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(C, 1) bounded sequences llmﬂlnfm Z (Sk—Sn) = (B— 05))L _— fora > 1,
(C, 1) summable sequences k=n+1

lim inf —— Zn:( )>(,3)Af0x1

iminf ——— Sn— S, -« or0 <A <1,

non—[An] nToK = 1—2A

k=[An]+1

where [An] denotes the integer part of An.
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1. Introduction

Let (s,) be a sequence of real numbers, and for each n define the (C, 1) means by

1 n
oy, = — E sk (n=1,2,...). (1.1)
i3

A sequence (s,) is said to be (C, 1) summable to s if limo, = s. A sequence (s,) is said to be (C, 1) bounded if (o;) is
bounded. It is well-known [1] that

liminfs, < liminfo, < limsupo, < limsups, (1.2)
n n n n
for any sequence (s,) of real numbers. If (s;) is a bounded sequence, then lim inf, s, and lim sup,, s, exist and are finite.

If (sp) is a bounded sequence, (s,) is (C, 1) bounded. So lim inf, o, and lim sup, o,, always exist and are finite. That the
converse of this implication is not generally true follows from the example of the sequence defined by

)k, ifn=2k, k=1,2,...
Sn =1k, ifn=2k—1,k=1,2,....

It is clear that liminf, o, = —% and lim sup, o, = 0, but liminf, s, = —oc and limsup, s, = co. The main goal of this
paper is to show that if (s,) is a sequence of real numbers such that lim sup,, o, = 8 and liminf, 0,, = «, where 8 # «, then

* Tel.: +90 232 311 1010; fax: +90 232 342 6951.
E-mail addresses: ibrahim.canak@ege.edu.tr, ibrahimcanak@yahoo.com.

0898-1221/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.08.060



https://core.ac.uk/display/82676263?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.camwa.2011.08.060
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
mailto:ibrahim.canak@ege.edu.tr
mailto:ibrahimcanak@yahoo.com
http://dx.doi.org/10.1016/j.camwa.2011.08.060

I Canak / Computers and Mathematics with Applications 62 (2011) 3446-3448 3447

limsup, s, = B and liminf, s, = «, provided that
[An]

liminf 3 () = (B @) forh > 1
1m 1n Sk — S — ora > 1,
" [)L]_nk n+1 ‘ !
1 n A
limjinf ——— > (=502 (B—a)— foro<i<l,

- [)Ln] k=[An]+1
where [An] denotes the integer part of An.

2. The main result

Theorem 2.1. For a sequence (s,) of real numbers, let lim sup o, = B and liminfo, = «, where 8 # «a. If

[An]

lim inf [ml_ k;l(sk =) = (B— )5 for x> 1, (2.1)
and
lim inf ———— Z (50 =50 = (B — ) foro<a <1, (2.2)
noon—[an], G,

where [An] denotes the integer part of An, then limsup, s, = 8 and liminf, s, = «.

We note that since lim sup, o, and lim inf,, o, exist for a (C, 1) bounded sequence, then lim sup, s, and lim inf; s, exist
and are equal to lim sup, o, and lim inf,, o,,, respectively, provided that (2.1) and (2.2) hold.
Corollary 2.2. Let (s;,) be (C, 1) summable to s. If

[An]

1
liminf ———— (S5k —Sp) =0 forAa>1, (2.3)
AERIL

and
n
liminf — Y Ga—s)=0 forO<i<1 (2.4)
n - k) .
noon—[Anl, G
where [An] denotes the integer part of An, then (s,) is convergent to s.

The conditions (2.3) and (2.4) can be replaced by the weaker conditions

[An]

lim sup lim inf (Sk —Sn) >0 (2.5)
im1t M [An ]—n,;+1 !

and
lim sup lim inf ——— Z‘ (sn—5sk) >0 (2.6)
a1 |

since they are satisfied forall A > 1and all 0 < A < 1, respectively.
It is shown by Méricz [2] that the conditions (2.5) and (2.6) are Tauberian conditions for (C, 1) summability.

3. Alemma

For the proof of Theorem 2.1 we need the following lemma.

Lemma 3.1 ([3,4]). Let (s,) be a sequence of real numbers.
(i) For A > 1 and sufficiently large n,

[l +1 [An]
Sp —Op = m (U[An] - [)\n] “n k;](sk (3.1)

where [An] denotes the integer part of An.
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(i) For 0 < A < 1 and sufficiently large n,

[An]+1
m (O'n - O—[An]) [An] Z (Sn — Sk), (3.2)

k=[An]+1

Sy — Oy =
where [An] denotes the integer part of An.

4. Proof of Theorem 2.1

Assume that lim sup,, o, = 8 and lim inf, 0, = «, where 8 # «. Since

A 1 A
T ] e N Y (4.1)
n [An]—n A-—1
we obtain
. [An] +1
limsup —— — < B - for A > 1. 4.2
; P[}\n]_n(G[An] Un)_(ﬂ a)k— > (4.2)
Taking the lim sup of both sides of (3.1) and using (4.2), we have
1 [An]
limsups, < B+ (B — @) —liminf ——— > (s — sy (4.3)
n - A—1 n [An]—n Pl

Taking (2.1) into account, we obtain

limsups, < 8. (4.4)
n
By (1.2),
B < limsups,. (4.5)
n
Combining (4.4) and (4.5), we have lim sup, s, = 8.
Since
A 1 A
limﬁzi for0 <X <1, (4.6)
n n—[in] 1—A
we obtain
o a1+ A
lln‘}llnfm (Un - O'[)Ln]) > ((X — ﬂ)m for0 < A < 1. (4.7)

Taking the lim inf of both sides of (3.2) and using (4.7), we have

liminfs, > o + (o — ,3)— + 11mmf HZ@I (Sk — Sn). (4.8)
" k n+1
Taking (2.2) into account, we obtain
limninfsn > a. (4.9)
By (1.2),
limninfs,, <. (4.10)

Combining (4.9) and (4.10), we have liminf;, s, = «. This completes the proof of Theorem 2.1.
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