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Abstract

We estimate sums of Kloosterman sums for a real quadratic number field F of the type

S ¼
X

c

jNðcÞj�1=2 SF ðr; r1; cÞ

where c runs through the integers of F that satisfy CpjNðcÞjo2C; Apjc=c0joB; with AoB

fixed and C-N: By x/x0 we indicate the non-trivial automorphism of F : The Kloosterman
sums are given by

SF ðr; r1; cÞ ¼
X

*

djc
e2piTrF=Qðraþr1dÞ=c;

with ad � 1j ðcÞ:
In the absence of exceptional eigenvalues for the corresponding Hilbert modular forms, our

estimate implies that

S ¼ OF ;e;r;r1 ;A;B C5=6þe
� �

for each e40: An estimate not taking cancellation between Kloosterman sums into account

would yield O Cð Þ: The exponent 5
6þ e is less sharp than occurs in the bound OF ;r;r1;e C3=4þe

� �
;

obtained in our paper in J. reine angew. Math. 535 (2001) 103–164 for sums of Kloosterman

sums where c runs over integers satisfying
ffiffiffiffi
C

p
pjcjp2

ffiffiffiffi
C

p
;
ffiffiffiffi
C

p
pjc0jp2

ffiffiffiffi
C

p
: The proof is

based on the Kloosterman-spectral sum formula for the corresponding Hilbert modular
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group. The Bessel transform in this formula has a product structure corresponding to the

infinite places of F : This does not fit well to the bounds depending on NðcÞ and c=c0:
Nevertheless, we do obtain non-trivial bounds for S:
r 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

Sums of Kloosterman sums have been estimated in two ways: By consideration of
the Kloosterman–Selberg zeta functions, and with the use of sum formulas of
Kuznetsov type. An example of the former method is given by Goldfeld and Sarnak
[6]. For the latter, we refer to the example of Kuznetsov’s treatment of the classical
Kloosterman sums in [10]. The former method runs into serious trouble when one
tries to apply it to number fields with infinitely many units. The sum formula,
restricted to trivial K-types, has been extended to SL2 over all number fields, see e.g.,
[3]. For estimates of sums of Kloosterman sums, the optimal version of the sum
formula takes into account all K-types of the Lie group in question. We have done
that in [4] for totally real number fields. In the real quadratic case, this leads to the
estimate

X
cAO;

ffiffiffi
C

p
pjcsj jp2

ffiffiffi
C

p

SF ðr; r1; cÞffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðcÞj

p 5F ;e;r;r1C
3=4þe ðC-NÞ; ð1Þ

where we assume for the moment that there are no exceptional eigenvalues. F is a
real quadratic number field, O its ring of integers, Nð
Þ denotes the norm of F over

Q; and the numbers r and r1 are non-zero elements of the different O0: The
Kloosterman sums over F are given by

SF ðr; r1; cÞ ¼
X

*

d modðcÞ
e2piTrF=Qððrdþr1aÞ=cÞ; ð2Þ

where ad � 1 modðcÞ: The embeddings F-R are denoted by s1 : c/c; and
s2 : c/c0:

So c runs through four rectangular regions in OCR2: This structure is imposed by
the product structure of the sum formula in [4]. Peter Sarnak pointed out to us that it
would be more natural to let c run over a region bounded by conditions on the
multiplicative quantities jNðcÞj and jc=c0j: The purpose of this paper is to give
estimates for sums of Kloosterman sums of this type. This we shall do in Theorems 5
and 6. Under the assumption that there are no exceptional eigenvalues, Theorem 5
implies the estimate

X
cAO;CpjNðcÞjo2C; Apjc=c0 joB

SF ðr; r1; cÞffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðcÞj

p 5F ;e;r;r1;A;BC5=6þe ð3Þ
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as C-N: We pay for the transition from rectangular to multiplicative bounds
on c by a lesser quality of the estimate. Nevertheless, Theorem 6 shows some
cancellation among Kloosterman sums. It contains a parameter b bounding

exceptional eigenvalues. For instance, if we use bp1
5
[12], Theorem 6 gives an

estimate OðC19=20þeÞ for the sum in (3). This is better than OðC1þeÞ obtained in
Proposition 7 on the basis of an estimate of the absolute values of the Kloosterman
sums.
The sharp bounds in sum (3) can be smoothened by inserting a weight function. If

we assume that there are no exceptional eigenvalues (b ¼ 0), then (79) gives an

estimate OðC1=2 log2 CÞ for sum (3) with smooth bounds. Thus, we obtain an smooth

analogue for the Linnik conjecture [11], which states
PN

c¼1 Sðn;m; cÞ ¼ On;mðN1þeÞ
for the classical Kloosterman sums Sðn;m; cÞ:
The test functions in the sum formula in [4] have a product structure

corresponding to the product R2*F : The first step in the proof of our results
consists of an extension of the sum formula to a larger class of test functions. We
carry this out in Section 2. Here it is no problem to work over a general totally real
number field.
In the application in Section 3 of the sum formula to sums of Kloosterman sums

with multiplicative bounds, we restrict ourselves to the real quadratic case.

2. Sum formula

2.1. Statement of the sum formula in [4]

Let F be a totally real number field of degree d over Q; with embeddings
sj : F-R; 1pjpd: By O we denote the ring of integers of F : By G we denote the

corresponding Hilbert modular group SL2ðOÞ: The embeddings sj give an

identification of G with a discrete subgroup of G :¼ SL2ðRÞd :
We formulate the sum formula in Theorem 2.7.1 of [4] for the situation of the

group G just fixed, and the cusp N of G: With Proposition 2.5.6 of [4], it is possible
to take the independent test function in the Kloosterman term. This leads to the
following data:

(i) Two non-zero elements r; r1 of the different O0: These specify Fourier term
orders of automorphic forms on G\G:

This determines a vector eAf1;�1gd by ej ¼ signððrr1Þsj Þ:
(ii) The test function fACN

c ðð0;NÞdÞ is of the form

f ðt1;y; tdÞ ¼
Yd

j¼1
fjðtjÞ ð4Þ

with fjACN

c ð0;NÞ:
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(iii) The Bessel transformation in (28) of [4] gives an even holomorphic function

h ¼ B’
e f on Cd ; described by

hðn1;y; ndÞ ¼
Yd

j¼1
hjðnjÞ;

hjðnÞ ¼
1

2

Z
N

0

fjðtÞ
J
ej

�2nð4p
ffiffi
t

p
Þ � J

ej

2nð4p
ffiffi
t

p
Þ

sin pn
dt

t
; ð5Þ

where J1
u ¼ Ju; J�1

u ¼ Iu; are Bessel functions, given by

J71
u ðyÞ ¼

X
nX0

ð81Þn

n! Gðu þ n þ 1Þ
y

2

� �uþ2n

: ð6Þ

(iv) The Kloosterman term is a sum of Kloosterman sums as defined in (2):

Kr;r1ðf Þ ¼
X

cAO;ca0

SF ðr; r1; cÞ
jNðcÞj f

rr1

c2

� �s1��� ���;y;
rr1

c2

� �sd
��� ���� �

: ð7Þ

This sum converges absolutely for compactly supported test functions.
In [4, Theorem 2.7.1], the Kloosterman term is Kk;k1

�r;�r1
ð
Þ: We have specialized

the cusps k and k1 to N; and use SF ð�r;�r1; cÞ ¼ SF ðr; r1; cÞ:
(v) The spectral term is given by a measure dsr;r1 on the set Y:

Y :¼ i½0;NÞ,ð0; 1=2Þ, b � 1

2
: bX2; bA2Z

� 
� �d

; ð8Þ

Z
Y

hðnÞ dsr;r1ðnÞ ¼
X
$

hðn$Þcrð$Þcr1ð$Þ

þ
X
lAP

cl
X
mALl

Z
N

�N

hðiy þ imÞDrðiy; imÞDr1ðiy; imÞ dy: ð9Þ

P is a system of representatives of the G-orbits of cusps. To each lAP is
associated a lattice Ll contained in the hyperplane x1 þ x2 þ?þ xd ¼ 0 in

