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I will mention two of  my favourite problems in which recently important progress 

was made. The other questions I will mention are perhaps less well known. 

1. Faber, Lowisz and I conjectured more than 20 years ago that i f  Gi, 1 <<.i~n are 
n G n edge disjoint complete graphs of  size n then Ui=l i has chromatic number n. 

The conjecture turned out to be quite difficult and I offered many years ago 500 dol- 

lars for a proof  or disproof. About three years ago Jeff Kahn proved that the chromatic 
number of Uin=lGi is ~<n(1 + o(1)). I gave him a consolation prize of  100 dollars, 

perhaps he will eventually prove that the chromatic number is n. 

Perhaps one could ask: How large can the chromatic number of  Ui=lGin be if we 
assume that Gi N Gj is triangle free? or that Gin Gj has at most one edge? 

2. A family of  sets Ai, 1 ~<i <~t is called a strong A-system if  the sets Ai n A j, 
1 ~< i < j ~ t are all identical. It is called a weak A-system if  all the sets Ai n A j, 
1 ~< i < j ~< t have the same size. 

Denote by g~S)(n) the smallest integer for which every set o f  g~S)(n) sets IAil = n 
contains r sets which form a strong A-system. g~W)(n) asks for r sets which form a 

weak A-system. Rado and I proved 

2 n <  g~S)(n) < 2nn! 

We conjectured that 

g~S)(n) < Cr n (1) 

The main difficulty seemed to be to prove (1) for r = 3 and I offered 1000 dollars for 
a proof  or disproof of  this conjecture. Surprisingly little progress has been made on 
this conjecture. 

Joel Spencer proved that for every e > 0 and n > no(e) 

g~S)(n) < (1 + e)nn! 

and Abbott and Hanson proved 

g~S)(n) > 10 n/2 
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Even g~S)(n) < n! was open. At the meeting held last year in Keszthely Kostochka 
proved 

( l o g l o g n  ,~n 
g~S)(n) < C ~ n ! / \ l o ~ n J  " (2) 

I immediately handed him a consolation prize of 100 dollars. 
Very recently Aksenovich, Fon-Der-Flaass and Kostochka proved that for every 

> 0 and n > no(~) 

g~W)(n) < n! (1/2)+e (3) 

In our papers Rado, Milner and I also considered problems about infinite A-systems 
and we obtained nearly complete solutions, only the conjecture (1) resisted so far all 
attempts. 

3. Let k be fixed and n large. G(n) is a graph of order n. Assume that every subgraph 
of m vertices of it has an independent set of size i> [m/2J - k. Is it then true that the 
vertex set V of G can be decomposed as the union of three sets V = /"1 U/I2 U/"3 
where V1 and V2 are independent and V3 < f ( k ) .  In other words G is the union of 
a bipartite graph and a bounded set. This problem is open even for k = 0. It is not 
difficult to prove that the chromatic number of G is bounded. 

Hajnal and I proved long ago that for every e > 0 there is a G of infinite chro- 
matic number every subgraph of m vertices of which has an independent set of size 
> ( m / 2 ) ( 1 -  e) and in fact the size of the independent set can be assumed to be 
> (m/2) - f ( m )  where f ( m )  ~ cxz arbitrarily slowly. 

4. Hajnal, Szemer6di and I have the following rather annoying open problem: Let 
f ( n )  tend to infinity arbitrarily slowly. Is it true that there is a graph G of infinite 
chromatic number every subgraph of n vertices of which can be made bipartite by the 
omission of fewer than f ( n )  edges. We could not prove this even for f ( n )  = n ~, for 
small 2. 

Let m > bt0 be an arbitrary cardinal number. We also ask: Is it true that there is a 
G of chromatic number m every subgraph of n vertices of which can be made bipartite 
by the omission of n f (n )  edges? Perhaps even the omission of cn edges will suffice. 
We know that o(n) edges will not suffice since if G has chromatic number ~ 1  it 
must contain, for some r, R1 vertex disjoint odd cycles of length 2r + 1. 

5. Here is a problem of Faudree and myself. Let G(n) be a graph of n vertices. 

3~<al < a2 < . . .  < ak<~n (4) 

denotes the sequence of different cycle lengths occuring in G. Consider now all the 
graphs of n vertices. Denote by 9(n) the number of all possible sequences (4) occurring 
in our graphs. Trivially 9(n) < 2 n-2, we proved g(n) > 2 n/2. It is very likely that 

g(n) 1/" --* c. (5) 
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We could not even prove 

g(n) g(n) 
2n/2 ---+ ~ ,  2--- Z- ~ 0. (6) 

(6) perhaps will not be very difficult. It would be very interesting to find conditions 

on {al < a2 < " -  < ak} whether there is a G(n) which admits this sequence. 
Flandrin, Jackson, Lesniak and Schelp proved that if all odd integers occur in (4) 

then (4) must contain at least n 1/5 even numbers. It would be very desirable to find 

many more results of this type (results which are more precise). 
6. Call a graph G trivial if it is either complete or empty (I think this notation is 

due to Bollob~is). Ramsey's theorem can be stated as follows: Every G(n) contains a 
trivial graph of size c log n. The exact value of c is not known, only the bounds 

log 2 
~<c~<21og2. 

2 

No doubt if k(n) is the size of  the largest trivial graph which our G(n) must contain 

then 

k(n) 
---~ c. (7) 

log n 

I offer 100 dollars for a proof and 250 dollars for the value of c. I offer 1000 dollars 
for a disproof of (7), but this is cheating since (7) clearly holds. 

