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Following our previous work in [T. Qiu, JCAP 1206 (2012) 041 [1]], in this Letter, we continue our
study of reconstructing f (R) modified gravity models that can be connected to a single scalar field in
general relativity via conformal transformation, which lead to scale-invariant power spectrum in the early
universe. With f (R) modified gravity, one does not need to introduce extra scalar, the nature of which
are to be explained. Different from general nonminimal coupling theory, the behavior of the f (R) theory
has been fixed by its counterpart in Einstein frame, and thus have one-to-one correspondence. Numerical
plots of the functional form of f (R) as well as the evolution of R in terms of cosmic time t are also
presented.

© 2012 Elsevier B.V. Open access under CC BY license.
1. Introduction

For theories of the early universe, the right amount of pertur-
bations must be generated so as to conform with our observa-
tions such as cosmic microwave background (CMB) [2] and large
scale structures (LSS) [3]. One of the well-known observed fea-
tures is, the power spectrum of these perturbations, which comes
from the 2-point correlation function, has to be (nearly) scale-
invariant [2], which will put on nontrivial constraints on theoreti-
cal model building. Although it is well-known that a single scalar
field, which drives the universe into de Sitter like expansion (in-
flation [4–8], while the scalar is called inflaton), or nonrelativistic
matter-like contraction [9,10] could easily generate perturbations
to meet the requirement, the nature of the scalar is still unclear.

Scale-invariant power spectrum may also arise when one mod-
ify Einstein’s gravity at early times. In some cases, the modified
gravity theories could be connected with unmodified general rel-
ativity (GR) plus a scalar through conformal transformations [11],
with the latter being viewed as the counterpart in Einstein frame
of the former. Due to the equivalence between the two frames
(Jordan and Einstein), the perturbation generated by the couple of
counterparts are exactly the same. Thanks to the connection, one
can thus reconstruct models of modified gravity from the known
evolution of GR plus a scalar models, which can lead to infla-
tion or matter-contraction scenarios. Recently we proposed a way
of reconstructing the models with a scalar nonminimally coupled
to gravity which could give rise to scale-invariant power spec-
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trum [1]. In this Letter, we will consider another case of modi-
fied gravity, namely f (R) theories. Actually as we will see later,
f (R) theories could be one specific but nontrivial form of nonmin-
imal coupling. In f (R) theories, there is no need to introduce the
unknown scalar, and the universe is driven totally by its gravita-
tional structure. f (R) theories has been used widely as alternatives
of inflation, dark matter, dark energy and so on. See [12] for com-
prehensive reviews.

The reconstruction of f (R) gravity has been pursued by many
authors, see [13]. In their approaches, most of them reconstruct
f (R) theory in Jordan frame itself, provided that the cosmic evolu-
tion in Jordan frame is given. Here we will reconstruct in a differ-
ent way, namely from their counterpart in Einstein frame, which
looks like a single scalar field in GR, via conformal transformation.
This kind of reconstruction aims at connecting different evolutions
of the universe driven by modified gravity in its Jordan and Ein-
stein frames. As is shown in [1], in Einstein frame there are only
two cases which could give rise to (nearly) scale-invariant power
spectrum, namely inflation and matter-contraction. Taking the Ein-
stein frame Lagrangian as

LE ∼ 1

2
R E − 1

2
(∂ϕE)2 − V (ϕE), (1)

where here and after we set the unit such that 8πG = M−2
Pl = 1,

and use the metric signature (−,+,+,+). A simple and represen-
tative solution is the exact solution which is obtained assuming
that its equation of state w E is a constant, namely:

aE(tE) ∼ (±tE)
2

3(1+w E ) , H E(tE) = 2

3(1 + w E)tE
,

ϕE(tE) = 2 ln(±MtE)√ , V (ϕE) = V 0e−√
3(1+w E )ϕE (2)
3(1 + w E)
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where M is some energy scale. In this parametrization, we have
set “+” for positive tE meaning an expanding phase, while “−” for
negative tE denoting a contracting phase, and V 0 is some constant
factor. In Inflation case, we have w E = −1 + 2εE/3 with the slow-
roll parameter |εE | ≡ |−(dH E/dtE )/H2

