=

View metadata, citation and similar papers at core.ac.uk brought to you by i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com
JOURNAL

ScienceDirect MATHEMATIQUES

PURES ET APPLIQUEES

—
ELSEVIER J. Math. Pures Appl. 96 (2011) 334-362

www.elsevier.com/locate/matpur

Rate of convergence to an asymptotic profile for the self-similar
fragmentation and growth-fragmentation equations

Maria J. Cdceres ?, José A. Caifiizo ®*, Stéphane Mischler ¢

& Departamento de Matemdtica Aplicada, Universidad de Granada, E18071 Granada, Spain
b Departament de Matematiques, Universitat Autonoma de Barcelona, 08193 Bellaterra, Spain
¢ CEREMADE, Univ. Paris-Dauphine, Place du Maréchal de Lattre de Tassigny, 75775 Paris Cedex 16, France

Received 30 October 2010
Available online 15 January 2011

Abstract

We study the asymptotic behavior of linear evolution equations of the type d;g = Dg + Lg — Ag, where L is the fragmentation
operator, D is a differential operator, and A is the largest eigenvalue of the operator Dg + Lg. In the case Dg = —dxg, this
equation is a rescaling of the growth-fragmentation equation, a model for cellular growth; in the case Dg = —dy (xg), it is known
that A = 1 and the equation is the self-similar fragmentation equation, closely related to the self-similar behavior of solutions of
the fragmentation equation d; f = L f.

By means of entropy—entropy dissipation inequalities, we give general conditions for g to converge exponentially fast to the
steady state G of the linear evolution equation, suitably normalized. In other words, the linear operator has a spectral gap in the
natural L2 space associated to the steady state. We extend this spectral gap to larger spaces using a recent technique based on a
decomposition of the operator in a dissipative part and a regularizing part.
© 2011 Elsevier Masson SAS. All rights reserved.

Résumé

Nous étudions le comportement asymptotique d’équations d’évolution linéaires du type d;g = Dg + Lg — Ag, ou L est I’opé-
rateur de fragmentation, D est un opérateur differentiel, et A est la plus grande valeur propre de I’opérateur Dg + Lg. Dans le cas
Dg = —0yx g, cette équation est obtenue par changement d’échelle a partir de 1’équation de croissance-fragmentation, un modele
pour la croissance cellulaire ; dans le cas Dg = —dx(xg), il est connu que A = 1 et cela correspond a I’équation de fragmentation
autosimilaire, étroitement reliée au comportement autosimilaire des solutions de 1’équation de fragmentation d; f = L f.

Au moyen d’une inégalité d’entropie—dissipation d’entropie, nous donnons des conditions générales pour que g tende exponen-
tiellement vite vers I’état stationnaire G de 1’équation d’évolution linéaire, avec la normalisation appropriée. En d’autres termes,
I’opérateur linéaire admet un trou spectral dans 1’espace L? naturel associé 2 I’état stationnaire. Nous étendons ce résultat de trou
spectral a un espace plus grand en utilisant une technique utilisant la décomposition de 1’opérateur en une partie dissipative et une
partie régularisante.
© 2011 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main results

In this work we study equations which include a differential term and a fragmentation term. These equations are
classical models in biology for the evolution of a population of cells, in polymer physics for the size distribution of
polymers, and arise in other contexts where there is an interplay between growth and fragmentation phenomena. The
literature on concrete applications is quite large and we refer the reader to [7,12] as general sources on the topic, and
to the references cited in [3,8,13] for particular applications. We deal with equations of the following type:

38 (x) + 0y (a(x)g: (X)) + Agi (x) = L[g/1(x), (la)
g0 =0 (>0, (1b)
go(x) =gin(x) (x>0). (Ic)

The unknown is a function g;(x) which depends on the time 7 > 0 and on x > 0, and for which an initial condition
gin 18 given at time ¢ = 0. The quantity g;(x) represents the density of the objects under study (cells or polymers)
of size x at a given time ¢. The function a = a(x) > 0 is the growth rate of cells of size x. Later we will focus on
the growth-fragmentation and the self-similar fragmentation equations, which correspond to a(x) = 1 and a(x) = x,
respectively.

Most importantly, we pick A to be the largest eigenvalue of the operator g — —d,(ag) + Lg, acting on a function
g = g(x) depending only on x; see below for known properties of this eigenvalue and its corresponding eigenvector.

The fragmentation operator L acts on a function g = g(x) as

Lgx):=L1gx) — B(x)g(x), ()
where the positive part £ is given by:
Ligx):= /b(y, x)g(y)dy. 3)

X

The coefficient b(y, x), defined for y > x > 0, is the fragmentation coefficient, and B(x) is the total fragmentation
rate of cells of size x > 0. It is obtained from b through

X

B(x) :=/§b(x,y)dy (x > 0). (4)
0

1.1. Asymptotic behavior

As said above, we pick A to be the largest eigenvalue of the operator g — —d,(ag) + Lg. Under general conditions
on b and a, it is known [3,8] that A is positive and has a unique associated eigenvector G (up to a factor, of course),
which in addition is nonnegative; i.e., there is a unique G solution of,

(a(@)G)) +AG(x) = LG) (), (52)
a(x)G(x)lx=0 =0, (5b)
G >0, /G(x)dx:l. (5¢)
0
The associated dual eigenproblem reads:
—a(x)dc¢ + (B(x) + 1)p (x) = L5 ¢ (x), (6a)
820 [Gpwar=1. (6b)

0
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where

X

Li¢(x):= f b(x,y)p(y)dy, (7
0

and we have chosen the normalization [ G¢ = 1. This dual eigenproblem is interesting because ¢ gives a conservation
law for (1):

/¢(x)gr(X)dx =/¢(X)gin(X)dx =Cst (120). ®)
0 0

The eigenvector G is an equilibrium of Eq. (1) (a solution which does not depend on time) and one expects that the
asymptotic behavior of (1) be described by this particular solution, in the sense that

g —> G ast— oo, 9

with convergence understood in some sense to be specified, and g normalized so that f d(x)g(t,x)dx = 1.
Furthermore, one expects the above convergence to occur exponentially fast in time; this is,

lig: — Gl < Cligin— Glle™ P, (10)

for some B > 0, in some suitable norm. This latter result has been proved in some particular cases which are essentially
limited to the case of B constant [13,6]. In this paper we want to prove this result for more general B, which we do by
using entropy methods. In order to describe our results, we need first to describe the entropy functional for this type
of equations.
1.2. Entropy

The following general relative entropy principle [9,10] applies to solutions of (1):

d o0
7 / ¢(x)G(x)H(u(x)) dx

0
= [ [60p G (H ) - # ) + 1 (000) u0) - ) dxdy. an
0y
where H is any function and, where here and below,
_ 8w
u(x) = ) (x > 0). (12)

When H is a convex function, the right-hand side of Eq. (11) is nonpositive, and in the particular case of
H(x) := (x — 1)? we have:

d
S HolglG] = —-D"[g|G1<0, (13)
where we define:
o0
Hy[5|G] :=/¢G<u —1)2dx, (14)
0

and

D[g|G] :=//¢>(X)G(y)b(y,x)(u(x)—u(y))2dydx. (15)
0

X
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Since

o0
¢
Hz[g|G]=/(g—G)25dx= lg = GlIZ 2461 ax) (16)
0

we see that proving Hy(g(¢)|G) — 0 implies that the long time trend to equilibrium (9) holds, and proving the
entropy—dissipation entropy inequality,

Ly
H[glG] < ﬁD [glG], A7)

implies that the exponentially fast long time trend to equilibrium (10) holds for the same B > 0 and for the norm
Il =11 261 o

The main purpose of our work is precisely to study the functional inequality (17) and establish it under certain
conditions on the fragmentation coefficient 5. We notice that, while some results on convergence to equilibrium for
Eq. (1) are available, no inequalities like (17) were known, so one of the main points of our work is to show that the
entropy method is applicable, in certain cases, to give a rate of convergence for this type of equations.

We focus on the two remarkable cases a(x) = 1, which corresponds to the so-called growth-fragmentation equa-
tion, and a(x) = x, which gives the self-similar fragmentation equation. There are several reasons for restricting our
attention to them, the main one being that they are the ones most extensively studied in the literature due to their appli-
cation as models in physics and biology. Also, the inequality (17) depends on the particular properties of the solution
¢ to the dual eigenproblem (6) and the equilibrium G. The existence and properties of these have been studied mainly
for the above two particular cases, and are questions that require different techniques and deserve a separate study.
One of our main results gives general conditions under which the entropy—entropy dissipation inequality (17) holds,
and this may be applied to cases with a more general a(x), once suitable bounds are proved for the corresponding
profiles ¢ and G.

