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Elementary methods are used to study sums of the form Y, . d”{x/d}' for
integers p and ¢, ¢ > 0, where {x} denotes the fractional part of x. These sums are
then used to study sums of the form ", . d"P(x/d) for integers p and ¢, 1> 0,
where P,(x) = B,({x}) and B,(x) are Bernoulli polynomials. Finally, these sums and
some general results on sums of error terms are used to study sums of the form
s o (n) and ¥, E (n) for integers ¢ and a, a > 0, where o,(n) is the sum of
the ath powers of the divisors of n and E(x) is the error term in the sum
S ex o).

angx
1. INTRODUCTION

For real x> 1, let {x} and k denote, respectively, the fractional part of x
and the quantity \/— - {\/f}. Let B, and B,(x) denote respectively the
Bernouilli numbers and polynomials, and define P,(x) by

P(x) = B ({x}).

The object of the first four sections of this work is to obtain expansions of
the sums 3, d”{x/d}' and ), . d”P(x/d) for integers p and ¢, t > 0, in
terms of powers of x and the basic functions ", , d’P(x/d). These rather
curious functions have received a fair amount of study recently. Trivially we
have
Z dth (%) — O(Xp/2+l/2). (1)
d<k

But because of the oscillatory nature of P,(x/d) one expects to be able to do
better than (i). Indeed, Chowla and Walum [3, 4}, have conjectured that, for
non-negative integers p and ¢,

S &P, (-Z-) OGPV forg > 0. (if)

d<k

* Supported in part by Natural Sciences and Engineering Research Council Canada
operating grant A-5264.
185
0022-314X/82,/020185-43802.00/0

Copyright © 1982 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82677855?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

186 R. A. MACLEOD

They have proven the somewhat stronger special case

N dp, (%) = 0(x**), (iii)

d<k

Segal, in (8], proves that if Ey(x) is defined by

o) =20 1 B0,
<
then
NUE(n)=1U2)— 1) x® + 0(x*), (iv)
while Walfiscz, in [9, p. 99], shows that
Ey(x) = O(x(log x)*?) (v)
and that
v ={2)x —— log x + 0(log?” x). (vi)
n<x

In Theorem 6, we will show

2 o(n)=—(C(2)—1)x ——-2——x S P, <‘x">*%§; dsz(_Z_>

n<x d<k d d<k
L b Lp ()10 i)
(z-r0)x 5 77 () +ow, (V”
and that
1 X
E x-——xV—P < )———x—‘/de (——)+0x”) (viii)
0( ) dgk d d 2 d‘zk 1 d (

while in Theorem 8 we will show

by a(n) DX — — -\ _l_p <_x_)_i1 2
= =4{2)x 210gx = d 5 log(2n +7)

>l

1
x

" ap, %) Lo, (ix)

l

d

N

From (iv) and (vii) we have

x> P, (“;‘) + ) &P (3) = 0(x"""), (x)

d<k d<k
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while from (v) and (viii) or from (vi) and (ix)

v 1
i< d

—P, (d) O(log*” x). (xi)
Buchstab, in [1], has shown that

x N o) _ > a(n)= {2 )x —Lxlogx——(y—l+log27z)x

n<x n n<x 2
+ O(xz/7 log x). (xii)
In Lemma 20, we will show

. 1

N oln) _ 3 a(n) = ﬂx ——xlogx——(y—l+log27z)x

n<x n n<x
11 X 1

——=—— N 4P (-)——VP( ) o(1

2% =\ Ty 2 R g) o)

(xiii)

From (x) and (xiii) we see that Buchstab’s result can be improved by the
replacement of 2/7 by 1/4. Results (iii) and (x) would suggest the slightly
stronger (for = 2) conjecture

3 P, (1) = O(xP2+ 14, (xiv)
d<k d

By our Theorem 7, solving the “Dirichlet divisor problem” is equivalent to
verifying (ii) for p=0 and ¢#=1, where it is known that the exponent ¢
cannot be dispensed with (see, e.g., Chandrasekharan [2, Theorem 3, p.
205)).

Thus, it seems that our basic functions are of some independent interest; in
any case, the expansions in terms of basic functions are essential to our
subsequent study of sums of error terms.

Typical of our results would be the following:

A | —J m+1 —t 1
S (F)=Eeet ey E (P
d<x d ' 1 Tme, M1 m—t+1

1 X
X X mpm+l( ) a’pP, ( )
a<k d(k

(=nm*! d —i4u
+ N 2 7 yremp N
ocmepz M+1 ,,,H(x) - ( )( ) “

+ O(x??), 1<t p,
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where
E \!‘ ([ Bu p-+—1 71€ ) '
bt u;O u)p+1+u—t ( t ) ( )

In the next section these results are used to obtain some general theorems
concerning the sums 3, n'f(n) and }, _ E/(n) and the integral
{¥E,(u)du, where ¢ is an integer, f is defined for arbitrary numerical
functions ¢ by f(n)=>,,c(d), and E(x) is the “error term” in the
expansion ), n'f(n).

In the following sections, these general theorems are in turn applied to the
case where ¢ is defined by c(d) = d“.

For example, when we have a=0, f becomes the standard divisor
function, f(n) = d(n), and we show

1 1 1
N nldn) = t+14 (2 _ ) t+1
,,‘;xn ) t+1x ongrt+1 7 t+1 X

—2x' N P, (%) + O(x"),
d<k

for t > 0, and on defining E,(x) by

. 1 1 1
> n'd(n) =:Tx‘+l log x + i (2)/—————) x4+ E (%),

n<x +1 t+1
we have
§ 1 1 1 1 1
‘ﬂ E = ————— t+ll —_— _ — t+1
= B =gy et 5y (2}’ t+1+2[t+1])x
_xt 2 dPZ (ic_) +0(xt+1/2)
d<k d
and

X 1 1 X
E ettt N gp ( ) O(x'* V2,
fl Au)du 2 [t+1]x x d?kd 2\ + O(x )

with similar results for negative ¢, where [#]=u — {u} is the integer part of
u.

These could, of course, be thought of as providing information on the
average order of some of the basic functions; in the above example, for r =0
we see that 3, ., P,(x/d) has average order — jlog x.

Throughout the paper, no tools more powerful than summation by parts
and the Euler-MacLaurin summation formula are required. In general, the
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proofs are only indicated or sketched. The reader interested in details may
request a copy of the extended paper, MacLeod [5], for fairly complete

explanations.

