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This paper deals with the general nonlinear congruential method for generating
uniform pseudorandom numbers, in which permutation polynomials over finite
prime fields play an important role. It is known that these pseudorandom numbers
exhibit an attractive equidistribution and statistical independence behavior. In the
context of parallelized simulation methods, a large number of parallel streams of
pseudorandom numbers with strong mutual statistical independence properties are
required. In the present paper, such properties of parallelized nonlinear congruential
generators are studied based on the discrepancy of certain point sets. Upper and
lower bounds for the discrepancy both over the full period and over (sufficiently
large) parts of the period are established. The method of proof rests on the classical
Weil bound for exponential sums. 01997 Academic Press

1. INTRODUCTION

Nonlinear congruential methods for generating uniform pseudorandom
numbers in the interval [0, 1) have been studied intensively during the last
years. Reviews of the development of this area can be found in the survey
articles [2, 5, 10, 14, 17] and in the monograph [15]. The present paper
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220 EICHENAUER-HERRMANN AND NIEDERREITER

concentrates on the general nonlinear congruential method with prime
modulus. Pseudorandom numbers within the generated sequences have
nice equidistribution and statistical independence properties [3, 4, 6-8, 13].
Nowadays, the growing field of parallel computing has a need for generating
many parallel streams of uniform pseudorandom numbers with mutual
statistical independence properties. This important task provides the moti-
vation for the following analysis of a parallelized version of the general
nonlinear congruential method.

Let p = 5 be an arbitrary prime, and identify 7, = {0, 1,. . ., p — 1}
with the finite field of order p. Let Z = Z,\{0} denote its multiplicative
group. Fori € {1,. . . s} withs =2, let g;: Z — Z, be a monic permutation

polynomial of Z, with g,(0) = 0 and degree d; as a polynomial over Z,,
where 3 = d; = p — 2 is assumed in order to avoid trivial and uninteresting
cases. The reader is referred to [11] for an introduction to the theory of
permutation polynomials over finite fields. For parameters a; € 7, and
b; € Z,, a nonlinear congruential sequence (y, ))n>0 of elements of Z,is
defined by

Y;(f) = a;gi(n) + b; (mod p), n=0,

and a sequence (x\),-o of nonlinear congruential pseudorandom numbers in
the interval [0, 1) is obtained from x{” = y{”/p for n = 0. Obviously, these

sequences are purely periodic with period length p and {y{’, y{”, . . .,

yp 1} =

In the followmg, mutual statistical independence properties of the parallel
streams (xn))n>0 of uniform pseudorandom numbers are studied based on
the equidistribution behavior of the s-tuples

x, = (P, .. ., x)eo,1), n=0,

which can be analyzed by the discrepancy of corresponding point sets in
[0, 1)*. For N arbitrary points to, t;, . . ., ty—; € [0, 1)%, the discrepancy is
defined by

DN(t())tls ... ’tN*I) = Sl}p |FN(J) - V(J)|’

where the supremum is extended over all subintervals J of [0, 1)*, Fy(J) is
N~! times the number of points among to, t;, . . ., ty_; falling into J, and
V(J) denotes the s-dimensional volume of J. It should be observed that
the discrepancy of N true random points from [0, 1)* is almost always of
an order of magnitude N~'%(log log N)'? according to Kiefer’s probabilistic
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law of the iterated logarithm for discrepancies [9]. Subsequently, for 1 =
N = p, the abbreviation

D%}) - DN(XO,XI,- .. ,XN—l)

will be used. In the third section, upper and lower bounds for the discrep-
ancy Dl(f) over the full period are established and discussed. Additionally,
parts of the period are studied, and upper and lower bounds for the discrep-
ancy DY with N < p are given in the fourth section. In the fifth section,
an upper bound for the average value of these discrepancies is presented.
The second section contains some basic auxiliary results.