In order to understand our two model cases, let us describe them in more detail and give a short review of previously
known results for them.

1.3. The growth-fragmentation equation

The growth-fragmentation equation is the following [6]:

ony + 0yny = Lny, (18a)
n(0)=0 (t>0), (18b)
no(x) =nj(x) (x> 0). (18¢)

Here, n;(x) represents the number density of cells of a certain size x > 0 at time ¢ > 0. The nonnegative function n;,
is the initial distribution of cells at time t = 0. Eq. (18) models a set of cells which grow at a constant rate given by
the drift term d,n, and which can break into any number of pieces, as modeled by the right-hand side of the equation.
The quantity b(x, y), for x > y > 0, represents the mean number of cells of size y obtained from the breakup of a cell
of size x. If one looks for solutions of (18a)—(18b) which are of the special form n,(x) = G (x)e’, for some A € R,
one is led to the eigenvalue problem for the operator —d, + £ and its dual eigenvalue problem, given by Egs. (5)
and (6), respectively. It has been proved [3,8] that quite generally there exists a solution to this eigenvalue problem
which furthermore satisfies A > 0 and G > 0.
For this particular A, we consider the change:

g (x) i=n(x)e™M. (19)

Then, n satisfies the rescaled growth-fragmentation equation, which is the particular case of Eq. (1) with a(x) = 1.
The long time convergence (9) or (10) means here that the generic solutions asymptotically behave like the first
eigenfunction G (x)e* (with same ¢ moment).

Let us give a short review of existing results on the asymptotic behavior of Eq. (1) for constant a(x). In [9,10] the
general entropy structure of Eq. (1) and related models was studied, and used to show a result of convergence to the
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equilibrium G without rate for quite general coefficients b, but under the condition that the initial condition be bounded
by a constant multiple of G [10, Theorem 4.3]. Some results were obtained later for the case of mitosis with a constant
total fragmentation rate B(x) = B, which corresponds to the coefficient b(x, y) = 28y—y/2: this was studied in [13],
where exponential convergence of solutions to the equilibrium G was proved. Similar results were obtained for the
mitosis case when B(x) is bounded above and below between two positive constants (i.e., for b(x, y) = 2B(x)dy=x2).
An exponential speed of convergence has also been proved in [6] allowing for quite general fragmentation coefficients
b, provided that the total fragmentation rate B(x) is a constant. Of course, in the above results existence of the
equilibrium G and the eigenfunction ¢ were also proved as a necessary step to study the asymptotic behavior of
Eq. (1). The problem of existence of these profiles was studied in its own right in [3,8], where results are obtained for
general fragmentation coefficients b, without the restriction that the total fragmentation rate should be bounded.

1.4. The self-similar fragmentation equation

The fragmentation equation is
ofi=Lf, (20a)
Jox) = fin(x)  (x>0), (20b)

which models a set of clusters undergoing fragmentation reactions at a rate b(x, y). In the study of the asymptotic
behavior of f;, one usually restricts attention to fragmentation kernels which are homogeneous of some degree y — 1,
with y > 0:

b(rx,ry):ry_lb(x,y) r>0, x>y>0), 21
so B(x) = Box? for some By > 0. Then one looks for self-similar solutions, this is, solutions of the form,
L) =@+ DY7G(t+ D7), (22)

for some nonnegative function G. Observe that fo = G in this case. We omit the case y = 0, as self-similar solutions
have a different expression in this case, and the asymptotic behavior of the fragmentation equation is also different,
and must be treated separately. Such a remarkable function G is called a self-similar profile and is solution to the
eigenvalue problem (5) with a(x) = x and A = 1. In this case one can easily show that in fact A = 1 is the largest
eigenvalue of the operator g — —dy(xg) + Lg. Existence of solutions G of Eq. (5) in this setting has been studied in
[4] and also in [3]. The corresponding dual equation (6) is explicitly solvable in this case, with ¢ (x) = Cx for some
normalization constant C.
The above suggests to define g through the following change of variables:

filx)=(t+ 1)2/Vg<% log(t + 1), (t + 1)1/Vx> (t,x > 0), (23)
or, writing g; in terms of f,
gr(x) = e_2tf(eyt -1, e_tx) (t,x > 0). (24)
Then, g; satisfies the self-similar fragmentation equation:
018 +x0x8 +28 =vyLg, (25a)
go(x) = fin(x) (x>0). (25b)

We may redefine b(x, y) to include the factor y in front of Lg, and omit y in the equation. Then, this equation is
of the form (1) with a(x) = x and A = 1. The long time convergence (9) or (10) means here that generic solutions
asymptotically behave like the self-similar solution (¢ + D2YG((t + DY x).

The problem of convergence to self-similarity for the fragmentation equation (20) was studied in [4], and then
in [10]. Results on existence of self-similar profiles and convergence of solutions to them, without a rate, are available
in [4, Theorems 3.1 and 3.2] and [10, Theorems 3.1 and 3.2], and are obtained through the use of entropy methods.
To our knowledge, no results on the rate of this convergence were previously known.
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1.5. Assumptions on the fragmentation coefficient
We turn to the precise description of our results, for which we will need the following hypotheses.

Hypothesis 1.1. For all x > 0, b(x, -) is a nonnegative measure on the interval [0, x]. Also, for all ¢ € Cy([0, +-00)),
the function x — f[o 1 2(, ¥ (») dy is measurable.

Hypothesis 1.2. There exists « > 1 such that

X
/b(x,y)dy:ch(x) (x >0). (26)
0
Hypothesis 1.3. There exist 0 < B,, < By and y > —1 (for growth-fragmentation) or y > 0 (for self-similar frag-

mentation) such that

Bx¥ <B(x) < Byx?¥ (x>0). 27

Hypothesis 1.4. There exist i, C > 0 such that for every € > 0,
€X
/b(x, y)dy < Ce*B(x) (x> 0).
0

Hypothesis 1.5. For every § > 0 there exists € > 0 such that
X
/ b(x,y)dy <éB(x) (x>0). (28)
(1—€)x
Both Hypotheses 1.4 and 1.5 are “uniform integrability” hypotheses: they say that the measure b(x, y)dy is not

concentrated at y = 0 or y = x, in some quantitative uniform way for all x > 0. For some parts of our results we will
also need the following hypothesis:

Hypothesis 1.6. The measure b(x, -) is (identified with) a function on [0, x], and there exists Py; > 0 (actually, it must
be Pys > 2 due to the definition of B) such that

B(x)
b(x,y) < Py (x>y=>0). (29)
Hypothesis 1.7. There exists P, > 0 such that
B(x)
b(x,y) =z Pp— (x>y=>0). (30)

We list the above hypothesis in a rough order of least to most restrictive. When taken all together they can be
summarized in an easier way: Hypotheses 1.1-1.7 are equivalent to assuming Hypotheses 1.1, 1.2 and that there exists
0 < By, < Byy satisfying,

2Bux? N < b(x, y) <2Bux’"! (0<y<ux), (31)

for some y > —1, or y > 0 in the case of growth-fragmentation. We give Hypotheses 1.1-1.7 instead of this simpler
statement for later reference: some of the results to follow use only a subset of these hypotheses, and it is preferable
not to use the more restrictive conditions where they are not needed.

As an example of coefficients which satisfy all Hypotheses 1.1-1.7 we may take b of self-similar form, i.e.,

b(x,y) = xy_1p<%) (x >y>0), (32)
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where p:(0,1) — (P, Py) is a function bounded above and below, and y within the specified range (for the main
theorem below one must have y € (0, 2] for self-similar fragmentation, and y € (0,2) for growth-fragmentation).
A bit more generally, one can take

b(x,y):= h(x)x”ﬁ)(%) (x>y>0), (33)
with h(x): (0, 4+00) — [B;;, By a function bounded above and below.
1.6. Previous results
We recall the following result, readily deduced from [3, Theorem 1 and Lemma 1] and [4, Theorem 3.1]:

Theorem 1.8. (See [3].) Assume Hypotheses 1.1-1.4. There exists a unique triple (», G, ¢) with > >0, G € L' and
¢ € le’coo which satisfy (5) and (6) (in the sense of distributional solutions for (5a), and of a.e. equality for (6a)).
In addition,

G(x) >0, ¢(x)>0 (x>0), (34)
foralla >0, x— x%a(x)G(x) € Wl’l(O, +00). (35)

In the case of the growth-fragmentation equation (a(x) = 1) it holds that ¢ (0) > 0.
In the case of the self-similar fragmentation equation (a(x) = x), assume in addition that, for some k < 0 and
C>1,

X

/ykb(x, y)dy < Cx*B(x) (x> 0). (36)
0
Then,
/ka(x)dx < +o00. (37)
0

The above result can actually be proved under weaker hypotheses on the fragmentation coefficient b (see [3]) but
we will only use the given version. We note that (37) is derived in [4] under more restrictive conditions on b (in
particular, it is asked there that b is of the self-similar form (32)); however, the same proof can be followed just by
using (36), and we omit the details here.