E | � 1, then Eq. (2) can be
written as

aE(tE) ∼ t
1
εE
E , H E(tE) = 1

εEtE
,

ϕE(tE) =
√

2

εE
ln(MtE), V (ϕE) = V 0e−√

2εEϕE , (3)

while in matter-contraction case, one has w E = 0, and thus the
equation becomes:

aE(tE) ∼ (−tE)
2
3 , H E(tE) = 2

3tE
,

ϕE(tE) = 2√
3

ln(−MtE), V (ϕE) = V 0e−√
3ϕE . (4)

In this short Letter, we will mainly focus on the Jordan frame of
the modified gravity theories in order to find which form can be
conformally connected to the above two cases, while more com-
plete study for the case of varying w E (or εE ) will be left for the
future.

The remaining sections are organized as follows: in Section 2,
we review the main results for the general nonminimal coupling
theories that were obtained in our previous paper. In Section 3,
we focus on f (R) theories. Numerical plots of the functional form
of f (R) as well as the evolution of R in terms of cosmic time t are
presented. Furthermore, we also discussed about the relation of
the evolutions of various cosmological variables between the two
frames for an arbitrary constant εE . In Section 4 we conclude our
Letter.

2. Review of reconstruction of nonminimal coupling theory

2.1. Background

First of all, we will briefly review the main results obtained
in [1]. The action of the nonminimal coupling theory we are con-
sidering is

SNMC =
∫

d4x
√−g

[
F (φ)R − 1

2
Z(φ)∂μφ∂μφ − U (φ)

]
, (5)

where F (φ) and Z(φ) can be arbitrary functions of the field φ in
the Jordan frame, and U (φ) is the potential. The equation of mo-
tion of φ is

φ̈ + 3H J φ̇ + Zφ

2Z
φ̇2 − 6Fφ

Z

(
Ḣ + 2H2) + Uφ

Z
= 0, (6)

where subscript “φ” indicates ∂/∂φ and dot denotes derivative
with respect to cosmic time t J in the Jordan frame, and the Fried-
mann equation is

6H J Ḟ + 6H2
J F = 1

2
Z φ̇2 + U . (7)

Following the conformal transformation of metrics in Jordan and
Einstein frame, g(E)

μν = Ω2 g( J )
μν , where Ω2 ≡ 2F , the relations of

some basic variables between the two frames are summarized as
follows:

dtE = Ω dt J , aE = Ωa J , H E = H J

Ω

(
1 + Ω̇

2H J Ω

)
,

ϕE =
∫ √

6M2
PlΩ

2
φ + Z
2

dφ, V (ϕE) = U (φ)

4
. (8)
Ω Ω
2.2. Perturbations

The equation of motion of the perturbation generated by the
action (5) can be written down as

u′′
R +

(
k2 − (a J

√
2QR )′′

a J
√

2QR

)
uR = 0, (9)

where uR = a J
√

2QRR, and R is the conformal-invariant curva-
ture perturbation. The variable QR is defined as

QR ≡ 2F

(2 + δF )2

[
3δ2

F + φ̇2 Z

H2
J F

]
, (10)

where δF ≡ Ḟ/(H J F ). The prime denotes derivative with respect
to the conformal time η = ∫

a−1
J (t J )dt J . With the parametrization

that a J
√

2QR ∼ |η∗ −η|λ , the superhorizon solution of Eq. (9) can
be expressed in the following:

uR ∼ √|η∗ − η|[c1 J
λ− 1

2

(
k|η∗ − η|) + c2 J 1

2 −λ

(
k|η∗ − η

)]
∼ c1kλ− 1

2 |η∗ − η|λ− 1
2 + c2k

1
2 −λ|η∗ − η|1−λ,

R = uR
a J

√
2QR

∼ c1kλ− 1
2 + c2k

1
2 −λ|η∗ − η|1−2λ, (11)

where J i is the Bessel function and c1, c2 are constants. The power
spectrum is defined as