2. AUXILIARY RESULTS
Subsequently, for integers k = 1 and g = 2, let Cx(q) be the set of all

nonzero lattice points (hy, . . ., hy) € Z* with — q/2 < h; = g/2 for 1 =
j = k. Define

gsin(wlh|/q)  forh € Ci(q),
r(h,q) =

1 forh =0,
and
k
r(h’(I) = Hr(hj?q)
i=1
forh = (hy,. . ., h) € Ci(q). For real t, the abbreviation e(t) = > will

be used, and u - v stands for the standard inner product of u, v € R,

The following five results are known. The first one follows from [12,
Lemma 2.2]; see also [15, Theorem 3.10]. Lemma 2 can be deduced from
[16, Lemma 3]; see also [1, Theorem 1; 15, Corollary 3.11]. Lemma 3 follows
from [15, Corollary 3.17], and Lemma 4 is a special version of the classical
Weil [18] bound for exponential sums; see also [11, Theorem 5.38]. Finally,
Lemma 5 is cited from [8, Lemma 3].

LemMMA 1. Let N = 1 and q = 2 be integers. Let t, = y,/q with y, € {0,

1,...,q — 1} for 0 = n < N be points in [0, 1)*. Then the discrepancy
of the points ty, t, . . ., ty_; satisfies
k1 1 N
Dn(to, b1, « . ty1) ==+ — . e(h-t,)].
wllo, w-1) qg N heC, (q) r(h, q) ;;J (
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LEmMMA 2. Let p = S be a prime, let N = 1 be an integer, and let t,, =
y./p with y, € Zj for 0 = n < N be points in [0, 1)X. Suppose the real
number B is such that

N-1

De(h-t,)| =

n=0

for all lattice points h € 7% with h % 0 (mod p). Then the discrepancy of
the points ty, ty, . . ., ty_1 satisfies

k B (4 064)
Dn(to, t;,. . ., ty1)=—+— logp + 138 + —
~(to, ty N-1) » N gp D
Lemma 3. The discrepancy of N arbitrary points ty, t;, . . ., ty.1 €

[0,1)k sarisfies

T N-1
= .
Dlto. 1, "tN*l)_zN((nH)l 1) 1A, max(1, |k;)) 2 e(h-t,)
for any nonzero lattice point h = (hy, . . ., h;) € Z*, where [ denotes the

number of nonzero coordinates of h.

LEMMA 4. Letp = 3 be a prime. Let Q : Z — 7, be a polynomial with
deg(Q) = 1 as a polynomial over Z,. Then

> e(Q(Z)/P)‘ = (deg(Q) — 1)p'~.

ZEZP

LemMA 5. Let 1 = N = g be integers. Let ty, t,,. . ., t,. € [0, 1) be
arbitrary points, and put T, = (n/q, t,) € [0, 1)¥*! for 0 = n < q. Then the
discrepancies of the two point sets ty, t;, . . ., ty_jandt,%,. . ., €, satisfy

Dn(to, t,. . ., ty 1)_ D,(to,%,. . .,T,1).

3. DISCREPANCY OVER THE FULL PERIOD

In the following, the abbreviations d = max{d,, . . ., d,} and d = max
{d,, d,} will be used, where d;, . . ., d, are the degrees of the underlying
permutation polynomials g;, . . ., g in the parallelized nonlinear congru-

ential method.
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THEOREM 1. Let gy, . . ., g, be linearly independent over Z,,. Then the

discrepancy D( ) over the full period in the parallelized nonlinear congruentml
method satzsﬁes

DY =(d—1)p'”? (ilogp +1.38 + Opﬁ> +l_7

for all parameters ay, . . .,a, € Z}; and by, . . ., b, € Z,.
Proof. First, forh = (hy,. . ., hy) € 7, put

S(h) = pj:l e(h-x,).

n=0

Then a short calculation shows that

sl = 5 e (St )‘
- [)2;6(21 hia,-gi(n)/P)‘
= z%pe(Q(m

where the polynomial Q(h; -) : Z — Z,, is defined by

O 2) =hag(z) +- - - + hya,g,(z) (mod p).

