorems 5.11
and 6.3]), but again we present a different proof.

First recall that for every ring A, the natural map A — B :=[];,c(spec aymax Am is an embedding
and B is a Gel'fand ring, since products of Gel'fand rings are again Gel'fand (cf. 4.3(v)). We construct
a small Gel'fand ring C between A and B:

Example 5.5. Firstly, if A is a local ring, then for every function ¢ : A — A which extends A* — A%,
ar a~!, we have (1—@(a)-a)-(1—¢(1—a)-(1—a)) =0, sinceac AX or 1 —ae A* for every a € A.
In particular the function ¢4 : A — A defined by

_Ja 1! ifaeAx,
(pA(a)'_{o ifag A

provides the solution (¢a(a), a(1 —a)) of (1 — Xa) - (1 — Y (1 —a)) =0. Observe that ¢4 is a multi-
plicative map A — A which extends a+> a~.



710 N. Schwartz, M. Tressl / Journal of Algebra 323 (2010) 698-728

Now let (Ay | x € X) be a family of local rings and let B :=[],.x Ax. We define ¢:B — B by
@((ay)) := (¢a,(ax)) and we see that for every b € B, (¢(b), (1 — b)) solves (1 — Xb) - (1 —Y(1 —
b)) = 0. Again ¢ is a multiplicative map B — B.

Let A be a subring of B and let C be the subring of B, generated by A and all the ¢(a) (a € A).
We claim that C is closed under ¢, in particular C is Gel'fand (since the restriction of ¢ to C provides
solutions for all the equations (1 — Xc¢)- (1 —Y(1 —c)) =0 where c € C).

Proof. Since ¢ is multiplicative and ¢(1) =1, every element c of C is of the form
c=a19(s1) +---+anp(sy) forsomeaj,s; e A.

For & € {0,1)" and (i) =1 let s¢ i := [Ty ¢(j=1, ji Sj- We claim that

p@O= Y de,

eef{0,1}"
where
n n n
d; :=( I1 ﬁw(sﬁ)w( > Ss,iai>’ [ (1-sipen)ec.
i=1, e(i)=1 i=1, e(i)=1 i=1, £(i)=0

To see this, fix x € X. Let € € {0, 1}"" be defined by e(i) =1 & s;x € Af. Clearly, if ¢ € {0, 1}" with
&' # ¢, then dy x = 0. Moreover we have

n n
dex= ( 1_[ Sﬁwax (Si,x)> : §0Ax< Z Sg,i,xai,x> .
i=1, e(i)=1 i=1, e(i)=1
Since [Ty ¢y=1 57@A i) = @a, [Ty, ey=1 Six) and @a, is multiplicative we get
n
dex = @a, ( Z Sf,zai,x)
i=1, e(i)=1
But Z?:l’w):l s;}ai,x = cx by definition of &, which shows that ¢(c)x = ¢4, (cx) =dg x as desired. O
6. Non-axiomatizability of rings with completely normal spectrum

Recall that a spectral space is completely normal if the closure of every point is a specialization
chain.

Lemma 6.1. Suppose that A is a ring and the prime ideals p and q are incomparable. Then there are elements
s,t € Asuch that p, q € D(s), p, q € V(t), there is no common specialization in D(s) and there is no common
generalization in V (t).

Proof. We pick elements a € p\q and b € q\p. Then s=a+b and t =a-b meet the requirements. O

Corollary 6.2. A ring A has completely normal spectrum if and only if D(s) is normal for every s € A.
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Proof. It follows directly from the definition that every spectral subspace of a completely normal
spectral space is completely normal, as well. This applies to the D(s).

Conversely suppose Spec A is not completely normal. Pick p, g € Spec A that are incomparable w.r.t.
inclusion and have a common generalization ¢ in Spec A. Pick s € A as in 6.1. Then Dp and Dq have
distinct maximal specializations in D(s), and Dr specializes to both of them. Thus, D(s) is not nor-
mal. O

The corollary suggests that, in order to characterize rings with completely normal spectrum alge-
braically, we should first describe the property “D(s) is completely normal” in algebraic terms.

Proposition 6.3. Let A be a ring and let s € A. The following are equivalent:

(i) D(s) is a normal spectral space.
(ii) Foralla,b e Awith D(s)NV (a)NV (b) =@ therearec,d € Awith D(s)NV (a) C D(c), D(s)NV (b) C
D(d) such that D(s) N D(c) N D(d) = @.
(iii) For all a,b € A with s € \/(a, b) there are c,d € A with s € \/(a,c), s € /(b,d) such thats-c-d is
nilpotent.
(iv) Forallp e Nandalla € A thereare c,d € A and k € Nwith s* € (a,c), sk € (sP —a,d) andc-d = 0.

Proof. (i) < (ii) follows easily from 4.3, since D(s) is canonically homeomorphic to Spec As and
VSpecAs(s%) is mapped onto D(s) NV (a).
(ii) < (iii) follows from the following translation table:

(@) D) NV@NVb)=0< V@NnVb) CV(s) < se/a,b).
(b) D(s)NV(@ C D)< V() SD@UV(s)e V(e)NVia) CV(s) < seq/a,c).
(c) D(s)ND(c)yND(d) =0 < s-c-d is nilpotent.

(iii) = (iv). Let a € A and take b =sP —a. Then s € v/(a,b) and by (iii) there are cp,dp € A and
l € N such that (s-cg-dg) =0, st € (a,co) and s' € (b, dg). Take k:=2 12, ¢ = (sco)! and d = (sdp)".
Then c-d =0, sk = (s?)! € (a,s' - cp)! € (a, ¢) and similarly s* € (b, d) = (sP — a, d).

(iv) = (iii). Take a,b € A with s € 4/(a, b), hence sP = xa + yb for some p € N and some x, y € A.
Define ag := xa. By (iv) there are c,d € A and k € N with s* € (ag, ¢), s* € (sP — ag,d) and c-d = 0.
Since (ag, ¢) C (a,¢) and (sP —ap, d) C (b, d) we get (iii). O

Corollary 6.4. Spec A is completely normal if and only if for all s, a € A there are x, X' € A and k € N such that
(sk — xsa) - (s" —X(s? —sa)) =0. (%)

Hence the class of rings with completely normal spectrum is pseudo elementary with witnesses @i (x1, X2, Y1,
y2) = — yixixa) - (& — y2(x3 —x1%2)) = 0.

Proof. If Spec A is completely normal, then (%) holds by 6.3(i) = (iv) applied to p=2 and s -a.
Conversely if (x) holds, then item (iv) of 6.3 holds for every s € A: Pick p € N,a € A and apply (x)
to sP and a. Then straightforward checking shows that ¢ = s’ — xsPa and d = sk — x'(s2P — sPq) satisfy
s e (a,c), s e (sP —a,d) and c-d = 0.
Therefore, condition (x) implies that all D(s) are normal and by 6.2, Spec A is completely nor-
mal. O

Remark 6.5. To compare the classes of rings with normal spectrum and with completely normal
spectrum, note that condition (%) applied to a =1 and any element a € A yields the condition
of 4.3(v). Conversely, 4.3(v) implies that, given s,a € A, there are x,x' € A with (s — xsa) - (s — X'(s —
sa)) =0.
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Definition 6.6. Let A be a ring. We define:

o k(s,a) =inf{k € N | 3x,x (s* — xsa) - (s¥ — x'(s2 — sa)) = 0} € NU {w, oo} for all pairs of elements
a,seA;
o CN(A) =sup{k(s,a) | s,a € A} e NU {w, co}.

