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1. Introduction

In recent years there has been considerable interest in the prob-
lem of the stability of the Standard Model (SM) ground state. Due
to the sizable negative contribution to the B function of the Higgs
self-coupling induced by top-quark loops, the usual electroweak
vacuum |0), characterized by (0|h|0) = v ~ 246 GeV, may not be
the absolute minimum of the scalar potential. In this case the true
minimum of the theory is located at much larger energy scales
and, in the absence of New Physics (NP) modifying the effective
Higgs potential, the electroweak vacuum is unstable. The param-
eter space of the SM (with particular reference to the top-quark
mass, m¢, and the Higgs-boson mass, my, which are the most
relevant parameters) is thus naturally divided into three regions:
stability, instability, and metastability. The stability region is the
one where the electroweak vacuum is the absolute minimum of
the potential. The instability and metastability regions are those
where a new deeper minimum exists, with the metastability re-
gion being characterized by a lifetime of the unstable electroweak
vacuum larger than the age of the Universe. More precisely, the in-
stability/mestastability boundary is determined by the decay prob-
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ability of the electroweak vacuum under quantum tunnelling, that
sets a model-independent upper bound on the lifetime of the
unstable vacuum irrespective of the thermal history of the Uni-
verse.

A precise determination of the boundaries of these three re-
gions has recently been presented in Refs. [1,2] (see also [3-5]).
As a result of these recent analyses, the present experimental val-
ues of m and m; lie in the metastability region of the SM param-
eter space. This finding holds only within the SM; however, it has
an important consequence for beyond-the-SM searches: it implies
that there is no need to invoke the presence of NP in order to sta-
bilize the SM electroweak vacuum.

The validity of the analysis in Refs. [1,2] and the corresponding
conclusions has been questioned in a series of recent papers [6-9].
There, it has been shown that non-standard physics modifying the
shape of the Higgs potential at energy scales of the order of the
Planck mass can sizeably affect the tunnelling rate of the elec-
troweak vacuum. This observation is correct. However, as we dis-
cuss in the following, it does not invalidate the interest and the
main conclusions of the analyses based on the SM potential.

In this paper we present a critical re-analysis of the problem
of the SM vacuum stability. Our purpose is to clarify the assump-
tions and approximations employed in the evaluation of the SM
tunnelling rate, with particular attention to those that have been
often overlooked or implicitly adopted in the existing literature.
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2. The tunnelling rate within the SM

We begin by reviewing the standard formalism, originally
worked out by Coleman and Callan [10,11], which allows one to
compute the probability per unit time (or, equivalently, the life-
time) of a false ground state to a true ground state in quantum
field theory. In the semiclassical approximation, the decay proba-
bility per unit time of the electroweak ground state is given by [12]

i S[h
'~ Fe , (1)

where 7y is the age of the Universe,

S[h] :/d“x [%aﬂhaﬂh + V(h)] (2)

is the euclidean action of the theory, computed for a specific solu-
tion h of the euclidean field equation for the scalar field which is
usually called the bounce, and R is a dimensional factor associated
with the size of the bounce. The bounce field configuration is such
that it is equal to the false vacuum configuration h = v at infinite
euclidean time 7, and completes barrier penetration at T =0.

A known result, conjectured by Coleman and subsequently
proved by Coleman himself, Glaser and Martin [13], guarantees
that the bounce solution of minimum action is invariant under
four-dimensional rotations in euclidean spacetime, that is

h=h@); rP=Rx>*+12 3)
Hence,

lim h(r) =v. (4)
r— 00

By requiring that the solution is non-singular at the origin, we also
have

dh(r)
dr r=0

=0. (5)

Eq. (1) gives the leading contribution to the tunnelling rate in the
semiclassical limit, that is, it only includes exponentially enhanced
terms in the limit i — 0. In particular, the overall normalization
can only be determined by including the first quantum correc-
tions [12].

We observe that the bounce is the unique solution of a suitably
defined Cauchy problem. Indeed, under the assumption that the
bounce is O (4)-invariant, the field equation for the bounce is

3
h"(r) = —;h'(r) +V'(h), (6)

where V (h) is the scalar potential, and primes denote differen-
tiation with respect to the functional argument. A set of initial
conditions

h(ro) = ho; W (ro) = h, (7)

given at any finite value rg # 0, defines a Cauchy problem, which
has a unique solution in a neighbourhood of rg, as a consequence
of known results in real analysis. Since r = 0 is the only singu-
lar point in the r.h.s. of Eq. (6), ro can be taken to be arbitrarily
large. However, the unique solution is not necessarily well defined
at r = 0, because of the singularity in the rh.s. of Eq. (6), nor
at r — oo, because the existence and unicity theorem has a lo-
cal meaning. Thus, for a generic choice of the initial conditions
at r =rg, the boundary conditions Eqs. (4), (5), are not neces-
sarily fulfilled. Conversely, the requirement that Eqs. (4), (5) are
fulfilled by the bounce selects a set of allowed initial conditions

at an intermediate point ro. Depending on the shape of the poten-
tial, it is possible to have multiple bounce solutions (with different
initial values hg and hi) which satisfy the boundary conditions in
Egs. (4), (5).

2.1. Decay of the SM vacuum in the semiclassical approximation

The case of the pure SM is especially interesting. In this case,
the value of the true vacuum is typically very large with respect
to the electroweak scale v ~ 246 GeV, so one usually takes v = 0.
Thus

rl_i)n;oh(r) =0. (8)

The validity of this approximation is discussed below in Sect. 2.5.
The scalar potential in the unstable region is therefore

Vh) = %Ah‘l, 9)

where we neglect the logarithmic running of A and take it as
a negative constant. This approximation is reviewed in Sect. 2.2.
Then Eq. (6) takes the form

n'(r) + %h’(r) =AR3(). (10)

Eq. (10) is invariant under scale transformations: if h(r) is a solu-
tion, then

hq(r) = ah(ar) (11)

is also a solution, for any choice of the scale factor a. Indeed
" 3 / 3 " 3 1
hy(r) + ?ha(r) =a’ [h"(ar) + Eh (ar)

= ra*h3(ar) = Ah3(r). (12)

Obviously, the scaled solution hg(r) has the same limiting behav-
iors Egs. (4), (5) as the original one, but different initial conditions
at r =rg. Otherwise stated, the boundary conditions do not fix the
overall normalization of the bounce solution.

