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We consider solutions of inhomogeneous, reduced hyperbolic equations of
the second order, with a large parameter multiplying the unknown function.
These solutions are defined on the m-dimensional region outside a star-shaped
body. They satisfy an “outgoing’ radiation condition at infinity and a Dirichlet
boundary condition.

We obtain a priori estimates for these solutions, at every point outside or on
the surface of a two- or three-dimensional star-shaped body, that hold for
sufficiently large values of the parameter. We prove that each solution is
bounded by a linear combination of (i) the maximum norm of its prescribed
boundary values, (ii) the L, norm of the prescribed values of its tangential
derivative, (iii) an Ly norm of the source term. This result is based on similar
inequalities that we first obtain for a certain L; norm of the gradient, and of the
normal derivative on the boundary, of each solution defined outside an
m-dimensional star-shaped body.

For the special case of the reduced wave equation, Morawetz and Ludwig [1]
have obtained similar estimates. Just as their results have been used in [3] to
confirm the geometrical theory of diffraction, the estimates obtained in this
paper can be used to establish the validity of certain formal asymptotic solutions
of reduced hyperbolic equations.

1. INTRODUCTION
In this paper we establish a priori estimates for solutions of second order,
uniformly elliptic partial differential equations of the form
Ly = (A(x) - V) - Vu + a(x) - Vu + du = f(x, ),

where A(x) is a symmetric matrix, These estimates are for solutions defined
in the m-dimensional exterior of a smooth star-shaped body, that satisfy the
radiation condition
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and which reduce to a prescribed function on the boundary dF of the star-
shaped body.
Our estimates are obtained under the hypothesis that

lim A(x) =1, uniformly,
=0

where I is the identity matrix, and that

8 0N
SAE | <5k, IV AR — )l < ok

if r 2 r; > 1 where C, is a constant, and p > 2.

Let n be the outward unit normal to the boundary @V of the region V where
the solution u(x) is defined. We establish first that || ,, [|5, (the L, norm of the
normal derivative of #(x) on 9V) and || Vujr ||, (the L, norm of Vu/r), are
bounded from above by a linear combination of || Vu -— nu,, ||, (the L, norm
of the tangential derivative of u(x) on dV), the L, norm || 7f |}, , and A || u |},
(the maximum of A | #(x)| on dV’). The constants in this linear combination
depend on a(x), A(x), and first derivatives of the elements of A(x), but are
independent of A. These estimates hold as A — oo if

[r(V-A—a)+3 V(m)a&cw[ r(0/or) A(x)|

n_(min( - (A(x) - £)))

<
V(r )uaV 1€1=1

V(r )U@V

where V(r) = Vi {x: [ x| < r}. (If Lyu = f is the reduced wave equation
for an inhomogeneous medium, i.e., if a(x) = 0 and A(x) = «(x) I, we require
instead that

| r(Vi(x) — (x/r) w(x))| + %V(max | r(e/or) x(x)] < rmUnW K(x).

vinpony

Making use of the estimates for ||u,|5, and || Vu/fril, we subsequently
obtain an inequality of similar form for A~0+m)/2 | y(x){ (m = 2, 3) that holds
as A— 00, uniformly on (VU V)N {x:|x| <r,— 3,0 <8 <ryf2} for
every value of r, such that {x: | x | < 7,/2} D oV.

For solutions of the reduced wave equation our estimates reduce to
those obtained by Morawetz and Ludwig [1]. They were able to establish
the mathematical validity of the geometrical theory of optics by using them.

Our estimates can be applied in a similar way to establish the asymptotic
character of formal series solutions that depend on A in the same way as the
expansions of geometrical optics, and also of certain diffraction expansions

(<f. [2, 3]).
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In Section 3 of this paper we present the inequality that is basic in obtaining
our estimates for || u, ||sp and || Vu/r ||, . This inequality is derived from an
identity that expresses the divergence of a certain vector with components that
are quadratic forms in », and the first derivatives of , as the sum of quadratic
forms in these quantities, and the product of Lyx with a linear combination
of u and its first derivatives. The identity is derived in Appendix I.