By Corollary 6.4, the spectrum of A is completely normal if and only if CN(A) < w.

Observe that k(s, a) = k(s, s — a). Since the product (s¥ — xsa) - (s* — x'(s> — sa)) is a multiple of s
it is trivially true that k(0,a) = 1. Moreover we have k(s,0) = k(s,s) < 2 for all s. If A is local then
k(s,a) =1 for each s € A*. For, one defines x=a"!, ¥ =1 ifaisaunitand x=1, ¥ = (s —a)~ ! if
a is not a unit. If A is a domain, then (s* — xsa) - (s¥ — x'(s? — sa)) = 0 if and only if s=0 or a #0,

sk—] Sk—l

T €Aors#a, ;€A

Corollary 6.7. Let T be a theory extending commutative rings in a language extending the language of rings,
such that every model of T has completely normal spectrum. Then there is a natural number k such that for
every model A of T and all s, a € A there are x, x' € A with (s* — xsa) - (s* — ¥/ (s2 — sa)) = 0. In other words,
CN(A) is bounded by a natural number when A runs through the models of T.

Proof. By 3.2 and 64. O

In the rest of this section we use the following notation: We pick a field F and consider the
polynomial ring F[X] = F[Xy,..., Xn]. The quotient field is denoted by F(X). The variables generate
the maximal ideal m C F[X]. If P = ZieNg o - X' is a polynomial then ord(P) = inf{|i| | o; # 0} is
the order of P. This is an integer or oco. The map v:F(X) — Z U {o0}, v(%) =ord(P) —ord(Q) is a
valuation; let V be the valuation ring, n its maximal ideal. Then n N F[X] = m, hence the localization
F[X]m is contained in V. The maximal ideal of F[X]. is denoted by m,; its powers are mi‘n. If
% € F[X]m then v(%) =k e N if and only if % € m’fn \m',ﬂfl.

Example 6.8. We pick some k € N and define A := F[X]/m¥. The residue class of P € F[X] is denoted
by P +mk. We claim that CN(A) = [£1.

Proof. Note that A is a local ring with maximal ideal m/m¥. Pick any two elements s,a € A. We
show that k(s,a) < (%1: If s A* then k(s,a) = 1. If s ¢ AX then s>/ =0 for all [ > [%]. Setting
x=x =s""1 we obtain (s' — xsa) - (s — (s> —sa)) =0, and this implies k(s,a) < [51. It has been
proved that CN(A) < %1

It remains to exhibit elements s,a € A with k(s,a) = (’7‘]. We set s = X1 + mk and a = Xy + mk,
We need to show that the existence of ¢, d € A with (s* —csa) - (s' —d(s? — sa)) = 0 implies 21 > k. We
show this by looking at representatives in the polynomial ring. Suppose that there are polynomials
C, D € F[X] such that v(X! —C- X1 - X2)- (X} =D -(X? — X1 - X —2)) > k. The order of X} —C-X;-X» is
at most . The automorphism of F[X] that preserves all variables except X, and maps X, — X1 — X»
preserves the order of polynomials. Therefore ord(X’1 —D- (Xf — X1-X—2)) <! as well. We conclude
that, for any choice of polynomials C and D, (X’1 —C-X1-X)- (X’1 —D- (Xf -X1-X-2)¢ mk if
2-1<k. O

Several non-axiomatizability results follow immediately from the example:
Corollary 6.9. The following classes of rings are not axiomatizable:
Rings with singleton spectrum.
Rings with Boolean spectrum.

Rings with totally ordered spectrum.
Rings with completely normal spectrum.
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Proof. From 6.8 and 6.7. O
Remark 6.10. For every ring A and each ideal I of A we have CN(A) > CN(A/I).

Proof. Every equation of type (%) in 6.4, remains valid when applying the residue map A — A/I.
Thus, by definition of CN(A) and CN(A/I) we get CN(A) > CN(A/I). O

The ring in Example 6.8 is not reduced. Therefore it cannot be applied directly to decide axiom-
atizability of the class of reduced rings with completely normal spectrum. However, we shall now
construct a domain By which has exactly one prime ideal besides (0) and a factor ring that is isomor-
phic to F[X]/mk. By 6.10 and 6.8 this implies CN(By) > ’7‘ In fact, we shall prove the stronger result
that CN(By) =k + 2. One concludes that the set of invariants CN(A) is not bounded by a natural
number as A varies in the class of reduced rings with completely normal spectrum.

In the following proposition we use a construction, that is closely related to the so-called “D + M-
construction” (cf. [Gi, Appendix 2]).

Proposition 6.11. We fix a natural number k and set I, = {z € V | v(z) > k}. We claim that the ring By :=
F[X1m + I has the following properties:

(i) By is a local domain with maximal ideal n, = my, + I; the maximal ideal and (0) are the only prime
ideals of B.
(ii) The residue ring By /Iy is isomorphic to F[X]/mk.
(iii) Ifn > 2, then CN(By) =k + 2.

Proof. First note that I, C V is an ideal. Thus By is a subring of V. Clearly, By is a domain. Both I
and ny are ideals of By; note that n, = By N n. It follows from I N F[X]y = m’r‘n that

B/l > F[XIm /(I N FIX]m) = F[X]m/m¥ ~ F[X]/m".

This proves claim (ii). The ideal ng/I; C B/l corresponds to the ideal m/m" C F[X]/m* under this
isomorphism. It follows that

Bi/ny 2= (Bie/ 1)/ (i /Ii) == (F[X1/m¥) / (m/m¥) ~ F[X]/m ~ F,

which shows that n; is a maximal ideal. In order to prove that it is the only maximal ideal it is
enough show that a € ny implies 1 —a € BkX:

It follows from v(a) > 1 that v(a¥) >k, hence a* € I. Since I is a proper ideal in the valuation
ring V, the set 1+ I is a multiplicative subgroup of V *. The set 1+ I is also contained in By, hence
it is also a multiplicative subgroup of ka. The identity (1 —a)- (14+a+a?+---+ak—1)=1—dk
shows that there is a multiple of 1 — a that is a unit, hence 1 —a is a unit as well.

Next we show that the By does not have prime ideals other than (0) and ny. We pick an element
s eng, s# 0 and prove that ny = /s - By: Let t € nj and pick some d € N with d - v(t) > v(s) + k. Then

v(%) >k, hence % € I, we see that t¢ € s By. This proves our claim and finishes the proof of (i).

It remains to prove (iii): The first step is to show k(s,a) < k+ 2 for all s, a € By. (This statement is
also true forn=1.)If s=0orifse ka, then we know k(s,a) =1 since By is local. f a=0 ora=s,
then k(s,a) < 2. So suppose that s ¢ B, s 0 and a # s, 0. Since we are in a domain it is enough to

k+1 k+1 .
show % € By or % € By. Notice that v(s) > 0.

Since v(s) > min{v(a), v(s —a)} we have v(a) < v(s) or v(a —s) < v(s), say v(a) < v(s). Then
SI<+1
V(T> =k+1)-v(is)—v@a) =k-v(s) >k,

k+1 .
and *_— € I C By, as desired.
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It remains to verify that k(s,a) =k + 2 for su1table s,a € By. We show k(X1, X2) >k + 2. Since By
is a domam we have to show for [ € N that both S € By and % x € B imply [ >k + 1.

1
lf € By then we write ;-; -5 €y, where Q(0) #0. The polynomial X’ Q contains the
monomlal X’ with non-zero coefﬁaent. This monomial is not canceled in the polynomial Xl -Q —

X, - P, hence v(X’] -Q — Xy - P) <I. We conclude that k < ( v(X’ Q—Xy-P)—v(Xy)—
v(Q) <1—1, which proves the desired inequality.