As is well known, a solution of Eq. (10) with the boundary con-
ditions (4), (5) is given by the Fubini-Lipatov instanton [14,15]

[ 8 R
h(r) = mRZ—~|—r2’ (13)

for any value of R and A < 0 (note that h(R) = h(0)/2: this will
be our definition of the size of the bounce throughout the paper).
It should be clear from the above discussion that the presence of
the arbitrary parameter R is just a reflection of the scale invariance
of the equation, and not a signal of non-unicity of the solution;
indeed, the scaling defined in Eq. (11) amounts to replacing R with
R/a in Eq. (13). h(r) is the unique solution of Eq. (6) with initial

conditions in ro
8 2Rr
hy=— |, (14)
Al (R? +12)2

L _ |8 R
TV IR +12

which obey the constraints (4), (5).

The SM bounce Eq. (13) can be found by the following proce-
dure (see e.g. Ref. [16] for an alternative derivation). Let us assume
that a solution of Eq. (10) exists, with a Taylor expansion around
r=0:

hry=Yy_ A (15)
k=0
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with Ap > 0. Eq. (10) takes the form

00 k k—i
+Z<I<+2)<I<+4)Ak+zr =a) YD AiAjAij.
k=0 i=0 j=0
(16)
It follows that
A1 =0. (17)

Thus, the condition that the first derivative of the bounce at r =0
vanishes is a consequence of the assumption Eq. (15). The remain-
ing coefficients are given by the recurrence relation

k k—i

A
A = AiAiA_i_i. 18
k+2 (k+2)(k+4)§j§o iAjAk—i_j (18)

The coefficients A, with k odd are zero: indeed, when k is odd,
one out of the three summation indices i, j, k —i — j is also odd
(possibly all of them). Hence A1 =0 implies A3 =0, and so on.
Thus, we may rewrite Eq. (15) as

o0
h( =Y ar;
k=0

and the recurrence relation for the coefficients becomes

ax = Ak, (19)

A 2 k k—i
S S— i 20
Qi1 8(k+l)(k+2)§j§0a'aﬂk i) (20)

The coefficients a; are determined by the single number ag, the
value of the bounce at the origin. We now show that

A
aj= (_) altt. (21)
8
The proof is by induction. For k =0 Eq. (20) gives
A 3
a; = —a 22
1= 38 0- ( )

We now assume that Eq. (21) holds for 0 < j <k. Then

k k—i

A 2
A k k—i
_ - = 2k+3
8(,<+1><k+2)22( )
k+1
— <%> aék+3 (23)

which is what we set out to prove. The Taylor expansion in Eq. (19)
can now be summed. We find

a2kp2k — o
hm—aoZ( ) ‘ W. (24)

The series has convergence radius

8 1
R= [——, (25)
|| ao

but if A is negative the sum can be analytically continued to the
whole positive real axis, and vanishes as r — oo. Finally, we note
that for A < 0 the bounce in Eq. (24) coincides with the solution

given in Eq. (13), with R as in Eq. (25). The above construction
shows that, given the value of the bounce at the origin and the
requirement of regularity on the range 0 < r < oo, the solution is
unique.

The value of the euclidean action S[h] of the bounce solutions
Eq. (13) is

82

Sthl= ETTR (26)
independently of the value of R. This is not surprising, because
the action is dimensionless in natural units, and no dimensionfull
scale parameter is available other than R. Hence, there is no way
to single out one preferred value of R at the semiclassical level.
However, R is related to the value of the bounce at r =0:

81
h( 27
=77 27)

and since the bounce solution only exists for A < 0, we expect that

1

— > Aj, 28
R I (28)
where A; ~ 100 GeV is the energy scale at which the running
coupling A() becomes negative. This is an a posteriori confirma-
tion that neglecting the electroweak scale, of order 102 GeV, with
respect to the size of the bounce is indeed a reliable approxima-
tion.

2.2. Violation of scale invariance through radiative corrections

The first quantum corrections, computed in Ref. [12], affect the
semiclassical result in two respects: they fix the normalization in
Eq. (1), and they take into account the running of the Higgs cou-
pling A." As a consequence, the tunnelling decay rate is dominated
by the bounce with the maximum value of |A(w)| ~ |A(1/Rsm)|.
For the central values of the SM parameters the scale 1/Rgy turns
out to be a couple of order of magnitudes below the Planck mass
Mp =122 x 10" GeV.

Schematically, one expands the euclidean action around the
tree-level bounce solution

- 1 -
Sth -+ R~ S[hl + / dx S"[h] 2, (29)
and integrates over the fluctuations h:

\/‘D[Fl]eis[hJ’»Fl] ~e~

In the treatment of the functional determinant there are two
main aspects which eventually lead to the appearance of the scale
i~ 1/Rsy in the calculation: i) ultraviolet (UV) divergences of
the non-zero modes of S”[h], responsible for the introduction of a
renormalization scale y and ii) the treatment of the zero modes of
S”[h], which have to be singled out and treated separately in or-
der to avoid unphysical divergences. The existence of zero modes is
simply a reflection of the fact that the classical action is invariant
under a larger class of symmetries which are broken by the ex-
plicit solution of the tree-level bounce (e.g. in the case of Eq. (13)
these are translations in O (4) and scale transformations). The sym-
metries of the action are hence restored only if one considers the

S (det 5" [h]) 2 . (30)