PR(k) ≡ k3

2π2
|R|2. (12)

From the above solution, it is straightforward to see that scale-
invariant spectrum (PR(k) ∼ k0) can be obtained in two ways:
one is λ = −1, where the time-varying mode becomes decaying
while the constant mode dominates the perturbation, which is in-
flation, and the other is λ = 2, where the time-varying mode is the
growing mode and thus dominates over the constant one, which
is matter-contraction. In fact, from the relation (8) one can ex-
press QR as

QR ∼ FεE , (13)

and since we have assumed constant w E and εE , the condition of
getting scale-invariant power spectrum can be written as a J

√
F ∼

|η∗ − η|−1 or a J
√

F ∼ |η∗ − η|2.

2.3. Reconstruction of nonminimal coupling theory in Jordan frame

We can reconstruct the universe evolution once we assume the
evolution of Ω in terms of t J . In our previous paper [1], we as-
sumed that Ω(t J ) = Ω0[(±t J )/(±t∗

J )]ω , then from the relation (8)
we have

tE =
⎧⎨
⎩

Ω0t∗J
ω+1 (

±t J
±t∗J

)ω+1 for ω �= −1,

Ω0t∗
J ln(±t̄ J ) for ω = −1,

(14)

where the “+” sign in “±” means t J > 0, and in the Jordan frame
the universe is expanding, while the “−” sign means t J < 0, and
in the Jordan frame the universe is contracting. Here we define
t̄ J = t J /tPl where tPl is the Planck time. Substituting it into Eqs. (3)
and (4) respectively, one can get the evolution of variables such as
a J , H J and w J in terms of t J as (for ω �= −1 only)

a J (t J ) ∼ (±t J )
1+(1−εE )ω

εE , H J = 1 + (1 − εE)ω

εEt J
,

w J = −1 + 2 εE
, (15)
3 1 + (1 − εE)ω
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where |εE | � 1 for the case corresponding to inflation, while
εE = 3(1 + w E )/2 = 3/2 for the case corresponding to matter-
contraction, respectively. Moreover, from relation (8) one can also
find the evolution of field variables, and thus determine the form
of functions F (φ), Z(φ) and U (φ) in the Lagrangian. In fact, taking
the ansatz of Z(φ) = Z0φ

2z and U (φ) = U0φ
q , and with the help

of Eqs. (6) and (7), we found the relation:

F (φ) = F0φ
2z+2, q = 2(z + 1)

(
1 − 1

ω

)
, (16)

and the equation of state w J can be given by

w J = 2(z + 1)(5εE − 6) − q(2εE − 3)

3[2(z + 1)(2 − εE) − q] . (17)

From above we can see that, once the functional form of F (φ),
Z(φ) and U (φ) in action (5) is given by (16), one could obtain
scale-invariant power spectrum. Rather than being fixed to be in-
flation or matter-contraction only, the evolution of the universe in
the Jordan frame has more freedom. This is because in the Jor-
dan frame, the nonminimal coupling action (5) has more degrees
of freedom than that in the Einstein frame and is more depen-
dent on the form of the action. However, as we will see below, it
is not the case in f (R) theory. In f (R) theory, there will be less
degree of freedom than nonminimal coupling theory and the form
of f (R) will be more fixed. Following similar steps, we will find
the appropriate f (R) theory, which can correspond to inflation or
matter-contraction scenarios in its Einstein frame and thus, give
rise to scale-invariant power spectrum.

3. Reconstruction of f (R) modified gravity theory

3.1. Background

Now we turn on to study the reconstruction of f (R) modified
gravity theories. The action of f (R) modified gravity theory is

S f (R) =
∫

d4x
√−g f (R), (18)

where f (R) can be arbitrary function of the Ricci scalar R . Varying
the action (18) with respect to the metric gμν we can get the
equation of motion:

−F ,μ;ν + gμν�F + F Rμν − 1

2
gμν f = 0, (19)

where we defined the function F (R) ≡ ∂ f /∂ R . The left part of the
above equation can also be viewed as the “effective” stress energy
tensor Σμν of f (R) modified gravity, which satisfies the continuity
equation, ∇μΣμν = 0. Moreover, the “0–0” and “0–i” components
of Eq. (19) are just Friedmann equations, which are