1.7. Main results
The following theorem gathers our main results in this work.

Theorem 1.9. Consider Eq. (1) in the self-similar fragmentation case (a(x) = x) or the growth-fragmentation case
(a(x) = 1), and assume Hypotheses 1.1-1.7. Also:

e For self-similar fragmentation, assume y € (0, 2].
e For growth-fragmentation, assume y € (0, 2) or alternatively that for some By > 0,

2B
b(x,y) = Tb (x> y>0). (38)

Denote by G > 0 the asymptotic profile (self-similar profile in the first case, first eigenfunction in the second case) as
well as by ¢ the first dual eigenfunction (¢ (x) = x in the first case). These equations have a spectral gap in the space
L%(¢G~ ' dx).
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1. More precisely, there exists B > 0 such that

1
VgeX, HyglG)< ﬁD”<g|G>

(the right-hand term being finite or not), where we have defined:
[e¢) e.¢]
H:=L*(G™'¢), X::{geH; /g¢=fG¢:l}.
0 0

Consequently for any g;, € X the solution g € C([0, 00); L(})) to Eq. (1) satisfies,

Viz0 |gt.) G|, <e g —Gln.

2. For this second part, in the case of growth-fragmentation, we need to assume additionally that y € (0, 1) (no
additional assumption is needed for the self-similar fragmentation case). There exists k = k(y, Py) > 3 and
for any a € (0, B) and any k > k there exists Ca.k = 1 such that for any gip, € H 1= L%0), 0(x) = ¢(x) + xk,
[ #gin = 1, there holds:

Vi>0 |g(t) = Gy < Cake “llgin— Glin.

The main improvement of this result is that it allows us to treat total fragmentation rates B which are not bounded,
for which no results were available. Also, the result is obtained through an entropy—entropy dissipation inequality,
which is not strongly tied to the particular form of the equation, and may be useful in related equations. We also
observe that this is to our knowledge the first result on rate of convergence to self-similarity for the fragmentation
equation.

In our result we include just one case where B is a constant, with b given by the particular form (38) in the case
of growth-fragmentation. The difficulty in allowing for more general b (with B still constant) is not in the entropy—
entropy dissipation inequality, but in the estimates for the solution ¢ of the dual eigenproblem (6). The estimates in
Section 4.2 are not valid in this case, and in fact one expects that ¢ should be bounded above and below between two
positive constants. However, we are unable to prove this at the moment, and anyway the estimates of ¢ are not the
main aim of the present paper. Consequently, we state the result only for the b in (38), for which ¢ is explicitly given
by a constant. (We notice that for self-similar fragmentation, the estimates on G fail for y = 0, so this case is not
included.)

On the other hand, the positivity condition (30) is strong, and makes this result not applicable to some cases of
interest, such as the mitosis case mentioned at the end of Section 1. Notice that, as remarked at the end of Section 2
in [6], entropy—entropy dissipation inequalities are actually false in this case, which shows that a different method is
required for this and similar situations where the fragmentation coefficient is “sparse” enough for the inequalities to
fail.

1.8. Strategy

The main difficulty for establishing Theorem 1.9 lies in proving point 1, while point 2 is a consequence of point 1
and of a method for enlarging the functional space of decay estimates on semigroups from a “small” Hilbert space to
a larger one recently obtained in [5].

The strategy we follow to prove inequality (17) is inspired by a paper of Diaconis and Stroock [2] which de-
scribes a technique to find bounds of the spectral gap of a finite Markov process. Eq. (1) can be interpreted as
the evolution of the probability distribution of an underlying continuous Markov process, and as such can be
thought of as a limit of finite Markov processes. The expression of the entropy and entropy dissipation has many
similarities to the finite case, and hence the ideas used in [2] can be extended to our setting. The basic idea is
that one may improve an inequality in the finite case by appropriately choosing, for each two points i and j
in the Markov process, a chain of reactions from i to j which has a large probability of happening, measured
in a particular way. In our case this corresponds to choosing a chain of reactions that can give particles of size
x from particles of size y, and which has a better probability than just particles of size y fragmenting at rate
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b(y,x) to give particles of size x. In fact, we need the additional observation that one can choose many differ-
ent paths from y to x, and then average among them to improve the probability. These heuristic ideas are made
precise in the proof of point 1 in Theorem 1.9, given in Section 2. This suggests that the same techniques may
be applicable to other linear evolution equations which can interpreted as the probability distribution of a Markov
process.

In the context of the Boltzmann equation, an idea with some common points with this one was introduced in [1] to
prove a spectral gap for the linearized Boltzmann operator. However, the inequality needed in that case does not have
the same structure since the linearized Boltzmann operator does not come from a Markov process (it does not conserve
positivity, for instance), and the “reactions” to be taken into account there are not jumps from one point to another,
but collisions between two particles at given velocities, to give two particles at different velocities. Nevertheless, the
geometric idea does bear some resemblance, and the connection to techniques developed for the study of finite Markov
processes seems interesting.

Concerning the proof of point 2, we mainly have to show that the operator involved in the fragmentation equation
decomposes as A + B where A is a bounded operator and 3 is a coercive operator in the large Hilbert space H.
Then, for a such a kind of operator, the result obtained in [5] ensures that the operator in the large space H inherits
the spectral properties and the decay estimates of the associated semigroup which are true in the small space H. The
additional restriction y € (0, 1) in the extension of the spectral gap comes from the fact that we were unable to prove
the coercivity of the operator B for y € [1, 2).

In the next section we prove the functional inequality (17). In Sections 3 and 4 we prove upper and lower bounds
on the profiles G and ¢, solution of the eigenproblem (5)-(6); Section 3 is dedicated to the self-similar fragmentation
equation (the case a(x) = x), while Section 4 deals with the growth-fragmentation equation (the case a(x) = 1).
Finally, Section 5 uses these results and the techniques in [5] to complete the proof of Theorem 1.9.

2. Entropy dissipation inequalities

In order to study the speed of convergence to equilibrium, in terms of the entropy functional, we are interested in
proving the entropy—entropy dissipation inequality (17):

1
H[g|G1< — D"[g|G].
2[81G] 25 (1G]
We begin with the following basic identity:

Lemma 2.1. Take nonnegative measurable functions G, ¢ : (0, 00) — R such that

/¢(x)G(x) dx=1. 39)
0
Defining
Dalg|Gl = f / ()G WPMGH) (u(x) — u(y)’ dydx (40)
0 x
with u(x) = é(();)), there holds:
Hyl4|G1 = Dalg|G]. @1)

for any nonnegative measurable function g : (0, 00) — R such that f g =1.

Proof. With the above notations, by a simple expansion of the squares, we find that

oo oo

Hz[gIG]=f(u(x) - I)ZG(x)qﬁ(x)dx=/u(X)2G(x)¢(x)dx -1,

0 0
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while expanding D>[g|G] we find:

1 o0
Dz[glG]=§/

/]
= %(2/u(x)2G(x)¢(x)dx — 2),
0

G(X)P ()G (ux) —u(y)) dydx

which gives the same result. O

Taking into account the above result, in order to prove (17) it is enough to prove the following inequality for some
constant C > 0:

D[g|G] < CDP[g|G]. (42)

Of course, one gets (42) if one assumes that the function appearing below the integral signs in the functional D;[g|G]
is pointwise bounded by the corresponding function in the functional D”[g|G], or more precisely if one assumes
G(x)p(y) < Cb(y,x) whenever 0 < x < y. However, the range of admissible rates » for which such an inequality
holds seems to be very narrow. For example, for the self-similar rate (32), one must impose y = 2.