T For some earlier works discussing the breaking of scale invariance due to the
running of A in the context of the SM-vacuum tunnelling calculation see also
Refs. [17,18].
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family of all bounce solutions as a whole. This defines a measure of
integration (the instanton measure di,se [19]) over the so-called
collective coordinates, parametrizing the families of bounces with
different sizes (R) and located anywhere in euclidean spacetime

(x0)
dRd*xg 872 AS 31)
5P [_3 /Rl } (

where A(1/R) is the renormalized coupling at the scale 1/R,
AS=0 (giz/A) (with i running over the SM couplings) comes from
the inclusion of the non-zero modes and contains finite terms plus
logs which are minimized by the choice ;& ~ 1/R [12]. The tun-
nelling probability is therefore obtained by integrating over the
collective coordinates

—/d ; ~r4/dR ex 8 AS (32)
p= Minst U RS p 3.(1/R)| )

where the integral is extended to the range where A(1/R) <0,
where a bounce exists.

By expanding A(1/R) < 0 around its minimal value located at
R =Rsm

dfLinst ~

1
A(1/R) ~ A(1/Rsm) + 5)\”(1/RSM)(1/R —1/Rsw)?, (33)

we can approximate the integral by the method of the steepest

descent
st )
p|l——— — AS
3|A(1/Rsm)|

T 82
~ TU exp [—7} , (34)
Ry 31A(1/Rsm)|
where in the last step we have neglected the subleading pre-
exponential factors (including AS), and we have set A”(1/Rsm) ~
RgM on dimensional grounds.

The result Eq. (34) provides the standard approximation which
is usually employed in order to estimate the lifetime of the elec-
troweak vacuum. Nonetheless, it is interesting to compare it with
a more direct calculation obtained via the renormalization group
(RG) improved effective potential

Ty | 3x2(1/Rsm) o
R3, V 4727 (1/Rsm)

1 1
Vefr = Z)»eff(h)h4 ~ Zk(h)h‘l, (35)

where, as in Eq. (9), we neglected the mass term and in the last
step we have approximated the effective quartic coupling Aeg with
the MS renormalized coupling A evaluated at p = h. The scale am-
biguity of the tree-level bounce is now resolved by the leading
order effective potential which takes into account the dominant
radiative corrections. However, since it is not possible to find an
analytical solution for the bounce one has to resort to a numerical
analysis (see Appendix A for details). By applying our numerical
set-up” we obtain the bounces displayed in Fig. 1 where, for illus-
trative purposes, we considered the case where the running of A is
evaluated at one (1¢), two (2¢) and three (3¢) loops, respectively.
The corresponding bounce actions are found to be

STh, A(h) 141 =772.3, (36)
S[h, A(h)%*¢] = 1703.9, (37)
STh, »(h)3¢] = 1788.8. (38)

2 In this work we refer to arXiv v4 of [2] for the central values of the SM
couplings evaluated at the top-quark pole-mass scale. In particular, we take m; =
173.34 GeV and my = 125.15 GeV.

0.10

A(h)h*

200 400 600 800 1000
rmM P

Fig. 1. Bounce profiles for the potential in Eq. (35), where the running of A is evalu-
ated at one (black), two (blue) and three (red) loops, respectively. The adimensional
variables are normalized in terms of the Planck mass Mp. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

1.0
08l _ A(1/Rsm) h* ]
4
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= '==$55:§§ 2-loop
= 04} \:‘n.\ 3—loop ,
S
N \’\“\\
02f e ]
0.0 \ \ \ e
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rMp

Fig. 2. Same as in Fig. 1 for the SM tree-level potential with A(1/Rsy) a negative
constant.

On the other hand, we want to compare the latter case with the
standard method (cf. Eq. (34)) where A is evaluated at the scale
1/Rsm where 8, = dlgﬁ = 0. For our set of parameters, we get’
A(1/Rsm) 't = —0.03409,
A(1/Rsm)?¢ = —0.01546,
A(1/Rsm)>f = —0.01473,

1/Rity = 4.145 x 107 GeV;
1/R%, =2.768 x 107 GeV;
1/R3Y, = 2.769 x 10" GeV;

which yields the bounces displayed in Fig. 2. Correspondingly, the
bounce actions defined by

Sth. (1 Rsw)] = = (39)
3[A(1/Rsm)|

have the following values

S[h, A(1/Rsm) 1 =772.0, (40)

S[h, A(1/Rsm)%]1 = 1702.6, (41)

S[h, A(1/Rsm)>¢]1 = 1787 4. (42)

Although the profiles of the bounces in Fig. 1 and Fig. 2 look dif-
ferent, the bounce actions in Egs. (36)-(38) and Egs. (40)-(42) are
very similar.* In particular, Eq. (39) provides a lower bound on the
bounce action, since it is obtained by expanding A(1/R) around its
minimum.

3 By taking into account the 30 error bands of the most important SM pa-
rameters there is about one order of magnitude uncertainty on the scale where
B.=0[2].

4 This fact can be understood as follows: the bounces in Fig. 2 can be rescaled by
h(r) — ah(ar) in such a way that they almost superimpose with those in Fig. 1. The
corresponding change in the bounce action, induced by the rescaling Rspy — Rsm/a,
is small, because A varies very slowly around its minimum.
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To conclude, the good agreement between the two procedures
for the determination of the decay probability justifies the approx-
imation made in [12] of taking a constant A < O for the leading
order SM bounce. This was not completely obvious a priori, since
computing the bounce “does not commute” with the running of A.
Of course, the potential with running A in Eq. (35) only captures
log-enhanced corrections to the tunnelling rate, while a complete
one-loop calculation requires the determination of the SM action
functional around the leading order bounce configuration [12].

