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Abstract

Thequestionofwhether or not a given countable arithmetically saturatedmodel ofPeanoArithmetic
has a generic automorphism is shown to be very closely connected to Hedetniemi’s well-known
conjecture on the chromatic number of products of graphs.
© 2004 Elsevier B.V. All rights reserved.
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Generic automorphisms are very useful in the study of the automorphism groups of
countable first-order structures. The book[6] contains much of interest concerning these
groups. A good source of structures having rich and interesting automorphism groups are
theℵ0-categorical ones, about which much information can be found by Evans[3] and
Cameron[1]. Two examples we mention are the rationals(Q, <), considered as a linearly
ordered set, and the randomgraph.Both of thesehavegeneric automorphisms.Another good
source of structures having rich and interesting automorphism groups are the recursively
saturated ones, which are also discussed in[6], especially models of Peano Arithmetic.
Automorphism groups of countable recursively saturated ofPA have been given a great
deal of consideration, and it is the automorphisms of such structures which will be dealt
with here.
Throughout this paper,M will be a countable, recursively saturated model of Peano

Arithmetic. We consider Aut(M), the topological group of automorphisms ofM whose
basic open subgroups are the stabilizers of finite sets. Following Truss[12], we say the
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automorphismg ∈ Aut(M) is genericif the set{f−1gf : f ∈ Aut(M)} of its conjugates
is a comeager subset of Aut(M).
We are interested in the following question.

Question A. WhichM have generic automorphisms?

Lascar[9] has defined a different notion of generic. To distinguish Lascar’s generic
automorphisms from Truss’s, we will refer to automorphisms which are generic in the
sense of Lascar as beingLascar-generic. Lascar-generics are very important in his proof
that all arithmetically saturatedM have the small index property. Lascar’s result, in turn,
was needed in the proof in[7] that there is diversity in the class of automorphism groups
of arithmetically saturatedM. The set of Lascar-generics is comeager and closed under
conjugation. Thus, it is evident that for arithmetically saturatedM, if there are generics,
then they are precisely the Lascar-generics. However, it is not at all evident that, in general,
generics exist, even if there are Lascar-generics. The following proposition gives a condition
which implies the existence of generics.

Proposition 1. If M is arithmetically saturated and has an automorphism whose set of
conjugates is dense, then every Lascar-generic automorphism is generic.

Corollary 2. If M is arithmetically saturated and has an automorphism whose set of
conjugates is dense, thenM has a generic automorphism.

The proof of Proposition 1 follows quite easily from[9]. We give a proof, assuming the
reader’s familiarity with[9].

Proof of Proposition 1. Suppose thatM is arithmetically saturated and thath is an auto-
morphism whose set of conjugates is dense. Letg1, g2 ∈Aut(M) be Lascar-generics, with
the intent of showing thatg1, g2 are conjugates. Then there are smallM1,M2 ≺M such
thatg1|M1 andg2|M2 are existentially closed. Leta1, a2 ∈ M be such thatM1 = {(a1)i :
i ∈ �} andM2={(a2)i : i ∈ �}. Leth1, h2 be conjugates ofhsuch thath1(a1)=g1(a1) and
h2(a2)= g2(a2), and letf be such thath2= f−1h1f . Thenh1(f (a2))= f (g2(a2)). As the
set of Lascar-generics is dense, there is a Lascar-genericgagreeing withg1 on{a1, f (a2)},
so thatg(a1)=g1(a1) andg(f (a2))=f (g2(a2)). Thus,f−1gf (a2)=g2(a2). Now, bothg
andf−1gf are Lascar-generic, and they agree withg1 andg2 onM1 andM2, respectively.
Therefore,g andg1 are conjugates and alsof−1gf andg2 are conjugates. Thus,g1 andg2
are conjugates.�

The previous corollary gives interest to the following question, which is a weakening of
Question A since the set of conjugates of a generic automorphism is dense.