The cornerstone of the proof of the functional inequality (42) lies in splitting D>[g|G] in two terms: one for which
the pointwise comparison holds and one where it does not. In the latter part, called D> 2[g|G] in the next lemma, the
idea is to break u(x) — u(y) into “intermediate reactions” in order to obtain a new expression of D;[g|G] for which
the pointwise estimate applies. The main part of the proof of inequality (42) is then the bound for this second part of
D»[g|G]. And it is just the content of the following result:

Lemma 2.2. Take measurable functions ¢, G : (0, +-00) — R with

o]

/ Gx)p(x)dx =1, (43)
0

and such that, for some constants K, M > 0 and R > 1 and some function ¢ : (R, 00) — [1, 00),

0<Gx)<K (x>0), (44)
/G(y)¢(y)dy<KG(x) (x> M), (45)
Rx
$¢)(y) < K¢p(z) (max{2RM,Rz} <y <2Rz). (46)
Defining:
D> »[glG] :=/ / P(X)GX)P ()G (y) (u(x) — u(y))2dydx 47)

0 max{2Rx,2RM}

there is some constant C > 0 such that

DaalglGl< C f f ()Y d GO () — u(y) dy dx, 48)
0 max{x,M}

for all measurable functions g : (0, 00) — R (in the sense that if the right-hand side is finite, then the left-hand side
is also, and the inequality holds).

The point of this lemma is that the right-hand side of (48) will be easily bounded by D”[g|G].



344 M.J. Cdceres et al. / J. Math. Pures Appl. 96 (2011) 334-362

Remark 2.3. Inequality (48) is strongest when ¢ (x) = 1. Moreover, we expect (46) to be true when ¢ is constantly 1
(for ¢ the solution of the dual equation (6), under some additional conditions). The reason that we allow for a choice
of ¢ is that we are not able to prove that (46) holds with ¢ = 1, but only for a function { = ¢ (x) which grows like a
power x€, with € as small as desired.

Proof. We will denote by C any constant which depends on G, ¢, K, M, or R, but noton g.

First step. The idea is to break u(x) — u(y) into “intermediate reactions”: for y > x and any z € [x, y], one obviously
has:

u(x) —u(y) =ux) —u(z) +uz) —u(y).

We then average among a range of possible splittings. More precisely, for y > 2Rx,

R y/R
u(x) —u(y) = 3 / (1 (x) = u(2) +u(z) —u(y))dz,
y/(2R)
and then by Cauchy—Schwarz’s inequality,
y/R
() —u(m)® < 2R / (1) — u(@) +u(2) — u(y))* dz
Y y/(2R)
y/R y/R
< 47R f (u(x) —u @)’ dz + 47R / (u(z) —u(y))’ dz
y/(2R) y/2R)

(Ti(x, y) + ().

Using this, we have:

3

Dy 2[g1G] < / / PX)P(GCX)GWTi(x, y)dydx
0 max{2Rx,2RM}

+ / / ()6 ()G )G Ta(y) dydx.
0 max{2Rx,2RM}

We estimate these terms in the next two steps.

Second step. For the term with 77,

(o8] o8}

/ / ()6 (NG EGOTi(x, ) dydx

0 max{2Rx,2RM}

00 00 y/R
= C[ / ¢(X)¢(y)G(X)G(y)§ / (u(x) — M(Z))zdzdydx
0 max{2Rx,2RM} ¥/(2R)
00 00 2Rz
- C/ / ¢ ()G () (u(x) — u()’ / D) G vy dy dzdx
0 max{x,M} max{2Rx,Rz,2RM} Y

C/ / d)(X)G(X)(M(X)—u(Z) /¢(y)G(y)dydzdx

0 max{x,M}
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o (e.¢] 21
c/ / ¢ (x)(u(x) —u(z)) EG(z)dzdx,
0 max{x,M}

where we have used (45) and the fact that G is uniformly bounded from (44). With this series of inequalities we obtain
that the last one integral is bounded by the right-hand side in (48), as ¢(y) > 1 for all y.

Third step. For the term with 7>, we use (43) and (46). Note that (46) was not used before this point in the proof:
¢(y) < 1 was enough up to now, but this is not the case in the following calculation:

o0 o0

f / PP (GG T2(y)dydx
0

max{2Rx,2RM}

y/R
/ / ¢><x>¢>(y>G(x)G<y>§ / (u(2) — u(»)> dzdy dx
0 max{2Rx,2RM} y/(2R)
o VR V/Q2R)
=c/ / GO —u()’ / H(G () dx dzdy
2RM y/(2R) 0
oo y/R
1 2
<Cf / ;¢(y)G(y)(u(z)—u(y)) dzdy
2RM y/(2R)
[ee) 2Rz

cy) o (y) 2
= 2l — dyd
Cf / e )G( W (u(z) —u(y)) dydz

M max{2RM,Rz}
00 2Rz

<c/ / %qa( )G (uz) — u(y) dydz.

0 max{2RM,Rz}

where the last integral is bounded by the right-hand side in (48) and this finishes the proof. 0O

Once we have controlled the “bad” term in D;[g|G] we can reach the objective of this section: to obtain an
entropy—entropy dissipation inequality. It is shown in the following theorem:

Theorem 2.4. Assume the conditions in Lemma 2.2, and also that the fragmentation coefficient b satisfies, for the
constants K, M, R in Lemma 2.2,

Gx)p(y) < Kb(y,x) (0 <x <y <max{2Rx, 2RM}), 49)
;(y)y_1 <Kb(y,x) (y>M, y>x=>0). 50)

Then there is some constant C > 0 such that
Hy[g|G]1 < CD"[g|G] (51)

for all measurable functions g: (0, 00) — R such that fooo g¢ =1 (in the sense that if the right-hand side is finite,
then the left-hand side is also, and the inequality holds).

Proof. We split D;[g|G] as
Dy[g|Gl= D1 1(g|G]+ D22[2IG],
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with
oo max{2Rx,2RM}
2
Dalgll= [ [ #G@IMGH ()~ u() dyd
0 X
and D; 7[g|G] defined by (47). On the one hand thanks to (49) we have:

oo max{2Rx,2RM}

Daalg|Gl < / / Kb(y, )G () — u(y))>dy dx

< KDb[g|G]. (52)
On the other hand, thanks to inequality (48) in Lemma 2.2 and (50) we have:

DalglGl < / / @m )G (ux) — u(y) dydx

0 max{x,M}

o o0
<ck [ brneGm(ue) —ue)) dyds
0 max{x,M}
< CKD'[g|G]. (53)
We conclude by gathering (52) and (53). O

This result will be the key to prove point 1 in Theorem 1.9, which will be done in Section 5.1. In order to prove that
(44) and (49) hold in our context, we need to establish some upper bounds on G and ¢ for our model cases. For (45)
and (46) we need to control the asymptotic behavior (bounds from above and below) of the functions G (x) and ¢ (x)
as x — oo. These upper and lower estimates on G and ¢ will be established in the next sections. Finally, condition
(50) simply imposes some restrictions on the fragmentation rate (typically some restrictions on the value of y for a
self-similar fragmentation rate of the form (32)).

3. Bounds for the self-similar fragmentation equation
In order to apply Theorem 2.4 to the self-similar fragmentation equation (25) we need more precise bounds than

those proved in [4,10,3]; in particular, we need L> bounds on the self-similar profile G for condition (44) to hold.
We actually prove the following accurate exponential growth estimate on the profile G.

Theorem 3.1. Assume Hypotheses 1.1-1.5 on the fragmentation coefficient b. Call A(x) := f(;c B gs.

N

1. Forany 8 > 0 and any a € (0, B,,/By), a’ € (1, +00) there exist constants C' = C'(d’, §), C = C(a, 8) > 0 such
that

Cle @40 < Gx) < Ce ™ ™M@ for x > 6. (54)
2. Assume additionally Hypothesis 1.6. Then one may take C independent of § in (54), i.e.,
G(x) < Ce ™ forx >0. (55)
Remark 3.2. We notice that, due to Hypothesis 1.3, (B, /y)x¥ < A(x) < (By/y)xY, so the bound (54) directly
implies that for any a; > By /y and a; < B2 /(y By) one has:
Cle™ < G(x) <Ce ™™ forx >, (56)

and also the corresponding one instead of (55). Note that when By = B, the condition on aj, ap becomes
ay < By/y <a.
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The goal of this section is to give the proof of the above theorem, which we develop in several steps. We remark
that in the particular case of p constant in (32) (so, p = 2 due to the normalization f zp(z)dz = 1) we can find an

explicit expression for the equilibrium G (i.e., a solution of (5)). Indeed, G (x) = exp(— fox B E‘Y) ds) satisfies (5). As a
XY

consequence, in the case b(x, y) = 2x7~1 (so B(x) =x?), the profile G ise” 7 for y > 0. In the general case where

b is not of the form (32) there is no explicit expression available for the self-similar profile G.