In Section 4 we integrate the basic inequality over the region V' exterior
to the star-shaped body. The result is an inequality, which implies that under
the above conditions ((n - (4 - )2 u, |lpy)? and (|| Vajr|l,)? are each
bounded from above by a linear combination of (|| # |[ap)?%, (|| Ve — nu, ||,)?
(I 7Ly |y)? and (} #fr ||)% This is true for all sufficiently large A.

In Section 5 we first establish that the quantity A%} u/r ||,,)? is bounded
from above by a linear combination (with coeflicients independent of A) of
the quantities (| # loy)?, (I Vit — 1ty )2, (I Lyt )2, (I(n - (A - m) P2 10, |,
and (|| Vu/r ||y)% The first three of these are known a priori, while the last
two are not. This result, together with the estimates of Section 4, imply that
if A is sufficiently large, then both [z - (4 - #))1/2 u, |5, and || Vujr ||,, are
bounded from above by 2 linear combination of quantities that are all known
a priori, viz., || #|lay , | Vit — nt, [l and || 7Lyu ]y .

In Section 6 we derive an estimate for |#(x)| that holds uniformly on
(VuaVynix: x| <r,— 8,0 <8 <ryf2}. We establish for m = 2, 3 that
AU-m)/2 | y(x)| is bounded from above by a linear combination of (the known
quantities) Al u |3, || V& — nu, ||z, || ¥Lyu ||y, and a linear combination of
(the unknown quantities) X* || /7 ||, , Al| Vajr |y, || w4y lloy -

Finally, if the estimates of Sections 5 and 6 are combined, the result
obtained is that A-@+m)/2|y(x)| is bounded from above by a constant
multiple of the sum of A ||}, {| Vu — nuy, |lop and || 7Lyu ||, . The multiple
is constant with respect to A and depends only on norms of A(x), a(x), and
first derivatives of the elements of A(x).

2. GLOSSARY

Notation
1. Ais a positive real number.

2. x is an m-dimensional row vector with components x!, 2, &%,..., x™;

r=1x1 = (% @)

i=1

3. p(x), y(x), O(x), v(%), w(x) and w(x) are real valued functions of x.
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4. u(x) is a complex valued function of x; | u | = (usf)*/2.

5. a(x) and b(x) are row vectors with components a'(x), a*x), a¥(x),...,
a™(x) and b'(x), b%(x), b3(x),..., b™(x) that are real valued functions of x.

6. I is the m X m identity matrix. A(x) is a matrix with rows
Av¥(x), A*(x),..., A™*(x) and columns A*(x), A*%(x),..., A*"(x). The
elements of A(x) are the real valued functions A%(x), wherei, j = 1, 2, 3,..., m.

7. B(x)is a row vector with components Bl(x), B2(x),..., B™(x) that are
m X m matrices, The elements of B*(x) are the real valued functions B/*(x).

Operations
1. If v and w are row vectors with scalar components ¢t, 72,..., v™ and
wt, w?,..., w™, then
(i) W = ('oiwj)mxm s
(i) v-w =Y}, v
(i) |o|=(v-D)P~
2. If V is a row vector with components V1, V2., V™ that are row
vectors with scalar components, then

0 1 VI=%5 0V,
i) V-o=Wr v V2o, V™),
o V=@ Vo Vi., 0o V™).
3. If M is a matrix with rows M'* M2* _ Mm* then
() D] = (T | M* e,
() Mo = (MY 0, M>* - 0,., M™* o), 0 M =Y vsMi*,
4. If Mis a row vector with matrix components M1, M2,..., M™, then
O 1M = (i | M e
(i) v M=(v -M,v- M., v -M™),
M-v=(M! 9, M? o,.,M"- 0.
5. If s(x) is a complex valued function of x, then Vs(x) is a row vector
with components s,(x), $o(x),..., s,(x) Where s,(x) = 9s(x)/dxF.

6. If 2(x) is a row vector with components 2'(x), v%(x),..., v"(x), then
Vo(x) = o).

i=1

7. If M(x) is a matrix with rows M**(x), M?*(x),..., M™*(x), then

V-M(x):g M) and W'M(x)l:(ilMZf*(x)P)m
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where
M*(x) = M (x)/0x".

8. If M is a row vector matrix components M(x), M*(x),..., M™(x),
then

VM=) MHs),

B=1
where
M H(x) = oM¥(x)/ox®.