Question B. For whichM is there an automorphism whose set of conjugates is a dense
subset of Aut(M)?

In the case thatM is a model of TrueArithmetic, there is the following definitive answer
to Question B.
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Theorem 3. If M�TA, thenM has an automorphism whose set of conjugates is a dense
subset of Aut(M).

This theorem yields the following corollary, giving a very partial answer to Question A.

Corollary 4. IfM�TA is arithmetically saturated, thenM has a generic automorphism.

In all cases not covered by Theorem 3, Question B is still open and is very closely tied to
Hedetniemi’s Conjecture, which is a well known and still open conjecture in the chromatic
theory of graphs formulated more than 30 years ago. (See Section 11.1 of[5].)
A digraph D is a pair(V , E), whereE ⊆ V 2 and (x, x) /∈E wheneverx ∈ V . The

direct productD1 ×D2 of two digraphsD1 = (V1, E1) andD2 = (V2, E2) is the digraph
(V1×V2, E), whereE={((x1, x2), (y1, y2)) : (x1, y1) ∈ E1 and(x2, y2) ∈ E2}.A function
� : V −→ C is aC-coloringof the digraphD=(V , E) if �(x) = �(y)whenever(x, y) ∈ E.
Thechromatic number�(D) is the least cardinal� for which there is a�-coloring ofD. It
is very easy to see that�(D1×D2)� min(�(D1), �(D2)).
For cardinals�, �, letH(�, �) be the statement

WheneverD1, D2 are digraphs such that�(D1), �(D2)��, then�(D1×D2)��.

A crucial ingredient in the proof of Theorem 3 is the following proposition.

Proposition 5 (Hajnal [4] ). H(ℵ0,ℵ0).

It is to be noted that Proposition 5 is a consequence of a result about finite digraphs: If
finite graphsD1, D2, whereD1= (V1, E1), are such that

�(D2) > (�(D1)− 1) ·
( |V1|

2

)
,

then�(D1×D2)��(D1).
If n, k are finite, thenH(n, k) is equivalent to: wheneverD1, D2 are finite digraphs

such that�(D1), �(D2)�n, then�(D1 ×D2)�k. Thus, the following proposition can be
formalized in the language ofPA and, in fact, is provable inPA.

Proposition 6. (1) If 1�k�3, thenH(k, k).
(2) (Poljak[10]) If H(n+ 1,4), thenH(22

n + 1,5).
(3) (Poljak and Rödl[11]) If k >4 andH(n+ 1, k), thenH(2n + 1, k + 1).

The truth of the statement∀k < �∃n < �H(n, k) (or of the statement∃n < �H(n,4)

to which it is equivalent by the previous proposition) is an open question. It is related to
Hedetniemi’s Conjecture and implies a weak, and still open, form of that conjecture.
We make a brief digression to discuss Hedetniemi’s Conjecture. Agraph Gis a digraph

(V , E) for which (x, y) ∈ E iff (y, x) ∈ E. LetH ∗(�, �) be the statement:

WheneverG1, G2 are graphs such that�(G1), �(G2)��, then�(G1×G2)��.
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It is easy to see thatH ∗(n, n + 1) is false for alln < �; in fact, for everyn and every
G1, G2, if �(G1), �(G2)�n then�(G1×G2)�n.Hedetniemi’sConjecture is thestatement:
∀n < �H ∗(n, n). It is obvious thatH ∗(n, n) is true when 1�n�3, and El-Zahar and Sauer
[2] provedH ∗(4,4). The conjecture is still open for alln >4; in fact, even whether or
not ∃nH ∗(n,5) is unknown. A weak, and still open, form of Hedetniemi’s Conjecture is
the statement∀k < �∃n < �H ∗(n, k). It is clear that ifn, k < �, thenH ∗(n, k2 + 1) �
⇒ H(n, k + 1) �⇒ H ∗(n, k + 1). Thus, the weak form of Hedetniemi’s Conjecture is
equivalent to∃n < �H ∗(n,10).
We can now state the theorem which gives some additional conditional answers to Ques-

tion B.