Finally we define o to be the F-automorphism of F(X) defined by X, — X1 — X3, X; — X; oth-
erwise. Then o is an involution, preserves the valuation and restricts to an automorphism of By.

l
Therefore, supposing that x € By, we apply o to show that =+ > € By, and this is a case that has
already been dealt with. D

Corollary 6.12. The classes of reduced rings with totally ordered spectrum, or with totally ordered spectrum
of length bounded by some natural number | > 2, or with completely normal spectrum are all not first-order
axiomatizable.

Proof. The rings Bj constructed in 6.11 belong to all classes. As CN(By) =k + 2 it follows that there
is no axiomatizable class of rings all of whose members have completely normal spectrum and that
contains all the rings B;. O

Finally in this section, we exhibit a reduced ring A with CN(A) = w. The ring will be constructed
from the sequence of rings By defined in Proposition 6.11.

Each of the rings By is a local F-algebra with residue field F. Thus, By = F & n,. We form the
direct product B = [ [y Bk. This is an F-algebra, and we consider F as a subring. The direct sum
n = Py of the maximal ideals of the components is an ideal of B. Then A:=F @n is a subring
of B and n is the largest proper ideal of A. Hence A is a reduced local ring with maximal ideal n.
We shall identify n; with the ideal []cy 4{0} x n;. The projections pr: A — B — By are surjective,
their kernels are denoted by py.

The prime ideals py are incomparable. We show that SpecA = {py | k € N} U {n}: Suppose that
p € SpecA \ n, i.e,, p C n. There are some k € N and a € ny with a ¢ p. For each b € p, we have
a-bepyNng=(0), hence a-b=0 e p. This implies b € p, hence py € p C n. But then (0) = prp(px) <
pry(p) € pr(n) = ny is a sequence of prime ideals in By. As we know all the prime ideals of By (6.11)
we conclude that pry(p) = (0), hence py =p.

The space Spec A is completely normal (since its structure has been determined completely). It
follows that CN(A) < w. On the other hand, CN(A) > CN(A/px) = CN(By) >k + 2 for each k (by 6.11).
This shows:

Proposition 6.13. The ring A is reduced and local and satisfies CN(A) = w. Its spectrum is completely normal,
but some ultra power of A does not have completely normal spectrum (by 3.4).

7. Rings with inversely normal spectrum

Definition 7.1. A spectral space X is called inversely normal if Xj,, is normal, i.e.,, every point has a
unique minimal generalization in X. Recall that Xj,, is the set X, equipped with the inverse topology
(cf. 2.1).

Remark 7.2. For every ring A, SpecA is inversely normal if and only if for all distinct minimal prime
ideals p, q of A there is some ac A withaepand 1 —aeq.

Proof. SpecA is inversely normal if and only if for all distinct p, q € (Spec A)™™ the sets {p} and {q}
are disjoint, if and only if for all distinct p, q € (Spec A)™" we have p+q=A. O
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Lemma 7.3. Let X be a spectral space.

(i) If there is a specialization preserving retraction r: X — X™M of X™in 5 X then X is inversely normal
and r(x) ~ x for all x € X (cf. [Ca-Co, Proposition 3]).

(ii) If X is inversely normal, then X™" is quasi-compact if and only if the map r: X — X™ that maps x to
the unique minimal point z € X with z ~~ x, is continuous. If this is the case then r is a spectral map.

Proof. (i). Let x € X. Take y € X™" with y ~~ x. By assumption y =r(y) ~» r(x) € X™" hence y =r(x).

(ii). If r is continuous, then X™i" is the image of a quasi-compact space under a continuous map,
hence is quasi-compact. Conversely suppose X™" is quasi-compact. Then, by 2.7, X™" is a procon-
structible subset of X. We prove that r is continuous: Let A € K(X). Then

riAanx™ =) &

xe AnXmin

Since X™" and A are proconstructible, the latter set is A N XMin which is closed. Hence r is continu-
ous.

As X™n s proconstructible, 4.1(iii) applied to Xi,, says that r is continuous w.r.t. the inverse
topology. As it is also continuous, r is spectral. O

Proposition 7.4. The following are equivalent for every ring A:

(i) Spec A is inversely normal.
(ii) Foralla,b € A with D(a) N D(b) = @ there is some c € A such that D(a) C V(c) and D(b) C V(1 —c¢).
(iii) Va,be AIce AIneN:a-b=0—ada"-c=0=b"- (1 —0).

If A is reduced, then (i)-(iii) are also equivalent to
(iv) Va,be AdceA:a-b=0—a-c=0=b-(1—0).

Proof. (ii) = (i). Let p, q € Spec A be minimal prime ideals with p # q. We must show that p + q= A.
Since both ideals are minimal, there are a,b € A such that D(a) N D(b) =@, p € D(a) and q € D(b).
Pick c as in (ii). Then cep, 1 —c€q, and 1 € p + q as desired.

(i) = (ii). Let a,b € A with D(a) N D(b) = @. Since SpecA is inversely normal, there are disjoint
inversely open subsets V, W of SpecA such that D(a) € V, D(b) € W. Since D(a), D(b) are quasi-
compact in the inverse topology we may assume that V =V (cq,...,cx) and W =V (dy,...,d)). Since
VNW =40, there are ce (cq,...,¢ck),de(dq,...,d) withc+d=1.Thend=1-c,and D(a) CV C
Vo), Dby CcV{dy,...,d) S V(1 —o).

(ii) = (iii). If a- b =0, then by (ii) there are d,e € A with D(a) C V(d) and D(b) C V(e), V(d) N
V(e) =0. Hence a-d and b - e are nilpotent and there is some n € N with a"d" = b"e" = 0. We now
replace d by d" and e by e" and still have V(d) NV (e) =@. Thus 1 = xd + ye for some x, y € A. Now
choose c:=xd. Thena"-c=a"-xd=0=b"-ey=b"- (1 —¢).

The implication (iii) = (ii) is straightforward. Moreover the proof of (ii) = (iii) also shows that
we can choose n =1 if A is reduced, hence (i)-(iii) are equivalent to (iv) if A is reduced. O

The spectral space X is called inversely completely normal if the inverse topology is completely
normal. We use 6.1 to obtain an inverse version of the characterization of complete normality in 6.2:

Corollary 7.5. The spectrum of A is inversely completely normal if and only if each principle closed subspace
V (s) is inversely normal.

Proof. Spectral subspaces of inversely completely normal spaces are clearly inversely completely nor-
mal, hence are inversely normal. Conversely, assume that Spec A is not inversely completely normal,
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i.e,, there are incomparable prime ideals p and q that are contained in a prime ideal . By 6.1 there
is a set V(s) that contains both prime ideals, but no common generalization. Then t € V (s) has two
distinct minimal generalizations in V (s). Thus, V (s) is not normal. O

Corollary 7.6.

(i) The property “A is reduced and Spec A is inversely normal” is elementary.
(ii) The property “Spec A is inversely normal” is not elementary.
(iii) The property “A is reduced and Spec A is completely inversely normal” is not elementary.

Proof. (i) follows immediately from (i) < (iv) in 7.4.

(iii). If the property “A is reduced and Spec A is completely inversely normal” is elementary, then
also the property “A is reduced and Spec A is totally ordered” is elementary, since Spec A is totally
ordered if and only if A is local and Spec A is completely inversely normal. On the other hand 6.12
shows that “A is reduced and Spec A is totally ordered” is not elementary: a contradiction.