9. If F(x) is a complex valued function, a row vector with scalar
components, a row vector with vector components, a matrix or a row vector
with matrix components, then

@ 1F1>=( fb IF(x){de)m,
(i) |Fp = max|F(x)l,
(i) [1F1p=[ |F@ldw

where D is the closure of D.

10. If u(x) is a twice differentiable complex valued function of , then

Ly =V -(4-Vu)+ (—(V - A) + a) - Vu + Xu.

3. THE Basic INEQUALITY

The a priori estimates derived in this paper are based on the following
inequality:

V- Re[(Vu - B) + (—idp + ) ud) Vit + 2(3[2) | u 7]

y(p® 4 1) p? [&]2 p? (b-¢)a 2
<[ 2Tcl T ZwlcF T 4 +16v|c12( cFp — 1) 12w
ylcl? | d|? w c-Vu . |?
R e R N I Gy I i
—ReVu:((pAd —ab +V -B— (& +0+v)I)-Va). )
Here

2B* = bAk*  A¥*h — b*A.
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The above inequality holds under the assumption that 4 is a symmetric

matrix whence
Biik — Biik,

Also
2d =V - (y4) — ya,
2¢ =V - (pA) — pa,
o= (V- 52—y
The vector b and the scalars ¢ and y must be chosen so that
o>=2lcii
Finally, v and p must be chosen so that
v—p=—3
Inequality (1) is derived as follows, from the identity:

— V- Re[((Va * B) + (—idp + y) ud) - Vi + X(b[2) | u |?]

. _ e Vuj?
= — Re[b - Vu + (—idp + y) u] Li — 2Re u(d - Vii) - —
. 2
—a|f GV’LiAu — ReVa - ((y4 — ab + V - B) - Vi), @)

{The derivation of (2) is given in Appendix I.)
We note first that

Re[b - Vu + (—idp + y) u] Lyii

¢ Vu

:Rep[ ——i/\u]L,,E—}—Re[li);T — ”L”‘]Cl'jl“Lg
-+ Re [:—I(%TC)_I{T + b] - VuL,ii + Re yuL,ii.

The following inequalities hold for the terms on the right side of the
preceding equation.

b-
—Re[—(lclc)l—z—l—{—b]-VuLﬂi
_ple-Vul? o 102 2
< lclz +‘U-|Vu] + 4’1/ lLAula
~Rep[€ 'Uvu-—i,\u]LAﬁ
w . aleVu R p? 2
<2\C‘ o thu +2wlcizlL)&ula
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y el (p*+1)

_ReyuLAﬁg?(Pz+l)[u[2+% o [Lu 2,
b-c ple|1e-Vu  _
‘Re[m i ] e L
vie-Vul?  (ple])?* ((b-9)0 ?
ST ot ( Teltp —1) 1L

Also, if 0 2> 2| ¢ |%, then the last term on the right side of the preceding
inequality is obviously less than

p* ((b'c)a ——l)zlL;‘ulz-

lev[cl>\ [c|®p
Consequently, if 0 >> 2| ¢ |?, and v — p = —}, we have
— Re[b * Vu 4 (—ido + y) u] L\
L Rk 2 I T L
<[+ et e e~ e ©
_le-Vup? vicl? 2 2 o |c-Vu |2
TeR T aEg M T e ] o]

Furthermore, if # is any scalar function, and ¢ > 2| ¢ |, we have

2
—2Reu(d-Vﬁ)<‘—%—I—[u|2+0|Vu[2,
leVui2 1 |c-Vul?
<5 TeE 4)

We finally get inequality (1) by using (3) and (4) to estimate the first three
terms on the right-hand side of identity (2).

4. INTEGRATION OF THE Basic INEQUALITY

Assume now that

G

yp+1

C
| A=) < and |V A(x) — ()| < 5

if r 2 r; > 1, where C] is a constant, and p > 2. Assume also that

lim A(x) = I,

r->o0

uniformly with respect to the angular variables.
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Suppose that oV is star-shaped, and that the radiation condition

lim r

0
oo Jo

. 2
* ovu—ia+ =D as =0
r 2r

is satisfied.
In (1) we set

b=«l,
with
€7+ 1 if < r <y, vy,
r= —((—?—)—-1)25’“1—}—5"1%—1 if r>=vr,.
We define y by the equation
a:—v——zl—b—'y=2|c|2.