2. BERNOULLI POLYNOMIALS AND THE EULER SUMMATION FORMULA

Let the Bernoulli polynomials B,(x) and the Bernoulli numbers B, be

defined by
By(x)=1,
B, 1(x)= (g + 1) B,(x), qg=0,1,2,.,
B.(0)=B,, r=0,1,2,..,
B(1)=B,, r=2,3,4,..,
B,()=1+B,.

Then by induction on g we have

[ =

B, (x)= ) (Z)ka"_".

Putting (4) and (5) into (6) yields the recursion

k

Il

T
}J( )Bk:O, g=23, 4.

k=0 k
=1, g=1
From (7) we obtain
B,=1, B, =—1 B,=1}
By, =0, k=1,23,

It also follows from (6) that

B+ =Y (1) B0

k=0
Let the functions P, be defined by

P(x)=B,({x}),

(1)
(2)
(3)
(4)
(%)

(6)

()

(8)

®)

(10)
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where as usual {x} =x — [x] denotes the fractional part of x. The following
inequalities are well known (see, e.g., Rademacher |6, p. 18]).

2r)!
|P2r(x)|<|B2r‘<m'ﬁ7’ (11a)

P & 11b
L————-

| r(x)l\ 12(27r)r—2 ( )

We shall make use of the following forms of the Euler-MacLaurin

summation formula, proven by induction and integration by parts, together

with (8), (10) and (11).

THEOREM (Euler—MacLaurin). Let a and b be real numbers, and k a
positive integer, with a < b, and suppose that f and its first k derivatives are
continuous on |a,b). Then

()

1+lal<ngh
J YOLE )

( 1)k+1
k!

P(a)f""(a))

< &y
r!

+

Jmmﬂan

COROLLARY 1. Let x be real, x> 1, and k a positive integer, and
suppose that f and its first k derivatives are continuous on [1,x]. Then

k
> s ={ o+ ¥ ELpeore - S Zeprenqy
n<x r= | r!
(_1)k+1

g j l P()f® ) at.

If in addition [® | f®(t)| dt converges, then

P (x)

Yf m»mew+A+V(1y S0

ngx
—1)k* ;o
+ S horroa
where

( )k+l )

| P s ®@ ar

k
A== X T+

r=
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and

r(x)

Y fm)= mem+V(1W1 SR ARE)

n>x r=1

H”M[mmwm

COROLLARY 2. Let N and k be positive integers, and suppose that f and
its first 2k derivatives are continuous on |1, x]|. Then

Bl f( ) 2r—1
X Jm= Jf(t)dt+ Tt ),f‘ '(N)
(l) * B 2r—1)
o iay/ 0

~er ), P00 a

If in addition [® | f®®(t)| dt converges, then

B ( ) ‘ BZr
N d @2r-1
RO Jfa>r+ RPN TAN L)

+4+ (2k),J Pyu(0)S R (1) dt,
where

———f( )— SarS () ~ Py(0)f 20 () dt.

= (2 ! (Zk)' J

3. SoME COMBINATORIAL LEMMAS

LEMMA 1. Interchange of summation.
(i) Letbgagn Then

S Y=Y SIe9+ S S fns)

r=a s=b s=a r=s s=b r=a
(ii)) Letag<n<m. Then

S69= Y Y169+ Y Y 1

s=n+1 r=a
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In particular,

(iii) Let b> 0. Then

r+b n+b a+b-1

n H n
NN fro= Y N fro+ YN 1)

r=a s=a s=a+b r=s5s-b s=a r=a
LEMMA 2. Let m, n, and p be non-negative integers. Then
. - n—k\ (p n—p
N (=1)* = >
oy Lo =)
—n+m—1
:(_l)m(p )v n<p’
m
. - +k p+m n—p
i) —1"+’"<n )( )=< ), n>

p—n+m— 1)
=(—1)" . ,
=1) < " n<p
- +p+k n+p
(i m( : k/\ ptk m+p
where all three sums are over the whole range.

Proofs. Lemma 1 is standard, and Lemma 2 appears on pp. 8-11 of
Riordan {7].

LEMMA 3.
t—s+ 1. Then

0 L (05

t t—v—
e ()T e

b

(

Let p, s, t and v be integers, with 0 s t—pand I v

t
), U:t_‘s+ls
N
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(i) i (1) (i) (:)zo, t>s

r=s

= (-1), 1=s.

Proof. This follows easily from Lemma 2 on replacing (‘)(?) by ()({Z})
and changing the dummy variables.

LEMMA 4. Let the sequences {a,} and {z,} be defined as follows:

n

8,0)=2,0)=0  a=-, @M= ok

k=1
n

ZO(n)= 1’ zp+1(n)= 2 zp(k)7

k=1

forp=0,1,2,..,n=1,2,.. Then

0 wn= £ G0
0 i £ 8 (137) 225 )

(iii) pa, ., (n)= (n+p)a,(n)—z,(n),
(iv) na,,\(n)=n+p)a,, (n—1)+z,(n),

© gum=(""7) (a,(n)— ) %f_),)

()

- (”;P ) (a,(n +p) — a,(p)),

(Vi) 2,(p) + 2,(m) = (” :” )

n

(vii) a,(m)= D ay(k)z,(n+1—k)

k=1

i) gy, i)=Y (”*2"‘)(:0(@,

k=

(iX) @y, 1(n) — @y, 1(p) = ( ”;" ) (ay(n) — a,(p).
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Proof. These follow easily by induction, Lemmas 1 and 2, and earlier
parts, where appropriate.

LEMMA 5. Let w, p, and n be non-negative integers. Define ci(n) and

ay(n) by
n
— l
=% o ()72 o
am=> 1 (3)(7,°) 5= o
" +v I
S (1))
axm= Y ()7 )5
Then we have
cr(n) p(_l) ) w=0
(2)w-n
1 —p_
:__<p n 1>, w1
w p—w
1 1
dpn__ ’ W:O
»() p (n+p>
n
1 p—1
= 1"—— B >1
=1 w(w—1+n) z

In particular,
cP(n)=0, 1<wgn.

Proof. For w > 1, the results follow easily from Lemma 2(1) while for
w=0 and n > 1, it suffices to replace (*) by (";')+ (-

COROLLARY 5.1. Let p, s, and t be non-negative integers.

(i) Ift—p<s, then
(s

= l)m( )<r>p+llr~t pJIrl ( p )

t—s

[4~

-
il
a.