Lemma 3.3. Assume that b satisfies Hypotheses 1.1-1.5, and consider G the unique self-similar profile given by
Theorem 1.8. For any 0 < a < By, /y there exists a constant C, such that

o
f e G(x)dx < C,. (57)
0

Proof. We denote by M the k-th moment of G. Multiply Eq. (5) by x* with k > 1 to obtain:
o0
(k=DM > (1= po) [ 5 B@GE) da, (58)
0

where we have taken into account that, using Corollary A.4,

00 oo 00 y 00
/ %t / b(y,x)G(y)dydx = / G(y) f by, x)dxdy < pi f YB()G(y)dy.
0 0 0 0
By Hypothesis 1.3, and as py < 1 for k > 1, (58) implies that
(k=DM > (1 — pr)BuMiyy, or Miy, < #_P%)Mk.
Applying this for integer £ > 1 and k := 1+ £y,
14yt

Miiganyy, <CiMiiy,, whereCpi=—"——,
by = v Bin(1 — pi4ye)

Solving the recurrence relation,

-1
Miyoy <My ]G =0, (59)
i=1
With this,
o0 o X i oo oo ;-1
/e“xyG(x)dx — Zf ‘;—!xyic(x)dx =y l;—!Myi <Mo+My +Misy Y % [T
0 i=0 i=0 i=1 =l

The last expression in the sum is a power series in a, with radius of convergence equal to B, /y . This can be checked,
for example, by noticing that

C
—E—>L as £ — +o00,
41 B,

which corresponds to the quotient of two consecutive terms in the power series. This proves the lemma. O

With this result we can now prove Theorem 3.1.
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Proof of Theorem 3.1. Taking § > 0, we give the proof in several steps.

First step (upper bound for x > §). From (5), we calculate as follows:

0y (xze”AG) =xe(2G 4 x9,G) + aBxe G = xe* LG + aBxe* G
o0
= xe? / b(y,x)G(y)dy + (a — 1)Bxe*G. (60)
X

Let us show that for a < 1 this expression is integrable. For the first term,

o o0
fxeaA(x)/b(y,x)G(y)dydx
0 X
o X o o0
=/G(y)/ew(x)b(y,x)dxdy </ye“(”G(y)B(y)dy < BM/YVHeaB%yVG(y)dy < +o00,
0 0 0 0

. o . aBy v ' .
where the last inequality is due to Lemma 3.3, since yV“e v YL Ceh}'y, where a < b < 22 and C is a constant

depending on a, b and y (recall that a < By, /By). For the same reason, the last term in (60) is integrable. Therefore,
since 9y (x2e?4™) G (x)) is bounded in L', we deduce that

x2e™ G(x) € BV(0, 00) C L™,
and in consequence

G(x) < C;e_aA(x) for x > 6.

Second step (lower bound for x > §). Writing Eq. (60) for a = 1 gives that x — x2¢4® G(x) is a nondecreasing
function, so

22eAMG(x) = §%21DG ) (x> 9),

which implies the lower bound in (54) for any a < 1. Notice that G(§) > 0 by Theorem 1.8.

Third step (upper bound for x < §). As x — x2¢*”/” G(x) has bounded variation, it must have a limit as x — 0.
As x > xG(x) is integrable, it follows that this limit must be 0. Hence, writing (60) for a = 1, integrating between 0
and z, and using Hypothesis 1.6,

z o0
zzeZV/VG(Z):/xe“A/b(y,x)G()’)dydx

0 X
4

Z o0
éCBM/xe”A/yV_lG(y)dydx gc//xexy/y dx < C'725 17,
0 X 0

which implies G(z) < C’ for all z > 0. This is enough to have (55) for x < §. We have used above that the mo-
ment of G of order y — 1 is bounded, as given by Theorem 1.8, taking into account that (29) holds and y > 0, so

Jo Y b(x, yydy < (C/y)xv~1 O
4. Bounds for the growth-fragmentation equation
In this section we present some estimates by above and below for the functions G and ¢, solutions to the eigenvalue

problem (5) and (6). The aim, as in the previous section, is to obtain bounds which are accurate enough to apply
Theorem 2.4, and then prove Theorem 1.9.
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The main additional difficulty as compared to the self-similar fragmentation equation from previous section is that
the dual eigenfunction ¢ is in general not explicit, which makes it necessary to have additional estimates for it.
In the rest of this section we will give the proof of the following result:

Theorem 4.1. Assume Hypotheses 1.1-1.5. Call

A(x) ::Ax+/B(x)dx.
0

1. Forany a € (0, B,/ By) there exists K, > 0 such that

Vx>0 G(x) < Kge 4™, (61)
If we also assume Hypothesis 1.6 and y > 0, then this can be strengthened to,
Vx>0 G(x)<K,min{l, x}e 4™, (62)
2. For any 8§ > O there exists K5 > 0 such that
Vx>8 G(x)> Kge 40, (63)
3. Assume additionally that
f:ﬂ —0 and B(x)— 400 asx— +00. (64)

(Here  is the one in Hypothesis 1.4.) There exist Cy, C1 € (0, 00) and for any k € (0, 1) there exists Cy € (0, 00)
such that

Vx>0 Co+ Cix* <op(x) <Ci(1+x). (65)

Remark 4.2. With (61), (63) and (27), in the case y > 0 it is easy to see that for any § > 0, a; > By /(y + 1) and
a < B,ﬁ/(BM(y + 1)) there exist C1, C; > 0 such that

Cre= ™ < Gx) < e ™ (x> 6). (66)
In the case y =0, from (61) and (63) one sees that for any § > 0 and a > 1 there exist Cy, C» > 0 such that

Cre” BT < G(x) < Cre BT (x > §). (67)
4.1. Bounds for G
Lemma 4.3. Assume Hypotheses 1.1-1.5. Call
Bm
Ap(x) 1= Ax + ——xV 1,
m(X) X+ " lx

For eacha < 1,

o0
f NG (x)dx < +00. (68)
0

Proof. We will first do the proof for y > 0, and leave the case —1 < y < 0 for later. Multiply Eq. (5) by x¥ with
k > 1, and integrate to obtain:

o0 y ]

kMy_; —kMk+/G(y)/xkb(y,x)dxdy—/B(x)kadx=0,
0 0 0
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which gives, using (92) and then (27) (noting py < 1 for k > 1),
(I = p) BuMy 1 <kMy—1 — AMy < kM. (69)
Applying this for k = £(y + 1) — y, with £ > 2 an integer,
v+ —vy
(I = pecy+1—y) Bm

Moy+1) < CeM—1y(y+1),  With Cp :=

Solving this recurrence relation gives, for £ > 2,

¢
My < My nCe (£ =>2).

Now, following an analogous calculation to the one in Lemma 3.3,

f T Gdx < M0+My+1z HC@ (70)
0 i=2 'z =2

Again as in Lemma 3.3, one can check that the above power series in a has radius of convergence B, /(y + 1) (using
that pr — 0 when k — +o0, from Corollary A.4 in Appendix A). This proves the lemma for y > 0 (note that the
dominant term in A in this case is x¥ 11, as then x < C¢ + ex? ! for any € > 0 and some C, > 0).

When y = 0, from (69) we obtain:

(1= pi) By + 1) My <kMy—y (k> 1).

We can then follow the same reasoning as above, with the only difference that now,

k
Coi=———7— (U2=22).
(I =po)Bn + 2

Now the power series in (70) has radius of convergence B, + A, which proves the lemma also in this case.
In the case y € (—1, 0), from (69) we obtain the inequality,

k
Vk>1 M < XM](—I,
from which we deduce thanks to an iterative argument as before that
k!
Vke N* M, < F(XMl).

Hence, fora < 1,

® 0 kik
/”)‘xG(x)dx_M(H-Z—Mk M0+AMIZa < +00.
0 k=1

The dominant term in A in this case is Ax, so this finishes the proof. O

Proof of points 1-2 in Theorem 4.1. With the previous lemma we are ready to prove our bounds on G.