Rd ; and a positive constant cl40: By Dr
l we denote a normalized Fourier

coefficient at the cusp N of the Eisenstein series associated to the cusp l: We

identify iyAiR with ðiy;y; iyÞACd :
The $ run over an orthogonal family of closed irreducible subspaces of the

cuspidal subspace of L2ðG\GÞ: The crð$Þ are normalized Fourier coefficients of
the automorphic forms in $:
Each $ is the tensor product $1#?#$d of even irreducible representa-

tions of SL2ðRÞ: To each $ j; we associate a spectral parameter n$;j such that
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1
4� n2$;j is the eigenvalue of the Casimir operator in $ j:

n$;jAi½0;NÞ; unitary principal series;

n$;jAð0; 1=2Þ; complementary series;

n$;j ¼
b � 1

2
A
1

2
þ ZX0; holomorphic or antiholomorphic

discrete series:

We denote n$ ¼ ðn$;1;y; n$;dÞAY:

We call n$;jAð0; 1
2
Þ an exceptional coordinate. Luo, Rudnick and Sarnak have

shown that all exceptional coordinates are contained in ð0; 15�; see [12]. In the

papers [8,9], Kim and Shahidi bring this down to bp 5
34
:

Theorem 1 (See Bruggeman et al. [4, Theorem 2.7.1, Proposition 2.5.6]). Let

r; r1; f and h be as above. Then the function h is integrable for the measure dsr;r1 on

Y; and Z
Y

h dsr;r1 ¼ Kr;r1ðf Þ: ð10Þ

To prove Theorems 5 and 6 and estimate (3), we shall need to have the sum

formula (10) for all fACN

c ðð0;NÞdÞ; not only for f with product structure as in (4).

That is the subject of this section. Theorem 4 states the result we need.

2.2. Continuity

Our approach is to consider a norm on CN

c ðð0;NÞdÞ for which all terms in (10)

are continuous.
Proposition 5.1.2 in [4] states that the Kloosterman term Kr;r1ðf Þ converges

absolutely for any function f on ð0;NÞd satisfying

f ðyÞ5bs;tðyÞ :¼
Yd

j¼1
minðys

j ; y�t
j Þ ð11Þ

with s; tAR; s þ t40; s41
2
: This implies that the linear form f/Kr;r1ðf Þ is

continuous for each norm

Ns;tð f Þ :¼ sup
yAð0;NÞd

j f ðyÞj
Yd

j¼1
maxðy�s

j ; yt
jÞ ¼ sup

yAð0;1Þd

j f ðyÞj
bs;tðyÞ

ð12Þ

with s þ t40; s41
2
:
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Let us turn to the Bessel transform B’
e in (iii). We start by deriving a preliminary

estimate:

Lemma 2. Let s; t41
2
: For bs;t as in (11), we have

B’
e bs;tðnÞ51þ jIm nj

uniformly for nAY:

Proof. We use

B’
e bs;tðnÞ ¼

Yd

j¼1

1

2
ðb0s;ej

ðnjÞ þ bN

t;ej
ðnjÞÞ;

b0s;71ðnÞ ¼
Z 1

0

ysB71ðy; nÞ
dy

y
;

bN

t;71ðnÞ ¼
Z

N

1

y�tB71ðy; nÞ
dy

y
; ð13Þ

B71ðy; nÞ ¼
J71
�2nð4p

ffiffiffi
y

p Þ � J71
2n ð4p ffiffiffi

y
p Þ

sin pn
; ð14Þ

B1 y;
b � 1

2

� �
¼ 2ð�1Þb=2

J1
b�1ð4p

ffiffiffi
y

p Þ ðbA2Z; bX2Þ: ð15Þ

We show that b0s;71ðnÞ and bN

t;71ðnÞ are Oð1þ jIm njÞ for the relevant values of n; by
considering the following cases:

(a) Lemma 11.1 of [3] contains several estimates of Bessel functions that we can use
here. In (38), [3], we find

J71
u ðyÞ5yRe u=jGðu þ 1Þj; ð16Þ
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uniformly for Re uX0; and 0oypy0: We use this to obtain for
Re n ¼ 0; Im nX1=2:

B71ðy; nÞ5ð1þ jnjÞ�1=2 ðyp1Þ: ð17Þ

From s41
2
40; we obtain b0s;71ðnÞ ¼ Oðjnj�1=2Þ ¼ Oð1Þ for nAi½1=2;NÞ:

(b) In [3], Lemma 11.1, (40), we find

J1
u ðyÞ5

1

u
ðu40; y40Þ: ð18Þ

This covers the case n ¼ b�1
2
; bA2Z; bX2:

(c) We have

B�1ðy; nÞ ¼
4

p
cos pn K2nð4p

ffiffiffi
y

p Þ: ð19Þ

Estimate (42) in [3] gives for Re n4� 1
2:

B�1ðy; nÞ5jcos pn Gð2nþ 3
2
Þjy�Re n�1=2: ð20Þ

Consider jnjp1
2
: Then the factors cos pn and Gð2nþ 3=2Þ are Oð1Þ: We obtain

bN

t;�1ðnÞ5
Z

N

1

y�1=2�t dy

y
51: ð21Þ

(d) For Re n ¼ 0; Im nX1
2
; estimate (20) gives B�1ðy; nÞ5ð1þ jnjÞy�1=2; and

bN

t;�1ðnÞ ¼ Oð1þ jIm njÞ:
(e) Let us use (4.1.4) in [1] for n ¼ iuAiR; jujX1

2
; yX1:

J2nðyÞ ¼
1

4pi

Z
Re s¼�1=2

y

2

� ��s Gðnþ s=2Þ
Gð1þ n� s=2Þ ds þ ðy=2Þ2n

Gð2nþ 1Þ

5 y1=2
Z

N

�N

eðp=2Þðju�t=2j�juþt=2jÞ dt

ð1þ j2u þ tjÞ3=4ð1þ j2u � tjÞ3=4
þ epjujjuj�1=2

5 y1=2epjuj: ð22Þ

Hence B1ðy; nÞ ¼ Oðy1=4Þ and bN

t;1ðiuÞ51:

( f) A refinement of (16) is

J71
u ðyÞ ¼ ðy=2Þu

Gðu þ 1Þ þ O
yRe uþ2

Gðu þ 2Þ

� �
ð23Þ

for juj ¼ 1; and ypy0: This implies for jnj ¼ 1
2
; yp1:

B71ðy; nÞ5y�1=2: ð24Þ

By holomorphy, this estimate extends to jnjp1
2
; and yields b0s;71ðnÞp1 for jnjp1

2
:
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(g) From 3.61, (1), (2), in [13]:

B1ðy; nÞ ¼ iepinH
ð1Þ
2n ð4p

ffiffiffi
y

p Þ � ie�pinH
ð2Þ
2n ð4p

ffiffiffi
y

p Þ: ð25Þ

We use this for the remaining case jnjp1
2
: The factors e7pin are Oð1Þ: In 6.21,

(2), (3) of [13], we find:

H
ð1 or 2Þ
2n ðyÞ ¼71

pi

Z 0

�N

ey sinh w�2nw dw

þ 1

p

Z p

0

e7iy sin w82inw dw

7
e82pin

pi

Z
N

0

e�y sinh w�2nw dw

5 2

Z
N

0

e�y sinh xþx=2 dx þ 151 ð26Þ

for yXy0: This gives first B1ðy; nÞ51 for jnj ¼ 1
2
; yX1; and hence for all n such

that jnjp1
2: Hence bN

s;1ðnÞ51 for jnjp1
2: &

We conclude that for fACN

c ðð0;NÞdÞ and s; t41
2
;