In particular,

Rt

= (‘)r() +1:—r _( +1_:)<p+1)



DIVISOR FUNCTIONS 195

(ii) Ifs<t—p, then

IS t) r —1——‘:(—1)”““<t>“ (p+1)
el r/\s)p+1+r—t §) s
In particular,
S e ()= e a4 D)
o rlp¥itr—1t =P

(iii) Ifs<t—p, then

‘"/\sz VAN (t) (r)t_p_%z (—1)prstt (:) a,,,(t—s—p—1)

= r/\s

In particular,

et t 1
N(=1Y SE—— G |5 —p—
Y () Y =)

r=0

and

l—%—Z t 1 " 1
) () ——= (1) t—p—1)— ————.
S () GO = D=

(iv) Ifp>2, then

!
i e <i) <r>-——~—l——T=(_1)S+r I (S)

r=s s/ptri—r— p—1 (t—s—p—l
p—1 )

t+p—1
()
—1 ft+p—1
()

4, SOME NUMBER-THEORETIC LEMMAS

=

LEMMA 6. Let ¢ be any numerical function and t a positive integer, and
define C,.(x) by

C.x)= > c(n)n".

n<x
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Then for any integer k such that 1 <k < [x],

> e(n) X t
ngx
sl e i)

2 t r —r L r 5 - r—§ X
e (e (S (e Zaen(3)

r=1 s=1 d<k

, X
~KCouen (?))-

Proof. In the interval x/(d + 1) < n < x/d, we have [x/n| =d. Hence

5 x )
N oe(n) (—
n<x n
x )b - x !
=N em =+ N c(n) <-——d>
n<x/k n d=1 xjid+D<n<x/d n
. x )t kol . 3 ; oy
= N ¢n) ——g + N N c(n) N (—1)’d’( )(_x_)
n<x/k n d=1 x/(d+1)<n<x/d r=0 r n
. x ! Lot
=N em) =1+ ( >(—1)’x’“'
n<x/k h —o \T
k—1
X x
S fennE) e )
d‘:] —=r d (t-r) d+ 1
From summation by parts we have
g x x
z?jl d (C—(tfr) (7) - C~(r7r) (d+ 1 ))
- i (<1 T (x)—k'C <x) r>1
- =& —{t—=r) d - k 4 =



DIVISOR FUNCTIONS 197
Hence
t
X
—t =2 «cn
n

n<x/k n ; ( - = (%) )
S e (g o
5 el e )

COROLLARY 6.1. Let ¢ be any numerical function with c(1) =1, let t be
a positive integer, and define C (x) by

C(x)=> c(mn"

ngx

Then

N e(n)
ngx

ilzx’C_,(x)-k i (i) =) xr

r=1

'r“ r s ° r—s X
XY (S)(—n TN gse ., (—)

s=1 d<x d

Proof. Put k = [x]| in Lemma 6, and use Lemma 2.

COROLLARY 6.2. Let p and t be integers, with t positive, and define
L,(x) by

L,(x)=

5
P
n<x

Then

t

N g
e

ngx

=x'L,_ ,(x)+v ( )( D x=r

Xy ( )( DS aL,, (i>

s= 1 d<x d
LEMMA 7. Let u, k and | be integers, with k > 1, | > 1. Define L, (x) by

L=y d~

d<x
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Then, for arbitrary positive integer I,

@) Lu(x)=;—i7u2 (=1 (u_:l)P,(x)x““"
r=0

L 1
——— B , >
u 1 w+ 1 [u 1] u>0

1 Lo(=1) fu _
TR r>P'+'(X)x"'
! t
_u+1 u+l~[u+1 Y u>0
. 1 X {
(ll) Lu(k):u+l l (_l)r (u': )B,ku+}_r» u>0
r=90
1 LR 1
T~ (ut )B'k"“"”“v s 1.
r=90

!

1

(i) L_(x)=logx+y—> — Px)x~" + 01,
r=1

i [—
(iv) L_u(x)::(:(u)_-_l__,x—(u—n__\j*_L(ll-'}-r 2)
u-1 ey 4 r—1

r

XP(x)x~ =0 L O(x~®D),  ux2

!
- 1
(v) L_(ky=logk+y—> "r“Brk_r‘?-O(k"””).

r=1

(vi) L_(k)=08u)— _u__‘l_l__k—(u— 1

l \' <u+r—2

u—_lr‘:l r

) Brk—(u+r—l) 4 O(k—(u+1) )’

uz2

Proof. These follow readily from the Euler-MacLaurin formulas,
together with the properties of Bernoulli numbers in the Introduction.

LeMMA 8. Let ¢t and n be non-negative integers. Then

Loyt ‘)
L ( tn) (=1 L, (k)= L I"(w) k™,
s=1 w=1
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(t+n)! i (t_:-H)

where

lp(w) = (—=1)"* wnli—w+ D! = Jotw—1+n B,. (12)
(7
In particular,
t t s+ ot
¥ () v L=k,
s; (H; 1) 1L (k) = WZ:I 1(w) k", (13)
where
ww (EH1) 'S (t+1—w\ B,
I(w)=(=1) ( w ) vgo ( » )v+w. (14)

Proof. This follows from Lemma 7(ii), Lemma 1, and (7).

LEMMA 9. Let p and t be non-negative integers with t >p + 1. Then

t-p-1

SN et (Y (VL )= S ek
S iy (o) () beto= 2 o0

w=1
where
il | t r+w
¥/ — w _
=" X e (it ) () Bt
| t s
==Y — — 1)
- =S <S+p—1)<W)BS‘”a”“(S b

Proof. This follows moderately easily from Lemmas 7 and 4(i), with
summation interchanges.

LEMMA 10. Let p and t be positive integers, with p > t. Then

5 (Y ()Lt

r=1s=1 Dtr—t \r s
[ (p—m—1)
o 2,
_ 1 1 + 1 I+0 1
B p\ kPt p(t+1) k* (W)
-0 (%)

641/14/2-6
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Proof. From Lemmas 1 and 5, we obtain

= 2( 1)Wp+1r—t (i) (g)L‘“’““"(k)

|tl

(p—m—1)!
Z L—(p M)(k) _—mjr_

The result follows from Lemma 7(vi) after using (7) and making use of the
induced telescoping effect.

LEMMA 11. Let ¢t be a positive integer. Then

s Eer () (e
:logk+( ; (:)) : 1,+0( : )

t(t + 1k k't
Progf. From Lemmas 1 and 5, we have

Z:l é 1y (;) (:) L_)=L_(k)+ gz—:—L_s(k).

The result follows from Lemmas 7 and 1.