First step (upper bound). Take 0 < a < 1, and calculate the derivative of G (x)e?4™):

(Ge™) = (a— 1)(B +2)Ge + &AL (G). 71

For a < 1 one can see that the right-hand side is integrable on (0, +o00): for the last term,

o0 (o 0] o0 X
/e“A£+(G)=f£*+(e“A)G:/G(x)/e“A(y)b(x,y)dydx
0 0 0 0

oo X o0

<fG(x)eaA(x)fb(x,y)dydx=K/B(x)G(x)e“A(x) dx < +00,
0 0 0
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where we have used (26). The last expression is finite for a < B,/ By due to Lemma 4.3 and the fact that

X X

A(x):kx+/B(y)dyg)»x—i—BM/dey
0 0
B B B B
:kx+—Mxy+1 g_M Ax 4 —2_xr+l :—MAm(x),
y+1 By, y+1 By,

using the upper bound in (27). The other term in (71) is also integrable for similar reasons, and we deduce that
e?“G € BV (0, 00) C L, which proves (61).

In order to get (62) we need to prove that additionally, G(x) < Cx for x small (say, x < 1). For this it is enough
to notice that G(0) = 0 due to the boundary condition (5b), and also that the right-hand side of (71) is bounded for
x €(0,1), as B and ¢*4G are, and

£4(G) = f b(y. )G () dy < C f VG () dy < 400,
x 0

due to Hypotheses 1.6 and 1.3. The last integral is finite because y > 0 and we already know G is bounded. This
finishes the proof.

Second step (lower bound). Writing Eq. (71) for a = 1 we obtain:
(Ge?) =eL(G) 20,
and hence
G(x)er™ > G(8)e® (x> 9).
This proves the result, as G(§) > 0 by Theorem 1.8. O

4.2. Bounds for ¢

First, in the case B(x) = B constant, the first eigenvalue A of the operator —d, + £ is explicitly given by
A = B(k — 1) (under Hypotheses 1.1-1.2), and ¢ (x) = C constant is a solution of (6), for some appropriate C > 0
determined by the normalization (6b).

In general the solution ¢ of the eigenproblem (6) is not explicit, and for its study we will use the following truncated
problem: given L > 0, consider,

o+ (BO) +A)bL(0) = L)) (0 <x <L), (722)
L
$>0, ¢(L)=0, / G ()b (x)dx = 1. (72b)
0

This approximated problem is slightly different from the one considered in [3], in that we are considering the first
eigenvector G in the normalization (72b), and not an approximation G obtained by solving a similar truncated
version of Eq. (5). However, this modification is not essential, and the results in [3] show the following (see also the
truncated problems in [8,12]):

Lemma 4.4. Assume Hypotheses 1.1-1.4. There exists Ly > 0 such that for each L > Lq the problem (72) has a
unique solution (A, ¢r), with Ay > 0 and ¢ € Wli)’coo. In addition,

AL L—+o00 A, (73)
forevery A >0, ¢r Lo, ¢ uniformly on [0, A), (74)

where (A, ¢) is the unique solution of (6).

In the rest of this section we always consider L > Lo, so that Lemma 4.4 ensures the existence of a solution.
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4.2.1. Upper bounds

In order to obtain bounds for ¢ we use a comparison argument, valid for each truncated problem on [0, L], and
then pass to the limit, as the bounds we obtain are independent of L. Let us do this. The function ¢ is a solution of
the equation,

SprL(x)=0 (x € (0, L)),

where S is the operator given by,

X

S¢(x) :=—¢'(x) + (A + B(x))¢(x) — / b(x,y)¢(y)dy, (75)

0

defined for all ¢ € W!->°(0, L), and for x € (0, L). The operator S satisfies the following maximum principle:

Definition 4.5. We say that w € W!-°°(0, L) is a supersolution of S on the interval I C (0, L) when

Swkx)>20 (xel).

Lemma 4.6 (Maximum principle for S). Assume Hypothesis 1.1. Take A > 1/ p. If w is a supersolution of S on
(A,L), w>=00n|0,A] and w(L) >0 then w >0on [A, L].

Proof. We will prove the lemma when w € cL(o, L)), and then one can prove it for w € W1’°°(0, L) by a usual
approximation argument. Assume the contrary: there exists xg € (A, L) such that w(xg) < 0 and w(x)/x attains a
minimum, i.e.,

w(xp) <0, (76)
w(xo) < w(x)
X0

(x€(0,L)). )

Then, because of (77), we have w’(xg) = w(xg)/xo and hence

X0
S0y =~ 4 (1, + Blxo))wixo) — f b(xo, Y)w(y)dy
0
w0 L, woo) [
Rl + (AL + B(x0))w(x0) — (x0, y)ydy

0

= w(x())()\.L — %) <0,

which contradicts that w is a supersolution on (A, L). O

One can easily check that v(x) = x is a supersolution of S on (1/Ar, L). A useful variant of that fact is the
following:

Lemma 4.7. Assume Hypotheses 1.1-1.4, and also that

B(x)

W—>O as x — 400, (78)

where w is that in Hypothesis 1.4. Take a smooth function n: [0, +00) — [0, 1], with compact support contained on
[0, R]. Then, there exists A > 0 and L, > A such that the function

v(x) =x+n(x)
is a supersolution of S on (A, L) for any L > L.
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Proof. We calculate, using (4),
x
SN@=—1+Mﬁ—WQY+QL+MﬂM@Y—/MLyW@M%
0
which for x > R becomes,
R
Svx)=—1+rpx — / b(x,y)n(y)dy > —1+xirx — CR*
0

B(x)
xutl?

as 1 is bounded by 1, and using Hypothesis 1.4. Due to (78), this is positive for all x greater than a certain number
A which depends only on A;. As Ap — A when L — 400 (see Lemma 4.4), one can choose A to be independent
of L. O

Proposition 4.8. Assume the hypotheses of Lemma 4.7. The solution ¢ of (6) satisfies,
p(x)<Cd+x) (x=0), (79)

for some C > 0.

Proof. Due to the uniform convergence (74) we have the bound,
P(x) <K(A) (x€[0,A]), (80)

for some constant K = K (A) which does not depend on L. This proves the bound on (0, A] for a fixed A.
To prove the bound on all of (0, 4-00) consider the function v(x) = x + n(x) from Lemma 4.7 with n = 10,13,
which is a supersolution on (A, L) for some A > 0. Then, for any C > 0, the function

w(x) :=Cv(x) —p(x)

is a supersolution on (A, L). Since ¢ is bounded above on (0, A) by (80), uniformly in L, we may choose
C 2 |9l L>(0,4) independently of L, such that

¢(x) <Cux) (x €0, A]),

or equivalently w > 0 on [0, A]. As ¢ (L) =0, so that w(L) > 0, Lemma 4.6 shows that w > 0 on [0, L], which is the
bound we wanted. O

4.2.2. Lower bounds
Let us look now for subsolutions.

Lemma 4.9. Assume Hypotheses 1.1-1.5, and also that B(x) — 400 as x — +00. Let ¢ :(—00,0) — [0, 1] be a
decreasing C' function which is 1 on (—oo, —€), 0 on (—€/2,0), and satisfies |¢' (x)| < 4/€ for x € (—o0, 0). Take
0 < k < 1. There is a number A which is independent of L for which v(x) := x*¢(x — L) is a subsolution of S on
(A, L).

Proof. First, from Corollary A.4 we have:

x
/meww>mﬁmm (x> 0)
0
for some p,’C > 1. Hence, by Lemma A.3, we may choose €, > 0 such that
(I—€)x
Ybx,y)dy > Cex*B(x)  (x2 D), @1
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with Cy > 1. Now, define ¢ (x) = ¢(x — L). We have, for x > max{Ry, €/¢,}, and using (81),

X

Sv(x) 1= —kx*"op (x) — x* 0] () + (A + B(x))xFpr (x) — / b(x, y)y oL (x)dy
0

X—€

4
< Zx" + (AL + B))x* - / b(x, y)y*dy
0

< ik i+x — B(x)(Cy — 1
~ E L -x(k )s

which is negative for x greater than some number A which depends only on A7 and k. In order to be able to apply
(81) we have alsoused that x —e€ > (1 — e )x forx > €/e,. O

Lemma 4.10. Assume Hypotheses 1.1-1.5, and also that B(x) — +00 as x — +00. For any 0 < k < 1 there is some
constant Cy > 0 such that

d(x) = Cpxh (x> 0).

