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1. Introduction

For positive integers M, N and ¢ and an arbitrary integer c, we denote
AM,N;q,0)=#{1<m<M, 1<n<N: m? —nzsc(modq)}.
We also put Ag(q, c) = A(q, q; q,c) and define
A(M, N; g,¢) = |A(M, N; g, ¢) - %Ao(q,c) :
It has been shown by Heath-Brown [2, Lemma 3] that the bound
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q
Y AN, N; g, 0 < g, (1)

c=1

holds for N < g%/3, where

r= 1_[ p*r

p=2orap>1

and

q=]]p*

plq

is the prime number factorisation of q. The estimate (1) is a part of the approach of [2] to the pair
correlation problem for the fractional parts of the quadratic function ak?, k=1, 2, ..., with a real a.

Here we use a different method that leads to an estimate which improves and generalises (1) for
most of the values of the parameters M and N. However, in the case of M, N = q?/3t°() which is
apparently necessary in the applications to the pair correlation problem both bounds are of essentially
the same type (except for the extra factor of r3 in (1), which, however, is small for a “typical” q).

On the other hand, studying the distribution of solutions to the congruence m? —n? =c¢ (mod q),
in particular, estimating A(M, N; g, ¢) individually and on average, is of independent interest.

Since there does not seem to be any immediate implications of our estimate for the pair correlation
problem, we present it only in the case of odd q. For even g, one can easily obtain a similar result at
the cost of some minor technical changes.

Theorem 1. For any odd q > 1 and positive integers M, N < q, we have
q
D AM,N;q,0? < (M+N)?g° .
c=1
2. Preliminaries
As usual, we use @(k) to denote the Euler function and (k) to denote the divisor function.

Lemma 2. If q is odd and gcd(c, q) = d then

Ao(g,0) =) fe(/f).
fid

Proof. As in [2, Section 3] we note that if an odd g then Ag(q, ¢) is equal to the number of solutions
to the congruence

uv=c (modq), 1<u,v<q.

Now, for every divisor f|d we collect together the solutions (u, v) with gcd(u, q) = f. Writing u = fw
with 1< w <q/f and gcd(w,q/f) =1, we see that uw =c/f (mod q/f). Thus, for each of the
©(q/ f) possible values for w, the corresponding value of u is uniquely defined modulo q/f and thus
u takes f distinct values in the range 1<u<q. O

We also need the following well-known consequence of the sieve of Eratosthenes.
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Lemma 3. For any real numbers W and Z > 1 and an integer s > 1, we have

o= #9740 (z(s).
W<k<W+Z 5
ged(k,s)=1

Proof. Using the inclusion-exclusion principle we write

RTINS

W <k<W+Z dls W <k<W+2Z
ged(k,s)=1 dlk

where wu(d) is the Mobius function, see [1, Section 16.3]. Therefore,

Y= w@d(z/d+0M) = ZM() (T(s).

W<k<W+Z d|s d|s
gcd(k,s)=1

Recalling that

Zﬂ(d)_&
d s

d|s
see [1, Eq. (16.3.1)], we obtain the desired result. O
Using partial summation, we derive from Lemma 3:

Corollary 4. For any real numbers W and Z > 1 and an integer s > 1, we have

S k= (pz(S)Z(W—i-Z)—i-O((W—i-Z)T(s))

W<k<W+Z
ged(k,s)=1

Finally, we recall the bound
7 (k) = k°D,
see [1, Theorem 317].

3. Products in residue classes

1107

Here we present our main technical tool. Assume that for an integer s we are given two sequences

of nonnegative real numbers

Y={Yuly—y and Z=({Zu},

u=1-

We denote by T(X, ), Z;s,a) the number of solutions to the congruence

uv=a (mods), 2<u<X, ged(u,s) =1, Zy<v<
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The following result is an immediate generalisation of [4, Theorem 1], which corresponds to the
constant values of the form Y, =Y and Z, = Z + 1 for some integers Y and Z.