3H2 F = 1

2
( f + 3 F̈ + 3H Ḟ ), −2Ḣ F = F̈ − H Ḟ , (20)

respectively.
Same as nonminimal coupling theory, f (R) theories with ac-

tion (18) can also be connected with (1) as its counterpart in
the Einstein frame, via the conformal transformation g(E)

μν = Ω2 g( J )
μν

with Ω2 = 2F . To see this, one can rewrite the action (18) in the
form of scalar-tensor theory, namely as

SST =
∫

d4x
√−g

[
F (R)R − U (R)

]
(21)

where the potential U (R) can be identified as F (R)R − f (R). The
relations of the basic variables between the two frames are sum-
marized as follows:
dtE = Ω dt J , aE = Ωa J , H E = H J

Ω

(
1 + Ω̇

2H J Ω

)
,

ϕE = √
6 ln Ω, V (ϕE) = U (R)

Ω4
. (22)

From the transformed action (21) we can see that, the f (R)

action is actually the specific form of the general nonminimal cou-
pling action (5) with Z(φ) = 0, as long as we identify F (φ) with
F (R), and U (φ) with U (R), which is easy provided that the in-
verse function of F (φ) exists. Moreover, since Z(φ) as well as the
kinetic term of (5) vanishes, there are less degrees of freedom in
f (R) than in nonminimal coupling theories, and the conformal fac-
tor Ω , which determines the cosmic evolution in Jordan frame, can
be totally fixed by the field ϕE . Therefore, when there is one kind
of evolution in Einstein frame, there is only one kind of evolu-
tion in Jordan frame. This gives less possibilities for f (R) theories
to get scale-invariant power spectrum than those for nonminimal
coupling theories.

3.2. Perturbations

One can also check from the perturbation theory of f (R) that
what conditions should be met when one requires a scale-invariant
power spectrum. Working in the Arnowitt–Deser–Misner (ADM)
formalism [14], one can obtain the perturbed action of f (R) up
to the second order as

S(2) =
∫

dηd3x a2
J QR

[
R′2 − (∂R)2], (23)

where R is the conformal-invariant curvature perturbation, and

QR ≡ 6F δ2
F

(2 + δF )2
(24)

with δF = Ḟ/(H J F ) and the prime denotes derivative with respect
to the conformal time η. Varying (23) with respect to R, one can
straightforwardly write down the equation of motion for the per-
turbation as

u′′
R +

(
k2 − (a J

√
2QR )′′

a J
√

2QR

)
uR = 0, (25)

through the redefined variables uR = a J
√

2QRR.
From the above analysis, we can directly conclude that

scale-invariant spectrum can be obtained in two ways, namely
a J

√
2QR ∼ |η∗ − η|−1 which corresponds to inflation, or

a J
√

2QR ∼ |η∗ − η|2 which corresponds to matter-contraction.
Moreover, from the relation (22) one can express QR as QR ∼
FεE , the same as that in nonminimal coupling theories. Here
we can see again that f (R) theories are nothing but specific
case of nonminimal coupling theories. In our case where constant
w E and εE have been assumed, the condition of getting scale-
invariant power spectrum can be written as a J

√
F ∼ |η∗ − η|−1 or

a J
√

F ∼ |η∗ − η|2.

3.3. Reconstruction of f (R) modified gravity theory in Jordan frame

First of all, from relations (22) as well as the evolution of ϕE(tE )

in the Einstein frame (2), we can obtain the evolution of the con-
formal factor Ω in terms of tE , which is

Ω =
(

tE

t∗
) 1√

3εE
, |εE | � 1, (26)
E
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where t∗
E = M−1. Since the universe in Einstein frame is expand-

ing, we set tE and t∗
E to be positive.1 Since dt J = Ω−1(tE)dtE , one

could easily get t J as

t J =
√

3εEt∗
E√

3εE − 1

(
tE

t∗
E

)√
3εE −1√

3εE
, (27)

or equivalently,

tE

t∗
E

=
(−t J

−t∗
J

) √
3εE√

3εE −1
, t∗

J ≡
√

3εEt∗
E√

3εE − 1
. (28)