LEMMA 12. Let p and t be positive integers, with p < t. Then

N Xr"(_])S*f’____l____(t)(r)L &)
sl p+1+r—t \r)\s) 7o ts

5 ()
= N (=1)y"k" — 1
i AL (p+S)(m) sB“"'aS(p+ )

s=m

t—p
1 (¢ el 1 et s
2 )y D
A s

o ()
(p+DE+ DR )
where

D, =y+ 3 —mtD

= m+t—p)'
m
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Progf. This is similar to the proof in Lemma 11, if slightly more messy.

LemMA 13. Let u be a non-negative integer, and define M (x) by

M(x)= 3 d“logd.

d<x

Then we have, for arbitrary positive integer |,

(a) M(x)=-——z(— r(“7)

XP(x)x**'""(logx ~a,(u)—a,(u+1-r))
(—-1)'”'

+-—“—+—1—-P,,+,(x) logx+4,
{
ul(r—u—2) 1
+(_1)u Z 1 P,.(.X) ~u—1
‘r=u+2 r: X

+0( llu l)

1
) M_I(x):—z—log2 X+4_,

+ Z ,(x) x (@, (r—1)—logx)+ O(x~' log x);

(c) M..,,(X):——C'(u)—— (}ogx.),. ! 1)x--(u~l)
Lfu+r=2 PX)  _uirt
Nrgl ( u—1 ) r 2™ )

X(logx+a(u—~1)—a,u+r—1))
+O(x~®"Diogx), u>2.

Progf. These follow easily from the Euler~MacLaurin formulas.

Note. We have by Stirling’s formula that

Ay =14 log 2z

The other constants 4; do not appear to be well known in terms of known
elementary constants. However, they may readily be calculated to a required
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degree of accuracy by the Euler-MacLaurin formula. For example, we
compute 4, to at least eight digits as follows:

> d?logd
d<x .
—"-—J 2 10gtdt+A2+ Z (—1)’ "(x)f(r 1)( )
! r=1
+l ( (t)f(s)(t) dr
;i P
_x logx x* 1 4 xllogx+ x  xlogx 1 1
E 99 2 2776 720 x
1 4 1 48 1 @ 240
X —to7| PO |- dt.
* 30,240 x* 1,209,600 x* + 8! jx 80)( 6 )

From (11) we have
”I‘J P()( 240)dt‘< 4 _L 11

] 2a)F X S 18,000 x°
Hence we have
1 xPlogx x* x* x  xlogx
—4A4.= N 41 St A S A S
g tAi= 2 dleed 9 2 12 6
1 1 1 1
360 x 7560 x*

with an error bounded above by

1 1 + 1
25,200 x° 14,000 x

11
9,000 x°

1
=<
For x = 10, we thus have at least eight digits, and to this accuracy,

A, =0.03044845.
LEmMMA 14. Let p and t be positive integers with 0 < p < t. Then

t—-p—1

=k~ ”logk—~——k‘ P+ N m, (0) K
v=1
! v !
ok et 2 mae) 5+ 0 ().
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where
(=1)-r- (t—p+1)“"‘” (t—p—~v+1) .
—— B, v+ "‘1,
mt,p( ) t-p+l v j;o ] jal( J )

=(—1>'-P-";i0 0 (7)) A
t—p+1
e L

v

Progf. After using Lemmas 13 and 1, and (7), and repeated changes of
variable, the result follows.

LEMMA 15. Let p and t be non-negative integers. Then

i

X
n

2 n
n<x/k
1 r+1 » x
7z ()2

r=1 n<x/k
reern & () E

N 1 (_x_)l’“_ 1 3 1 1
t+1)(p+1) \k t+1)(p+1) "+1_t-+-—l[p+1]'
Progf. From (6), (9), and (7),
1 >
H-—l {Bgi1(x +1) =B, (x)} = x',

so that

_Ll 3 ( )Bk(x).

Replacing x by {x/n}, multiplying by »n”, and summing for n < x/k, and
interchanging order of summation, together with Lemma 7(i), gives the
result.
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5. SuMs oF POWERS
In this section, we obtain expansions of the Euler—MacLaurin type for the
sums Y, d”{x/d}' for integers p and ¢, ¢ > 0. Perhaps not surprisingly, the

answer varies somewhat depending upon the relation between p and ¢, and
depending upon whether p is negative or non-negative.

THEOREM 1. Let p and t be non-negative integers. Let k = [\/x]. Then

x t ( l)m _
dP | = =C, x"*' + xP-m
Ex d ! ,,,Zo m+1
t;l " 1 x
X }: (_1) ( ) >d<k dr-m- me+1(—d‘)
t
AL () e
t+ 120\ m ] 2 d
)m+l
¥ (7. 1) " Purt®
0<m<p/2 m+1 H
+0(x??), 0<1<p+1
(="
— p+1 p—
=C, x +’§0 p— x
m t p—w 1 (x)
~1\* —_——p =
sz=o( b (w)(m_w>dz<:k de-m—w o mri\d
1 & e+ x
LN S gp (._)
() Sl
1 d t+1 1 he
v > d2m—(p+2)Pm (__)
+t+1m=‘;+z ( m | xm-P+D dzq d
1 t—p—1+m m
- s g (TP ) )
ocmepaMm+1 m
+0(x??),  t>2p+2,
1 (x)° 1 & /e+1 1 X
Lalrl=mroerrenr = 2 (5) Sar(3)
T & e+1y 1 o x
- Al d2m—lP (_) 0 ~l/2’
t+1 mZ=1(m )x d<k d + 0 )
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t

1 {(x 1 & o+l 1 x)
— = _ —pP =
Exdﬂ gy =t Z( )d;kd" "'<d
L& r+1y 1 st x)
— - mtp-2p [
rrt 2 () &1 (3
+0(x7"%), p>2,
where
1
= 1—-m), 0t
KO (p+1)'Z m)' Spt1-m) SIS
r—1
= D—yp— 5 — 1—m), t=p+1
a(p+1)—y Eop+1—mC(p+ m) p+
== )
p+l—t p+1A\p
2= (p—m)!
— Y 1—
G 2, —my Pt I=m
1\ t—p—1
— ) ¥ —1"’( )A,,,, t>p+2
(P‘*’l)nf;o( ) P
t—1
IS SO AU S EPRI N i -
C_pi= t+1+m‘:o( 1) (m)A"" p=1
- tp) >2
_[+1 p), P2z <
am=73
1 -t]m,

and A,, is the constant term in the Euler—-MacLaurin expansion of

> d™log d.
d<k

Proof. For t=0, the result appears in Lemma 7. In [5] we give all
details of the proofs for 1 ¢t p and 2> p + 2 (some 15 pages). The case
t=p+1 is similar to that for 1 <t < p, while the cases involving negative
powers of x are similar to, but easier than, the case t > p + 2.