B’
e f ðnÞ ¼

Z
ð0;NÞd

f ðyÞ
Yd

j¼1

1

2
Bej

ðyj; njÞ
� �

dy1

y1
?

dyd

yd

ð27Þ

defines a continuous function on Y; and

sup
nAY

B’
e f ðnÞ

Yd

j¼1
ð1þ jIm njjÞ�1

�����
�����5s;tNs;tð f Þ: ð28Þ

We need to do better than (28) to obtain continuity in L1-sense for the measure
dsr;r1 :

Lemma 3. Let cj be the differential operator 4y2j @
2
yj
þ 4yj@yj

þ 16p2ejyj on ð0;NÞd :

For all fACN

c ðð0;NÞdÞ; we have:

B’
e cj f ¼ 4n2j B

’
e f : ð29Þ

Proof. By partial integration, this is a direct consequence of the Bessel differential
equation. &
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This leads to the following norm on CN

c ðð0;NÞdÞ:

Ms;tð f Þ :¼ max
ECf1;y;dg

Ns;t

Y
jAE

c2j

 !
f

 !
: ð30Þ

So if s; t41
2
; then

sup
nAY

jB’
e f ðnÞj5s;tMs;tð f Þ

Yd

j¼1

1þ jIm nj j
1þ jnjj4

 !
ð31Þ

for all CN

c ðð0;NÞdÞ:
Let tAð1=2; 1Þ; and put

Zðn1;y; ndÞ :¼
Yd

j¼1
Zej

ðnjÞ;

Z1ðnÞ :¼
ð1� n2Þ�3=2 for jRe njpt;

b�4 for n ¼ b�1
2
; bA2Z; bX2;

(

Z�1n :¼ ð1� n2Þ�5=2ð1=4� n2Þ:

This defines a test function Z as in Definition 2.5.1 of [4], for which Theorem 2.7.1 in
[4] holds. In particular, it is an integrable function for dsr;r and for dsr1;r1 :Moreover,

this function is positive on Y; and

Yd

j¼1

1þ jIm njj
1þ jnjj4

 !
5Zðn1;y; ndÞ

on Y: Hence B’
e f is integrable for these measures for each fACN

c ðð0;NÞdÞ: Lemma
3.1.1 in [4] and (31) imply that B’

e f is integrable for dsr;r1 ; and thatZ
Y

B’
e f dsr;r1

����
����5s;t;r;r1Ms;tð f Þ: ð32Þ

2.3. Extension

The continuity results allow us to extend the sum formula to the completion

with respect to Ms;t ðs; t41
2
Þ of the space spanned by the functions f in (ii)

of Section 2.1. Here we are content to extend the sum formula to

CN

c ðð0;NÞdÞ:

R.W. Bruggeman et al. / Journal of Number Theory 99 (2003) 90–11998



The fact that jKr;r1ð f Þj5Ns;tð f Þ for fACN

c ðð0;NÞdÞ implies that f/Kr;r1ð f Þ is a
distribution of order zero on ð0;NÞd : From (32) and (30), we conclude that

f/
R
Y B’

e f dsr;r1 is a distribution of order at most 4d: These distributions coincide

on the test functions of product type, hence they are equal (see, e.g., [7, Theorem
5.2.1, p. 128]). Thus, we have proved:

Theorem 4. Let r; r1AO\f0g: For each fACN

c ðð0;NÞdÞ the Bessel transform

B’
e f ðnÞ :¼ 2�d

Z
ð0;NÞd

f ðtÞ
Yd

j¼1
Bej

ðnj; tjÞ
dt1

t1
?

dtd

td

ð33Þ

converges absolutely, it defines an integrable function on Y for the measure dsr;r1 ; and

Kr;r1ð f Þ ¼
Z
Y

B’
e f dsr;r1 : ð34Þ

3. Sums of Kloosterman sums for real quadratic number fields

Now we assume that F is a real quadratic number field, so d ¼ 2; and we revert to
the notations of the Introduction. We shall apply Theorem 4, and will arrive at the
estimates in Theorems 5 and 6, from which (3) will follow.

3.1. Sums of Kloosterman sums

Instead of the sum of Kloosterman sums in (3), we consider

Lr;r1ðA;B;CÞ :¼
X

cAO;CpjNðcÞjo2C;Apjc=c0 joB

SF ðr; r1; cÞ
jNðcÞj : ð35Þ

Any bound XðA;B;CÞ for this sum gives a bound C1=2XðA;B;CÞ for the sum in (3).
We view CX1 as the main parameter. We keep track of the influence of the other

parameters 0oAoB; r; r1AO0
\f0g: In doing so, it is convenient to put:

R :¼ jNðrr1Þj; ð36Þ

U :¼ max
rr1

ðrr1Þ0
����

����
1=4

A�1=2;
ðrr1Þ0

rr1

����
����
1=4

B1=2

 !
; ð37Þ

L :¼ logðB=AÞ: ð38Þ

We note that L40; UX1; and that R is bounded from below by a positive constant
depending only on F :
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The sum formula gives good results when both jcj and jc0j are not too small. This is
arranged by the following condition:

CXmaxðR1=2U2;R�1=2UÞ: ð39Þ

To formulate our result, we define bounds for the singly and doubly exceptional
coordinates. With the notations in v), Section 2.1, we define:

bð1Þ :¼ supfn$;j: n$;jAð0; 1=2Þ; n$;3�jeð0; 1=2Þg; ð40Þ

bð2Þ :¼ supfn$;j : n$;jAð0; 1=2Þ; n$;3�jAð0; 1=2Þg: ð41Þ

Here, we take the supremum equal to 0 in case the set is empty. From [12], it follows

that bð1Þ; bð2Þp1
5
:

Theorem 5. Take r; r1; A; B as above and let e40: With the notations in (36)–(38),

for each C satisfying condition (39) and C1=6
Xmaxð2;L�1Þ; we have:

Lr;r1ðA;B;CÞ5eR
1=4þeðL þ 1ÞC1=3þe þ R1=4 maxðA�1=2;B1=2ÞCe

þ R1=4�bð1Þ=2þeU2bð1ÞðL þ 1ÞC1=4þbð1Þ

þ R1=4�bð2ÞþeU4bð2ÞðL þ 1ÞC1=6þ2bð2Þ:

This result is optimal in the C-aspect only if bð1Þp 1
12

and bð2Þp 1
12
: If there

are no exceptional coordinates, bð1Þ ¼ bð2Þ ¼ 0; then the last two terms can be
omitted.
The statement in the theorem becomes more transparent, if we leave implicit the

influence or r; r1; and the sector jc=c0jA½A;BÞ:

Lr;r1ðA;B;CÞ5r;r1;A;B;e C1=3þe þ C1=4þbð1Þ þ C1=6þ2bð2Þ: ð42Þ

If we knew that bð jÞp 1
12
; then we would find the bound OðC1=3þeÞ; which leads to

(3).
The following result is optimal under the present knowledge concerning bð1Þ and

bð2Þ (take b ¼ 1
5
).

Theorem 6. Take r; r1; A; B as above. Assume that bð1Þpb; bð2Þpb for some

bAð 1
12
; 1
4
Þ: With the notations in (36)–(38), we have for each C satisfying condition (39)

and

C1=4�b
XR�b=2U2b maxð2;L�1; log2 CÞ;
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and for each e40:

Lr;r1ðA;B;CÞ5eR
1=4�b=2þeU2bðL þ 1ÞC1=4þbþe

þ R1=4þb=4þeU�bðL þ 1ÞC3=8�b=2

þ R1=4þbþeU�4bðL þ 1ÞC1=4�2b

þ R1=4 maxðA�1=2;B1=2ÞCe:

If we leave out the explicit dependence on the parameters, we find for 1
12
obo1

2
:

Lr;r1ðA;B;CÞ5A;B;R;eC
1=4þbþe: ð43Þ

Let us compare this estimate with what can be said on the basis of the Weil–Salié
estimate

jSF ðr; r1; cÞj5eminð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðrÞj

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðr1Þj

p
Þ jNðcÞj1=2þe ðe40Þ; ð44Þ

see, e.g., Theorem 10 in [2]. We shall show, in Section 3.6, that this estimate
implies:

Proposition 7. Let r; r1AO0
\f0g; 0oAoB: For all CX1:

Lr;r1ðA;B;CÞ5eminð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðrÞj

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðr1Þj

p
Þ

� ðLC1=2þe þmaxðA�1=2;B1=2ÞCeÞ ðe40Þ:

This gives Lr;r1ðA;B;CÞ5A;B;R;eC
1=2þe: The sum formula gives an improvement of

C1=4�b in the C-aspect. Thus, Theorem 6 implies cancellation among Kloosterman

sums for any bo1
4
:

The remainder of this section gives the proofs of Theorems 5 and 6 and
Proposition 7.