Theorem 7. IfM/�TA, then the following are equivalent:

(7.1) M has an automorphism whose set of conjugates is dense.
(7.2) There isn < � such thatM�H(n,4).

This theorem yields the following corollary, giving some additional conditional answers
to Question A.

Corollary 8. IfM/�TA is arithmetically saturated, then the following are equivalent:

(8.1) M has a generic automorphism.
(8.2) There isn < � such thatM�H(n,4).

We now present proofs of Theorems 3 and 7. The following notation will be used: For
elementsa, b, c, d ofM, we will write ab ≡ cd to mean that the types of〈a, b〉 and〈c, d〉
are the same.

Proof of Theorem 3. LetMbea countable, recursively saturatedmodel ofTA.Wewish to
build an automorphismfwhose set of conjugates is dense.At some stage of the construction
we havea1, a2 ∈ M and have decreed thatf (a1)= a2. We now consider someb1, b2 ∈ M

such thatb1 ≡ b2. Our object is to findb′1, b′2 ∈ M such thatb′1b′2 ≡ b1b2 anda1b
′
1 ≡ a2b

′
2,

and then we will decree, in addition, thatf (b′1)= b′2.
Let�(x1, x2, y1, y2) be the following set of formulas:

{�(x1, x2) :M��(a1, a2)} ∪ {�(y1, y2) :M��(b1, b2)}
∪ {	(x1, y1)←→ 	(x2, y2) : 	(x, y) a formula}.

If � is consistent, then we are done. For then� is realized inM by, for example,(c1, c2,

d1, d2). Thena1a2 ≡ c1c2, so there isg ∈ Aut(M) such thatg(c1) = a1 andg(c2) = a2.
Then letb′1= g(d1) andb′2= g(d2).
We now show that� is consistent. Aiming for a contradiction, suppose that it is incon-

sistent. Then there are formulas

�(x1, x2), �(y1, y2), 	0(x, y), 	1(x, y), . . . , 	m−1(x, y)
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such thatM��(a1, a2) ∧ �(b1, b2) and

��(x1, x2) ∧ �(y1, y2) −→
∨
j<m

[	j (x1, y1)←→ ¬	j (x2, y2)].

For a first case, suppose thatM�∃x�(x, x) ∨ ∃y�(y, y). Without loss of generality,
supposeM�∃x�(x, x), and letc ∈ M be the least such thatM��(c, c). Then for some
j < m, M�	j (c, b1)←→ ¬	j (c, b2), contradicting thatb1, b2 realize the same type.
Thus, for a secondcase, suppose thatM�∀x¬�(x, x)∧∀y¬�(y, y). Define twodigraphs

as follows:D1=(M, E1), where(p1, p2) ∈ E1 iff M��(p1, p2), andD2=(M, E2), where
(q1, q2) ∈ E2 iff M��(q1, q2).
Then�(D1) = �(D2) = ℵ0. For suppose not. Let�(D1) = n < �. Then for each finite

subdigraphD′ ofD1, �(D′)�n. SinceM�TA andD1 is 0-definable, it follows by overspill
that

M� “each finite subdigraph ofD1 has ann-coloring”

and, therefore,D1 has ann-coloring � : M −→ n which is 0-definable inM. Since
a1 ≡ a2, it must be that�(a1)= �(a2). However,(a1, a2) ∈ E1, so this is a contradiction.
Thus,�(D1)= ℵ0 and, similarly,�(D2)= ℵ0.
It follows from Proposition 5 that�(D1×D2)=ℵ0. On the other hand, we can exhibit a

2m-coloring
 of D1×D2: For (p, q) ∈ M ×M, let
(p, q) be the sequences : m −→ 2,
wheresj = 1 iff M�	j (p, q). Clearly,
 is a coloring ofD1×D2, yielding a contradiction
and proving the theorem.�

Proof of Theorem 7.We prove (7.1)�⇒ (7.2). Suppose that (7.2) is false. Then, by over-
spill, there is a nonstandard elementc of M such thatM�¬H(c,4). SinceM/�TA, we
can find a definable nonstandardt such thatM�2t < c. ThusM�“there are finite digraphs
D1, D2 such that�(D1), �(D2) >2t and�(D1 × D2)�3”. Then there are such digraphs
D1 = (V1, E1) andD2 = (V2, E2) which are 0-definable. Let�0(x) and�0(y) defineV1
andV2, respectively, let�1(x1, x2) and�2(y1, y2) defineE1 andE2, respectively, and let

 : V1× V2 −→ 4 be a 0-definable 3-coloring ofD1×D2.
Let 	0(x), 	1(x), 	2(x), . . . be a recursive list of all 1-ary formulas. We will recursively

obtain sequences〈�i (x) : i < �〉 and〈�i (y) : i < �〉 of 1-ary formulas such that for each
i < � the following hold:

(1) ��i+1(x) −→ �i (x) and��i+1(y) −→ �i (y);
(2) either��i+1(x) −→ 	i (x) or ��i+1(x) −→ ¬	i (x);
(3) either��i+1(y) −→ 	i (y) or ��i+1(y) −→ ¬	i (y);
(4) M�“the subdigraphs ofD1 andD2 induced by�i (x) and�i (y), respectively, are not

2t−i-colorable”.

Notice that we already have�0 and�0 and that (4) holds wheni = 0.
Now suppose that we have〈�i (x) : i �j〉 and〈�i (y) : i �j〉, that (1)–(4) hold fori < j ,

and (4) holds fori = j . Since the graphs defined in (4) are not 2t−i-colorable, it is possible
to take�j+1 to be either�j (x)∧	j (x) or�j (x)∧¬	j (x) and to take�j+1(y) to be either
�j (y) ∧ 	j (y) or�j (y) ∧ ¬	j (y) so that (4) holds fori = j + 1.
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Using the recursive saturation ofM and the fact that each of the subdigraphs in (4) is not
1-colorable, we can finda1, a2, b1, b2 ∈ M such that

M��i (a1) ∧ �i (a2) ∧ �1(a1, a2)

and

M��i (b1) ∧ �i (b2) ∧ �2(b1, b2)

for eachi < �. From (2) we get thata1 ≡ a2 and from (3) thatb1 ≡ b2.
We will show that there are noa′1a′2 ≡ a1a2, b′1b′2 ≡ b1b2 and automorphismf such that

f (a′1)=a′2 andf (b′1)=b′2. For, given sucha′1, a′2, b′1, b′2, we see that((a′1, b′1), (a′2, b′2)) ∈
E(D1×D2), so that
(a′1, b′1) = 
(a′2, b′2). But thenf (
(a′1, b′1))=
(a′2, b′2) = 
(a′1, b′1);
therefore,fmoves
(a′1, b′1), contradicting that
(a′1, b′1) is standard. Thus, there can be no
such automorphismf.
Next we prove (7.2)�⇒ (7.1). We assume thatM/�TA. Proceed as in the proof of

Theorem 3, obtaining the set�, which we want to show to be consistent. Assuming that�
is inconsistent, we proceed in the first case just as in the proof of Theorem 3. In the second
case we get, as in the proof of Theorem 3, formulas

�(x1, x2), �(y1, y2), 	0(x, y), 	1(x, y), . . . , 	m−1(x, y)

and digraphsD1 andD2 such that

(1) for eachn < �,M��(D1)�n ∧ �(D2)�n;
(2) M��(D1×D2)�2m.