Fajtlowicz, Stanton and ! now ask: Let H(n)  be the largest integer for which every 
G(n) contains an induced regular subgraph of size H(n). Is it true that 

H(n)  --~ e~? (8) 
log n 

Bollobfis observed that H(n)  < cx/~. It is easy to see that H(5)  = 3 and surely 

H(n)  - k(n) ~ ~ .  (9) 

7. V.T. Srs, Faudree and I conjectured that if G(n) is a graph which contains 
no trivial subgraph of size c log n then it contains at least cn 5/2 induced subgraphs 

GI, G2 . . . .  , Gt, where any two of our G's  differ either in the number of  vertices or 
in the number of  edges. We only proved this with cn 3/2. Clearly cn 5/2 if true is best 

possible. 

We also conjectured that our G(n) has an induced subgraph of size eln where the 
vertices have cEn 1/2 different degrees. An old result with Hajnal only gives that the 
number of vertices with distinct degrees tends to infinity with n. 

We were led to these conjectures by a problem of Alon and Bollobfis. 
8. Brandon, McKay and I conjectured that if G(n;cn 2) has no trivial subgraph of 

size > c l o g n  then for every t < en 2 our G has an induced subgraph of exactly t edges. 
It is rather annoying that we only could prove this with t < c(logn) 2. 

9. Let S be a family of finite graphs with the property that for every finite n there 
is a finite G(n) in S which if we color the edges of  G(n) by n colors there always 
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is a monochromatic triangle. Is it then true that for every infinite cardinal m there is 

a G(m) every finite subgraph of which is in S and if we color the edges of  G(m) by 
m colors there always is a monochromatic triangle. I f  the answer is affirmative many 

extensions and generalisations will be possible. 

10. Rousseau, Schelp and I proved that if we color the edges of  K(n) by two colors 
then the number of  edges which do not occur in a monochromatic triangle is at most 

n2/4 for large n. Many further related questions can be asked, but they have not yet 

been investigated. 

11. In every G(n; [n2/4J + 1) there are at least 2n2/9 edges which occur in an odd 
cycle. 2n2/9 is best possible. Perhaps there are at least 2n2/9 edges which occur in a 

pentagon. This would follow if we could prove that every G(n; (n2/4) + 1) contains 
a triangle for which there are (n/2) - O(1) vertices which are joined to at least two 

vertices of our triangle. 
Fandree and I observed that every G(2n; n 2 + 1) has a triangle whose vertices are 

joined to at least n + 2 vertices, n ÷ 2 is best possible. 
12. Hajnal and I asked: Is it true that to every k there is an f (k)  so that if G has 

chromatic number >~f(k), it always has an odd circuit whose vertices span a graph of 
chromatic number ~>k. Our second problem is more difficult (and more interesting). 

Is it true that if  G has chromatic number >>.F(r) it has r edge disjoint cycles on the 

same set of  vertices. 
13. Bollob~ts, Chen and I proved that to every k there is a ck so that every G(n;ckn) 

contains k edge disjoint cycles Ci, 1 <~i<~k, where for every i the vertex set of  Ci+l 
is a subset of  the vertex set of  C~-. 

Let f(n) be the smallest integer for which every G(n;f(n)) contains two edge 
disjoint cycles on the same vertex set. It is known that f(n)/n --~ oo. Hamburger and 
Szegedy asked: Is there an absolute constant c for which every G(n;cn) contains a 

cycle which has at least as many diagonals as vertices. 
14. Ordman, Faudree and I asked: Let f(n) be the smallest integer for which if we 

color the edges of K(n) by two colors there are at least f(n) edge disjoint mono- 

chromatic triangles. Is it true that 

n 2 
f(n) = (1 + o(1));-~ ? 

I Z  

How many monochromatic edge disjoint triangles must we get if  only one of the colors 

is allowed. We expect that the answer will be greater than 

(1 q- e)n2/24. 

15. On the trip to our meeting Katona and I asked: Denote by f(n;t) the smallest 

integer for which if ]V I = n and Ai C V, IAil = t, 1 <~i<~f(n;t) are f(n;t) subsets of  
size t of V then there always are four A's A1,A2,A3,A4 for which 

AtNA2=A3NA4=O and AlUA2=A3UA4. (10) 



P. Erd6sl Discrete Mathematics 164 (1997) 81~85 85 

For t = 2 this means that the edges have no (24 thus f ( n ; 2 )  = (½ +o(1 ) )n  3/2. But for 
t > 2 we did not see the solution. A few days later I discovered that I asked a few 
years ago: Is it true that 

f ( n ; 3 )  < cn2? (11) 

(11) was proved by Fiiredi who also s h o w e d / ( n ,  3) > (2) for infinitely many n. We 

conjectured 

f(n;3)< (2)+lwithequalityforinfinitelymanyn. 

Fiiredi also proved 

( n )  andperhaps f(n;t)=(l+o(1))( n ) f(n;t) < 3.5 t - 1  ' t - 1  

16. In [ 1 ] Fon-Der-Flaass, Kostochka, Tuza and I recently investigated the following 
problem: f(k,r,s) is the smallest integer for which if IAil = k and every set of  r A's 
can be represented by s elements then the whole family can be represented by f(k, r,s) 
elements. In other words there is a set of  f(k,r,s) elements which meets all our sets 
Ai. We proved 

f(k, 3, 2) = 2k, 

and 

f(k,6,Z)=k. 
The proof of  f ( k , 6 , 2 )  = k is quite tricky for odd k. We expect that 

f ( k , 7 , 2 )  = (1 + o(1))3k 

and 

f(k,r,2) = (1 + o(1))crk.  

Many problems remain for s > 2 which have not yet been investigated. 
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