Proof. Take ¢ as in Lemma 4.9, and let A be the one given there. The function,
w(x) = ¢ (x) — Cxlo(x — L),

is a supersolution on (A, L) for any choice of C > 0. Now, the uniform convergence of {¢ } from Lemma 4.4 together
with the positivity of ¢ from Theorem 1.8 imply that there exists C4 such that for L large enough

dL(x)=Ca (x€l0, A]),
which in turn implies
oL (x) = (A7*Ch)xk (x €0, A)).

With C := A~%C 4 we have w > 0 on [0, A], w(L) =0, and we conclude using the maximum principle from
Lemma 4.6, and again the locally uniform convergence of {¢} from Lemma 4.4. O

5. Proof of the main theorem

Finally, we are ready to complete the proof of Theorem 1.9. We give the proof of point 1 in the next subsection,
and that of point 2 in the following one.

5.1. Exponential convergence to the asymptotic profile

Now that the inequality in Theorem 2.4 and the bounds on the profiles G and ¢ have been shown, we can use them
to prove the first point in Theorem 1.9.

Proof for self-similar fragmentation. Let us show that Egs. (44), (45), (46), (49) and (50) hold for G, ¢. Then, as a
direct application of Theorem 2.4, point 1 of Theorem 1.9 follows.

e The bound (44) is an immediate consequence of (56). With ¢(y) = | and whatever M and R be, (46) is satisfied
due to the fact that ¢ (y) = y for the self-similar fragmentation model.

e Using (56) for any a1 > By /y and ar < B,%l/(yBM) (with 0 < ¥ < 2) we have for any x > M, R > 1 and for
some constants denoted by C,
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00 0 ~
/yG(Y) dy < C/ye—azyV dy < C/.y)/—le—a’yV dy
Rx Rx Rx

=Ce R L Ce Y < CG(x),

where we consider a’ such that: % <a’ <ay(< ay) (which is possible since R > 1), and that proves (45).

e We split the proof of (49) in two steps:
— For y < 2RM: On one hand, we have G (x)¢(y) < Cy. On the other hand, Hypotheses 1.7 and 1.3 show that
b(y,x) > CyV_l, so for y < 2RM (49) holds, as y < 2.
— For 2RM < y < 2Rx: We have, again using (56),

G(x)p(y) < Cye > < Cye " /FR) < cyr=1,

and we conclude as in the previous case, by means of Hypotheses 1.7 and 1.3.
e Finally, considering ¢(y) = 1 and Hypothesis 1.7, we obtain ¢(y)y~! = y~! < Cy?~! for any y > M because
y 2 0, and therefore (50) holds. O

Proof for growth-fragmentation. As in the self-similar fragmentation case, we only need to show that for growth-
fragmentation model, K, M, R can be chosen appropriately so that Egs. (44), (45), (46), (49) and (50) hold for G, ¢.
In this way, as a direct application of Theorem 2.4, point 1 of Theorem 1.9 holds in that case.

First, for the case b(x, y) = 2B /x with B, > 0 a constant, the bound (67) holds, and ¢ (x) = Cy for some constant
Cy > 0, as remarked at the beginning of Section 4.2. In this simpler case, (44) is a consequence of (61), (45) is
a consequence of (67), and (46) obviously holds with ¢(y) = 1, since ¢ is a constant. Similarly, (49) is obtained
from (61), and (50) is true with ¢(y) = 1 and K = 2By,. This allows us to apply Theorem 2.4 and prove point 1 in
Theorem 1.9 in this case.

Let us consider now the case y > 0. Note that the requirements in Eq. (64) hold, as due to (29) one may take u = 1
in Hypothesis 1.4, and we have y € (0, 2). Hence, all the bounds in Theorem 4.1 are valid here.

e The bound (44) is an immediate consequence of (61). With ¢(y) = y¢, where 0 < € < 1 and whatever M and R
are, (46) is satisfied due to the fact that ¢ (y) verifies (65): for Rz <y < 2Rz,

¢y <
g(y)
e Using (27), (65) and (66) we have for any x > M and for some constants denoted by C,

C(1+y'7€) <C(Co+Cez' ™€) < Co(2).

/¢(y)G(y) dy < C/(l _{_y)efazyyﬂ dy

Rx Rx
o
< C/yye‘“’yy+1 dy = Ce™ R < CG(x),
Rx
which holds by taking 0 < a’ < ay < (Bm)z/(BM(y + 1)) and R > 1 such that
adRYT = B_M
y+1

This proves (45).
e As in the self-similar fragmentation case, we split the proof of (49) in two steps:
— On the one hand for y <2RM and x < y, using (65) and (62) we have G(x)¢(y) < Cy(1 + y) and using
Hypothesis 1.7 one sees (49) holds because 0 < y < 2.
— On the other hand for y > 2RM and x > % (which falls in the case max{2RM, 2Rx} = 2Rx) we have, again
using (65), (66),

GX)p(y) <CU+ye " <oy,

and we conclude due to Hypothesis 1.7.
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e Finally, considering ¢(y) = y¢ with 0 < € < min{y, 1} and Hypothesis 1.7, we obtain £(y)y~! =y~ < Cy?~!
for any y > M, and therefore (50) holds. O

5.2. Spectral gap in L? space with polynomial weight

Gathering the first point of Theorem 1.9 with some recent result obtained in [5] (see also [11] for the first results
in that direction) we may enlarge the space in which the spectral gap holds and prove part 2 of Theorem 1.9.
We will make use of the following result:

Theorem 5.1. (See [5].) Consider two Hilbert spaces H and H such that H C 'H and H is dense in 'H. Consider two
unbounded closed operators with dense domain L on H, A on 'H such that Al = L. On H assume that:

1. Thereis G € H such that LG =0 with |G| g = 1.
2. Defining ¥ (f) :=(f, G)u G, the space Hy:={f € H; ¥ (f) =0} is invariant under the action of L.
3. L — « is dissipative on Hy for some a < 0, in the sense that

Vge D(L)NHy ((L—a)g.g), <O,

where D(L) denotes the domain of L in H.
4. L generates a semigroup ' on H.
Assume furthermore on 'H that
5. there exists a continuous linear form ¥ : H — R such that ¥ |y = V;
and A decomposes as A = A+ B with
6. A is a bounded operator from H to H.
7. B is a closed unbounded operator on 'H (with same domain as D(A) the domain of A) and satisfying the dissi-
pation condition

Vge D(A) ((B-a)g.g)y <O.

Then, for any a € (a, 0) there exists C, > 1 such that for any g, € H there holds:
vVi20 ”etAgin - lIl(gin)GHfH < Cqe! ”gin - w(gin)G”'H'

Proof of part 2 in Theorem 1.9. We split the proof into several steps.

Step 1. Under the hypotheses of Theorem 1.9, take G, ¢ solutions of (5), (6), respectively. We define
H := L*(¢G ' dx) and H := L?(6 dx) with 6 = ¢(x) 4+ x*, k > 1. Due to the bounds of G and ¢ proved above, one
can see that H C 'H.

We define:

Ag:=—a(x)d g — (A + B(x))g +Lig
on’H and L := A|y on H. We also define:

o0

v(g) =g Gn =/g¢dx (g eH),
0

and ¢ := ¥ |y. From part 1 in Theorem 1.9 it is clear that L satisfies points 1-4. Moreover, ¥ is correctly defined and
continuous on 7 as soon as k > 3, so that 7 C L'(¢ dx) thanks to Cauchy—Schwarz’s inequality. To finish proving
point 5, for given M, R > 0, we define x := M1[o gy,

(A9 (x) :=gx)x (x),

and

Bg:=[—gx —a(x)dxg — rg]+ [L+g — B(x)g] = A(g) — gx.
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so that A = A+ B and clearly A satisfies point 6. In order to conclude we have to establish that 3 satisfies point 7 for
some well chosen k, M and R. Let us prove this separately for the cases a(x) = x and a(x) = 1.