Since Q(h; 0) = 0 and gy, . . ., g, are linearly independent over Z,,, the
polynomial Q(h; -) is nonconstant over Z, for all lattice points h € Z° with
h # 0 (mod p). Therefore, Weil’s bound for exponential sums in Lemma
4 (with Q = Q(h; +)) implies that

S(h)| = (deg(Q(h; ) = 1)p'? = (d - 1)p'"

for all lattice points h € Z* with h # 0 (mod p). Hence, Lemma 2 can be
applied with N = p, k = 5,1, =x,for 0 =n < p,and B = (d — 1)p'.
This yields the desired result. =
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THEOREM 2. Let g, g be linearly independent over Z,. Let 0 <
t = Vpl(p—1) and a, € Z; be fixed. Then there exist more than (p —
(p — DA — 1) — 1) values of ay € Z; such that the discrepancy
DS) over the full period in the parallelized nonlinear congruential method
satisfies

) = -1/2

T 2)p
for all permutation polynomials gs, . . . , g, and all parameters as, . . .,
a;, € Z; and by, . . ., b, € Z,.

Proof. First, for a; € Z,, put

p-1

T(a)) = >, e((ai181(n) + a>g:(n))/p).

n=0

Since g is a permutation polynomial over Z,,, one obtains 7'(0) = 0. Hence,
a short calculation shows that

> TP = X |T@a)P

* a,€EZ
aIEZp 1=%p

=SS e((a(gik) — gi(n) + ax(ga(k)

—8:(n)))/p)

-1

=S ela(gak) — £(m)ip) S, elar(gi(k)

k,n=0 aIEZp
—&1(n)/p) =p’

where the last equality follows from the fact that the inner sum over ay is
p for k = n and 0 for k # n. Now, let A(¢) denote the number of values
of a; € Z with [T(a,)| = tp'?. Since g, g, are linearly independent over
Z,, it follows as in the proof of Theorem 1 that |T(a;)| = (d — 1)p'?
for all a; € Z;;. Therefore,

X T@)P= X |T@)P+ X |T(a)P<A@d-1)p
aIEZt n]EZi aIEZ*
! \T(amzip” \T<a1>\<rpp”2

+(p—1-A@)rp

= AW(d =17 =P)p + (p— Dp,
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which implies that A(t) > (p — (p — 1)#?)/((d — 1)> — ¢?). Finally, Lemma
3 is applied with N = p, k = s, t, = x, for 0 = n < p,and h = (1, 1,
0,...,0) € 2. This yields

S >; N .
= s |5
S S| <2>>/p>‘ ——r P}
2m+2)p |5 2(m +2)p

Hence, there exist more than (p — (p — 1)2)/((d — 1)> — ¢?) values of
a, € Z;; with

t
D(A 71/2
2w + 2) ’

which is the desired result. ®

The upper bound in Theorem 1 for the discrepancy fo) over the full

period is independent of both the parameters a,,. . ., ay, by,. . ., by and
the specific choice of the permutation polynomials g;, . . . , g, in the
parallelized nonlinear congruential method, as long as g, . . . , g, are

linearly independent over Z,, with maximal degree d. This upper bound is
of the order of magnitude dp'*(log p)*, which fits well the asymptotic
behavior of the discrepancy of p true random points from [0, 1)* according
to the law of the iterated logarithm, provided the maximal degree d is
bounded. In general, the upper bound for D is the best possible up to
the logarithmic factor, since Theorem 2 implies that, for any underlying
permutation polynomials with bounded degree d, there exists a positive
fraction of the parameters in the parallelized nonlinear congruential method
such that D$ is of an order of magnitude at least p~"/2. The upper bound
for D(‘) could suggest that a small value of the maximal degree d is most
favorable However, it should be observed that the number of parallel
streams is bounded by d, since the underlying permutation polynomials
g, . - ., & are assumed to be linearly independent over Z,. Additionally,
it is not known whether the dependence of the upper bound on d is the
best possible.