We see that, on putting ¢(n) = n” in Lemma 6, we obtain
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= Z np

! x
+ x! (Lp_,(x) -L,, (———) )
n<x/k k

3 e () (Ser (1) S an,(3)

s=1 S/ a<k

—KL,, (%)) (15)

It is then a matter of using the machinery built up in the lemmas, together
with careful symbol manipulation, to obtain the results claimed.

LEMMA 16. Define £, , by E, =3 _(2)B,C, ,_,. Then we have

1
E,, ;IT, t=0
Lot B, +1\7!
=2 (u)m—<pt ) dp+2-0, I<i<p
u=90
t
=y (;)B“ t=p+1
u=1
t
A arrer
u:0 p+l+u—t
#t-p~
( ) t—p— la(p+1)
vy (11
+(-1) fp+1 A ,as t2p+2.

Proof. The proof is based on repeated use of changes of variable,
together with (7) and Lemma 1.

THEOREM 2. Let p and t be non-negative integers. Let k = [\/x). Then

Y 4rp (—’i)
i '\d

_1 m+1 —t l
=E, x’"' + (-1t > ED" e (‘D * )
’ (remep M1 m—it+1

1 X X
X > Zr=m=T Pt <—d—)+ >, d°P, (—d~>

d<k d<k
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™+ —t+u
TN i "'"Pm+l(x>z( ) (7 B,
0<rn<p/2 m+1 m
+O(x*'?), 0<t<p+1
— xp+1_+_ 1 z dz:—p—ZP (i) Z dpP ( )
"t xRl = d d<k d
Hpmt t\ /p~t+u
+ v - )lxmem+l(x)Z< )( )Bu
0<m<p/2 m+ u=0 \ U m
+ 0(x*?), I>p+2,
1 X
—_p L
Z ,, ,(d>
1
—pt+ Z (_)+W Z drer- 2P (d) +0(x_p/2)
d<k d<k
where
1
E,, ISR
t p‘+1)*l
2—1), 1<K
.,Zo(u)p+1+u—t (t dp+2-1) <I<p
t
¥ () o
u=1
_ Yt‘ (t) B,
TS p+l+u—t
utt—p—1
t
g1 ) Berma(o 4 D)
t—1
+(_1)t_pt (p+ 1>At—p-—2, Z>P+2,
t—1 t B
=0, p>2

and a,(n) and A, are as in the previous theorem.

Progf.  The result follows from Theorem 1 and Lemma 16, together with
repeated use of (7) and Lemma 1.
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6. SOME GENERAL THEOREMS

In this section, we obtain some results which enable us to obtain readily
expansions for sums involving certain arithmetic functions and for sums of
the error terms in these expansions. In the next section, we shall apply these
results to functions involving the number of, or sums of powers of, divisors.

We state for reference formulas involving summation by parts.

LemMMmA 17. Let g and h be numerical functions, and let H(x)=
2on<x h(n). Then

(D) Lacec8n) h(n)=31, . H(n)g(n) — (g(n + 1)) + g([x] +1) H(x),
(ll) Zn(x nh(n) = ([x] + 1) Zn<x h(n) - Zn(x Zk(n h(k)’
(lll) Zn(x Zk(n kff(k) = ([X] + 1) Zn(x nff(n) - Zn(x n'_Hf(n)'
Proof. Formula (i) is the standard formula for summation by parts,

formula (ii) is the special case g(n)=n in (i), and formula (iii) is obtained
from (ii) by putting (k) = k*f (k).

THEOREM 3. Let ¢ be any numerical function, let f(n) =}, c(d), and
let t be a non-negative integer. Then

3 = £ 50
t-+1- 1 tf =1y ( ) Xt dgx d’_lc(d)Pr(%)
_<t+113f+1+ [,il]) >, de(@.

Progf.

2 nfm=3 n' > cd)

nx n<x din
= > m'd'c(d)
md<x
= > ded) X m'
a<x m<x/d

=Y de@d)L, (-’5-) .

d<x
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The result now follows from Lemma 7. (Results for negative ¢ obtained
similarly are not very useful in practice.)

THEOREM 4. Let t be an arbitrary real number, and [ any numerical
Sunction. Let 3", .. n'f (n) =g,(x) + E(x). Then

(a) Z Et(”)=xgt(x)"gt+1(x)_ 2 gt(n)

n<x ngx

+ G — Pix))(8() + Efx)) = (B, (x) — XE(x)),

b) X Em=xY nf(n)— 3 n"*'f(m)— Y gl

n<x ngx ngx n<x
+ (7 = Py(x)) - (&%) + E(x)),

and (Segal [8])
© [ Ewdu=x T nfe)— 3 nr ) - [ gw)d
1 n<x 1

n<x

if g, is continuous,

(d) fE,(u) du=Y E,(n)—%g,(x) + (pl(x) .._;_) E(x)

n<x
-1 r
() ,
- Z} (r+ 1)' P,.+1(X)g: )(‘x)

+0(1) + 0( g{"(x))),

if g(x) is | times continuously differentiable and of constant sign for
sufficiently large x.

Progf. From Lemma 17(iii) we have

2 2 kf()=(x]1+1) X nfm— Y n'*'f(n).

n<x kgn n<x <x

Hence

2 E(m)+ Y g(n)

ngx n<x

= ([x] + 1) g(x) + ([x] + D) E(x) ~ g4 1(x) — Ey 1(x).

The first two results now follow.
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Writing F(x) =3, . nf(n), we have from Stieltjes integration by parts

S =] udrw)

ngx

= xFx) ~ " F () du

=x Y n'f(n)— Jgt(u)du—J E,(u) du.

ngx

This proves part (c). Now, by the Euler-MacLaurin formula,

> g =" s du~ P+ Y 1 2 g

"<

+0(1) + 0( g (x)))-
The fourth result now follows from the second.

THEOREM 5. Let ¢ be any numerical function, let f(n) =3}, , c(d), let t
be an integer, and let g, and E, be defined by

3 n'f(n)=gx) + Ex).

n<x

Then

1 L1+ C(d)
> Ee(")=m > -2 &l

ng<x d<x n<x

1 ‘& r t+1 t+2—r r—1 X
+t—+—1§2(—1) ( , )x Z d C(d)Pr<7)

d<x

E (e g ean(3)

d<x

B,+; e -x (&+_I+[_.‘_]) S d'e(d)

t+2 t+1]) =z

+ (-;——P,(x)) > n'f(n), t2>0.

n<x
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Proof. For t >0, we have from Theorem 3

x 2 nfm)= 3 ()

ngx n<x

+L”Z’ 1y <tt1>x,+z_, S @, (%)

d<x

_x <_1_Bt+1+ [?IIT]) y d‘c(d)—t— P c(:)

d<x d<x

__1,__t+z(_1), <t-%;2)xz+2—r S dled) P, (%)

d<x

1 1
V t+ 1 .
+<t+2 ’”+[t+2])dz,d c(d)

The result now follows from Theorem 4 if we combine the first and fourth
terms, note that the term for r = 1 cancels in the second and fifth terms (this
is crucial), and note that [1/(t 4+ 2)] is zero for ¢ > 0.