3.2. Kloosterman term

Let tsh; respectively ssh; be the characteristic function of the interval ð2; 4�;
respectively ða; b�; where

a :¼ �log B þ 1

2
log

rr1

ðrr1Þ0
����

����; b :¼ �log A þ 1

2
log

rr1

ðrr1Þ0
����

����: ð45Þ
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We have

Lr;r1ðA;B;CÞ ¼ Kr;r1ð fshÞ; ð46Þ

fsh
y21

ð4pÞ2
;

y22

ð4pÞ2

 !
:¼ tsh

y1y2

X

� �
ssh log

y1

y2

� �
; ð47Þ

X :¼ 4p2R1=2

C
: ð48Þ

Note that condition (39) implies that Xp4p2U�2p4p2:
This test function fsh with ‘‘sharp bounds’’ allows us to write the sum of

Kloosterman sums as a Kloosterman term in the sum formula. We apply the sum
formula to a smooth approximation f of fsh: The proofs of Theorems 5 and 6 consist

of finding good bounds for Kr;r1ð f � fshÞ and for Kr;r1ð f Þ ¼
R
Y B’

e f dsr;r1 :

We take tACN

c ð0;NÞ such that 0ptp1; SuppðtÞC½2; 4þ 2
Y
�; t ¼ 1 on ½2þ 1

Y
; 4�;

and sACN

c ðRÞ such that 0psp1; SuppðsÞC½a; bþ 1
Y
�; sðqÞ ¼ 1 if aþ 1

Y
pqpb:

The parameter Y governs the steepness of t and s: We take YXmaxð2; 1
b�aÞ: We

arrange the choice of t and s in such a way thatR
N

0 jt0ðyÞj dy ¼
R
N

�N
js0ðyÞj dy ¼ 2;R

N

0 jtðcÞðyÞj dy 5cY
c�1 ðcX2Þ;R

N

�N
jsðcÞðyÞj dy 5cY

c�1 ðcX2Þ:

8><
>: ð49Þ

Theorem 4 can be applied to the following test function:

f
y21

ð4pÞ2
;

y22

ð4pÞ2

 !
:¼ t

y1y2

X

� �
s log

y1

y2

� �
: ð50Þ

3.3. Bessel transform

The hardest part of the proof is a good estimation of the Bessel transform (see (33)
and (14)):

hðn1; n2Þ :¼ B’
e f ðn1; n2Þ

¼ 1

4

Z
N

0

Z
N

0

f ðt1; t2ÞBe1ðt1; n1ÞBe2ðt2; n2Þ
dt1

t1

dt2

t2

¼
Z

N

0

Z
N

0

t
y1y2

X

� �
s log

y1

y2

� �
*Be1ðy1; n1Þ *Be2ðy2; n2Þ

dy1

y1

dy2

y2
; ð51Þ

*B71ðy; nÞ :¼
J71
�2nðyÞ � J71

2n ðyÞ
sin pn

: ð52Þ
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We follow the approach of Deshouillers and Iwaniec, [5], expanded a bit in [1].
There the spectral set Y has dimension one. It is split into various pieces. For each
piece an integral representation of Bessel functions is chosen that gives a good
estimate of the Bessel transform. Here the set Y has dimension two, and the number
of cases gets too large to be considered piece by piece.
We systematize our approach by noting the following form of the integral

representations in [1,5]

*B71ðy; nÞ ¼
Z

W

e�yDðwÞyEðwÞ dmðwÞ: ð53Þ

Here dm is some measure on some set W : The functions D and E on W satisfy
Re DX0; Re EX0; and either E ¼ 0; DðwÞa0 for all wAW ; or D ¼ 0; EðwÞa0 for
all wAW : The dependence of dm on n is not visible in the notation. (See the proof of
Lemma 9 for the actual choices we shall use.) All integral representations that we use
converge absolutely, and allow the following reformulation for suitable values of nj :

hðn1; n2Þ ¼
Z

N

0

Z
N

0

Z
W1

Z
W2

e�y1D1ðw1Þy
E1ðw1Þ
1 e�y2D2ðw2Þy

E2ðw2Þ
2

� tðy1y2=XÞsðlogðy1=y2ÞÞ dm2ðw2Þ dm1ðw1Þ
dy1

y1

dy2

y2
ð54Þ

¼
Z

W1

Z
W2

Z
N

0

Z
N

0

Z1ðy1;w1; n1ÞZ2ðy2;w2; n2Þ

� @n1
y1
@n2

y2
ðtðy1y2=XÞsðlogðy1=y2ÞÞy�a1

1 y�a2
2 Þ

� dy1 dy2 dmn2
2 ðw2Þ dmn1

1 ðw1Þ; ð55Þ

if D ¼ 0:

Zðy;w; nÞ ¼ yEðwÞþn�1;

a ¼ 0;

dmnðwÞ ¼ ð�1Þn

ðEðwÞÞn

dmðwÞ

¼ ð�1Þn

EðwÞðEðwÞþ1Þ?ðEðwÞþn�1Þ dmðwÞ;

8>>>>>>><
>>>>>>>:

ð56Þ

if E ¼ 0:

Zðy;w; nÞ ¼ e�yDðwÞ;

a ¼ 1;

dmnðwÞ ¼ DðwÞ�n
dmðwÞ:

8><
>: ð57Þ

The integral in (55) has product structure, except for the factor involving partial
derivatives. We try to find a bound for this factor that has as much product structure
as possible.
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3.3.1. General estimation scheme

By induction, we see that

@n1
y1
@n2

y2

tðy1y2=X Þsðlogðy1=y2ÞÞ
ya1
1 ya2

2

� �

¼
X

b;cX0;bþcpn1þn2

Cb;c
n1;n2

Qn1;n2ðb; cÞ; ð58Þ

Qn1;n2ðb; cÞ :¼ X�b t
ðbÞðy1y2=XÞsðcÞðlogðy1=y2ÞÞ

ya1þn1�b
1 ya2þn2�b

2

; ð59Þ

where the coefficients Cb;c
n1;n2

are not important, as we will restrict ourselves to n1 þ
n2p4:

Z
N

0

Z
N

0

Z1ðy1;w1; n1ÞZ2ðy2;w2; n2ÞQn1;n2ðb; cÞ dy1 dy2

¼ X�b

Z
N

0

Z
N

0

e�y1D1ðw1Þ�y2D2ðw2Þy
E1ðw1Þ�a1�n1þb
1

� yn1�1
1 if D1 ¼ 0

1 if E1 ¼ 0

( )
yn2�1
2 if D2 ¼ 0

1 if E2 ¼ 0

( )

� y
E2ðw2Þ�a2�n2þb
2 tðbÞðy1y2=XÞsðcÞðlogðy1=y2ÞÞ dy1 dy2:

We substitute y1 ¼
ffiffiffiffiffi
pq

p
and y2 ¼

ffiffiffiffiffiffiffiffi
p=q

p
: The factors e�yj DjðwjÞ are bounded by 1:

The variable p runs effectively over an interval contained in ½2X ; 8X �; and the

variable q over ½ea; ebþ1=Y �: With (49), we find:

5X�b

Z
N

0

Z
N

0

pReðE1ðw1ÞþE2ðw2Þ�n1a1�n2a2þ2b�2Þ=2

� qReðE1ðw1Þ�E2ðw2Þ�n1a1þn2a2Þ=2jtðbÞðp=XÞj jsðcÞðlog qÞj dq

q
dp

5XReðE1ðw1ÞþE2ðw2Þ�n1a1�n2a2Þ=2 ð60Þ

�maxðeReðE1ðw1Þ�E2ðw2Þ�n1a1þn2a2Þa=2;

eReðE1ðw1Þ�E2ðw2Þ�n1a1þn2a2Þðbþ1=Y Þ=2Þ; ð61Þ

�
1 if b ¼ 0

Y b�1 if bX1

( )
bþ 1=Y � a if c ¼ 0;

Y c�1 if cX1:

(
ð62Þ
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Let us put

Ũ :¼ Ue1=Y ¼ maxðe�a=2e1=Y ; eb=2e1=Y ÞX1; ð63Þ

V :¼ L þ 1=Y ¼ logðB=AÞ þ 1=Y : ð64Þ

The maximum over b; cX0; b þ cpn1 þ n2; of factor (62) is

5
V if n1 þ n2 ¼ 0;

ðV þ 1ÞY n1þn2�1 if n1 þ n2X1:

(

It seems that we might weaken the estimate, if we would try to bring this factor into
product form.
For factor (61), we use the following bound:

ŨjRe E1ðw1Þ�n1a1jþjRe E2ðw2Þ�n2a2j:

Thus, we have obtained:

Lemma 8. We put:

Fðw; nÞ :¼
XRe EðwÞ=2ŨRe EðwÞ

jEðwÞnj
if D ¼ 0;

X�n=2ŨnjDðwÞj�n
if E ¼ 0;

8><
>: ð65Þ

GðNÞ :¼
V if N ¼ 0;

ðV þ 1ÞY N�1 if NX1:

(
ð66Þ

Then for n1; n2ANX0; n1 þ n2p4:

hðn1; n2Þ5Gðn1 þ n2Þ
Z

W1

F1ðw1; n1Þ jdm1ðw1Þj

�
Z

W2

F2ðw2; n2Þ jdm2ðw2Þj: ð67Þ

In some cases, we shall need to use different orders of integration in different parts
of W : Then we divide up W ¼

S
nAN WðnÞ; and use the slightly more general

estimate:

hðn1; n2Þ5
X

n1AN1

X
n2AN2

Gðn1 þ n2Þ

�
Z

W1ðn1Þ
F1ðw1; n1Þ jdm1ðw1Þj

Z
W2ðn2Þ

F2ðw2; n2Þ jdm2ðw2Þj: ð68Þ
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3.3.2. Local estimates

The spectral set Y in (8) is the Cartesian product Ye1 �Ye2 : We split up Y71 into
four regions, depending on a parameter TX2; and bAð0; 1=4Þ such that all relevant
exceptional coordinates are in ð0; b�:

ð69Þ

We shall use b ¼ bð2Þ when considering E� ECY; and b ¼ bð1Þ for X� E and

E� X with XAfA;B;Cg: We have already remarked that bp1
5
is known.

Lemma 9. (a) For each nAA; there is a choice W ¼ Wð0Þ,Wð1Þ such that

Z
W ðnÞ

Fðw; nÞ dmðwÞ5
logðUX�1=2Þ if n ¼ 0;

1 if n ¼ 1:

(

(b) For each nAB; there is a choice of W such that

Z
W

Fðw; 1Þ dmðwÞ5jnj�3=2:

(c) For each nAC; there is a choice of W such that

Z
W

Fðw; 2Þ dmðwÞ5jnj�5=2:

(d) For each nAE; there is a choice W ¼ Wð0Þ,Wð1Þ such that

Z
W ðnÞ

Fðw; nÞ dmðwÞ5
X�bU2b logðUX�1=2Þ if n ¼ 0;

X�bU2b if n ¼ 1:

(

Proof. We consider six different cases. Our aim is to establish estimates, not explicit
formulas. So if the integrand in (53) is the sum of two complex conjugate quantities,
we can work with an estimate of one of the resulting terms. By (cst.) we denote an
explicit constant.

We note that UX1; X ¼ 4p2R1=2C�1p4p2; UX�1=2
b1; and XU2p4p251; see

(39). We shall also use Ũ ¼ Ue1=Y
5U :

R.W. Bruggeman et al. / Journal of Number Theory 99 (2003) 90–119106



(i) Equal sign, nAi½0; 2�CA; or nAE: As in (25), (26), we have

B̃1ðy; nÞ ¼
X
7

ðcst:Þe7pin
Z

N

0

e�y sinh tþ2nt dt

þ
X
7

ðcst:Þ
Z p=2

�p=2
e7iy cos y82iny dy

þ
X
7

ðcst:Þe8pin
Z

N

0

e�y sinh t�2nt dt: ð70Þ

The factors e7pin are Oð1Þ for the values of n under consideration. We take W ¼
Wð0Þ,Wð1Þ; Wð0Þ ¼ ð0;Z�,ið�p=2; p=2Þ; Wð1Þ ¼ ½Z;NÞ for some Z40 still to
be determined. On ð0;NÞ we take

dmðwÞ ¼ coshð2nwÞ dw; DðwÞ ¼ sinh w;

and on ið�p=2; p=2Þ:

dmðwÞ ¼ e�2nw dw

i
; DðwÞ ¼ �i cosðw=iÞ:

We have

Fðw; 0Þ51; Fðw; 1Þ5X�1=2Ũ
1=cosðw=iÞ if wAi½�p=2; p=2�;
1=sinh w if wAð0;NÞ:

(

It seems sensible to choose Z such that both bounds are equal at w ¼ Z:

Z ¼ logðŨX�1=2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ũ2X�1 þ 1

p
Þ5logðŨX�1=2Þ:

We obtain:

Z
Wð0Þ

Fðw; 0Þ dmðwÞ5
Z p=2

�p=2
epjIm nj dyþ

Z Z

0

e2jRe njt dt

51þ Ze2jRe njZ51þ logðŨX�1=2ÞðŨX�1=2Þ2jRe nj

5
logðUX�1=2Þ if nAA;

logðUX�1=2ÞX�bU2b if nAE;

(
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Z
W ð1Þ

Fðw; 1Þ dmðwÞ5
Z

N

Z

X�1=2Ũ
e2jRe njt

sinh t
dt

5X�1=2Ũ

Z
N

Z

eð2jRe nj�1Þt dt

5
1 if nAA;

X�bU2b if nAE:

(

In the case nAE; the implicit constant of the estimate contains 1
1�2b: As bp1

5
; this

causes no harm.