This choice of y is obviously consistent with the requirement thate 2> 2 | ¢ |2
Under the assumption that 9V is star-shaped, we have

naltllnn-b>ﬁ=na}lllnn-x>0.

Next, we choose the scalar function p so that | ¢ |2 is uniformly bounded
on 0V U V, and so that, as r — o0, we have

1 x 1 1
prvoll) Smtio(k)) wisi-o(h).
uniformly in the angular variables. (See Appendix II, where we show how
to construct a function p with these properties.)
As for the remaining scalar functions in (1) we set

v == ¢/3r% 0 =v/2, po=(1-+ 2)/2, w=2.

Under the above conditions, integration of (1) over 6V U V leads to the
following inequality:

CZp[ ned mlu,pas
ov

2
1411502
= [ IBl+ gy 1 Ab 1] 1 Vu — e, 2 s
3 (e + ) n-b
_fav[i_ (n-b)e |4l =» 2 ]{u{zdS ©)
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— [ ReVu-((yA—ab+V-B—(}+0+I) Va)dV
l,
“f (1=%)e I ”““ dV+f [2(),;2]1!21) I’dai]'“‘w

+f [y(guﬁ T % 12c T l4bplz + 16VP|2 e (((b s rz): = 1)2]

X | Ly |2 dV. (5)

Here ¢ is any positive constant less than one.

To establish (5) we first integrate (1) over the region outside 9V, and inside
the sphere S,» == {x: | ® | = #'}. The left side of (1) integrates into the dif-
ference I, — I, , where

I = fs, Re [, - (Vi B + (—idp + 9) ud) - Vi 4 22 —bl;‘—li)] ds,

with S; = &V, n; = n (outward unit normal to 2V); S; = S, and n, = x/r.
Under the conditions imposed above it can be shown that

lim I, =0.

r'Ho

We get (5) by letting ' — 00, and then making use of the inequality

(1—¢) . 9
LS5 p ) ne(n)uas
141182 .
— [ B+ G + 141111 Vu—m2ds (©)
[37(?2—%”?)2|A|—/\2(12ﬂ][u(2ds.

This inequality is obtained in a straightforward way, once it is established

that

Ren - ((Vu - B) - V@)

=in-(A-n)n-blu,*+n (4 n)Rewt,(Vu—nu,)-b
+ n - [((Vu — nu,) - B) - (Vit — nit,,)],

and that
Re(—iAp + y) u(A - Viz)

= Re(—idp + y)un - (4 - n) &, + Re(—idp + y)un - (4 - (Vi — nir,,)).



REDUCED HYPERBOLIC EQUATIONS 319

We obtain (6) by first integrating both sides of the last two identities over
oV, and then making use of the inequalities

2jvw|<|oPletelwf,
2o M[<[vfet+e[MFP,
lo- M| <|v|M].

It follows from our assumptions about the asymptotic behavior of 4, 4, ,
and V - 4 — q, as r - o0, and the definition of I, that

Yo e lVel m |Vl
c 2 ) 0'——-2[6‘ ~ 2 ’ Y 2 2 y
ViVp|?
=YLV E 0@ (),
as 7 — co.
Recalling how we choose p, p, v and b, we have, as r — oo,
P 4p?
~ 2012,
e~ v = o)
Yer+ 1) 1 0D _ o
2]0!2 ("l (VP() lvplz O(')’
|52 ,2

p? (b-c)a_ Y VP ? .
16v1c12(1c12p l)”‘e}vpyz( — 1) =0,
So the coefficient of | Lyu |? in (5) is O(r?), as r — o0.