2.3. Gauge independence of the tunnelling rate

A question which is directly related to the calculation of quan-
tum corrections to the SM vacuum decay rate is that of gauge
invariance. Indeed, if one naively takes into account loop correc-
tions to the tunnelling rate by computing the bounce via the RG
improved effective potential in Eq. (35) the result will look gauge
dependent. The dependence on the gauge-fixing parameters in Ao
(e.g. in the Fermi gauge [20]) is two-fold: it originates from the
fixed-order expression of the effective potential, and from its run-
ning via the anomalous dimension of the field h.

From this point of view, gauge dependence (even if numerically
small) is a good thing, since is telling us that we are computing
something in the wrong way. As shown in Ref. [12], the divergent
corrections to the bounce action are formally gauge independent,
being directly related to the beta function of A. A crucial role in
order to achieve the cancellation of the gauge dependent parts
is played by the kinetic part of the effective action, which is ne-
glected altogether when dealing with the effective potential only.

More generally, the gauge independence of the tunnelling rate
directly follows from the Nielsen identity [21,22]

0Seft [ a4 OSefr
£ % _/d x6h(x)1<[h(x)], (43)

where & denotes the gauge-fixing parameter and K is a functional
of h whose expression depends on the gauge fixing.

The physical implication of Eq. (43) is clear: the effective action
is gauge independent when evaluated on a configuration which
extremizes it. Hence, the bounce action is formally gauge indepen-
dent as well.

The proof of the gauge independence of the tunnelling rate can
be carried out in perturbation theory by means of a loop expan-
sion of the Nielsen identity, along the lines of Ref. [23]. In practice,
however, the cancellation of the gauge dependent parts in an ex-
plicit calculation might require some care. As recently observed in
Refs. [24,25], the usual loop expansion is not the consistent one for
the SM, where A ~ fi (as in the original Coleman-Weinberg (CW)
model [26]) in order for the top-Yukawa corrections to destabilize
the tree-level electroweak vacuum. Consequently, such a modified
loop expansion must be properly taken into account in order to ob-
serve the gauge independence of the SM tunnelling rate in pertur-
bation theory. In particular, this entails the resummation of a par-
ticular class of daisy diagrams which (as observed in Ref. [27]) is
connected with the resummation of IR-divergent Goldstone loops
[28,29].

Finally, we notice that for CW-like potentials, where the abso-
lute minimum is radiatively generated (as in the SM), the standard
bounce formalism requires some modifications [30]. On the other
hand, given the fact that for the measured values of the SM pa-
rameters the lifetime of the electroweak vacuum turns out to be
much larger than the age of the Universe, precision calculations of
the SM tunnelling rate, although important, are not crucial at the
moment.

2.4. Tunnelling without barriers

The approximation of taking A a negative constant might still
appear rather odd, since it corresponds to a tunnelling process
from a potential of the type Ah* with no barriers and a maxi-
mum in h =0. It is well known, however, that the absence of a
barrier in the scalar potential is not necessarily a problem in field
theory, due to the presence of an extra barrier originated by the
gradient of the bounce [16]. In this Section we want to explicitly
check this statement in the case of the SM.

The tunnelling process in field theory has to be understood as
a transition between two spatial field configurations at different
euclidean times t; and 7y

lim h, ) =v;
o0

r m k& T =, (44)

where v denotes the false vacuum. The bounce action entering the
expression of the tunnelling probability in Eq. (1) can be recast in a
way that resembles the analogous one in quantum mechanics [16]

s
S[h]:fd‘r K(t)v/2U[h], (45)

where the factor

273
K(t) = [/ d3x (%) } (46)

yields the correct normalization of the path length, and
1/ 2 -
Ulh] :/d3x [5 (Vh(x,r)) +V(hE, r))] (47)

plays the role of the potential energy as in ordinary quantum me-
chanics.

It is an instructive exercise to verify the existence of an actual
barrier in the case of the SM potential with A < 0. For simplicity
(and in order to proceed analytically) we take the mass parame-
ter m =0 in the scalar potential. Starting from the O (4)-invariant
bounce solution Eq. (13), a straightforward calculation yields

3
1 /- 2 2x? 1 \?2
T[h]z/d3x— Vhx, 1)) =——|——=] . (48)
2( ) |A|R(1+;_§>
5 . 272 1 2
V[h]z/d xV(h(x,r)):—m — ] - (49)
]+F
and
2 L
K(t) = S S 50
(T) |)‘|R(1+r_2>% (50)
RZ

Following then the definitions in Eq. (47) and Eq. (45), we finally
get

3

272 1 \? 1
U[h]:%(—r2> [1— Tz}, (51)

[A] 1+ 42 1+
and

o0
872

S[h]:Z/drK(r) 2U[h] = 3 (52)

0

which reproduces the correct result for the SM bounce action.
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Fig. 3. Shapes of the gradient (T[h]) and potential (V[h]) barriers and their sum
(UTh]) as a function of %.

The three quantities T[h], V[h] and U[h] are plotted in Fig. 3.
Ulh] as a function of T can be interpreted as the potential en-
ergy along the path which minimizes the euclidean action. Thanks
to the positive gradient contribution T[h] we see that there is a
barrier even for A constant and negative. Notice the correct asymp-
totic behavior of U[h], which tends to zero as T — oo since h is
approaching the false vacuum v — 0. On the other hand, U[h] =0
for T = 0 corresponds to complete barrier penetration. Since the
point T = 0 coincides with t =0 (t = —it) the bounce solution can
be analytically continued in Minkowski space, so that the system
evolves towards the true minimum following the classical equation
of motion.

From the above discussion one can also draw another important
conclusion: the largest energy scale relevant for barrier penetration
is not that for which V =0 (i.e. the instability scale of the SM
effective potential), but rather the value of the bounce in its center
h(t =0) which corresponds to zero potential energy U.

2.5. Violation of scale invariance by mass terms

In the previous sections (as in most of the existing literature on
this subject) the lifetime of the metastable vacuum of the SM was
computed neglecting the mass term of the Higgs boson, on the ba-
sis that the electroweak scale, of order 102 GeV, is much smaller
than 1/R, where R is the typical size of the relevant bounce.
We now wish to discuss this approximation in some detail.