Note that since |εE | � 1, t J and t∗
J < 0. Then we have

Ω(t J ) =
(−t J

−t∗
J

) 1√
3εE −1

. (29)

With Eqs. (3), (22) and (29) in hand, we can obtain the evo-
lution of a J , H J and w J in the Jordan frame, in terms of t J . The
results are

a J (t J ) ∼
(−t J

−t∗
J

) √
3−√

εE√
εE (

√
3εE −1)

,

H J (t J ) =
√

3 − √
εE√

εE(
√

3εE − 1)t J
,

w J =
√

εE + 2
√

3εE − 3
√

3

3(
√

3 − √
εE )

. (30)

From this result we can see that, since |εE | � 1 as we consid-
ered, the index of a J in terms of t J (namely 1/ε J , if we define ε J

to be the slow-roll parameter in the Jordan frame) is less than
zero, and a J (t J ) will be increasing as t J increases. This indicates
that it is an expanding universe, driven by f (R) modified gravity
theory, which is equivalent to the so-called “super-inflation” [15]
(or phantom-inflation [16]) scenario in GR when transformed to
the Einstein frame. One can also look into the equation of state
w J of the universe, which is very much close to −1 up to order of
slow-roll parameter, which means that the universe in the Jordan
frame is also near de Sitter, so different from the general nonmin-
imal coupling theory, inflation in the Einstein frame can only refer
to inflation in the Jordan frame in f (R) modified gravity theory.

The Ricci scalar R , which is defined as R = 6(Ḣ + 2H2), can be
expressed as

R(t J ) = 6
(2 − √

3εE )(3 − εE)

εE(1 − √
3εE )2t2

J

. (31)

Finally, with Eqs. (29), (31), as well as the relation Ω2 = 2F , we
can obtain the form of F (R) as

F (R) = 1

2

(
R

Rinf
0

) 1
1−√

3εE
,

Rinf
0 ≡ 6

(2 − √
3εE )(3 − εE)

εE(1 − √
3εE )2t∗2

J

(32)

1 Here and after, we assume that the same as tE , t J monotonically increases, al-
though its value can be either positive or negative. This is an arbitrary choice, only
indicating the arrow of time, and one can surely assume that time goes in an oppo-
site direction, which is only trivially dual to the current case by the transformation
t′

J → −t J .
Fig. 1. The behavior of R(t J ) w.r.t. t J , where we choose M = 0.1 and hence t∗
E = 10.

In this case, R > 0, and is increasing w.r.t. t J , showing a “super/phantom-inflation”
behavior.

Fig. 2. The behavior of f (R) w.r.t. R , where we choose M = 0.1 and hence t∗
E = 10.

We can see that f (R) monotonically increases with R , and in the limit of large R ,
it approaches to the squared power-law f (R) ∼ R2.

and

f (R) =
∫

F (R)dR

= 1 − √
3εE

4 − 2
√

3εE
Rinf

0

(
R

Rinf
0

) 2−√
3εE

1−√
3εE

. (33)

We can see that when εE is small during inflation, the function
of f (R) is almost proportional to R2 up to slow-roll parameter.
Therefore, this model coincides with the well-known Starobinsky’s
model [4] of which f (R) ∼ R + αR2 in the very early time, when
R is very large. In the late time when εE is large, it goes near the
standard GR.

The plots of R(t J ) and f (R), which are reconstructed from in-
flation in its Einstein frame, are presented in Figs. 1 and 2.

Following the same procedure, we can do the reconstruction of
f (R) from matter-contraction, just replacing tE by −tE , and εE by
the value 3/2. Note that here tE and t∗

E are negative. t J and Ω(t J )

will become

t J = t∗
J

(−tE

−t∗
)1−

√
2

3

, t∗
J = 3

7
(3 + √

2 )t∗
E , (34)
E
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Fig. 3. The behavior of R(t J ) w.r.t. t J , where we choose M = 0.1 and hence t∗
E = 10.