4. DISCREPANCY OVER PARTS OF THE PERIOD

Subsequently, let a polynomial g, : Z — Z, be defined by go(z) = z
(mod p).
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THEOREM 3. Let 8o, &1, . - -, & be linearly independent over Z,,. Then
the discrepancy DY over parts of the period in the parallelized nonlmear
congruential method satisfies

— 1/2 s+1
m%%( 1ogp+138+0pﬁ> ke

N
for 1 = N < p and all parameters ay, . . ., a, € Z;‘ and by, . . .,b; € Z,.
Proof. First, for h = (hy, h) = (hg, hy, . . ., hy) € 7°"1, put
~ o~ p71
S(h) = > e(h-x, + honip).
n=0

Then a short calculation shows that
- -1
S =[S e

((
- [Se((m +zhag<n>>/ )

= e(O(h; Z)/p)‘ :

where the polynomial Q(h; ) : Z — Z,, is defined by
O(h; z) = hogo(2) + hargi(z) + - -+ + hya,g,(z) (mod p).

Since O(h; 0) = 0 and g, g1, . . . , g are linearly independent over Z,,
the polynomial Q(h; -) is nonconstant over Z,, for all lattice points h €
75" with h = 0 (mod p). Therefore, Weil’s bound for exponential sums in
Lemma 4 (with Q = Q(h; -)) implies that

IS(h)| = (deg(O(h;-)) — )p'?=(d — 1)p'?
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for all lattice points h € Z°*! with h # 0 (mod p). Hence, Lemma 2 can
be applied with N=p, k=5 + 1,t, = X, = (n/p, x,) for 0 = n < p, and
B = (d — 1)p'%. This yields

s+1
D,(%. %1, . .,ip1)SS;1+(d_1)p1/2(%10gp+1.38+0.pﬁ> |

Finally, Lemma 5 is used with ¢ = p, k = s, and t, = x,, for 0 = n < p,
which completes the proof. =

THEOREM 4. Let gy, 81, & be linearly independent over Z,. Let 1 =
N <pand 0 <t =\ (p*—2p+ N)I(p— 1) be fixed. Then there exist
more than

pPP—2p+N—(p-1)’

CN(I): ~
(d—1)*(p/N) ((4/7*) log p + 1.38)* — *

ordered pairs (a,, ay) € Z; X Z, such that the discrepancy Dgf}) over parts
of the period in the parallelized nonlinear congruential method satisfies

t

DY =_—_—" N-12
N T om +2) N
for all permutation polynomials gs, . . . , g, and all parameters as, . . .,
a; € Z; and by, . . ., b, € Z,,.

Proof. First, for a;, a, € Z,and 1 = N < p, put

N-1

Tn(ar, @) = D) e((a181(n) + a28:(n))/p).

n=0

(i) Subsequently, an upper bound for |Ty(a,, a,)| with a,, a, € Z,,
is established. Straightforward calculations show that

To(ar.a) =S e((argi(n) + ags(n))lp) > })2 e(u(n — k)Ip)

n=0

_IN <N21 e(—ku/p)> (r}i e((un + ay g1(n) + a8, (n))/p)>,

P u=0 \k=0 n=0
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where the first equality follows from the fact that on the right-hand side
the sum over kis 1 for 0 = n < N and 0 for N = n < p. Hence, one obtains

N-—

2

|Tn(ar,a)| == Z

EZ e(Q(u; Z)/p)‘ :

where the polynomial Q(u; -) : Z — Z, is defined by
O(u; z) = ugo(2) + a181(2) + a28>(z) (mod p).