Let us consider the action

1 1 1
S[h] =/d4x [Eauhaﬂh + 5mzh2 + th“} : (53)

where m? > 0 and A < 0. It was pointed out long ago [31] that a
bounce in this case does not exist. The easiest way to see this is to
perform a scale transformation, defined in Eq. (11). We get

2
m
S[h] — S[ha] = S[h] + ¥ /d4xh2(x), (54)
a
which cannot be stationary upon scale transformations unless
h=0:

0S[hq]
da

= —m? / d*xh?(x). (55)
a=1

This phenomenon is well known in the context of studies of in-
stanton gauge field configurations.

Nevertheless, it is reasonable to think that, even in the presence
of a mass term, instanton configurations of the scalar fields should
exist, provided they are characterized by a length scale R such that
m < 1/R. Roughly speaking, such a solution of the field equation
is expected to be a function of r, approximately constant for r < R

and approximately zero for r > R. Furthermore, if no other mass
scale is available, the value of the bounce for r < R, h(0), is pro-
portional to 1/R for dimensional reasons. Hence, the characteristic
scale of h may be identified by the spacetime integral of a local
operator, function of h. For example,

R
/ d*xh" (x) ~ h"(0) / r3dr ~ R4, (56)
0

Based on these intuitive considerations, it is suggested in Ref. [31]
to perform a minimization of the action functional in which the
minimum configuration is constrained to be characterized by a
scale R much smaller than 1/m. The constraint is introduced by
means of a suitable Lagrange multiplier o, i.e. by adding to the
action a term

Sclhl=0o Ud“xO(h) —cR4’"] (57)

where O(h) is a local operator of mass dimension n # 4, for ex-
ample O(h) = h®, and ¢ a constant. It is shown that with this
modification an instanton appears, called a constrained instanton,
which differs from the bounce of the massless theory by powers of
m2R?, times possibly logs of mR. Thus, the corrections to the usu-
ally adopted approximation are indeed small, provided mR « 1.

The mechanism which restores the existence of a bounce in the
massive theory is illustrated in the Appendix of Ref. [31] for the
choice O(h) = h8. The key point is that the constraint Eq. (57),
with o > 0, has the effect of generating an absolute minimum (the
true vacuum) of the scalar potential, which would be unbounded
from below with 0 =0 and A < 0. Explicitly, the new scalar po-
tential

1 A
Ve(h) = Em2h2 + Zh“ +oh (58)

with A <0, m% > 0 has a local minimum at h =0, with V(0) =0,

and an absolute minimum at h ~ % (for m®0 <« 1). The pres-

ence of the constraining term locally restores the scale invariance
of the action:

ad
2a (Slhal + Sclhal)
a

= —mzfd4xh2(x) +20/d4xh6(x)
a=1

2co
=_m? / d*xh?(x) + R (59)
which is zero for
2p2
m<“R
0=— /d4xh2(x) ~ (MR)*R* <« R2. (60)

This issue is not directly relevant in the SM; indeed, as we have
seen in Sect. 2.2, scaling violation induced by radiative corrections
have the effect of selecting a bounce of size Rsy ~ 10~17 GeV .
Explicitly, with

V(h) = %A(h)h“ (61)
we have

d 1[4 4

T — f d*x B (Mh* (). (62)
da =1 4

and B, () is zero around g = 1/Rsm ~ 1017 GeV. As a conse-
quence, scale invariance is locally restored, and a bounce of size
R ~ Rsy is found. The effects of quadratic and cubic terms in the
potential are suppressed by powers of vRsm ~ 101 and can be



156 L. Di Luzio et al. / Physics Letters B 753 (2016) 150-160

safely neglected. Nevertheless, the simple example discussed above
shows that the explicit violation of scale invariance (for example,
by the introduction of non-renormalizable terms in the scalar po-
tential) may lead to complications in the calculation of the vacuum
tunnelling rate.

3. Violation of scale invariance by new interactions

We now turn to a discussion of the effects of SM extensions
characterized by the appearance of an explicit new energy scale in
the effective potential. Following Refs. [6-8], we describe the effect
of generic NP occurring at high-energy scales by introducing two
non-renormalizable terms in the scalar potential,

M6 p6 8
6M? 8M4
Assuming the new couplings (¢ s) to be of order one, the extra
terms affect the potential only for field values of order M. The
scalar potential in Eq. (63) should be understood just as a toy
model with no claim of being realistic. It is however sufficient in
order to highlight some basic features of the tunnelling rate in the
presence of new interactions. A more realistic expression of the
modified potential in presence of NP is obtained by considering a
full tower of higher-dimensional operators, namely

V(h) = }lxh“ + h8. (63)

A on

anmzal 4

1 1 ad
V(h) = =AsM2h% + —h*
(h) 7*2 +4 +,1z_;

where we have also inserted a mass term due to the presence
of a physical threshold at the scale M,” assuming that, by a suit-
able fine-tuning, the electroweak scale is kept at the correct phe-
nomenological value.

Most of the following discussion and results apply to the gen-
eral potential in Eq. (64), the key point being the explicit breaking
of scale invariance characterized by the scale M.° In principle, ef-
fective operators involving derivatives of the Higgs field should
also be included, since they influence the determination of the
bounce as well. By employing a suitable field redefinition, it can
be shown [32] that they can affect the bounce only when their
dimension d exceeds d = 6.

In Refs. [6-8] the mass scale M, required by the presence of
non-renormalizable terms, is taken to be of the order of the Planck
mass. Here we postpone for a while the choice of a definite value
for M, keeping the discussion on general terms. We will how-
ever be especially interested in the case M > 1/Rsy, since for
M < 1/Rsm the SM bounce gets trivially modified and the lifetime
of the electroweak vacuum can be any with respect to the SM case.