(ii) Equal sign case, n ¼ 1
2

or 3
2
AA: In [13], 6.2, (7), we find for Re u40:

JuðyÞ ¼
1

p

Z p=2

0

cosðuy� y sin yÞ dy

þ 1

p

Z
N

0

e�ut sinðy cosh t� pu=2Þ dt: ð71Þ

With (15), we see that a good choice is W ¼ i½�p=2; 0Þ,ið0; p=2�,½0;NÞ; with, for
w ¼ iyAi½�p=2; p=2�; ya0:

dmðwÞ ¼ e2niy dy; DðiyÞ ¼ i sin y;

and for w ¼ tA½0;NÞ:

dmðwÞ ¼ e�2nt dt; DðtÞ ¼ �i cosh t:

We have Fðw; 0Þ51; Fðt; 1Þ5X�1=2Ũ=cosh t for tX0; and Fðiy; 1Þ5X�1=2Ũ=sin y
for yA½�p=2; p=2�: We take

Z ¼ logðŨX�1=2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ũ2X�1 � 1

p
Þ5logðŨX�1=2Þ;

and Wð0Þ ¼ i½�p=2; p=2�,½0;Z�; Wð1Þ ¼ ½Z;NÞ: We obtain

Z
W ð0Þ

Fðw; 0Þ dmðwÞ51þ
Z Z

0

e�2nt dt51;

Z
W ð1Þ

Fðw; 1Þ dmðwÞ5X�1=2Ũ

Z
N

Z

e�2nt

cosh t
dt5U�1X 1=2:

This is better than required in the lemma.
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(iii) Unequal sign, nAi½0; 2�CA or nAE: From (19) and [13], 6.22, (7):

*B�1ðy; nÞ ¼ ðcst:Þ cos pn
Z

N

�N

e�y cosh w�2nw dw: ð72Þ

We consider this for n in a bounded set, so cos pn ¼ Oð1Þ:
We take W ¼ ½0;NÞ; dmðwÞ ¼ coshð2nwÞ dw; DðwÞ ¼ cosh w; and have

Fðw; 0Þ51; Fðw; 1Þ5X�1=2Ũ=cosh w: We take

Z ¼ logðŨX�1=2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ũ2X�1 � 1

p
Þ5logðŨX�1=2Þ;

and split up W into Wð0Þ ¼ ½0;ZÞ; Wð1Þ ¼ ½Z;NÞ:

Z
W ð0Þ

Fðw; 0Þ dmðwÞ5
Z Z

0

e2jRe njw dw5logðUX�1=2ÞU2 Re nX�Re n;

Z
W ð1Þ

Fðw; 1Þ dmðwÞ5
Z

N

Z

X�1=2Ũ
e2jRe njw

cosh w
dw5U2jRe njX�Re n:

This satisfies the requirements in parts (a) and (e) of the lemma.

(iv) Equal sign, nX5
2
; cases B and C: As in (4.1.3) of [1], we use for u41:

JuðyÞ ¼
1

4pi

Z
Re s¼�s

y

2

� ��s Gððu þ sÞ=2Þ
Gð1þ ðu � sÞ=2Þ ds: ð73Þ

Take s ¼ nAf1; 2g; and u ¼ b � 1 ¼ 2n; bA2Z; bX4: Take W ¼ R; dmðwÞ ¼
2�sþiwGðnþ iw�n

2
ÞGð1þ nþ n�iw

2
Þ�1 dw; and EðwÞ ¼ n � iw: We have

Fðw; nÞ5 X n=2Ũn

ð1þ jwjÞn

and

Z
W

Fðw; nÞ dw

5

Z
N

�N

X n=2Ũn

ð1þ jwjÞn jðn� n
2
� iw

2
Þnþ1j

Gðn� n
2
þ iw

2
Þ

Gðn� n
2
� iw

2
Þ

�����
����� dw

5X n=2Ũn

Z
N

0

dx

ð1þ xÞnðn� 1þ xÞnþ1
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5
X 1=2Ũn�2 log n if n ¼ 1;

XŨ2n�3 if n ¼ 2;

(

5
n�3=2 if n ¼ 1;

n�5=2 if n ¼ 2:

(

(v) Equal sign, nAi½2;NÞ; cases B and C: From (73) we obtain, with Re u ¼ 0:

JuðyÞ ¼
1

4pi

Z
Re s¼�1

y

2

� ��s Gðuþs
2
Þ

Gð1þ u�s
2
Þ ds þ ðy=2Þu

Gðu þ 1Þ: ð74Þ

For Re n ¼ 0; Im nX2; n ¼ it:

B̃1ðy; nÞ5e�pt

Z
N

�N

y

2

� �1�iwGðit þ iw�1
2
Þ

Gðit þ 3�iw
2
Þ

dw þ ðy=2Þ2it

Gð1þ 2itÞ

�����
�����:

We use W ¼ R,fig; D ¼ 0; EðwÞ ¼ 1� iw for wAR; EðiÞ ¼ 2it; and the measure

dmðwÞ ¼ e�pt2iw Gðit þ iw�1
2 Þ

Gðit þ 3�iw
2
Þ

dw on R;

plus e�ptGð1þ 2itÞ�1 times a delta measure at i: With nAf1; 2g:

Z
W

Fðw; nÞ dmðwÞ

5

Z
N

�N

X 1=2Ũ

jð1� iwÞnj
e�pt Gð2itþiwþ1

2
Þ

Gð2it�iwþ1
2

Þ

�����
����� dw

jit þ iw�1
2
j jit þ 1�iw

2
j

þ 1

jð2itÞnj
t�1=2

5X 1=2U

Z
N

�N

e�pt�pjtþw=2j=2þpjt�w=2j=2dw

ðj1þ jwjÞnð1þ jt þ w=2jÞð1þ jt � w=2jÞ þ t�n�1=2:
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We have

Z �2t

�N

dw

ð1� wÞnð1� t � w=2Þð1þ t � w=2Þ5t�n�1 log t;

Z 0

�2t

e�pt�pw=2 dw

ð1� wÞnð1þ t þ w=2Þð1þ t � w=2Þ

5t�n�1e�pt

Z �t

�2t

e�pw dw þ e�pt=2

Z 0

�t

dw

ð1� wÞn
t
5t�n�1;

Z
N

0

e�pt�pw=2 dw

ð1þ wÞnð1þ t þ w=2Þð1þ jt � w=2jÞ5e�ptOð1Þ:

All contributions have the bound X 1=2U jnj�n�1 log jnj þ jnj�n�1=2
5jnj�n�1=2; in

agreement with parts (b) and (c) in the lemma.
(vi) Unequal sign, nAi½2;NÞ; cases B and C: Let n ¼ it; tX2; and n ¼ 1;

respectively 2: As in pp. 308–309 of [1]:

*B�1ðy; nÞ ¼ ðcst:Þept

Z
Re s¼�2nþ1

y

2

� ��s

Gðit þ s=2ÞGð�it þ s=2Þ ds

þ ðcst:Þept
X
7

Xn�1
l¼0

y

2

� �2l82it

Gð�l72itÞ: ð75Þ

Take W ¼ R,fl7i : 0plpn � 1g; D ¼ 0; EðwÞ ¼ 2n � 1� iw for wAR;
Eðl7iÞ¼ 2l82it: On R the measure is

ept21�2nþiwGðit � n þ 1þiw
2
ÞGð�it � n þ 1þiw

2
Þ dw;

at l7i we have delta measures with the factors ept2�2l72itGð�l72itÞ:
The points l7i give the following contribution to

R
W

Fðw; nÞ dw:

X lŨ2l

ð2l82itÞn

ept2�2l72itGð�l72itÞ5X lŨ2l t�l�1=2�n

5
jnj�3=2 if n ¼ 1;

jnj�5=2 if n ¼ 2:

(

Finally, we estimate the contribution of RCW :

Z
N

�N

X n�1=2Ũ2n�1

jð2n � 1� iwÞnj
ept�pjtþw=2j=2�pjt�w=2j=2 dw

ð1þ j2t þ wjÞnð1þ j2t � wjÞn
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5X n�1=2Ũ2n�1
Z

N

0

ept�pðtþw=2Þ=2�pjt�w=2j=2 dw

ð1þ wÞnð1þ 2t þ wÞnð1þ j2t � wjÞn

5X n�1=2Ũ2n�1
Z

N

2t

ept�pw=2 dw

ð1þ wÞnð1þ 2t þ wÞnð1� 2t þ wÞn

�

þ
Z 2t

0

dw

ð1þ wÞnð1þ 2t þ wÞnð1þ 2t � wÞn

�

5X n�1=2U2n�1 t�2n

Z
N

2t

ept�pw=2 dw þ
t�2 log t if n ¼ 1;

t�4 if n ¼ 2;

( !