7. APPLICATIONS TO DIVISOR FUNCTIONS

LEMMA 18. Let a and t be integers, a >0, t > 1. Then

tf( o () Eraa

B,,, |1 1

ed A N — |, =0

r+1 t+1+7+[t+1] .
B, 1 t+l1 17 t+1

= - 1 L 1.
t+1+a a+t+l+ C(+)+[t+l]t+1+a

Proof. This depends upon Lemma 16, together with Lemmas 1 and 3.

THEOREM 6. Let t and a be integers, t 20, a > 1. Then

Z n'e (n) = C(a+1) gttati
< t+a+l

£y ﬂi(dﬂ)xm_mzﬁmﬁ(%)

ocmeaz M+1 m d<k

1

I t+1 l 1a t+a/2
T S e d°P, (d)+0(x )
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Writing

fa+1)

t l+a+1
E (x),

Ex n oa(n) t+a + 1 + l(x)

we have
{a+1) 1

E = t+a+l _ t+2
Ex O T W+ De+2)

C(a+ 1) (__1)’ (t+a +1 ) P (x)xt+a+l—r
t+a+1  Zaar+l r r+l

.+.

(_l)m (a +1 ) xt+a+l-—m

i<méta+ne M+ 1 \m—1

X & T e Pt (7)
+<—;——Pl<x>) L 1 Ry

o<mga/2

X 1 X
X Z da m m+1 (7)_7)" Z da+lP2 ("7)

da<k d<k
+ 0(xl+a/2+ 1/2)’

L e

1<mé@nn M+ 1 \m d<k
1 2 _ 1 (x)
SR S—— R Al A Nl
206+ 1Dt +2) 2 Ek *\d
+ O(xt+a/2+l/2).

In particular, for a =1, where a,(n) = o(n), we have

2 1
Z n’o(n)=t£_£|_—)2—x‘“——x’“ Z FP‘ (__-;_)

n<x d<k

__1.___ t+1 4t t+1/2
2(t+1)x x d;de (d)+0(x ),

X En)= 2012) (s )
g et

d<k d<k

' (Pl(x)—T) S P (F) ooy,
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* 1 xi+1
J, B du=— ey 2P ( 7
___2_xt d;k d2P2 (d)+0(xt+1)

Proof. The proof uses Theorem 3, Lemma 7, Theorem 2, Lemmas 18, 3,
and 1, and Theorem 5. The details take about nine pages. It is worth noting
that by working directly from Theorem 4 instead of using Theorem 5 the
result is obtained much more rapidly, but unfortunately the error term is
O(x*'*%72) instead of O(x'*'?*%/?), It is the cancelling of the two terms for
r=1 in Theorem 5 that allows the improvement.

THEOREM 7. Let t be a non-negative integer. Then

1 1 1
t —_ t+11 2 t+1
néx n d(n)———t 1 ogx+——t 1 ( —-——-—t 1) X

—-2x' ) P, ( )+O(x')

d<k
Writing
S ntd(n) = —— %+ log x + —— (2y———) x** + E(x),
= r+1 t+1 r+1
we have
n t+110
1 1 1[0 1 .
PO (2” +17732 [t-{—l])x
_xt Z dPZ (d)+0(x +l/2)
d<k
and

JTE,(u)du:—i—[ 1 ] M —xt Yy sz( >+O(x‘+”2).

Proof. The details are quite similar to the proof of Theorem 6.
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8. NEGATIVE POWERS
We need somewhat different arguments to handle the case where the
integer ¢ is negative. First, a revised form of Theorem 3 enables us to handle

sums related to ) o,(n)n~" for 0 <t < a, and then a “back-track” method
can be applied where we have ¢ > a.

LEMMA 19. Let ¢ be any numerical function, let f(n) =} _,,, c(d), and let
t be any real number. Then

nfmy= > d Y mic(m).

n<x d<x mgx/d

In particular, for c(m) = m°®, we have

~ a,(n) 1 x
- )
n.zx nt fzxdt a—t d

Progf.
D onif(my= 3 n' 3 c(m)
n<x ngx m/n
= Y m'd'e(m)
md<x
=3 d > micm)
d<x mgx/d

COROLLARY. Let a and t be integers, with 0 <t < a. Then

5 9dln)
i
_ 1 a t+1 v
a—t+1 dex d
o rfa—t+1\ o,
- X
t+1 Z ( )( r )
1 X 1 1 1
X §d——'f’ (7)- (=Bt [Ttﬁ]) P

Proof. This follows directly from Lemma 19 and Lemma 7(i).
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LEmma 20.

Z f@_ Z o(n)

nEx n<x

(i)

1 1 1
=7C(2)x2———xlogx—7(log 2n+y—1x

2

11 ) 1 X
- P — Y P, (=) +0(),
7% 2 ()~ 7 & () +ow

i x ¥ 20 S )
n<x n<x

1 X

=—- —_— N =

3 x* 2xlogx-f- Py dP2<d)

7 11 X
L 22N pp (X
(12+ y+2A) 2x,§‘de2<d)

+0(\/x),
(i) x > ”(n) > ag,(n)
ngx n<x
1 Ha+ 1) x*+!
ala+1)
«n~ ) a-m ¥ 1 x

Zlm+1 (m___l X d?'k da—um+1(d)
11 X

______Y“ a+1 (a—1)/2 S
2kad P(d)+0(x ), a>3,

Gv) x oy(n) v 0,(n)

2 P

ngx n ngx n

1 , 1 1 1
——Z—C(3)x ——2—C(2)x+ﬁlogx+(A —l—z—y)

1 X 1
+ > =P (——) +— 3 d’P, ( )+o(x~1/2)
o d d}  x* iz d

(V) x Y‘ Ga(n) _ V oa(n)

- n2 P

641/14/2-7
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a-2 —_1)m ] N 1
n Z (-1 (a )xa—mAl ‘\_ _ Pm+1(—x‘)
moy Mt 1 Am—1 i<k d d
11
__Z__ZE a+1P ( ) C(Z)x
( )+1

x
—_ 0 {a—3)/2 > 3’
a i<k d (d) 0 » @2

i) x Y a"n(t") _y L)
- RS rETEE) Ya+ 1) x*~1+?
s (~l)m (a_t)x“"“"" vl P,,,“(—Z—>

C a—m
m—1 iz d

2%
<aB_“t’fl [ _1+1])C() x4 et g )
L epT 1

X

/ P —

Ta—ri2 ik d‘ ! “"“(d)
+0(xa/2—t+l/2)’ 3<t<a.