Because of the dependence on M of the effective potential, the
action is no longer scale invariant. Hence, the existence of a bounce
for generic choices of the new couplings Ay, is no longer guaran-
teed. For example, with all Ay, =0 except Ag the action can only
be stationary upon scale transformations if h = 0. We have indeed

rga?
S[h] = S[ha] = S[h] + ;W/d“xhﬁ(x), (65)
which implies
3S[h A
hal) _ —6/d4xh6(x). (66)
3 |, 3M2

5 We thank Ulrich Ellwanger for pointing out this effect to us.

6 The whole discussion applies as well to the case where such effective interac-
tions arise within an explicit renormalizable model with new degrees of freedom,
such as the one proposed in Ref. [9].

However, in analogy with the case of a mass term discussed in
Section 2.5, one may argue that a constrained instanton with
R > 1/M may still exist. Furthermore, if more non-renormalizable
couplings are different from zero (e.g. both A # 0 and Ag # 0),
the r.h.s. of Eq. (66) contains more terms. In such case one can
conceive the possibility that these terms compensate each other
(assuming some of the couplings have opposite signs) for instanton
solutions characterized by R ~ 1/M. On general grounds, we thus
expect two classes of instanton solutions (when they exist): those
characterized by R > 1/M and those characterized by R ~ 1/M.
With a generic potential of the type of Eq. (64), the field equa-
tion cannot be integrated analytically, and one has to adopt nu-
merical methods (which we are going to do below). However,
a somewhat deeper understanding of the tunnelling process in the
presence of NP can be achieved by making contact with the case
of the pure SM. To this purpose, it is useful to rewrite the modified
potential Eq. (64) in terms of an effective quartic coupling’:

1
V(h) = ermh)h‘*, (67)
with
20, M2 e
Aeff(h)zh—2+x+4zmh n—4, (68)
=3

where, unless otherwise specified, we take the quartic coupling A
to be at its minimal negative value (as in the SM case) and we
neglect the logarithmic running for the NP couplings, since their
are anyway unknown. Note that the coupling A, becomes active
only above threshold h > M.

If we were able to argue that the dominant contribution to the
bounce action is provided by taking the argument of Aq¢ at some
fixed value, then the action would be approximately given by the
SM expression Eq. (26), with A replaced by the appropriate value
of Aeff.

It can be seen that this is indeed the case by adopting the
approximation mentioned in Section 2.5, namely, to consider the
bounce as a finite-action, O (4)-invariant solution of the euclidean
field equation h(r), approximately constant for r < R and approxi-
mately zero for r > R. Let us first test this approximation in the
case of the SM with no mass term, where the exact result is
known. In this case, the constant value h(0) of the bounce for
0 <1 < R must be proportional to 1/(R+/[A]). The factor 1/R arises
for dimensional reasons. The factor 1/,/JA] can be understood by
writing the action as

1 1
Ssmlh] = /d4x [Ea“hauh + th“]

1 1 1
= /d4x [EBMH%H + A—}H‘*} (69)
where the bounce
H(x) = VAh(x) (70)

does not depend on A.
Within this approximation we get

Ssmlh] :27r2/drr3 [V(h) - %h(r)v/(h)]

0
2R4

%

1
[V (h(0)) — Eh(O)V/ (h(O))}

7 Note that this parametrization is not directly related to the effective potential.
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2R4
Ix|h*(0)

am?

=S

where a is a constant, and we have used the field equation in the
first equality. The correct value Ssy[h] = 8m2/(3|A|) is reproduced
for a? = 8/4/3 ~ (2.15)2.

We now turn to the case of the modified potential Eq. (64).
We observe that, within the same approximation that led us to
Eq. (71), the effect of a scale transformation Eq. (11) on the modi-
fied action is

aS[ha] /d4 1 akeff(h) hs( X) ~
da o 4

(71)

h(0) A5 (h(0)) . (72)

Hence, in order for the action to be stationary under scale trans-
formations, h(0) should be chosen so that

Ag (h(0)) =0 (73)

locally restores scale invariance in a neighbourhood of h(0) (the
case h(0) =0 is obviously uninteresting). If such a value of h(0)
exists, then

S[h]:27r2/drr3 [V(h) - %h(r)v/(h)]
0

2R4

~
~

1
[V (h(0)) — ih(O)V’ (h(O))]

7.[24

[ — et (h(0)) h*(0) — fh5(0>x ff<h(0)>]

R4
__ et (1(0) h*(0),

(74)

which is precisely what we would get in the SM with no mass
term, and X replaced by Xegr (h(0)), see the third line in Eq. (71).
We conclude that the leading contribution to the bounce action is
given by

872
Slhjl ——, 75
™ S e (O | (73)
provided
a 8
h(0) = ———; a=_|—. (76)
Ry/|Aesr (h(0)) | V3

As an example, let us consider the potential in Eq. (63). We have
in this case

Aeff(h) = A + 2)\6 i 1)\sﬁ (77)
3 M2 2 M4’
Moy =2 (216 +3xsﬁ). (78)
eff 3 MZ M2

We can distinguish three basic scenarios.

I. One possibility is that both Ag and Ag are non-negative and
at least one of them is different from zero. In such case the
potential is bounded from below and, for any value of h,
Aege(h) > A(h).

In the limit where we assume A = —|\| constant, )Jeff(h) is
always different from zero: local scale invariance is hopelessly
lost, and a bounce cannot be found. These expectations are
confirmed by our numerical analysis, described in Appendix A.

Actually one finds that a bounce with a SM-like action exists
for finite values of xmax, but its size R grows to infinity as xmax
is sent to infinity. Since h(0) is inversely proportional to R,
it follows that the bounce is in fact zero everywhere.
However, the absence of a bounce turns out to be an arte-
fact of choosing A constant in Eq. (68). With A running there
is an extra compensating contribution in Eq. (78), and indeed
a bounce of finite size with a SM-like bounce action can be
found numerically, provided M >> 1/Rsy =~ 10'7 GeV, the scale
at which A has a minimum. Hence we conclude that in such a
case the decay probability of the false vacuum is not modified
with respect to the SM value.