5t�n�1=2: &

Lemma 8 shows that going from B to C causes an additional factor Y in the
estimate of h: In Lemma 9, the step from B to C amounts to an additional factor jnj:
It seems appropriate to take the boundary T between B and C equal to Y :

3.4. Integration

The sum formula in Theorem 4 shows that Kr;r1ð f Þ ¼
R
Y h dsr;r1 : Corollary 3.3.2 in

[4] implies for x1; x2X
1
4
; and e40:

Sðx1; x2Þ :¼
Z
nAY;jnj joxj

jdsr;r1 j5eR
1=4þeðx1x2Þ2: ð76Þ

Let p1; p2X0; and consider intervals ½a1; b1�; ½a2; b2�Cð0;NÞ: Partial integration
leads to the following estimate:

Z
nAY;ajpjnj jobj

jn1j�p1 jn2j�p2 jdsr;r1ðn1; n2Þj5R1=4þe
Y2
j¼1

b
2�pj

j if pjo2;

a
2�pj

j if pj42:

8<
:

Indeed, we have the following:

Z
nAY;ajpjnj jobj

jn1j�p1 jn2j�p2 jdsr;r1ðn1; n2Þj

¼
Z b1

x¼a1

x�p1 dx

Z b2

y¼a2

y�p2 dySðx; yÞ
� �
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¼
Z b1

x¼a1

x�p1 dx y�p2Sðx; yÞjb2y¼a2
þ p2

Z b2

y¼a2

y�p2�1Sðx; yÞ dy

� �

¼ x�p1y�p2Sðx; yÞjb2y¼a2
jb1x¼a1

þ p2x
�p1

Z b2

y¼a2

y�p2�1Sðx; yÞ dy

����
b1

x¼a1

þ p1

Z b1

x¼a1

x�p1�1y�p2Sðx; yÞ dx

����
b2

y¼a2

þ p1p2

Z b1

x¼a1

Z b2

y¼a2

x�p1�1y�p2�1Sðx; yÞ dy dx

pb
�p1
1 b

�p2
2 Sðb1; b2Þ þ a

�p1
1 a

�p2
2 Sða1; a2Þ

þ p2b
�p1
1

Z b2

y¼a2

y�p2�1Sðb1; yÞ dy þ p1b
�p2
2

Z b1

x¼a1

x�p1�1Sðx; b2Þ dx

þ p1p2

Z b1

x¼a1

Z b2

y¼a2

x�p1�1y�p2�1Sðx; yÞ dy dx

5p1;p2R
1=4þeðb2�p1

1 b
2�p2
2 þ a

2�p1
1 a

2�p2
2 þ b

2�p1
1 maxðb2�p2

2 ; a
2�p2
2 Þ

þ b
2�p2
2 maxðb2�b1

1 ; a
2�p1
1 Þ

þ maxðb2�p2
2 ; a

2�p2
2 Þmaxðb2�p1

1 ; a
2�p1
1 ÞÞ

5R1=4þe
Y2
j¼1

b
2�pj

j if pjo2;

a
2�pj

j if pj42:

8<
:

If pj42; then the same estimate holds for integration over ajpjnjjoN:

With Lemma 8, its extension (68), and Lemma 9, we apply this to estimate the
contribution

IðX1;X2Þ :¼
Z
X1�X2

jhj jdsr;r1 j

for X1;X2AfA;B;C;Eg: If exactly one of X1 and X2 is equal to E; we take b in
Lemma 9 equal to bð1Þ; and if X1 ¼ X2 ¼ E; then we take b ¼ bð2Þ: The estimate for
IðX1;X2Þ is symmetric in X1 and X2:

IðC;CÞ5R1=4þeðV þ 1ÞY 2;

IðB;CÞ5R1=4þeðV þ 1ÞY 2;

IðB;BÞ5R1=4þeðV þ 1ÞY 2;
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IðA;CÞ5R1=4þeðV þ 1ÞðlogðUX�1=2ÞY 1=2 þ Y 3=2Þ;

IðA;BÞ5R1=4þeðV þ 1ÞðlogðUX�1=2ÞY 1=2 þ Y 3=2Þ;

IðA;AÞ5R1=4þe

� ðV log2ðUX�1=2Þ þ ðV þ 1ÞlogðUX�1=2Þ þ ðV þ 1ÞYÞ;

IðA;EÞ5R1=4þeX�bð1ÞU2bð1Þ

� ðV log2ðUX�1=2Þ þ ðV þ 1ÞlogðUX�1=2Þ þ ðV þ 1ÞY Þ;

IðB;EÞ5R1=4þeX�bð1ÞU2bð1ÞðV þ 1ÞðY 1=2 logðUX�1=2Þ þ Y 3=2Þ;

IðC;EÞ5R1=4þeX�bð1ÞU2bð1ÞðV þ 1ÞðY 1=2 logðUX�1=2Þ þ Y 3=2Þ;

IðE;EÞ5R1=4þeX�2bð2ÞU4bð2Þ

� ðV log2ðUX�1=2Þ þ ðV þ 1ÞlogðUX�1=2Þ þ ðV þ 1ÞYÞ:

We take together all contributions, and use (39) to find logðUX�1=2Þ ¼ �logð2pÞ þ
1
6
logðR1=2U2Þ þ 2

3
logðR�1=2UÞ þ 1

2
log C5log C: We obtain under assumption (39):

Kr;r1ð f Þ ¼
Z
Y

h dsr;r15R1=4þeðV log2ðUX�1=2Þ

þ ðV þ 1ÞðY 2 þ Y 1=2 logðUX�1=2ÞÞÞ

þ R1=4þeX�bð1ÞU2bð1Þ

� ðV log2ðUX�1=2Þ þ ðV þ 1ÞðY 3=2 þ Y 1=2 logðUX�1=2ÞÞÞ

þ R1=4þeX�2bð2ÞU4bð2Þ
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� ðV log2ðUX�1=2Þ þ ðV þ 1ÞðY þ logðUX�1=2ÞÞÞ

5R1=4þeðV log2 C þ ðV þ 1ÞðY 2 þ Y 1=2 log CÞÞ

þ R1=4�bð1Þ=2þeU2bð1ÞCbð1Þ

� ðV log2 C þ ðV þ 1ÞðY 3=2 þ Y 1=2 log CÞÞ

þ R1=4�bð2ÞþeU4bð2ÞC2bð2Þ

� ðV log2 C þ ðV þ 1ÞðY þ log CÞÞ: ð77Þ

Condition (39) implies that X�1U2
X

1
4p2: So the conclusion stays valid if we replace

all bð jÞ by bA½bð jÞ; 1
4
Þ:

3.5. Smooth bounds

The sum of Kloosterman sums Kr;r1ð f Þ is an approximation of the sum

Lr;r1ðA;B;CÞ: the bounds on ðc; c0Þ have been replaced by smooth conditions. We

fix Y and find:

Kr;r1ð f Þ5Y R1=4þeðV log2 C þ ðV þ 1Þlog CÞ

þ R1=4�bð1Þ=2þeU2bð1ÞðV þ 1ÞCbð1Þ log C

þ R1=4�bð2ÞþeU4bð2ÞC2bð2ÞðV log2 C þ ðV þ 1Þlog CÞ: ð78Þ

If there are no exceptional coordinates at all, the sum with smooth bounds is, in the
C-aspect,

Kr;r1ð f Þ5A;B;r;r1 log
2 C: ð79Þ

In particular, this says that the analog of the Linnik conjecture holds, with smooth
bounds, in the context of this paper.