Furthermore, as r — 00, we have

vielr (m—1Vp[®)|Vp|® _ 0(_!_)
200 + 1) 16(p* + 1) r?
d|2  8r? 1
L ¥ 1 Vp 219 1V 1 = 0 ().
The coefficient of | « |2 in (5) is, therefore, O(1/r?) as r — 0.
Finally, it follows directly from (5) that

O (4w o + (i ot ) (| 2] )
<s(lrLalnf + (e | PS5 a1 — min @20 0wy
(1Bl + L) SR e 181160 69 —
(5 DL 0
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where

A e+ 1) p? [6] L (AL 2
“(’)*“rz 2T + 5 T +16v|c12(|c12p2‘"1))

q(f,x)sRef'(('yA+V-B—~ab—(-%+0—{-u)l)~§),

1

’

14

and

a6, ¥) = min q(¢, ).

5. ESTIMATES FOR THE NORMS || u/7 ||, ||[Vu/r ||y AND || 2, |51

In this section we establish that the following inequality holds as A — oo:

2 vuay )
<@l 1+ (L))

Xmax(&’&fé‘v*&fﬂ‘)»llﬂilé,lw-A~an;,)

r

( min r q(fox)) (

1

1’2

1
72

x max(1, || A1lpy) [(1 4 20) (I 2Ly [ ®)

+2 (e (|52 Y a1 —min 52 4+ 5) o

25l

+ansy+7+enA|b|név)
oV
x (I Vae — muy Joy)?]

In deriving (8) we obtain similar inequalities for
(n- (4 -n)2uplley  and | Vufrily,

viz., (13).
The above inequality is derived from (7), and the identity

V(G- V)

_v( ) (4 - V) + 2(v Ad)-Vu + 2(LAu—a Vi — A%). (9)
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The argument we use to derive (8) requires that the coefficient of (|| u/r [|;.)?

be positive. In Appendix III we show that this requirement will be satisfied
if the differential operator Ly — a + V is uniformly elliptic, and

(min(¢ - (4 - ) = 3174, liveey — I7(V - 4 — @)}y > 0. (10)

V(rl)uaV 1€l=1

In the special case that 4 = «I (i.e., if Lyu = fis the reduced wave equation
for a nonhomogeneous medium), the coeflicient of (|| #/r ||,,)* will be positive if

>0. (1)

(r Vg k(%) — _“ e ey — “ (VK o —in KT) ;(rl)

First, by an argument similar to the one used to derive (5) from (1), we
obtain from (9) the preliminary result that, as A — o0

(+1) <% (0+15

2

u
r

Jaam+1v-a-ap) (=] )

5 (152 ] ) 1A tew (o + (1T — e L)
1 (12)
() o mp oy
r2
s (=] ) ezt
v
Using (12) to estimate the last term in (7), we find that, as A —> o
- E)1’2 B2 - (A - )2 uy lov
1/2 41/2
\/2 (%gbr q(éo , x))l/zl Vr“ ” <2 2\ rLully
3 e+ )R + )2 ( RE (13)
2 (g | H I Al — min 522 ) av)
+ 2 (1Bl +— | ZL2E] ejas) lev) 1 Vi — g
v

Finally, using (13) to estimate || Va/r ||, , and ||(n - (4 - #))*/2 u,, |5 in (12),
we obtain (8).

409/44/2-4
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6. A POINTWISE ESTIMATE FOR THE SOLUTION

In this section we obtain the following pointwise estimate for u(x). If
m =2 or 3, and A> 1, then

) < 00 499 [(| [ ) (2wl

(1] 85D

)
< o) 171

a2

i (A““l(x’) - A°‘1’(x))

Viry+8) )

’

X max (‘\ = iz x| ( ;140‘()?2) - /1140&8’))

[ (v () = ) ) 051)
+ 0027 4%) [r| ol | (1150
+(m

Here A%(x) is any positive function in CY{(V U V),

V(Tg+8) ’
14
v )

r

) A= i39IV = o) + I (A - )t )]

Vi +08) =V n{x|x|<ry+ 8},

and 0 << 8 < ry/2. This inequality holds uniformly on V(r, — 8) U @V for
every value of 7, such that V(r,/2) O ¢V where

Vireb—8) =Vnix: x| <r,— 8}

If m >> 4 a more complicated argument is needed to obtain a pointwise
estimate for #(x). This is because our derivation of (14) requires the existence
of the integrals

| AT lvesy  and |5 — x| VR@)/ lpirpro
where h(x) = h(x, &) is the fundamental solution of