(ii). Assume that the class of rings with inversely normal spectrum is elementary. Then by
7.4(i) < (iii) and 3.2, there is a bound N for the numbers n € N that occur in 7.4(iii). Thus, a ring A
has inversely normal spectrum if and only if A = ¢, where ¢ is the sentence

va,b3c: a-b=0—a"-c=0=b"-(1-0).
Let ¥ (x, s) be the formula 3y: x=y -s and let y be the sentence
VsVa,b3c: ¥(a-b,s) — 1/f(aN -c,s) Al//(bN “(1=0),s).

Then A satisfies y if and only if A/s- A = ¢ for all s € A. Consequently, A satisfies y if and only if
for all s € A, the ring A/s- A has inversely normal spectrum, if and only if V (s) is inversely normal
for all s € A, if and only if Spec A is inversely completely normal (7.5). Therefore y axiomatizes rings
with completely inversely normal spectrum. This contradicts (iii). O

The condition (cf. 7.4(iv)) that expresses the property “A is reduced and Spec A is inversely normal”
is a Horn sentence (cf. [Ho, Section 9.1]). This implies, in particular, that products of reduced rings
with inversely normal spectrum again have inversely normal spectrum. Products of domains have this
property, for example.

8. Minimal points of spectral spaces

The remainder of the paper is devoted to the study of compactness of the space of minimal prime
ideals of a ring. In the present section we characterize this property by topological conditions con-
cerning the spectrum itself and by properties of distributive lattices. In the next section we take
a ring theoretic point of view. Note also that Hochster gave a characterisation of those topological
spaces that are homeomorphic to the space of minimal prime ideals of a ring (cf. [Hoc2]).

Lemma 8.1. Let X be a topological space and let O, Y C X, O open. Then

oNnYy=0nY.
In particular, if O is open and closed, then 0 NY =0 NY.

Proof. Suppose x € X\ O NY. Then there is an open set U € X with xe U suchthat UNONY =0.
Since UNO isopen, UNONY =@, s0x¢0NY. O
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Corollary 8.2. Let X be a spectral space, let K, P, O, Y C X such that K is constructible, P is proconstructible
and O is open in the constructible topology of X. Let Z be the closure of Y in the constructible topology of X.
Then

ONYCKNYCP & ONZCKNZCP.

Definition 8.3. Let X be a spectral space and let K € K(X). If there is some U € I%(X) with K N x™min =

unX mif‘, then we say that K has generically constructible interior. In this case, every U € ]OC(X) with
KNXmMM—=ynX™" s called a generic interior of K.

Proposition 8.4. Let X be a spectral space, let K € KC(X) and let U € I%(X ). The following are equivalent.

(i) Thereis a dense subset Z C X withUN Z Cint(K)NZ C U.
(ii) There is a dense subset Z C X withint(K)NZ=UNZ.

(iii) There is a dense subset Z C X withint(K)NZ CUNZ C K.
(iv) U is a generic interior of K, i.e. K N X™n =y n xmin,

If this is the case and K N U is closed in U, then U C K.

Proof. (i) = (ii). Let Z € X be dense with UNZ Cint(K) N Z C U. Let Y := Z \ (int(K) N Z \ U).
Then Y is dense in X: take O € X open and some z€ ZNO. If z¢int(K)NZ\ U, then ze Y. If
zeint(K)NZ\ U, then zeint(K)NZ C U, so O NU # . Hence there is some y € ZN 0 NU, and
y € Y. This shows that Y is dense in X. Since UNZ Cint(K)NZ < U it follows that UNY =int(K)NY.

(ii) = (iii) is trivial.

(iii) = (iv). Let Z € X be dense with int(K) N Z CUNZ C K. By 8.2 we may assume that Z is
proconstructible. Since Z is dense in X, 2.6 implies that X™" C Z. Hence int(K) N X™" € y N X™in
K N X™n, Byt K N XM = jnt(K) N X™" by 2.6, so K N XM = y N XM 35 desired.

(iv) = (i). By 2.6 we have int(K) N X™n = U N X™i" 50 we can take Z = X™in,

This shows the equivalence of (i)-(iv). Now let U be a generic interior of K and assume that KNU
is closed in U. If xe U and y € U N X™" with y ~» x, then y € KN U, hence x € K, since KN U is
closed in U. Thus UC K. O

Proposition 8.4 is inspired by the fact that, in practice, many rings occur as rings of functions, i.e.,
A C KT, where T is a set and K is a field. Let {: A — K be the evaluation map at t € T. Then the
set T = {ker(f) | t € T} is dense in Spec A, and each of the equivalent conditions (i)-(iii) of 8.4 may be
used to decide whether a constructible subset of Spec A has generic interior or not. To illustrate this
method, consider the following example. Here, and also later on, shall use the following notation: If
f eKT then Zy(f) ={t e T | f(t) =0} is the zero set of f, and Cozy(f) =T \ Zr(f) is the co-zero
set of f.

Example 8.5. Let T be a Tychonov space and let A= C(T, R) be the ring of continuous functions with
values in R. We identify T with the subspace T C SpecC(Z). Pick f € A and suppose the interior of
Zr(f) is of the form Cozr(g) for some g € A (such a g exists always if X is a metric space). Then
8.4(ii) = (iv) says that V(f) C Spec A has generic interior D(g).

Lemma 8.6. Let X be a spectral space and let O, P be subsets of X, O generically closed, P is quasi-compact
in the inverse topology. Then

0 CP ifandonlyif 0N X™nrcpnxmn

Proof. We know from 2.4(i) that P = | J,p {x}. So, if 0 € P then 0 N X™" C 0 N X™n C P 0 X™in =
P N xmin,
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Conversely, if 0 N X™" C P then 0 C Uxeonxmin x c Ukepr {x} = P, and we conclude that
OCP. O

Proposition 8.7. Let X be a spectral space. The following are equivalent.

(i) X™in js quasi-compact, hence compact.
(i) X™r =N\(U e K(X) | U is dense in X}, equivalently X™" is proconstructible.

(iii) For all K € IC(X) there is some U € I%(X) with K N X™" ¢ U C K. For each such U we have U C
int(K) C U.

(iv) Every constructible subset of X has a generically constructible interior.

(v) Every closed constructible subset of X has a generically constructible interior.

Suppose that the subset B C K (X) has the property that every element IC(X) is a finite intersection of elements
inB (e.g. if X =Spec A and B ={V(f) | f € A}), then (i)-(v) are equivalent to:

(vi) Every B € B has a generically constructible interior.

Proof. By 2.7 we know already (i) < (ii). . _ '

(ii) = (iii). Let K € X be constructible. Let x € K N X™", By 2.6, int(K) N X™" = K N X™", hence
there is some Uy € K(X) with x € U, C K. By (ii), K N X™" is proconstructible, thus there are finitely
many x; € K N X™" with K N XM C | J; Uy, and U :=J; Uy, € K(X) fulfills K N X™" C U C K. Hence
U C K is a generic interior of K, and by 8.6, we conclude that int(K) C int(K) C U.

(iii) = (iv) follows from 8.4(i) < (iv). The implication (iv) = (v) is trivial.

(v) = (ii). Let y € X \ X™™ and take x € X™" with x ~ y. Let V € K(X) with y € V, x ¢ V. Take
U e C(X) with V N X™min =y 0 Xm0 Then V \ U is closed, constructible, with empty interior. Hence
X\ (V\U) is open, constructible and dense. So X™" C X\ (V \ U). Since x~ y, y € V\ U (otherwise
yeU,soxeUNX™MNCV, a contradiction), thus y ¢ X™1 C X\ (V \ U).