3.6. Direct estimation of sums of Kloosterman sums

For OCR2; we denote by MðOÞ the number of cAO such that ðc; c0ÞAO: Let us
assume that O is connected and has a piecewise smooth boundary.
To estimate MðOÞ; we choose a compact fundamental domain P for the lattice

OCR2 such that 0AP: By M1ðOÞ; we denote the number of translates c þP; cAO;
that intersect O: Hence MðOÞpM1ðOÞ ¼ MðO1Þ; where

O1 ¼
[

cAO;cþP-Oa|
ðc þPÞ:
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Let d :¼ supf2jjxjj: xAPg; and let O½d� be the d-neighborhood of O: Then
O1CO½d�; and MðOÞ5PvolðO½d�Þ:
For 0oaob; 0otou; we estimate volðOða; b; t; uÞ½d�Þ with

Oða; b; t; uÞ :¼ fðx1; x2ÞAR2: tpjx1x2jpu; apjx1=x2jpbg: ð80Þ

We use that

volðOða; b; t; uÞ½d�Þ5volðOða; b; t; uÞÞ þ d lengthð@Oða; b; t; uÞÞ þ d2: ð81Þ

In fact, for convex O with smooth boundary, we have the equality

volðO½d�Þ ¼ volðOÞ þ dlengthð@OÞ þ pd2:

This follows from the fact that there is an obvious bijection between @O½d� and @O;
to be used in an evaluation of the area of O½d�\O with Stokes’ theorem. In a similar
way one obtains (81) for O ¼ Oða; b; t; uÞ: The integrals along the concave parts of
the boundary give less than d times the length of that part of the boundary. Each of

the 16 corner points of @O contributes less than pd2:
Let X ¼ Oða; b; t; uÞ-ð0;NÞ2: We have volðOða; b; t; uÞ½d�Þp4 volðX½d�Þ:

volðXÞ ¼
Z u

p¼t

Z b

q¼a

dq

2q
dp ¼ log

b

a

� �
u � t

2
:

The two straight parts of the boundary @X have the lengths:

jjð
ffiffiffiffiffi
ua

p
;
ffiffiffiffiffiffiffiffi
u=a

p
Þ � ð

ffiffiffiffiffi
ta

p
;
ffiffiffiffiffiffiffi
t=a

p
Þjj þ jjð

ffiffiffiffiffi
ub

p
;
ffiffiffiffiffiffiffiffi
u=b

p
Þ � ð

ffiffiffiffiffi
tb

p
;
ffiffiffiffiffiffiffi
t=b

p
Þjj

¼ ðða þ a�1Þ1=2 þ ðb þ b�1Þ1=2Þð
ffiffiffi
u

p
�

ffiffi
t

p
Þ

5maxða�1=2; b1=2Þð
ffiffiffi
u

p
�

ffiffi
t

p
Þ:

The piece of the hyperbola x1x2 ¼ p with x1; x240 and x1
x2
A½a; b� has length

Z b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4

p

q
þ 1

4

p

q3

s
dq ¼

ffiffiffi
p

p

2

Z b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q þ q�1

p dq

q
5

ffiffiffi
p

p Z log b

log a

ejxj=2 dx

5
ffiffiffi
p

p
maxða�1=2; b1=2Þ:

So lengthð@XÞ5
ffiffiffi
u

p
maxða�1=2; b1=2Þ: We have obtained:

Lemma 10. For 0oaob; 0otou:

MðOða; b; t; uÞÞ5F ðu � tÞlog b

a
þ u1=2 maxða�1=2; b1=2Þ þ 1:
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Proof of Proposition 7. All terms in the sum Lr;r1ðA;B;CÞ are

Oeðminð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðrÞj

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðr1Þj

p
ÞC�1=2þeÞ;

see (44). According to Lemma 10, the number of terms is

MðOðA;B;C; 2CÞÞ5C log
B

A
þ C1=2 maxðA�1=2;B1=2Þ þ 1: &

3.7. Difference between sums with sharp and with smooth bounds

The difference Kr;r1ð f Þ � Kr;r1ð fshÞ can be estimated by a sum in which all terms

are bounded by minð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðrÞj

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðr1Þj

p
ÞC�1=2þe; where we use the Weil–Salié bound

(44). As Kr;r1ð f Þ is estimated in terms of R; it seems harmless to replace

minð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðrÞj

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðr1Þj

p
Þ by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðrÞj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jNðr1Þj

pq
¼ R1=4:

The definitions of tsh; ssh; t and s in Section 3.2 imply that the number of terms
in the sum is equal to the number of cAO for which

ðjcc0j; jc=c0jÞA C

1þ 1
2Y

; 2C

" #
� ½Ae�1=Y ;B�

� C;
2C

1þ 1
2Y

 !
� A;Be�1=Y
� �

¼O Ae�1=Y ;B;
C

1þ 1
2Y

;C

 !
,O Ae�1=Y ;B;

2C

1þ 1
2Y

; 2C

 !

,O Ae�1=Y ;A;C;
2C

1þ 1
2Y

 !
,O Be�1=Y ;B;C;

2C

1þ 1
2Y

 !
:

Lemma 10 gives an estimate for the number of terms:

5CY�1 log
B

A
e1=Y

� �
þ C1=2maxðA�1=2e1=2Y ;B1=2Þ þ 1

þ C
1

Y
þ C1=2 maxðA�1=2e1=2Y ;A1=2Þ

þ C
1

Y
þ C1=2 maxðB�1=2e1=2Y ;B1=2Þ

5 ðL þ 1ÞY�1C þmaxðA�1=2;B1=2ÞC1=2:
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We have obtained

Kr;r1ð f Þ � Kr;r1ð fshÞ

5R1=4ððL þ 1ÞY�1C1=2þe þmaxðA�1=2;B1=2ÞCeÞ: ð82Þ

3.8. Final estimates

We obtain a bound for Lr;r1ðA;B;CÞ by adding the bounds in (77) and (82). We

still have to choose the parameter YXmaxð2;L�1Þ governing the steepness of the test
functions.
Ignoring the exponents e; the logarithms, and the influence of L and V ; we have

four main terms:

R1=4Y 2; R1=4�bð1Þ=2U2bð1ÞY 3=2Cbð1Þ;

R1=4�bð2ÞU4bð2ÞYC2bð2Þ; R1=4Y�1C1=2:
ð83Þ

In the C-aspect, the optimal choice is Y ¼ Y0C
g; where Y0 does not depend on C;

and with

g ¼

1
6 if bð1Þp 1

12; bð2Þp 1
12; ðiÞ

1
5
� 2

5
bð1Þ if bð1ÞX 1

12
; bð2Þp 1

20
þ 2

5
bð1Þ; ðiiÞ

1
4
� bð2Þ if bð1Þp� 1

8
þ 5

2
bð2Þ; bð2ÞX 1

12
: ðiiiÞ

8><
>: ð84Þ

In case (i), the middle terms in (83) are smaller in the C-aspect than the largest
term. But it seems not feasible to use this to get rid of the powers of U : We take

Y0 ¼ 1; and obtain Theorem 5, if we convert the condition YXmaxð2;L�1Þ into a

condition on C: Indeed, noting that V ¼ L þ Y�1
5L þ 1; we have

Lr;r1ðA;B;CÞ5R1=4þeðL þ 1Þðlog2 C þ C1=3 þ C1=12 log CÞ

þ R1=4�bð1Þ=2þeU2bð1ÞCbð1ÞðL þ 1Þ

� ðlog2 C þ C1=4 þ C1=12 log CÞ

þ R1=4�bð2ÞþeU4bð2ÞC2bð2ÞðL þ 1Þðlog2 C þ C1=6 þ log CÞ

þ R1=4ððL þ 1ÞC1=3þe þmaxðA�1=2;B1=2ÞCeÞ: ð85Þ

We do not completely work out the other cases, but consider the case that

bð1Þ; bð2ÞpbAð 1
12
; 1
4
Þ as in Theorem 6. We note that the bound in (77) stays valid if

we replace the bð jÞ by b: So we are in case (iii) of (84). We choose Y ¼
Rb=2U�2bC1=4�b: This has to be at least maxð2;L�1Þ: That is ensured by the condition
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in Theorem 6. We have also assumed in the theorem that YXlog2 C; which simplifies
many terms in (77). This leads to the estimate in Theorem 6.
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