Since Q(u; 0) = 0 and g, g1, & are linearly independent over Z,, the
polynomial Q(u; -) is nonconstant over Z,, for all u € Z. Therefore, Weil’s
bound in Lemma 4 (with Q = Q(u; -)) implies that

> e(Qu; Z)/p)‘ = (deg(Q(u; ) — p'*=(d - 1)p'?

z EZP

for all u € Z. This yields

N 1 p-1|N-1
Tx(ar, )| = (d = 1)p'”? (— = 2e<ku/p>‘)
P DPu=1lk=-0
~ N | 175 1n(77uN/p)>
=(d-1 —+ = —
(@=Dp" <p puzzl sin(mu/p)
N 4 0.64
<(d-1)p"?|—=—+= + +—
(d-1)p <p ﬂzlogp 0.38 p>
4
2

<(d- 1)p”2< 10gp+138>

where [1, Theorem 1] was used in the penultimate step.

(ii) Since g, g, are permutation polynomials over Z,, a short calcula-
tion shows that

> Tw@a,a)P= 2 |Tn(ar,a)P = 2 [Tn(0,a) + |Tn(0,0)P

« €z €z
ay,a0,€Z,, "MEE BHEL,

i
aZEZF
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= El (Z e(ar(g1(k) — & (n))/p)>< 2 elax(g:(k) —gz(n))/P)>

k,n=0 uIEZp aZEZ;

— 3 S elm(gk) - g(m)/p) + N

k,n=0 aZEZp

=p(p—1)N—-pN+ N?=(p>—-2p+ N)N.

(iii) Now, let Ay(f) denote the number of ordered pairs (a;, ;) €
Z¥ X 7% with |Ty(ay, a;)| = tN'2 Then it follows from the results in (i)
and (ii) that

> |Tn(ar,a)P = > | Tn(ar,a2)f + > |Tn(ar,a2)P

al,aZEZp al,azelp al,aZEZ;
172 1/2
|Tn(ay,a))=tN [Ty(ay,ay)|<tN

<An((d -1 (%logp + 1.38>2 +((p—1)>—An@®))2N

2
= An() ((J -1)%p <%logp + 1.38) - t2N> + (p — 1)%2N,

which implies that Ay(t) > Cn(?).

(iv) Finally, Lemma 3 is applied with k = s, t, = x, for 0 = n < N,
andh=(1,1,0,...,0) € Z°. This yields

N-1

> e(h-x,)

n=0

, 1
D(‘S) = -
N T2m +2)N

N-1

>e((yP+ yff))/p)‘

n=0

1
- 2(m+2)N

1
- 2(m+2)N

|TN(01, a2)|.

Hence, it follows from part (iii) that there exist more than Cy(¢) ordered
pairs (a1, ax) € Z;; X Z;f with

() — ! -1/2
Dv=saipN

which is the desired result. ®
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The upper bound in Theorem 3 for the discrepancy DY over parts of

the period is independent of both the parameters a,,. . ., ay, by, . . ., by
and the specific choice of the permutation polynomials g, . . ., g in the
parallelized nonlinear congruential method, provided gy, g1, . . . , g are

linearly independent over Z,, with maximal degree d. This upper bound is
of the order of magnitude dN~'p'*(log p)**'. On the other hand, Theorem
4 implies that, for any underlying permutation polynomials, there exist
parameters in the parallelized nonlinear congruential method such that
DY) is of an order of magnitude at least N /2. Concerning the role of d in
the upper bound, the reader is referred to the discussion at the end of the
previous section.

5. AVERAGE DISCREPANCY

In the following, it will be assumed that a; = ac; (mod p) for i €
{1,. . .,s}with parameters ¢, . . ., ¢, € Z; and an additional parameter
a € Z;.For 1 = N = p, the abbreviation Dﬁga = Dn(X0, X1, . - -, Xn-1)

will be used.

THEOREM 5. Let gy, . . ., g be linearly independent over Z,,. Then the
average value of the discrepancy Dﬁ}?a over the parameter a € Z;; in the
parallelized nonlinear congruential method satisfies

1 (s) 127A7-1/2 <2 7>S
— ), < = + =
p—lZDN’” d'*N 7Tlogp 5

aEZ;;
for 1 = N = p and all parameters c, . . ., ¢, € Z; and by, . . ., b, € Z,,.
Proof. First,forh = (hy,. . .,h) € Z°,a € Z;,and 1 = N = p, put
N-1
Sy(h;a) = >, e(h-x,).
n=0

(i) A short calculation shows that

2
_N2

> ISva)p =3

a€’l
aEZp D

2 e <a }: hiCigi(”)/P>

n=0

1

= > > e(a(Q(h; k) — Q(h;n))/p) — N2,

k,n=0 aEZF
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where the polynomial Q(h; -) : Z — Z, is defined by

OM;z)=hicig1(z) +- - -+ hyeygs(2) (mod p).