Proof. The proof uses the corollary to Lemma 19, together with Lemma
7 and Theorem 2.

THEOREM 8.
O a(n) C(Z)x—ilo x—Y __P (i) —L(lo 2+ y)
n‘Zx B 2 J L(‘ d d 5 g b

—— > dp, (d)+0( x~V2);

X 4k

@ 32 g

n<x
1 a 1 x
_ \1 1) a-r P _)
b e (0)e S et (]

a 1<r<a
—— N 44p (i)~—1—logx+0(x“/2*1)
x ;zk "\d 12 ’
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i) Y “(”) _1 {a+1)x"=*!

nex r+1

a-t+1 _
+ 1 Y‘ (_l)r(a t+1>xa—t+l—r
a—t+1 7 r

1 X 1 X
xS 1 _p (Z)\-L 5 gep, (X
dek dertr (d) x' iz 1(d>

<
1 1
(e B ) )0
+ O(x*71), 2<t<a;
on defining E° (x) by
a o(n)
E%(x)= > C(2)x—+——logx, a=t=1
icx N 2
1
= n};x 01;1(7) B fla+ 1) xo—t+! otherwise
we have
(iv) > EL 1(n)=~(C(2)—10g 2n—y)x
n<x
11 X 1 x
g o) 5l
2 x o \d) 2 &Z0%0\d
_4 1
- logx

~(7-P0) & %Pl () +ow

x 1 1
\) L EL (u) du=——2—(108 2n+y)x— 7? p) d2P2<%)
d<k

- — P, o(1
7 2.7 () +ow:
I 2 ()= L3 —sznogx+x§7 (%)

7 1
—x (g by M+ U P

217
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o) Kan ()

11 x
% o z(d £ O(/%)

71
—y+24
<2+12er )

(viii) N E“_l(n)=L—1—C(a+ 1) x*

n<x 2 a
I S (“—1) amm
= m+1 \m—1
Al 1 X
X dn\?nk da—m Pm+l <d)

en” am
_C(a+1) vl m+ 1 (m> Py (x) x

; (%—P (x))ia\‘l - (m) goom

< 1 ¥
X = —ari=m Pu {7

_LL Y“ d**1p, <i

0 (aAl)/Z,
2 x i d) Ol )

fora>3

(ix) ijil(u)du;f b (a—l)xafm
1 —

=,om+1 \m—1

1 x
NN p r
X dgk da m m+1 (d

pa—

1
2

__1_ Y‘ a+1 P (_ﬁ) + O(x(“‘”/z);
X 2“ d
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0 3 ELwdi= 5 QO i) s+ ylopx+ Y -y (5)

n<x d<k d

“lzore) 57 ()

S

(@ P
1
- 3@+ P L)

1
AQFE —1/2
xz?dP(d)+0(x )

() [ B @du=—0@)x+rlogxt Y P P (3)

<k d

+<Al+%y+—;—C(3)) %Zd%( 2

+0(x™);
. 1 1
(xii) > E“_z(u)du-:? p— fa+1)x*!
n<x
+ a\;Z (_l)m <a—2>xa_m_1
amym+1 \m—1
1 X
N P -
xdgkdam m+l(d)

Cw+1)v Ehm<a~l)

a moy m+1 m

X Py q(x) x277 71

_LL a+1 __x_ Ba-—l
Y g m(d)-a_laax
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a+1
LD L

X
- 0 a—13)/2 ,
a d<k d < d) Ok )

a> 3,

(xiii) J E o wdu= S D" (;:Zl)xa_ml

,,,lm—l

- 1 X
Y - p *
11
Lix wp<) b

2 xt i<k

( 1)a+1
a i d

( ) + O(x'9=V7),
az3,

1
(xiv) > E? (n)=
= ! t+1

ale (—l)m (a_t)xa—l+lfm

—, m+1 \m—1

- 1 X
XN ——p =z
d<k da m fm+1 (d )

a—‘tjl (_l)m
a+1
a—t+1 C( t ) rr:l m+1

<a—t+1
X

C(a l)xaft+1

M L

+ (%—P&x)) a—_%—l

+41
xav (=n" (a_[+l)xa—t+l—m
- m

m=1
1 x
NN p (2
Xd<k da+1m m(d)
1 3
__‘ TR (d)

2 x
(a—attrl [a——;ﬁ-l]) Ok
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(_l)a—t+1 v l (x>
P e
a—t+2 fZod T \d

Ba t+2

+a_t+2at 1)

Ba 142
tasiiha—rrp @ty

~(z-re) (25
+ [-{;};—1]) 0

+0(xa/2—t+1/2), 3 <t<a;

a—t+1
PV

t+1
(xv) E" [(u)ydu= Pl a—t+ xe-trt-m
a—t+1

X

x <i>
d<k da+l m m d
__1__1_ N getip, (f_)

2xd<k d

- (P [ w0

_1ya—t+1
( 1) 2 tl—l Pa~t+2(i)
a—t+2 ;5 d d

+

Ba t+2
t—
+ —t+2 « D

1
T E— T Da-1+2)

{a+1)
+ O(Xa/Z-HI/Z), 3 < t<a.

Proof. Parts (i) — (iii) follow easily from the corollary to Lemma 19,
Theorem 2, and Lemma 7. Parts (iv)-(xv) follow directly from Theorem 4
and Lemma 20.