A second possibility is that Ag and Ag have opposite signs, but
the potential remains bounded from below, hence Ag < 0 and
Ag > 0. In this case, the two non-renormalizable terms com-
pensate each other and restore scale invariance locally (in the
neighbourhood of field configurations characterized the scale
1/M). Indeed, A g (h) is zero for

2|6l

h=h(0) = T (79)
and
et (h(@)) = —[2] — 229" (80)
9)g
The instanton size is now immediately read off Eq. (76):
_ a _a 1 N 1
OB O M [ (11 + 2 M
(81)

Two important points are to be noted. First, we have in this
case

2
[Aeer(R(0))] = |A] + 21 6' > [A], (82)
and therefore
S[h] < Ssml[h]. (83)

As a consequence, the decay probability of the false vacuum
can only be increased with respect to the pure SM. Second, the
dominant contribution to the tunnelling rate is independent of
the scale M of NP, because the action is. This conclusion has
been reached in the context of an approximate calculation, but
it is easy to see that it holds true in general. Indeed, one may
define dimensionless coordinates and field by

VN ()]
X = Mr; h(x) = TR (84)
so that
ol lra e Mangan | g
V(h)=M [4Ah +n§ S :|_M V(h). (85)
Then
S[h] :2712/drr3 [V(h) - %h(r)v/(h)]
0
:2712/dxx3 [V(E) - %Fz(x)(//(ﬂ)} (86)
0
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Table 1

Summary of the bounce solutions associated with the potential in Eq. (63). Only the
case M >> 1/Rsw is considered, while for M < 1/Rsy the bounce action can be any
with respect to the SM one.

A A6 Ag h R S[h]
const <0 <0 0 oo 0

const <0 >0 #0 ~1/M <Ssmlh]
const >0 <0 0 oo 0

const >0 >0 0 oo 0

run <0 <0 0 oo 0

run <0 >0 #0 ~1/M <Ssmlh]
run >0 <0 0 oo 0

run >0 >0 #0 Rsm Ssmlh]

2000% E

1000+

Numerical B

Analytical (approx.)
5001 y PP ]

S[h]

200+
100+
50+ E

20 —15 -10 -05 00 05 10
Ag

Fig. 4. Numerical vs. analytical (approximated) determination of the bounce action
as a function of Ag. The relative difference is always within 30%. Formally, for A
constant and A¢ > 0 a bounce does not exist; the result in the plot for Ag > 0 has
to be understood for A running.

which is independent of M. This is an important point: what-
ever modification may the potential in Eq. (64) induce on the
tunnelling rate, this is independent of the scale M up to sub-
leading pre-exponential corrections.

III. The last case to be considered is the one where the potential

is unbounded from below at large field values. When both Ag
and Ag are negative (or at least one is negative and the other
is zero), it is clear that the bounce does not exist because of
the lost of scale invariance.
The case Ag > 0 and Ag < O is more subtle: here a non-zero
solution of )Jeff(h) =0 does exist, but it corresponds to a max-
imum of Aef and not to a bounce configuration. Actually the
fast drop of the potential at large field values makes the whole
problem of finding a bounce solution ill-defined in this case:
there exist “rolling solutions” that destabilize the electroweak
vacuum characterized by a much shorter time scale [16].

These results are summarized in Table 1, with either constant
or running 1.% To complete this study, we show in Fig. 4 the com-
parison between the numerical determination of the bounce action
and the analytical approximation in Eq. (75). The agreement is
generally quite good. Hence, one can take advantage of the Aef
language in order to describe in an essential way the tunnelling
process, as exemplified in Fig. 5, where some potentials corre-
sponding to cases I and II are considered. From that it is clear that
modifications of the SM potential above 1/Rsy ~ 10'7 GeV may
only shorten the lifetime of the electroweak vacuum.

The above discussion can be generalized to the case of more
non-renormalizable terms, including derivative operators, the three

8 A similar study of the tunnelling rate as a function of Ag and Ag was performed
in Ref. [33].

26=0, =0 Ng=—1, dg=2.1 As=1, lg=2.1
0.15 ;

0.10
0.05

0.00

Aefr

Metastability

~0.05;

—0.10F

—0.15 ‘ ‘ ‘
5 10 15 20 25 30

log,,(h(0)/GeV)

Fig. 5. Evolution of Aeg(h(0)) (including the running of 1) for three different values
of the NP scale, M = 10% GeV, Mp and 10'°Mp, and for three different choices
of the NP parameters igg. The instability bound is defined by the inequality

2 . .
rett(h(0)] > 25 iy, where 7y = 4.35 x 1017 s is the age of the Universe.

main categories being defined by the stability (I and II) or instabil-
ity (Ill) of the potential at large field values, and by the presence
of a new minimum around the scale M (case II).

Summarizing, the explicit breaking of scale invariance at energy
scales above 1/Rsy &~ 1017 GeV may lead to a new bounce, whose
characteristic scale is necessarily related to that of NP (case II).
However, this happens only if the NP modifies the ground state
of the theory, generating a new deep minimum around the new
scale M. In such case, the effect of NP is that of opening a new
decay channel for the electroweak vacuum and the tunnelling rate
can only increase with respect to the SM calculation. It is then ob-
vious that in this case one is not analyzing anymore the stability of
the SM, but that of a different theory, with a completely different
ground state.

The above argument also explains why there is an apparent vi-
olation of the decoupling theorem, according to which one expects
new-degrees of freedom characterized by a scale M > 1/Rgy to be
irrelevant for the analysis of the vacuum stability. This apparent
paradox is due to the fact that the modifications of the effective
potential introduced by means of Eq. (63) are not only related to
the appearance of high-frequency dynamical modes (for which the
decoupling still applies), but they also imply a drastic modifica-
tion of the ground state of the theory (invalidating the decoupling
argument).