Hence (i)-(v) are equivalent and since (v) = (vi) is trivial, it remains to show (vi) = (v). Take
A€ K(X) and By,...,B, €% with A= By N---N By. Take a generic constructible interior U; of B;.
Then clearly Uy N---N U, is a generic constructible interior of A. O

Let X be a spectral space. If x € X\Xmi“, then the complement of {x} in X is an open and dense
subset of X containing X™". Hence X™™" is the intersection of all open subsets of X containing X™".
We know (cf. 2.6(ii)) that the closure of X™" with respect to the constructible topology is contained

in {U e /%(X) | U = X}. In general the inclusion Xmincn ¢ M{U e /OC(X) | U = X} is proper:

Example 8.8. Let A =SpecC([0, 1], R), and let X be the inverse spectral space of Spec A. We denote
the constructible closure of X™M by Z; this is the same as the constructible closure of (Spec A)™a*
thus Z corresponds to the prime z-filters of closed subsets of [0, 1] (equivalently: to the prime
z-ideals) and Z # Spec A (cf. [Schw, Section 3] or [Tr, p. 145]). On the other hand, if U C X is open,
quasi-compact and dense, then (Spec A)™* = X™Min € J and U is closed in Spec A. We conclude that
U = Spec A = X (since (Spec A)™ is dense in Spec A).

In general, it is not true that an open and dense subset of a spectral space Y contains Y™™, even if
ymin js compact: Suppose that y € Y™™ is not an isolated point. Then Y™™\ {y} is dense in Y™ and
it follows that Y \ {y} is dense and open in Y. Such a point y always exists if Y™ is compact and
infinite. An example is provided by the ring C([0, 1], R). Observe that Spec C([0, 1], R) has compact
minimal spectrum by 8.7(i) < (v) and 8.5.

We conclude this section with the description of the generic interior in terms of lattices. Recall
that every spectral space X is canonically homeomorphic to the spectral space of prime filters of
the distributive lattice E = }C(X). In what follows X denotes the spectral space of prime filters of a
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lattice E with T and L. Given a € E we denote by V (a) the set of all x € X containing a and D(a) =
X\ V(a). A general reference for distributive lattices and spectral spaces is Johnstone’s book [Joh].

Lemma 8.9. Let a, by, ..., ay, by € E. Then for every c € E we have

n
D) NX™ | JV(a)nDby) ifand only if
i=1

EEVX[(@ <bivo&...& (@ <byvX)]—>cvx=T.
Observe that this formula is strict universal Horn in the language {A, v, L, T} of lattices with top and bottom.
Proof. In E we have for all o, 8,y: V() ND(B) S V(y) & o < BV y.By 8.6 we know that D(c) N
xmin < U?=1 V (a;) N D(b;) if and only if for all closed constructible subsets A of X with U?=1 V(a) N
D(b;) € A we have D(c) C A. Since the closed constructible subsets of X are exactly the sets of the
form V (x) with x € E we get D(c) N X™" C (J_; V(a;) N D(b;) if and only if
EEVX[(a1 <biVvX) & ... & (@ <byvX)]—>cvx=T. O

Corollary 8.10. Let E be a distributive lattice and let X be the spectral space attached to X. Let a, b € E. Then:
(i) D(@ N X™" € V(b) N XM ifand only if E =avb=T.

(i) D@NX™M C D(b)yNX™"ifand only if E =V¥xxVvb=T —xva=T.

(iii) D(@ N X™" = D(b) N XM ifand only if E=VxXxVvb=T < xva=T.

All these formulas are strict universal Horn.

Corollary 8.11. Let E be a distributive lattice and let X be the spectral space attached to X. Let a, b € E. Then
D(a) is a generic interior of V (b) if and only if

EEavb=T&Vz[zvb=T>Vx(xva=T—>xvz=T)].

Proof. By 8.10 the formula holds for a, b if and only if D(a) N xmin cV®dN X™min and for every
z € E with D(z) N X™" C V(b) N X™" we have D(z) N X™" C D(a) N X™". By 2.5 this is equivalent to
D@ NX™M'=V((h)nX™, O

Corollary 8.12. Let E be a distributive lattice and let X be the spectral space attached to X. Then X™i js
compact if and only if

EEvVbIa{avb=T&Vz[zvb=T >Vx(xva=T—>xvz=T)]}.
Proof. By 8.7 and 8.11. O

9. The generic interior in Zariski spectra

Recall that an ideal I C A is called dense if the annihilator Ann(I) of I is 0. If A is a reduced ring,
then one checks without difficulty that

V(Ann(l)) =SpecA\ V (D),

hence I is dense if and only if Spec A\ V (I) is dense in Spec A.
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Proposition 9.1. Let A be a reduced ring and let fq,..., fx,&1,....81 € A. Then D(g1) U---UD(gn) isa
generic interior of V (f1, ..., fx) if and only if

Ann(Ann(gi, ..., gn)) =Ann(fi,..., fi).

Proof. First assume that D(gi) U --- U D(gp) is a generic interior of V(f1,..., fx). By 84, we
have D(gy) U---UD(gn) € V(f1,..., fk). Thus D(g;) € V(f;) for all i, j which means f;-g; =0
(since A is reduced). Thus f1,..., fr € Ann(gy,..., &), which shows that Ann(Ann(gi,..., g)) C
Ann(fy,..., fy). Conversely let a € Ann(f1,..., fr) and suppose that a-b # 0 for some b €
Ann(gy, ..., gn). Since A is reduced, there is a minimal prime ideal p of A not containing ab. Since
a¢panda-(f,..., fx) =0 it follows that (f1,..., fx) € p. Hence p € V(f1,..., fi) N (Spec A)min
and by assumption there is some j such that p € D(g;). Since b ¢ p, we then get b - g; ¢ p, which
contradicts b € Ann(gq, ..., gn).

Conversely suppose Ann(Ann(g1, ..., g&)) = Ann(fi, ..., fi). Since each g; is in Ann(Ann(gy, ...,
gn)) we get g;- (f1,..., fi) =0, hence D(g;) S V(f1,..., fk). Conversely let p € V(f1,..., fi) N
(Spec A)™MiM_ Since

V(Ann(f1v'”’fk)):SpeCA\V(f19'”sfk)

we have p ¢ V(Ann(fy,..., fy)). Hence p ¢ V (Ann(Ann(g1, ..., 1)), which means that there is some
b € Ann(Ann(gq, ..., gn)) with b ¢ p. Suppose gi,...,8n € p. Then again p ¢ V(Ann(g,..., gn))-
This means that h ¢ p for some h € Ann(gy, ..., gn). But then b-h ¢ p either, which contradicts
b € Ann(Ann(gy,...,8n)). O

Combining 8.7(i) < (vi) with 9.1 we obtain a result due to Mewborn (cf. [Me2], see also [GI,
Theorem 4.2.15] and [Ar-Ma, Theorem, p. 80]).

Corollary 9.2. If A is a reduced ring, then (Spec A)™™ is compact if and only if for all a € A there are k € N
and b, ..., b, € Ann(a) such that the ideal (a, by, ..., by) is dense.

Observe that, for any two ideals I, J] C in a reduced ring, Ann(Ann(l)) = Ann(J) if and only if
I-]=0and I+ ] is dense. We define ¢(x, ¥1,..., yk) to be the following formula in the language
of rings:

X-y1=0A---AXx-yy=0AVZ(z-X=2z-y1=--=Z2-Yy=0—>2=0).