(A(x) - V') - V' + Xk =0,
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that satisfies the same radiation condition as u(x), if A(x) = 1. These integrals
do not exist if m > 4.
To get (14) we start with the identity

;‘ga) - -[ Virg+6) h(x) s w4V N J.v(hw) h(x) (Aoi(x) Aloo) av’
+ f Vres) n((V'h(x)) . (Z{% _ jﬂgg) )) V' dl
- Viry+d) () (V' (jm )) Vudp'— J.V(1'2+E) nh(x )a YV gy
(15)
[ o (e ) vy
-2 ey T« (A(x) - VA(x)) o~ AOO() v’
[, (G 9 V) ) g v
[ Hon (i v as — [ e (A vao)uas,
x € V(ry),

where

AV(ry) = V(rz + 8) — V(ry).

The fundamental solution A(x) = A(x, x’) in (15) is given explicitly by the
equation

hs, ) = Co fgaogems P& = 0 (470) - (& — spg-m-ove

X Hp - sMa' — x) - (A7) + (" — m))), (16)

where A(x) is the diagonal matrix whose entries are the eigenvalues of A(x),
H{)) 5 is the Hankel function of the first kind of order (m — 2)/2, and

)

G = gy

Equation (15) is derived under the assumption that 7 = y(x,7,) is a
function in C¥V(r, 4- 8) U V) with the following properties: 7(x, 7,) < 1
faxeV(r,+0) UiV, n(x,r)=1if xe V(r,) U oV, y(x, ry), Vnlx, r,) =0
if xeS(ry+ 8) ={x: | x| =1, 4 8}
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If x € V(r, — 8) U 0V, the preceding identity implies the estimate

Atzg’(cil) (I h(x) V(r +a)) ( Zlﬁ ’V( +a)) (HrL,\tu)
[1\2 I’ h(x) ‘ vir +6) (7'2 (741?0_ o 74—0(%(—";)_) ‘ V(r2+8))

Vh(x) A(x) ”

-+ 2(1 7V [ aviry) " v aviy “ A%(x)

+ (1A V) P lared) () (|52 o 15])

+ [(’]lx’__ng(i)ly(r#a) ”TEIL—‘—J‘_I(%-%%)IVWM))

+ (|22 o) (7 () —z)],.._)

() Va are) (| 262 o)

S L 1)

+ Yo (|- ], ) (- -7 o

1 = T130) (1Y = o)+ | s | 19 1 )
a7

It follows in turn from this estimate that, for every x in V(r, — 8) LU 0V,

L <@ [(| ) 071

+ X2 max (“ r'? (—Alo—o- - 'EO:—(;)_) ”,v( )

1 ) 1 Alx
Xiﬁ” Vo llaviey » 5= max || Vo, 4w, ) max Aog(;)

A 1<ism
u |
+1)

2 822
x(l_‘_z(’z,\l‘j;a) +(’2+A)m )(
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’

—+ A max (H\x,rl_z xl(lfm - 2140(()8))

()

’
V(ry+9)

1 ’
\V(rz+a) YV I V") Hav(rg))

wma (17 (o~ o) [p) (5 4 700) (51,)

7o) [(| g, ) - € ) o

A = T1gn) 1V — g o)) + ) ([ sy [) G 160)] - 18
Here
h(x)

rl

P

1 | VA(x)
X “ T

l

»
| V{rg4-8)

(%) = max (“
k2

r

aviry) AV (ry) ) ’

and

o) = max (| H@)ler » 51 THGN)

To derive (14) from (18) we assume A 3> I, and make use of the following
asymptotic formulas:

5301 = 001 Gl A (1 - O 118, 2
| Vh(s, )] = O(1) Nm=072 (det A(x)) 2 (AX(x) | & — xf [)3-mr2
+ O(1) (det A=) 72 (A3(x) | & — ' [y, m=23,
where

AY(x) = max(§ - (4 - §)-

1€1=1

These inequalities hold uniformly in % and «, for all x, &' € VL OV.
A laborious but straightforward calculation based on these formulas leads
to the conclusion that, as A — <o,

1), Ta(%) = O(1) A~@-m/2, (19)

uniformly in x, x € V(r, — 8) LU V.
Inequality (14) follows directly from (18) by virtue of (19) as A — co.
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7. CONCLUSION

Using Inequalities (8) and (13) to estimate the quantities
(n - (4 -m)Pupllay, llufrlly, and || Vajri

in (14), we obtain a linear combination of || Vu — nu, |l , Allu|l;,, and
[l7Lyu |y that is greater than A-+m)/2 | y(x)|, for all ¥ e V(r, — 8) U &V.
Denoting the largest constant in this linear combination by C, we finally
obtain the pointwise estimate

| u(x)] < CAY™ % rLyully + Al w5y + || Vie — g [lop).