Lemma 5. Assume that

max Y, =Y.
2<u<X
Then
s 1 2
DTX Y. Zis— - Y Y| XX 4V
a=1 s 2<ugX
ged(u,s)=1

Proof. We recall that by [3, Bound (8.6)], for 2 < u < X we have

D esry) <min{Yy,s/|r|} < min{Y,s/|r|},
Zu<v<Zy+Yy

which holds for any integer with 0 < |r| < s/2. Now the proof of [4, Theorem 1] extends to this more
general case without any changes. O

4. Proof of Theorem 1
Without loss of generality we may assume that
M >N. (3)

Using the variables x=m +n and y =m —n we see that A(M, N; q, ¢) is equal to the number of
solutions to the congruence

xy=c (mod q), (4)
where
2<x+y<2M, 2<x—y<2N, y=x (mod?2). (5)

Putting ¥y =0 if x=0 (mod 2) and ¥ = 1, otherwise, and writing y = ¢, + 2v, we see that (4)
and (5) are equivalent to

X(Ox+2v)=c (modq), 2<x<X, Ly<v Uy, (6)

where X =M + N and

X+ x—1
Ly=max{1— + X, XN ,
2 2
— 0
Ux:min{1+xz X,M—X—; "}. 7)
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We note that it is enough to prove that for every d|q we have

q
Y. AM,N;q,0* <M*qD. (®)

c=1
ged(c,q)=d

Now, assume that gcd(c,q) =d.

For every divisor f|d, we collect together the solutions to (6) with gcd(x,q) = f and denote the
number of such solutions by B(M, N; g, c, f).

In particular, if gcd(c,q) =d then we have

A(M,N;q,c)= B(M,N:q,c, f).
fld

Hence, using Lemma 2, the Cauchy inequality and the bound (2), we derive

MNfoa@/f) |

AM.N:q.0? <q*V )~ .

fld

To estimate B(M, N, q,c, f), writing x = fu with gcd(u,q/f) =1, and taking into account that
since q is odd, we have ¥, = %, we see that B(M, N; q,c, f) is equal to the number of solutions to
the congruence

u(y +2v)=cy (modqy), (10)
where
2<u< Xy, gadu,qp)=1, L <v<Ugpy,
and
ce=c/f,  ar=aq/f, Xp=IX/f]
We now rewrite (10) as u(2~ 19y + v) 52*16f (mod qy). Defining h¢ , by the conditions
th,uEﬁu (mOde), Oéhf,u <qf,
we see that
B(M,N:q.c, f)=T(Xs, V5. Z5:q5,2 cp), (11)

where T(X,), Z;s,a) is defined in Section 3 and with the sequences Yy = {Yf,u}zle and Zy =
(Z5 uly_y given by

Ziy=hgy+Ls and Yy, =Ufs —Lyy.
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In order to apply Lemma 5 we need to evaluate the main term

Xs
1
Wi=— > Up—Lp).
qf u=2
ged(u,qp)=1

Recalling the condition (3) and the definition (7), we see that

fu+0(Q), ifu <Ny,
Ufy —Lfy = N+ 0(1), if Np <u< My,
N+M-— fu+0(Q), ifo<u<Xf,

where

My =[M/f1 and Njy=[N/f].

Thus, using Lemma 3 and Corollary 4, we derive

f N
Wy=- > u+ - Yoo
f USNf f Nf<u<Mf
ged(u,qy)=1 ged(u,qp)=1

M+N f B
+ dYooo1-=— > u+0(Xq;")
qf Ny<ugMy qf Myp<u<Xy
ged(u,qp)=1 ged(u,qp)=1
_felyp)

Np(qr)
a N2 4 (quf
qay qay
M+ N)pqr)
+——
q
f

(My—Ny)

for)

Zq?

(Xf—My) — (x}—M})+o(qu;11(qf)).

Thus recalling the values of qf, My, Ny and Xy, the assumption (3) and using (2), we see that

_ fN*0@y) | FN(M—N)p(qy)
- 2 + 2
2q q
LIV 2N)<p<qf> _FNE@M - 21\1)90((1 Do
q 2q

Wy

(Mg~ 'z ()

MN
- fi‘fw) +0(Mg~1+oM),
q
Thus, by the Cauchy inequality we have

MNfo(q/f)
2

B(M,N;q.c, f) — < |B(M, N;q,c, f) — W;|* + 0 (M?q=2+oM).
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Therefore, we derive from (9) that

AM,N;q,0% <q°D S [BM, N;q,c, f) — W [* + 0 (Mg 200,

fld
Hence,
d q
Z A(M,N;q,C)2< Z Z|B(M’N;q’c’ f)_Wf‘2+O(M2q_1+D(]))
c=1 =1 1d
ged(c,q)=d ged(c,q)=d
q
S Z Z |B(M, N;q,c, f) — Wf|2 + o(qu—1+o(1))
fld c=1
fle
as
< Z Z |B(M,N;q, fcg, f) - Wf|2 +0(M2g 1),
f\d Cf=1

Recalling (11) and applying Lemma 5, we obtain (8) and conclude the proof.
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