The following “back-track” method has proven very useful in dealing with
negative integers f.
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THEOREM 9. Let t be an arbitrary real number, and [ any numerical
Junction. Let g, and E, be such that Y, . n'f(n) = g,(x) + E(x). Then we
have

gt(n) Y‘ gt(n) + ‘* Et(n) _ Y‘ Et(n)

n%; t {f( ) n<x n ngx n (n + 1) n<x nz ;?} nz(n+ 1)
P,
Ty})ﬁ (80)+ B+ (800 +EG). (1)
n=f(m) = Y n'f(n)
ngx n<x
_ o &ln) -~ &(n) E,(n)
T ey TR
xS B vy )
If in addition the series
& En & E,(n) & gt(n)
ngl n ng nz(n_+_ 1)’ and nS:'l ”2(n+ 1)

all converge, and if (1/x*%) > n<x E[n) approaches 0 as x approaches oo,
then we have

— gn) g/(n) G(n)
2= =t 2 m—zgxm

n<x ngx n>x
G,(n) G«  Efn
- ; P A (Y LR i s
Pix)—3 i 1
T T B FE@) () +EG). (1)
n'=Y(m)y— > n'f(n)
n<x ngx
. g,(n) g(n) ~ Gn)
S L e KR w1
G,(n) xG(x) E(n)
e e+ 1)2 PR T A T D
Ak YOS Sy (19)

[x] +1
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where K, is the sum of the three series, and G,(x) is defined by

Gx)= Y E(n).

n<x
Proof. On putting g(x) = 1/x and h(x) = x'f(x) in Lemma 17, we have
g&(m) +E(n)  g(x)+E,x)

IO ED) 20
e S () = nn+1) [x] +1 (20)
The result follows on noting that
1 1 1 1 1 Px)—3
nn+1) n* n*(n+1)° x]+1 x  x(x]+1)°
and using Lemma 17 again, with g(x) = 1/x%, to get
E (n) 1 1 G,(x)
Al - 2 t )
Nl T vy S
THEOREM 10.
1
D M:—logzxwLZ)ilogx+c_1 _2 S ap, (i) +0 (i) ,
a<x N 2 X ik d x

1 1
> E (ny=—log’x+ylogx+d_, —— Y dpP, (i)
n<x 4 X d<k d

+2x Z Zd<ﬁnipz(n/d) ¥ O(x—l/z)’

n>x
X 1 X
L E_(Wdu=e_, - dgk dP2<7)

2d \/;sz(n/d)
s Zocurd

n>x

+ 2x

+ O0(x~%),

where c_,,d_,, e_,, and E_,(x) are defined by
cL=2+y—l+e +k,

1 1

d-—1=c~1_7A “2)"40“‘4"

3

= —2 —_
€_, (G V+ 4 ’

d 1

E (x)=Y _.(nn_)- (710g2x+210gx+cv,>,

n<x
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and A' and A, are the constants in the Euler-MacLaurin expansions of
Yncxloginand ¥, logn.
Proof. The proof is based on Theorems 7 and 9.

Note 1. It is almost certainly true that

2x Z Zd<\/;ndsP2(n/d) — 0(x~ 7).

n>x
Hence this term would vanish in the statement of Theorem 10.

Note 2. Chowla and Walum [3] have proved

Y ap, <%) = O(x"). (22)
d<k

This implies the following corollary.

COROLLARY.

E E_(ny=4log’x+ylogx+d_, +0(x~'%),

n<x

X

| EL=e,+0G1)

where
d_y=c_—34' =294, —3,

9_12041—2y+%,

and A’ and A, are the constants in the Euler-MacLaurin expansions of
Pncxloginand 3, logn.

THEOREM 11. Let t be an integer, t > 2. Then

d(n) 1 logx 1 1 1
N 2L ) — — _)
—= n &0 t—1 x'"! t—1<2y+z—1) x!

n<x
2 X 1
_Eivop (X o(—),
xl d?k l(d>+ xt
1 log x
2(t—1) x!

1 1 1 1
S 2(—1) (2y+t— 1) xt-1 +0<x“3“>’

X 1
J'l E_,(u)du= Vt+0 (Fﬁ>,
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where T,, V,, and E _(x) are defined by
=) -2k,
=) =2y =3y —c; — ks
T,=00 -0~ 1)~ —— (2 + =) d— )~ ==~ )
’_ t—l(y t—l) t—1 ’
123,
2y + : ! t>3
()’ '—[—+t—':i')5 = I

V=00 =0 =D+ s
v o

1 logx 1 1 1
n' (C Ok x“‘—t—1<2y+tTf)_—>’

where k, is the constant defined in Theorem 9 and c, is the constant in the
Euler-MacLaurin expansion of ), ., (log n)/n.

E_[(x)= )},

n<x

Proof. The result is obtained by using Theorem 9 to handle the case
t=2 and then using induction on ¢; the details require about eight pages of
manipulations.

Note. As with the previous theorem, it is probably true that

1 log x
N E =T, —————=
2 Edm=T=ar—y 5=
1 1 1
T3—1D (2y+t——1) X

1

w2 (7)ol
LXE_,(u)du=V,—x—Z dP, (d)+o< ,lm)

THEOREM 12. Let ¢t be an integer, t > 3. Then

cr(n) : : :
Ex ={(2)logx+ (L2)y+{'(2))— . Zk FPI <7>

11 1
.__.___Y‘ P,
+2x kad (d)+0(x )’

| 1
Z E‘_z(n)=7(C(2)+ 1)log x + W2+0(x3/4)’

ngx

x 1 |
J; El_z(u)du=710gx+ Y2+ 0 <W>,
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o o 1oL
Y =) -2 7

n<x
1 1 X 1 1
_ \ Sy . I s
=l =d 1<d>+ 2 —1) x'!

x
1
X

| 1
P dPy (d)+0( = ,) t>3,
<k
1
S L=, ( @) =
,Zx t( t 2(t__1)
|

X 1 1 1
1 froeny i
J, E-(wydu=1, 20— 1)t —2) x'? +0 (x‘“”“)’

where W,, Y,, and E' ,(x) are defined by

-2 T 20-2)

W, = % (log 27— {(2) log 21+ 7 + 20(2) v + 1 + 20'(2)),

W,=1{(3){2) - 2) - {'(2)
1
w,=0 -1 —-Le—1—-2)+ t_—ZC(2) {e—2),
Y,= % (log 27+ y +2¢(2) y + 1 + 20'(2) — 24(2)),

Y,=003)82)-c2) -2y —¢(2)

1
Y¢=C(t)§(t"1)_C(t”l)c(t_2)+m<:(2),
Em= Y 2%
n<x
EL,(x)=n.<x "’(1”) ((t)C(t——l)-——C(2) — 2), 1> 3.

124,

t >4,

Progf. The proof is similar to that of Theorem 11, and uses the results

S -1, i3,

=on

1 X X
— N g*p —) P <——> = O(x'").
X = 2 <d + dg_‘k 2 {7 (x*7)
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For the first, see Hardy and Wright {6, Theorem 290]. The second follows
from our Theorem 6, together with the result of Segal [8] that

N (a(n) - ﬁ?—n2 ) = %(C(Z) — 1) x4+ 0(x**).

n<x
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