It expresses that y1,...,yr € Ann(a) and (a, y1,..., yx) is dense. Now 9.2 says that the class of all
reduced rings with compact minimal spectrum is pseudo elementary with witnesses .
The first equivalence of the next theorem can be found as Theorem 3.4. in [He-Je].

Theorem 9.3. The following are equivalent for every reduced ring A:

(i) The set {D(f) N (Spec A)™" | f ¢ A} is closed under finite unions, and (Spec A)™™ is compact.
(ii) Forall f € A thereissome g € A such that f - g =0 and f + g is a non-zero-divisor of A.
(iii) The total ring of quotients Tot A of A is von Neumann regular.

Proof. (i) < (ii) is Theorem 3.4. in [He-Je].
2

(ii) = (iii). Take f € A. It is enough to show that there is y € Tot(A) with fT -y = % in Tot(A).
By (ii), there is g € A such that f-g =0 and # is a unit in Tot(A). Hence f(f + g) = f? and
y= ﬁ € Tot(A) has the required property.

2

(iii) = (ii). Take f € A. By assumption, there are a, s € A, s a non-zero-divisor of A with % . % = %

in Tot(A). Hence fs — f2a =0 and g:=s — fa satisfies fg = 0. It remains to show that f + g =
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f +s— fa is not contained in any minimal prime ideal p of A. As f-g =0 we have f €p or
s— fa=gep. Since s ¢ p this is only possible if f +s— fa¢p. O

Theorem 9.3 is applicable for example in rings of real-valued continuous functions on a topological
space X. For more details see [He-Je] and [He-Wo].

10. Non-axiomatizability of the compactness of minimal primes

We have seen that the class of reduced rings with compact minimal spectrum is pseudo elemen-
tary, cf. the remark following 9.2. In this section we shall show that the class is not axiomatizable.

Notation 10.1. Let A be a ring. For a € A we define the annihilator size of a to be
AS(a) = inf{k e N |3by, ..., b € Ann(a): Ann(a, by, ..., by) = (0)},
which is an element of N U {oc}. Moreover, we define
AS(A) :=sup{AS(a) e NU {w, oo} | a € A}.

It is clear form the definition that AS(A) = w if and only if {AS(a) | a € A} is an unbounded subset
of N. Moreover, AS(A) = oo if and only if there is some a € A such that AS(a) = co, which means
that for each k € N and all by, ..., by € Ann(a) we have Ann(a, b1, ..., by) # (0).

Corollary 10.2.
(i) Areduced ring A has compact minimal spectrum if and only if AS(A) < .
(ii) A pseudo elementary class C of reduced rings with witnesses ¢y, from 9.2 is elementary if and only if there
is some K € N with AS(A) < K forall A<C.

Proof. (i) holds by 9.2, and (ii) holds by 3.2. O

Remark 10.3. Suppose (Spec A)™" is compact, K € N and for all fi,..., fxs1 € A there are
g1, ..., 8k € A such that

(D(f1)U---UD(fk+1)) N (Spec A)™™ = (D(g1) U--- U D(gk)) N (Spec A)™™.
Then AS(A) < K, as follows from 9.2 and 9.1.

If K =1, then the converse of the implication in the remark also holds true, cf. Theorem 9.3. Note
that AS(A) =1 is equivalent to item (ii) of 9.3.

Open problem 10.4. Let A be a ring with AS(A) € N. Does there exist some K € N such that for all
f1,..., fks1 € A there are g1, ..., g € A with

(D(f1)U---UD(fk+1)) N (Spec A)™™ = (D(g1) U--- U D(gk)) N (Spec A)™"?
We are asking for a weak converse of Remark 10.3.

For a while it was an open question whether AS(A) =1 is implied by the compactness of
(Spec A)™i" However, Quentel constructed a ring A with compact minimal prime spectrum such that
AS(A) > 2 (cf. [Qu]; see also [Gl, p. 117 ff]). We present a construction that is a considerably more
general than Quentel’s, but was inspired by his method. We construct a reduced ring A with compact
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minimal spectrum such that AS(A) = w (cf. Theorem 10.16 below). Recall from 3.4, that AS(A) =
is equivalent to saying that some (countable) ultra power of A does not have compact minimal spec-
trum. In particular the existence of our ring shows that the class of reduced rings with compact
minimal spectrum is not elementary.

We start by setting up a framework for our construction. This includes the notion of so-called
T-algebras, as well as some of their basic properties.

Throughout, C denotes an algebraically closed field of arbitrary characteristic. Given any set I, we
consider the C-algebra C! of functions from I to C. Any set map p:J — I defines the homomor-
phism p*:C' — €/, a — a o p. We consider C-algebras A together with injective homomorphisms
@a:A— Cl. Such homomorphisms are called representations as function rings. A map from one repre-
sentation @4 : A — C! to another one, ¢p: B — C/J, consists of a homomorphism f:A — B and a set
map p: J — I, such that p*o@s =g@po f.

The evaluation at an element i € [ is a homomorphism i:A— C. We define ] := {kerf |iel}.

Lemma 10.5.

( Spec A)max,

)1
(ii) ﬂ ,in partlcularjacA ={0}.
) (

(iii) (Spec A)rrlln C Jeon,

Proof. (i) holds since C C A, hence every C-algebra homomorphism A — C is surjective. (ii) holds
since f #0 means f(i) #0 for some i €I, thus f ¢ ker(i). (iii) follows from (ii) and 2.8. O

The notation for zero sets and co-zero sets of elements of C! has been introduced before: Given
a e C' we write Zj(a) = {i € I | a(i) = 0} and Coz;(a) = I\ Z;(a). If a € A then we set Z;(a) = Z;(¢(a))
and Cozj(a) = Coz;(¢(a)).

We consider the following condition on A:

(+) for every a € A there are ne N and b1, ...,b, € A with Z;(a) = Coz;(by) U--- U Coz;(by).

Lemma 10.6. If A satisfies condition (++), then (Spec A)™in = ; con and it follows that (Spec A)™M is g Boolean
space.

Proof. We show that, by assumption (+), there are no proper specializations in the spectral sub-
space jeon of SpecA: Assume by way of contradiction that p ~» q is a proper specialization in Icon

Then there is some a € A with a € q \ p. Since the prime ideals belong to I©n we conclude that
Zi(a) # ¥ and Coz(a) # @. According to condition (+) we write Z;(a) = |J_; D(by). It follows that
a-b, =0 for all v, hence D(a) N D(by) =¥, and V(a) 2 UT}:l D(by).

We claim that the sets V (a) N I®" and (US—; D) N Jeon are equal. Assume that there is some
element

ve V@ nien (U D(b,,)) = V(@ N[ Vb NI

=1 y=1

Since we are inside %" there must be some element i € Z;(a) N (M—1 Zi(by). But this is impossible

by the choice of b1, ..., by. The contradiction yields V (a) N [ = Ul—; D) N jeon,

Because g € V (a) we now conclude that y € U'f):] D(by). The set U?,:] D(b,) is open, hence closed
under generalization. Therefore it contains the generalization p of g. But then there is some v with
p € D(a) N D(by), which is impossible. This contradiction proves our claim. There are no proper spe-

cializations in [°",
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From 10.5(iii) we know that (Spec Aymin ¢ ;CO“. If the containment is proper then any element
q e_iw“ \ (Spec A)™M has a proper generalization p in (Spec A)™", and there is a proper specialization
in 1", But we have seen that this is impossible. O

From 10.6 and 10.5(i) we see that, assuming (+), T consists of points that are both minimal and
maximal in Spec A.

Definition 10.7. A representation ¢4:A — C' is called a T-algebra, if every non-constant function
from A has a zero in I.