In this case, R < 0, and is decreasing w.r.t. t J .

and

Ω(t J ) =
(−t J

−t∗
J

) 2+3
√

2
7

, (35)

where t J and t∗
J still smaller than 0. The scale factor a J , the Hubble

parameter H J and the equation of state w J will be given by

a J (t J ) ∼
(−t J

−t∗
J

) 4−√
2

7

, H J (t J ) = 4 − √
2

7t J
,

w J = 1 + √
2

3
. (36)

From this result we can see that, since the index of a J in terms
of t J is larger than zero, so a J (t J ) will be decreasing as t J in-
creases, indicating that there is also a contracting universe driven
by f (R) modified gravity theory when we require it be equiva-
lent to matter-contraction scenario in GR when transformed to the
Einstein frame. The Hubble parameter H J (t J ) is smaller than zero
because of the negative t J , and the equation of state w J of the
universe is about the value of 0.8, which is even larger.

The Ricci scalar R in this case is

R(t J ) = 6(8 − 9
√

2 )

49t2
J

, (37)

which gives the form of F (R) as

F (R) = 1

2

(
R

RMC
0

)− 2+3
√

2
7

, RMC
0 ≡ 6(8 − 9

√
2 )

49t∗2
J

, (38)

and

f (R) =
∫

F (R)dR

= 5 + 3
√

2

2
RMC

0

(
R

RMC
0

) 1
(5+3

√
2 )

. (39)

The plots of R(t J ) and f (R), which are reconstructed from matter-
contraction in its Einstein frame, are presented in Figs. 3 and 4.

One can check our results with the conditions for generating
scale-invariant power spectrum for consistency. For the case of in-
flation, from Eq. (30) we can write down the relation of conformal
time η and t J as
Fig. 4. The behavior of f (R) w.r.t. R , where we choose M = 0.1 and hence t∗
E = 10.

We can see that f (R) is also less than 0, and increases with R since both R and
f (R) is decreasing w.r.t. t J .

η =
∫

a−1
J (t J )dt J

∼ (−t J )

√
3(1−εE )√

εE (1−√
3εE ) , (40)

while

a J

√
QR ∼ a J

√
F ∼ (−t J )

√
3√

εE (
√

3εE −1) , (41)

where we note that δF is a constant. Thus we could easily find that

a J

√
QR ∼ η1/(εE −1) ∼ η−1 (42)

when |εE | � 1. The case of matter-contraction is similar. From
Eq. (36) one has

η ∼ (−t J )
3+√

2
7 , (43)

and

a J

√
QR ∼ a J

√
F ∼ (−t J )

2(3+√
2 )

7 , (44)

which gives

a J

√
QR ∼ η2. (45)

Moreover, one can also check the conditions for ghost-free and
stable fluctuations for our constructed f (R) models using the cri-
terion for f (R) models mentioned in e.g. Ref. [17]. From our ex-
pressions (33) and (39) one can easily check that the fluctuations
in our models have neither ghost or instabilities.

Before ending this section, let’s also remark the relation be-
tween the general evolutions of the universe driven by f (R) modi-
fied gravity theory in the two frames with an arbitrary constant εE ,
though without showing the detailed calculations. The relation be-
tween variables in the two frames is summarized in Table 1. Here
we write Ω(tE ) in a general form of Ω = (±tE/±t∗

E)ω .
Note that since f (R) theory can only be equivalent to canonical

field via conformal transformation, we don’t have εE < 0 case.