Step 2. The self-similar fragmentation equation. For a(x) = x, one has ¢(x) = x and we may easily compute,
form>1,

(Bg, g)L2(xm dx) = W+ T+ T3+ Ty + Ts,

with

o0 Ooa m 1

T ::/(—xaxg)gxm:/ x(xz x)g2:m;‘ ‘/g2xmdx7
0 0
o

T = /(—Zg)gxm = —Z/gzxm dx,
0

o0

T3 := —/B(x)gxmg < —Bm/gzx'"”,

0
00
Ty = — 2. m
§ = /gx X
0

o]

Ts := /(£+g)xmg.
0

Introducing the notation G(x) = fxoo lg(»|y? ~!dy, we compute, using (29),

o0 o
Ts < /x’"lg(x>|<PMBM/|g(y)|yV‘dy) dx
0 X
o0
_ Py By

— > / 266 x™ =Y dx
0

o
Py B
= PuB [ gaa, ().
0

Thanks to Cauchy—Schwarz inequality we have for any a > 1

o0 o0 l—a [o/0]
_ _ X _
gz(x)S/yzy 2+“g2(y)dy/y “dy < a_1/y2y gt (y)dy.
X X X
We then deduce
1=y T r
Py B _
Ty TMPMmE 2y /yzy_”“gz(y)/xl‘”x”‘_y dxdy
2 a—1
0 0

o0
< v/y”mgz(y)dy,
0
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with
PyBy (@.m) (@.m): m+1)—y o 1
R, R = i =y —@—0 “a-1

provided that m + 2 — y — a > 0. In particular, we notice that for m = 1 and a* =2 — y/2 € (1,2) we have
v(a*,1) =2PyBy/(2 —y),sothatform =1

v=v(a,m)=

2 o0 o

Py B

Ts < M M/ 1+y — Co/xlwgzdx.
0

We also need to use the above calculation for m = k. We can find a and & such that

B
k>3, 1l<a<k+2—vy, v(a,k)<7.

To see this, take
2Py By 1 B

a=1+ ,  so that <
B, a—1 "2puBu

and then take k large enough so that
k+1—y
k+1—y—a+1"
Putting together the preceding estimates we have proved

o0 o0
— B
(Bg. ) < fxg2(x){—1 — %+ (Co— " }dx +/xkg2<x>{¥ - me”}dx.
0 0

Recalling the definition of x, for any C > 0 we can find R and M large enough so that

o0

(Bg, 91 < —C/ngdx,
0

and that proves that assumption (7) in Theorem 5.1 is fulfilled with « = C = S. The conclusion of Theorem 5.1
provides the conclusion in Theorem 1.9.

Step 3. The growth-fragmentation equation. In this case we have a(x) = 1 and ¢ is the solution to the dual eigenvalue
problem (6). We first compute,

(Bg. &) 12paxy =Tz + Ta + Ts,
with

Tip3 = /{—3xg —Ag — Bglgd

1 2
{§8x¢ - )\¢ - B¢}g

0\8 o

A¢+B¢+L”¢k <0,

Nl'—‘
\8

2 x9,

|
0\8
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Ts = /(£+g)¢g
0

o]

< /BMa(l+x)|g<x>|<f|g<y)|yy‘1dy> dx

0
0

< Cz/gsz(ler)dx

0
o0

<e [ @+ a
0

where as in the previous step we define Cr = (ByC1/2)(u(a, 0) + w(a, 1)) for some 1 < a <2 — y (recall that here
we have made the hypothesis y € (0, 1)) and C3 comes from the fact that ¢ is uniformly lower bounded by a positive
constant. Following the computation of the previous step we easily get an estimate on (Bg, g) 12(yk 4x)> choosing k as
before. Putting all together we obtain:

Bg. 9 = [ Bg(pe) + ") dx
0

< /{C3(¢(x) +al*7) — xg)g? dx +/{§xk—l — O 03" — i—mxk“}gzdx.
0 0

Again, for any C > 0 we can find R and M large enough so that

[e¢]

(Bg. &)1 < —C/ngdx,
0
and we conclude as in the previous step. O
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Appendix A
The following results are useful for dealing with weak conditions on the fragmentation coefficient b(x, y).

Lemma A.1l. Let { f;}ics be a family of nonnegative finite measures on [0, 1], indexed in some set I, and take k > 0
fixed. The following two statements are equivalent:

de,6 € (0, 1): / ﬁéﬁ/ fi foralliel, (82)
[1—e,1] [0,1]

IP € (0, 1): / xkf,'(x)dxéP / fi foralliel. (83)
[0,1] [0,1]
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Proof. First, assume (82) holds for some €, § € (0, 1). Observe that (82) is easily seen to be equivalent to

fi>(1—8)/f,~ foralli el. (84)
[0,1—€) [0,1]

Using this,

/xkf,-(x)dx: / xkﬁ(x)dx+ / xkf,-(x)dx
[0,1] [0,1—¢) [1—e,1]
<(1—ef / fik)dx + / fi(x)dx
[0,1—¢) [1—e, 1]

=fﬁ(x)dx—(1—(1—e)") / fi(x)dx

[0,1] [0,1—¢)

<(I-(1-a-e1-9) / fi(x)dx

(0.1]
=+ -81—-ek) / fi(x)dx, (85)
[0,1]

where (84) was used in the last step. This proves (83) with P :=8 + (1 — 8)(1 —e)* < 1.
Now, let us prove (82) assuming (83) by contradiction. Pick €, § € (0, 1), and take i € I such that (82) is contra-
dicted for these €, §. Then,

/xkﬁ(x)dx> / xkﬂ(x)dx

[0,1] [1—e,1]
> —e)k f ﬁ(x)dx}(l—e)kéfﬁ(x)dx. (86)
[1—e1] [0,1]

Hence, choosing § close to 1 and € close to 0 gives an i € I such that (83) is contradicted. O

Lemma A.2. Let { f;}ics be a family of nonnegative finite measures on [0, 1], indexed in some set 1. The following
two statements are equivalent:

V§ >0, de > 0: / fi < /f, foralliel. &7)

[1—e,1]
There exists a strictly decreasing function k +— pi

with 0<pr <1, lim py=0
k—

+00
and / xkfi(x)dx < pk f fi foralliel. (88)

[0,1] [0,1]

Proof. Let us first prove (88) assuming (87). Eq. (85) holds here also, so

/xkﬁ(x)dx<(5+(1—a)(1—e)k) / fi(x)dx.

[0,1] [0,1]

Choosing é small enough, and then k large enough, one can take py so that (88) holds.
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Now, let us prove the other implication by contradiction. Assume (88) does not hold, so there is some é > 0 such
that, for every € > 0, (88) fails at least for some i € I. With the same calculation as in (86), choosing € = 1 — (1/2)1/]‘,
we have that for every k > 1 there is some i € I such that

8
/ xkf,-(x)dx>§ / fi(x)dx.
[0,1] [0,1]

This contradicts (88). O

Lemma A.3. Consider a fragmentation coefficient b satisfying Hypotheses 1.1, 1.2 and 1.5, and take 0 < k < 1. For
every § > 0 there exists an € > 0 such that

(I—e)x x
YEb(x, y)dy = (1 - 6) f Yeb(x, y)dy (x> 0). (89)
0 0

Proof. Equivalently, we need to prove that for every § > 0 there exists € > 0 such that

X X
yeb(x, y)dy <8 / YEb(x, y)dy (x> 0). (90)
(1—e)x 0

Using Hypothesis 1.5, take € > 0 such that (28) holds with 8/« instead of 8, where « is the one in Hypothesis 1.2.
Then,

X X X
5
fykb(x,y)dyéxk / b(x,y)dy<xk—/b(x,y)dy
K

(1—e)x (1—e)x 0
X X

=xk5B(x) :ka/ Xb(x, y)dy < S/ykb(x, y)dy. O
X
0 0

Corollary A.4. Consider a fragmentation coefficient b satisfying Hypotheses 1.1, 1.2 and 1.5. Then there exists a
strictly decreasing function k — py for k > 0 with limy_, y o0 px =0,

pk>1 forkel0,1), p1=1, O<pr<l1l fork>1, (C2Y)]
and such that
X
/ykb(x, Y dy < pix*B(x) (x>0, k> 0). 92)
0

Also, for each 0 < k < 1 there exists p,’< > 1 such that

X

/ykb(x, ydy > ppx*B(x) (x>0, ke[0,1). (93)
0

Proof. Apply Lemma A.2 to the set of measures { f, }.~0 given by:

fe(@):==b(x,x2) (z€]0,1]),

for which Hypothesis 1.5 gives precisely (87). Then, by a change of variables and using Hypothesis 1.2, (88) is
exactly (92).

For the second part, fix 0 < k < 1. Applying Lemma A.2 to the set of measures {z5b(x, xz)}c=0 gives Py so that
(93) holds, as this set also satisfies (87) (by Lemma A.3). O
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Remark A.S. One can omit Hypothesis 1.2 in the previous corollary and still get the result for k > 1 by taking
fx(z) :==zb(x, xz) in the proof.
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