Suppose that ¢4 :A — C! is a representation of a C-algebra and that p: J — I is a surjective map
of sets. Then the homomorphism p*:C! — C/ is injective and the composition p* o @4:A — C/ is a
representation as well. Moreover for every a € A we have Z;(a) = p~1(Z()), e, if @p is a T-algebra,
then p* o @4 is a T-algebra as well.

Observe that T-algebras exist: Let ¢ be the canonical monomorphism from the polynomial ring
C[X] into the ring of functions C€. Since C is algebraically closed, every non-constant polynomial has
a zero in C. Thus, ¢ : C[X] — CC€ is a T-algebra. If p:1 — C is a surjective map, then the composition
p*o@:C[X]— C'is also a T-algebra.

Here are some simple properties of T-algebras:

Lemma 10.8.[f 94 : A — C! is a T-algebra then:

(i) anelementa € A is constant, i.e., belongs to C, if and only if there is some b € A such that Z;(a) = Coz;(b);
(ii) the only idempotent elements of A are 0 and 1.

In particular, Spec A is connected and A is von Neumann regular if and only if A = C.

Proof. (i). If a € C, then trivially Z;(fa) = Coz;(b) where b=0 if a#0 and g =1 if a = 0. Conversely,
let Z;(a) = Coz;(b). Pick some c € C \ {0,1}. Then a —b and b — c - a both do not have any zeroes
in I. Since A is a T-algebra, this implies that a —bg,b—c-ae C. It follows a=(1—¢c)~'- (1 —c¢)-a=
1—-c0)'-((@a=b)+(b—c-a)eC.

(ii). If e € A with e2 =e, then Z;(e) = Coz;(1 —e) and (i) says e C. O

In [Qu], Quentel constructs a T-algebra A satisfying (4) such that A # C. Then Spec A™IN i com-
pact (by 10.6) and we note that AS(A) > 2: Given a € A \ C, assume that V(a) N (Spec A)™n =
D(b) N (Spec A)™M for some b € A. Then Z;(a) = Coz;(b) (10.6), and a is constant by 10.8(i), a contra-
diction.

We present another construction that was inspired by Quentel’s method. It leads to T-algebras
whose behavior with regard to zero sets and co-zero sets can be prescribed rather freely.

We fix a representation ¢4 : A — C! of a C-algebra, a nonempty subset M of A\ C and an integer
k > 2. Starting from these data we construct an extension of @4:

e We consider the affine space C¥ and its subset 7 := C¥\ {0}. Then we form the possibly infinite
dimensional affine space (CK)M and its subset 7M.

e The affine space (CK)M has projections onto the coordinates, which are denoted by tea K €
{1,...,k}, a € M. The restriction of a coordinate function to 7™ is also denoted by ty 4.
Given an element x € (CK)M we write Xic.a = ti.a(x). Thus, x will be represented by the family

e We form the product I x 7M and consider the projection 7;:1 x 7™M — I. The rings C'x7"
and (CTM)’ will be identified canonically. The projection ; defines the ring homomorphism
mficl > c!>xT" — («cT")!. The maps 7i:TM — {i} x TM <> [ x TM define homomorphisms
ﬂi*:C’XTM = (CTM)I — CTM. If we view (CTM)’ as a direct product of rings then this is the
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projection onto the i-th component. We observe that the composition 7;* o 77} 0 p4: A — c7T"
maps a € A to the constant function a(i) € c7.

e The projection i1 x TM — TM vyields a ring homomorphism n;‘,,:CTM — ¢"*T" From the
point of view of the direct product (C TM)' this is the diagonal map. The images of the coordinate
functions t, 4 are denoted by Ty 4.

e If a e M then we define x, € 7" to be the characteristic function of Zygu (@) =Zp, qum (] 0
©a(a)).

e For k €{1,...,k} and a € M we define
M
Ska=Xa Tka€ X7,
Hence for xe 7M™ and i € I we have
. ) xeq ifa@i)=0,
Skall, %) = {o if a(i) 0.

e We define Ay to be the C-subalgebra

T o @a(A)[Sca | (K, a) € (1, ...k} x M]

of ¢!*T" The inclusion homomorphism is denoted by ¢a,,. Each element b € Ay has a rep-
resentation b = P(Siq | (k,a) € {1,...,k} x M), where P € A[Xcq | (k,a) €{1,...,k} x M] is a
polynomial in the variables X 4. The image of Ay under the homomorphism 7;* is the polyno-
mial ring

Cltea | (@) €{1,....k} x M, a(i) =0].

We shall now analyze the properties of the C-algebra Ay and its representation ¢a,,.

The entire construction we have exhibited depends on the chosen integer k and the chosen set M.
The integer will be fixed when we study Ay, but we shall vary the set M. If N C M then 7M = TN x
TM\W_ The projection 7y p:1 x TM — I x TN is surjective and yields the injective homomorphism
b M:C’XTN — T We identify Ay with its image under 75 m- Then Ay is the union of the
directed set of subalgebras Ay, where N varies in the set of finite subsets of M. Note that every finite
subset of Ay is contained in some Ay, N C M finite. Therefore in many arguments that involve only
finitely many elements of Ay, we may assume that M itself is finite.

The following results are concerned mostly with zero sets and co-zero sets of elements of Ay;.

Remark 10.9. If M is finite, then 7M is a Zariski open subset of (C¥)M, and the Zariski dimension
of (CKYM\ TM js k. (M| — 1). Moreover, if r <k —1 and fi,..., f; are polynomial functions on
(CYM that have a common zero, then the zero set Zckym (f1, ..., fr) has dimension at least k - |[M| —
r>k-|M| — (k —1). Hence Zcim(fi,..., fr) cannot be contained in (CHMNTM and Zru(f1,...,
fr) #90.

Lemma 10.10. An element b € Ay belongs to A if and only if every polynomial 7;* (b) is constant.

Proof. If b € A then 7;*(b) is the constant polynomial b(i). Conversely, suppose that each 7;*(b) is
constant. We write b = P(S, ¢ | k,a), where

P=3"a,X" € AlXcalK.al
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and w is a multi-index. If a, =0 for all w # 0, then b = ag € A. Otherwise, pick w # 0 with a, # 0.
There is some i € I with a, (i) # 0. Then the polynomial 7z;*(b) =} a,(i)X® is non-constant, which
contradicts our assumption. 0O

Lemma 10.11. Ifa € M, then

k
Zyerm (@) = | Cozp,rm (Sic.a)-

k=1

Proof. Observe that Z;, 7m(a) = n,‘l(Z,(a)). If (i,x) € Z;,rm(a), then a(i) =0 and Sy q(i,x) =
X q. Since x € TM, there is some « € {1,...,k} with Sk.a(i,X) = X¢q # 0. We see that (i,x) €

Coz;y7Mm(Sk a)-
For the reverse inclusion, suppose that (i,x) ¢ Z;, rm(a), i.e., a(i) # 0. Then Sy q(i,x) =0 for
all k. O

Lemma 10.12.Ifb € Ay \ A, then Z; . 7u () is not a finite union of co-zero sets of elements of Ay.