C is independent of A and x. This estimate holds as A — o0, for all
xeV(r,— 8)uU V.

AppENDIX [

To establish (2) we remark first that if u(x) € C3(V U 8V), and Bi#* = Biik,
then

i (Z >, Bt “a)

k=1 \i=0 j=0

1.1)
= Re Z Z Z (Bﬁk)k uif_l_j + Re Z Z Z ZB"jlejku,- N
k=1 i=0 j=0 =0 j=0 k=1
where #, = u.
Focusing our attention on the right side of (I.1), we note that
m m m
2Re Y Y Y Bituuu,
=0 j=0 k=1
m—1 m
=2Re Z (Z Y. (B% + Bi*) iy + B’f’uﬁ) 1.2)
i=1 k=j+1
m m m
+2Re Y B®igu +2Re Y Y B®%igu,,
k=1 i=1 k=1
and that
m m m
Re ) Y Z (B)y, wiit;
=1 i=0 j=0

m m
= Re Z BY*|u|? + Re z Z Z Bi*ug; +2Re Y. Y Bi*ua.

k=1 =0 j=1 k=1 =1 k=1
(1.3)
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Turning to the left side of (I.1) we have

wef (5 pous)

k=1 \Mi=0 j=0

(I.4)
RS (55 mous 25 moan o )
k=1 \i=1 j=1 j=1 k
We now set
Biki | Biik — pt ik =0,1,2,..,mj=1,2,...,m— 1,
JH1I<k<m),

2B = bt A =0,1,2,...,m;j = 1,2,...,m), (15)

2B = (—iAp 4 y) A% G, k=12,.,m),

2B%k — pk)2 (k=1,23,..,m.

Assuming that b* = b* for i = 1, 2,.., m it follows immediately from
(I1.1)~(1.4) and Egs. (1.5) that

Re )m; [f (f Biiky, + (—idp + v) uAkf) 7 + bz | u \2/2]
k

k=1 Lj=1 \i=l1

— Re (z biu; + (—idp + ) u) (2 Y Aitay, + }nf o + /\Zﬁ)

d=1 j=1 k=1 i=1

FReY (yA“ +3 B bia’) uil; (L6)

i=1 j=1 k=1

Rew 3 (3 (it +9) 49, = (—itp +) ) 5

j=1 k=1

+ (i bek/2 — 'y) 22| u |2,

k=1
In vector notation (cf. glossary) this becomes
V - Re[(Vu + B + (—idp + v) ud) * Vit 4 2% | u |2/2]
= Re(b * Vu 4 (—idp + y) ) Lt + 2 Re u(—iXc + d) - Vi (.7
+ ReVu«((yA —ab + V - B) - Vit) + Mo | u |2
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If o is positive, then (I.7) can be rewritten as (2). For if o is positive, then

2 Re u(—ic + d) * Vi + Mo | u |2

lc- Vul2 .V 2 (18)
_~——a—u—+2Reu(d-Vﬁ)+o ¥ .
Finally, the equations for the B¥* have the solution
2Bk = bA* + A*b — b4, k=12,.,m. 1.9)
AppPENDIX II
Our choice of p is motivated by the fact that
20c] > ~ 2] 1.1
lelZxler | —xer) == (IL1)
where
X1 = gin(min | £ A4),
and

xe(r) =F@) [ 7(V - 4 — a)llyery + (1 — ¥(r)) CyJr”.

The function ¥(r) is a continuously differentiable, monotonic nonincreasing
function of 7, that equals one if 7y <{ 7 < r,, and which vanishes if > 7, ,
rg >1,. Also V(r)) = VN {x: | x| <r}, and r, is a positive number such
that the sphere » = 7, lies inside oV

By hypothesis we have

[r(V-4—a) <CGjr*, p>2, (11.2)
if r >> r; where C is a constant. Inequality (II.1) follows from the inequality
20el=I(V) A+ (V- -A—a)p|>|Vp-A|—7[V-Ad—alp

if (11.2) holds.