Since Q(h; 0) = 0 and gy, . . ., g, are linearly independent over Z,, the
polynomial Q (h; ) is nonconstant over Z, for all lattice points h € Z* with
h # 0 (mod p). Therefore,

> ISn(ha)P =p 2 #0=n<N|Q(h;n) = Q(h; k)} - N?

aEZ

=deg(Q(h;-))pN — N*=(dp — N)N

for all lattice points h € Z° with h # 0 (mod p).

(i) Now, Lemma 1 is applied with k = 5, ¢ = p, and t,, = x,, for 0 =
n < N. This yields

s s 1
D§v)a513+ > |Sn(h; a)

N e r(h,p)

for any a € Z;. Hence, the average value of the discrepancy DY) Nia OVer
a € 7y satlsﬁes

LS D=2+ st
p—1 EEZ p Nhec<p>r(h,p) EEZI Y

1

s
=24 e Sy(h; a)P,
P Nuc(mrhp) p—%%' w(h:a)

where the last step follows from the Cauchy-Schwarz inequality. Now,
note that s =< d, since the underlying permutation polynomials g, . . ., g
with maximal degree d are assumed to be linearly independent over Z,.
Finally, part (i) can be used to obtain

1 | dp - 1
p= 1 a€’ p N(p )heg(p) r(h’p) N hEC ([1) r(h,p)
d < 1 ) \/E(z 7>S
=Jv\1t — <. <|=logp + ¢
\/; hE;s(p)r(le) N\m &P 5
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for d = N = p, where in the last step [12, Lemma 2.3] was applied. If 1 =
N < d, then the result is trivial, since the upper bound is greater than 1. =

THEOREM 6. Let g1, . . ., g be linearly independent over Z,. Let 1 =
N=p,c,...,c;€Z;,by,...,by€EZ, and 0 < a =1 be fixed. Then
there exist more than (1 — a)(p — 1) values of a € Z; such that the
discrepancy DY), in the parallelized nonlinear congruential method satisfies

DY), <a'd'2N-1"? (% logp + %)

Proof. Subsequently, the abbreviation

2 7\
— Jl2n-12 [ £ + L
M=d"*N (ﬁlogp 5)

will be used. Suppose that there exist at most (1 — «)(p — 1) values of
a € Z; with DY), < o'M. Then there exist at least a(p — 1) values of
a € Z; with DY), = a'M, which implies that Zper, DY = (p — M.
This contradiction to Theorem 5 proves the desired result. =

The upper bound in Theorem 5 for the average value of the discrepancy
DY), (over the parameter a) is independent of both the parameters c;,

. .,Cs, b1, . . ., byand the specific choice of the permutation polynomials
g1, - - -, & in the parallelized nonlinear congruential method, as long as
g, . . ., & are linearly independent over Z, with maximal degree d. This

upper bound is of the order of magnitude d'?N-"?(log p)*, which fits well
the asymptotic behavior of the discrepancy of N true random points from
[0, 1)* according to the law of the iterated logarithm, provided the maximal
degree d is bounded and N is not too small. Theorem 6 provides even
more information, since it implies that, for any underlying linearly indepen-
dent permutation polynomials with bounded degree d and parameters
C1y. - -,Cs, b1, . . ., by, only an arbitrarily small percentage of the values
of the parameter a may lead to a discrepancy DY), with an order of magni-
tude that is greater than d'>N~"?(log p)*. A remark similar to that at the
end of the third section could be made regarding the choice of the value
of d.
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