Proof. Assume by way of contradiction that

.
Zperm(b) = | Cozyprm(ap).
p=1

There is a finite subset N € M such that b,aq,...,a, € Ay. We may replace M by N, i.e., we may

assume that M is finite.
Since b ¢ A, 10.10 gives some i € [ such that

7 (b) € Cltia | (k@) €{1,...,k} x M, a(i) = 0]

is not a constant polynomial. Hence Zcuym (77" (b)) € (CHM is a proper Zariski-closed set, and, by 10.9,
Zym (b)) # ¥, which means that there is some x € T™ with (i,x) € Z; v (b). The assumption
yields an index p € {1,...,r} with (i,x) € Coz;,7m(ap) S Z;,7um(b). This shows that the proper
Zariski-closed subset Z(Ck)M(jTi* (b)) € (CYYM contains the nonempty Zariski open set Cozyu (1" (ap)),
which is impossible. This contradiction finishes the proof. O

Lemma 10.13.Ifb € A and Z;, 7w (b) is the union of k — 1 co-zero sets of elements of Ay, then Z;(b) is the
union of k — 1 co-zero sets of elements of A.

Proof. Again we may assume that M is finite. Let

k—1
Zp e (b) = | Cozypeqm(bp)
p=1

with b, € Ay and let

Pp=Y 0p X €AlXcal K, al
w

with by, = P, (Skq | k,a). We show that Z;(b) = U’;)_:11 Cozy(ap,0).
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If ap 0(i) # 0, then the constant term of the polynomial 7;*(b,) is not 0, and there is some x € ™
with 7/ (by)(x) # 0. Then (i, x) € Coz;, rm(by) S Z;, 7m(b), which means b(i) = 0.
Conversely suppose b(i) = 0. Then 7M = Zru (i (b)) € U’;;ll Cozym (" (bp)). Therefore

k=1
(M) Zo (7 0p)) < (€4 \ T,
p=1

By 10.9 we conclude that ﬂf);ll Zckym (7 (bp)) = ¥. Then the constant coefficient of one of the
polynomials 7*(b,) is not 0. The constant coefficient of 7;*(by) is ap (i) # 0, and it follows that

: k—1
ie Up:1 Cozi(ap). O

Now the construction of the algebra Ay, together with its representation in C! XTM, will be applied
recursively to produce an increasing sequence of C-algebras with representation: Let 2 <ko <k; <---
be an increasing sequence of integers. We define:

e A_1=C.
e Ig=C, Ag = C[X], the univariate polynomials considered as a subalgebra of C€.
e Suppose that A, € C» has been defined. Then we apply the construction above using the follow-
ing data:
o The C-algebra A, € C, and
o the integer ky, and
o the subset M, = A, \ Ap—1.
With 7, = C*\ {0} and Inpq =1 x ’]},M” the construction yields the C-algebra A1 C Cln+1,

Finally we form the union of the increasing sequence (A, C CI”)-1gn of C-algebras with represen-
tation: First we define the representation set, which is the projective limit I, = limI,, where the
transition maps are the canonical projection 7y ny1:Int1 — In. Let 7y o0t Ioo — I be the canonical
maps from the projective limit to the components. We use the injective homomorphisms w7 ., to
consider each C'n as a subalgebras of C'=. Thus, the C'» form an increasing sequence of subalgebras
of Cl~. We identify A, with its image and define Ao, = Un2_1 Ap. It is obvious that A is the direct
limit of the sequence (An)—1<n.

Lemma 10.14. Consider the following statements about an element a € A.

(a) a € Ap.
(b) There are elements ay, ..., ay, € Ax sSuch thatZ; = U’;”:1 Cozy, (ap).

It is always true that (a) implies (b). If k; < kn+1, then also (b) implies (a).

Proof. (a) = (b). Suppose that a € Ay \ A—1, where m <n. By 10.11, Z;, ., (a) is the union of kp
co-zero sets of elements from Apy1. Pulling this back to I via mpy1,00 We obtain (b) (note that
km < kn).

(b) = (a). Assume a ¢ Ay, say a € Ar41 \ Ar with r > n. Suppose that s >r+1 is the least number
such that Z; (a) = U’;":l Cozj (ap) with ag, ..., a, € As. By 10.12 we know that r+1 < s, in particular
kn < kny1 <kry1 <ks. Since a € Ary1 € As_1, 10.13 implies that Z;__, (a) is a union of k; co-zero sets
of elements of As_1, which contradicts the minimality of s. O

We shall now show that the construction we have presented produces T-algebras if it is applied to
T-algebras:
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Proposition 10.15.

(i) Suppose @4 : A — C!is a T-algebra, that 2 < k € N and M C A is nonempty. Then QAy - Am — cxT
is a T-algebra.

(i) If (¢n : Ay — C1)n is a monotonically increasing sequence of T-algebras with representations in the same
ring of functions then ¢ : |, onAn — C I'is a T-algebra.

Proof. (i). We have to show Z; 7m(b) # @ for every b € Ay \ C. We may assume that M is finite.
If b € A, then the claim follows from the hypothesis that A is a T-algebra. Assume now that b ¢ A.
By 10.10, there is some i € I such that the polynomial 7;*(b) € C[txq | k,a] is not constant. Hence
Zciym (7t (b)) # @, and, by 10.9, also Zzu (7] (b)) # @. Part (ii) is obvious. O

Finally, the previous results are combined to show that the class of reduced rings with compact
minimal prime spectrum is not axiomatizable. The main step is the following:

Theorem 10.16.

(i) The representation @, : Aoo — C> constructed above is a T-algebra satisfying condition (+).
(ii) If the sequence (ky)y is unbounded then the number of co-zero sets that are needed to write a zero set as
a union of co-zero sets is unbounded. In particular, AS(Axo) = @.
(iii) If the sequence (ky)y is bounded with maximum k, then AS(Ax) = k.

Proof. (i). By 10.15, o :Aso — C'= is a T-algebra. Condition (+) is satisfied by the implication
(a) = (b) of 10.14.

(ii) follows from 10.14, (b) = (a).

(iii). It follows from 10.11 that AS(A~) <k, and 10.12 and 10.13 imply AS(Ax) > k. O

Corollary 10.17. A, has compact minimal spectrum, but in case the sequence (k) is unbounded, some
ultrapower of A does not have compact minimal spectrum. In particular, the class of all reduced rings with

compact minimal spectrum is not elementary.

Proof. We know from 10.16(i) and 10.6 that A, has compact minimal spectrum. The remaining part
of the assertion follows from 10.16(ii) and 3.4. O

11. Summary of axiomatizability

We give a summary of our results about the axiomatizability of classes of rings defined by prop-
erties of their Zariski spectra. Table 1 is to be read as follows: The entries in the first column contain

Table 1
Spec A A reduced A not reduced
Normal Y Y, 43
Completely normal N, 6.12 N
Boolean Y, v. N. regular N, 6.8 and 6.7
Singleton Y, fields N, 6.8 and 6.7
Finite N, (%) N
Linear N, 6.12 N
Inversely normal Y, 7.6(i) N, 7.6(ii)
Inversely completely normal N, 7.6(iii) N
Minimal points compact N, 1017 N
Minimal points singleton Y, domains N, 6.8 and 3.2
Maximal points Hausdorff Y Y, 45
Maximal points Boolean Y Y, 4.7
(Spec A)™¥ proconstructible Y Y, 4.6
Maximal points singleton Y Y, local rings
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properties of Spec A. The second column contains the letters “Y” or “N”, according as the class of re-
duced rings whose Zariski spectrum satisfies the property in the first column, is or is not first order in
the language of rings. The third column has to be read in the same manner for the class of all rings.
Note that, given an axiomatizable class C of rings, the class of all reduced rings in C is elementary,
too.

After each entry in the second and third columns, we give a reference to the text, or, in the case
of well-known facts, we just name the elementary class.

(x). The class of reduced rings with finite spectrum is not elementary, since no free ultra product
of a family (An)en, An a product of n fields, has finite spectrum.

We point out that all classes of rings in Table 1 are pseudo elementary.
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