We finally note that the modified effective potential of the type
in Eq. (63), leading to a fast tunnelling rate (case II), is not a
well motivated UV completion of the SM potential close to the
Planck scale. On the one hand, except for fine-tuned values of Ag
and Ag, the lifetime of the electroweak vacuum turns out to be
extremely fast, in sharp contradiction with the existence of the
present Universe. This implies that such modified potential can-
not be considered as a phenomenologically viable UV completion
of the SM potential. On the other hand, if M is close to the Planck
mass, truly gravitational effects [34] cannot be ignored. As recently
pointed out in Ref. [35], the latter suppress the tunnelling rate by
many orders of magnitude.’

4. Conclusions

The decay probability of the electroweak vacuum under quan-
tum tunnelling is intimately related to the breaking of scale in-

9 Gravitational effects in minimal Einstein gravity tend to slow down the tun-
nelling rate [34]. However, as long as 1/Rsy < Mp, these corrections are small and
hence the presence of gravity does not inficiate the results obtained within the SM
in isolation [32].
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variance in the Higgs effective potential. The latter can be char-
acterized by an effective h* interaction, both within and beyond
the SM, which is not scale invariant beyond the tree level. To a
good approximation, the size of the bounce and the tunnelling
probability are determined by the energy scale at which this effec-
tive coupling, Aegr(h), reaches its minimum value and by its value
at the minimum, respectively. In the absence of NP, the break-
ing of scale invariance occurs dominantly via SM radiative correc-
tions. The latter selects a leading bounce characterized by the scale
1/Rsm ~ 1017 GeV, that implies a sufficiently long lifetime of the
electroweak vacuum compared to the age of the Universe.

New degrees of freedom at high energies can, in principle, in-
troduce a new explicit breaking of scale invariance in the effective
potential. This, in turn, can shift the energy scale where Agg(h)
reaches its minimum value and, most importantly, can modify such
minimum value. If the new degrees of freedom appear above the
scale 1/Rsy, we can distinguish two cases: those where NP simply
stabilizes the SM potential, and those where NP introduces new
decay channels for the electroweak vacuum. In the first case, char-
acterized by the absence of new minima for Aeg(h), the lifetime
of the electroweak vacuum remains unchanged. In the latter case
it can only decrease with respect to the pure SM. In particular,
a shorter lifetime occurs only if the new degrees of freedom dras-
tically change the ground-state of the theory, introducing a new
minimum for Aeg(h), such that it does not make sense anymore to
speak about the stability problem of the SM potential.

Given these arguments, we can conclude that the sensitivity of
the tunnelling rate to the possible UV completions of the model
does not invalidate the vacuum stability analyses performed using
the pure SM potential. The scope of the latter is answering the fol-
lowing well-defined physical question: Does the extrapolation of the
SM up to the Planck scale necessarily implies the existence of NP below
such scale? According to the present experimental values of my and
m;, we can state that the answer to this question is no [1,2]. Were
the top mass e.g. 180 GeV, the answer would have been different
since NP would have been necessarily implied well below the scale
where A reaches its minimum SM value, regardless of the physics
in the deep UV which cannot improve on stability. We finally stress
that the negative answer to the above question does not necessar-
ily imply the absence of NP up to the Planck scale: it only says
that the model is compatible with the absence of NP up to the
Planck scale. Similarly, from this analysis we cannot infer that any
UV completion of the theory at the Planck scale is compatible with
the stability of the electroweak vacuum, but only that it is possi-
ble to build UV completions that do not contain new degrees of
freedom below the Planck scale.
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Appendix A. Numerical determination of the bounce

For the numerical analysis it turns out to be convenient to work
with adimensional variables

x=Mr;  hoo="00 @y = %’f

where M is an arbitrary mass scale. The bounce equation reads

(A1)

- 3. -~
h" (x) + ;h’(x) =V'(h), (A2)
with boundary conditions
lim h(x)=v/M, (A3)
X— 00
dh |y, (A4)

dx

x=0

A numerical solution can be found by means of the shooting
method (see also [8,33,36]), which consists in tuning the initial
condition ag in such a way that Eq. (A.3) is satisfied at the bound-
ary. In practice, since we cannot start at the singular point x = 0,
we Taylor-expand the solution around the origin and define the
Cauchy problem

ki) = 00 -+ 57" (R0) (AS)
h' (Xmin) = %\7’ (h(0)) Xmin. (A.6)

where we kept up to quadratic terms in xmi,. By evolving the so-
lution h(x; ap) up to X = Xmax, We require

E(Xmaxi ap) =0, (A7)

which determines the value of ay which satisfies the boundary
condition at X = Xmax.

Analogously, by Taylor-expanding the solution at the first non-
trivial order in 1/xmax for large xmax, we get (m =0 case)
h(xmax) = Z;oo’ (A8)

max
which is useful in order to have an analytical control over the
asymptotic solution. On the other hand, if the mass term is kept in
the potential (m # 0 case) the asymptotic solution is (see e.g. Ap-
pendix of [37])

€ € | T eexmn, (A9)
Xmax Xmax V €Xmax

K1(€Xmax) ~ o

Fl(xmax) =l

where € =m/M and in the last step we used the asymptotic ex-
pression of the modified Bessel function K (x) for large x.

The bounce action is determined by integrating the profile of
the bounce h(x; ag) between Xmin and Xmax

/ Xdx [V(ﬁM) - %EMV’(EM)] ,

Xmin

_2m?

St =&

(A.10)

where we applied the equation of motion and performed the
change of variables in Eq. (A.1). Finally, the algorithm is iterated
by choosing increasingly smaller (larger) values of Xmin (Xmax)-
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