4. Discussions and conclusion

In this Letter we studied the reconstruction and cosmic evolu-
tions of f (R) modified gravity models, which can be transformed
as inflation or matter-contraction scenarios in their Einstein frame.
The equivalence of the Jordan and Einstein frames guarantees that
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Table 1
The relations between variables in the Jordan and Einstein frames where we generalize εE to be an arbitrary positive constant value. tE can be chosen as either positive or
negative, presenting parametrization of an expanding or a contracting universe. For εE > 1 in expanding phase or εE < 1 in contracting phase, we have horizon problem,
while in the other two cases we don’t. Due to the fact that ω = 1/

√
3εE , the region of t J > 0/ < 0 can be divided by the line of ω = 1 (εE = 1/3), the region of ε J > 0/ < 0

is divided by both ω = 1 and ω = 1/εE (εE = 1). In the ε J > 0 region, the region of ε J > 1/ < 1 is divided by the line of ω = 1/εE (εE = 3). Whether the universe contracts
or expands in the Jordan frame is decided by whether εE > 3 or not. Finally, when there is no horizon problem in the Einstein frame, there will be no horizon problem in
the Jordan frame, and vice versa. Similar summary but only for GR can be found in, e.g. [18].

tE εE aE

(∼ t1/εE
E )

ω
(= 1/

√
3εE )

t J

(∼ [t∗
E /(1 − ω)]t1−ω

E )

ε J

(= (ω − 1)/(ω − 1/εE ))

a J

(∼ t
1/ε J
J )

horizon
problem

tE > 0

εE > 3

expanding

1/εE < ω < 1

t J > 0

ε J < 0 contracting
y

1 < εE < 3 ω < 1/εE ε J > 1

expanding1/3 < εE < 1 ω < 1 0 < ε J < 1
n

0 < εE < 1/3 1 < ω < 1/εE t J < 0 ε J < 0

tE < 0

εE > 3

contracting

1/εE < ω < 1

t J < 0

ε J < 0 expanding
n

1 < εE < 3 ω < 1/εE ε J > 1

contracting1/3 < εE < 1 ω < 1 0 < ε J < 1
y

0 < εE < 1/3 1 < ω < 1/εE t J > 0 ε J < 0
the perturbations generated by f (R) models follow the same evo-
lution, namely can give rise to scale-invariant power spectrum re-
quired by observations, however their background evolution might
be different. In our previous work [1] we have shown that there
can be more than one kind of evolution in the case of general non-
minimal coupling theories, but for the f (R) case, there’s no such
degeneracy and the correspondence between the two frames must
be one-to-one. We find that in f (R) modified gravity theory, infla-
tion in the Einstein frame can only refer to (phantom-like) inflation
in the Jordan frame, while matter-contraction in the Einstein frame
can only refer to contraction with a larger equation of state in the
Jordan frame. We analyzed the general conditions for f (R) theory
of getting scale-invariant power spectrum, and obtained the evolu-
tion of the universe in the Jordan frame as well as the functional
form of f (R). Numerical plots of R w.r.t. t J and f (R) w.r.t. R are
also presented.

In the current Letter, we only focus on f (R) models corre-
sponds to models in Einstein frame with constant εE . For case
where εE is time-varying will also be interesting, and has been
investigated in many places. Varying εE can also be one of the
mechanisms of generating scale-invariant power spectrum, espe-
cially in scenarios alternative to inflation, see e.g. [19]. Moreover,
for whole evolution process of the universe, including reheating
after inflation or transferring to late-time acceleration. For these
consideration, more complicated functional form of f (R) models
is needed. For example, for the reheating process, other field will
be introduced to interact with gravity in order to produce particles
effectively. This requires new conformal relations for multi-degrees
of freedom other than Eq. (22). All these interesting topics are un-
der investigation now.

Before ending, we would like to mention that due to the equiv-
alence of the two frames, the Big-Bang cosmological problems
(horizon, flatness, etc.) will also do no harm to the reconstructed
f (R) models. To see this, one can look into the e-folding num-
ber N defined as [20]

N ≡ ln

(
ai Hi

ai Hi

)
, (46)

which can be directly related to these problems. Usually these
problems can be avoided as long as we require that N � 70 dur-
ing inflation. From the relation (22) we can see that the conformal
Hubble parameter, H ≡ aH , is not conformal invariant, but since
in our case δF is a constant, N is a conformal invariant variable.
Therefore, provided that inflation lasts for enough e-folding num-
ber in one frame, one need not worry about whether it does in
the other frame. We’d also like to refer the readers to [1] for more
detailed arguments.
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