As previously observed, suchD1 and D2 can be found which are finite in the sense
of M. Thus, for non < � doesM�H(n,2m + 1) or, equivalently, for non < � does
M�H(n,4). �

Lascar’s proof in[9] used the existence of not just Lascar-generic automorphisms,
but the existence of Lascar-genericm-tuples of automorphisms. For anym ∈ �, we
can give (Aut(M))m the product topology. It then makes sense to refer to a dense set
of m-tuples 〈g0, g1, g2, . . . , gm−1〉 of automorphisms. We can also say that anm-tuple
〈g0, g1, g2, . . . , gm−1〉 isgenericif the set{〈f−1g0f, f−1g1f, f−1g2f, . . . , f−1gm−1f 〉 :
f ∈Aut(M)} of its conjugates is a comeager subset of (Aut(M))m. All the previous results
for automorphisms generalize tom-tuples of automorphisms.
We remark here that in general, a structure may have generic automorphisms but not

genericm-tuples of automorphisms. For example, an unpublished result of Hodkinson,
mentioned in[8], is that(Q, <) has no generic 2-tuples of automorphisms. On the other
hand, the random graph does have genericm-tuples of automorphisms for eachm < �.
There is no difficulty in straightforwardly generalizing Proposition 1 and Corollary 2 to

m-tuples. For the other results, we will need to extend the notion of a digraph.
Suppose 2�m ∈ �. An m-uniform hyperdigraph Dis a pair(V , E), whereE ⊆ V m

and xi = xj whenever〈x0, x1, x2, . . . , xm−1〉 ∈ E and i < j < m. The direct product
D1 × D2 of two m-uniform hyperdigraphsD1 = (V1, E1) andD2 = (V2, E2) is the hy-
perdigraph(V1 × V2, E), whereE = {〈(x0, y0), (x1, y1), (x2, y2), . . . , (xm−1, ym−1)〉 :
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〈x0, x1, . . . , xm−1〉 ∈ E1 and〈y0, y1, . . . , ym−1〉 ∈ E2}. A function � : V −→ C is aC-
coloringof the hyperdigraphD = (V , E) if whenever〈x0, x1, x2, . . . , xm−1〉 ∈ E, then it
is not the case that�(x0) = �(x1) = �(x2) = · · · = �(xm−1). Its chromatic number�m(D)

is the least cardinal� for which there is a�-coloring ofD.
Proposition 5 generalizes ton-uniform hyperdigraphs:If D1, D2 are m-uniform hyper-

digraphs such that�m(D1), �m(D2)�ℵ0, then�m(D1 ×D2)�ℵ0. This follows from the
fact that ifD1, D2 are finitem-uniform hyperdigraphs such thatD1= (V1, E1) and

�m(D2) > (�m(D1)− 1) ·
( |V1|

m

)
,

then�m(D1×D2)��m(D1). The following generalizations of Theorems 3 and Corollary
4 can then be proved.

Theorem 9. If M�TA, then there is an m-tuple of automorphisms ofM whose set of
conjugates is a dense subset of(Aut(M))m.

Corollary 10. If M�TA is arithmetically saturated, then there is a generic m-tuple of
automorphisms ofM.

LetHm(n, k) be the statement: IfD1, D2 arem-uniform hyperdigraphs such that�m(D1),
�m(D2)�n, then�m(D1 × D2)�k. The truth of the sentences∀m < �∀n < �Hm(n, n)

and∀m < �∀k < �∃n < �Hm(n, k) seems to be unknown. In parallel with Theorem 7 and
Corollary 8, we can get then the following results.

Theorem 11. IfM/�TA and1�m < �, then the following are equivalent:

(11.1) M has an m-tuple of automorphisms whose set of conjugates is a dense subset of
(Aut(M))m.

(11.2) For eachk < � there isn < � such thatM�Hm(n, k).

Corollary 12. IfM/�TA is arithmetically saturated and1�m < �, then the following are
equivalent:

(12.1) M has a generic m-tuple of automorphisms.
(12.2) For eachk < � there isn < � such thatM�Hm(n, k).
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