In view of (II.1) we stipulate that p(r) be a positive solution of the ordinary
differential equation

x1Pr — Xa(r) “’;_ =X (1 - ‘:T) exp g“ %f:} l%‘sl dSz »  (IL3)

where € is any positive number such that 1 — ¢/r? > 0 on V' U dV. (Note
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that the assumed uniform ellipticity of the differential operator Ly —a -V
assures that x; 5= 0.) For if p(r) is a positive solution of (II.3), then

2]c| = xpr — xaor)p

. WV - A — aWer ro
b AN a)iviry "3 |
27‘1(1 E|2|()e"P3 X e
_G( 1y G
7 exp g Pxa (,.lp r?}’)s P U x pra?

So | ¢ |1 is uniformly bounded on V' U 8V, as required in Section 4.
To get p(r) and its derivatives to behave for large 7, as required in Section 4,

we set
o) =(r + =) exp |- %fl%sldsg ,

which is a positive solution of (11.3).
Ifr >ry > r,, with p > 2 we have

o) = (r + =) exp |- 25

x1 pr®
~(r+ ) (ol =r (1o (),
L
=T (1+o(w),
and
V| Vp(r)| = [_f.;__ xfr%l e -;721’)5 o
b O (=) + (5 e |- 2

2ol (i +o()

=T rolme)=o)-

ArpenpIx 111

To establish (10) and (11) we first consider the quantity

V(Irn)lkl}aVr 9(50 4 x)’



330 BLOOM

where V(rg) = {x:| x| =2 ry, r4 > r;}. By hypothesis

(o Cy C
preeel [V-4A—a|< and | 4A—1I|<

P Nz

14,1 <

p>2,ifr =zry>r . Alsoif r > r; we set

Pe= () -1 5 ().

which implies that | I' — 1 | < 2ry/e'rif r > r,.
Consequently,

Re[fo - (4 &) + & 2) (V- A) - &) — &~ (4, - £)2 — (& - @) (x - &)]
=& A-&)—r|V-A—a|—7|4,]2 (IL])
= (1 = 5Gy/2r?),

Re(&, - %) (VI'- 4) - é = Re(&, * %) (VI - &) -+ O(1/r?),

and
—2lclP& (4 &)= —1Vp 24017,
with
1= (1= 50 (5)

It follows that

Voo r%q(0 5 %)
>@wku)uﬁmwww<>
—z(—F+o(5) ~ 3 - 55)

) 1
= v (7% - Terz +T—1+Re(ly ) (VI &) + 0 (7’_)) :

With I as defined above, the quantity I' — 1 4 Re(§, - x) (VI - &) is non-
negative, so that

Voo (6o, %) > ( +0 ( r;l-ﬁ )) ’

The quantity on the left is therefore positive if r, is sufficiently large, and
p>2.
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If r, <r <7y inequality (IIL.1) still holds, and we set I' = (1/¢' + 1).
Consequently,

min_ r%q(&, , x)

rsixlsrg
. 5C1 2 el . . 1 €
> 1‘12 ngr?:élx;ra (F (1 B 2,.1) ) - 2 l ¢ I (go (A 60)) - 7 - 21‘2 )
>72(F( _221)_2 max | c|? (& -(A-f))~—1—-—5——)
= 2r,P nslxi<r, 0 0 2 2r2 )

Since — 2| ¢ 2(&, - (4 - &)) is independent of ¢, the quantity on the left
of this inequality is positive if €' is sufficiently small, and we assume (without
loss of generality) that r, > 51/7C}'?,

Finally, consider the quantity

ymin rig(éy, %) = min r*Re| (G (A )+ ®) (V- 4) &)

—3& (2 VA) - &) — (& %) (a- &)
= 1
—21cPE A &) — 5 — 5
with I' still equal to (1/¢’ -+ 1).
This quantity will be positive if

min Re(go (A &)+ (éo %) ((V-4)- &)

V(r)oov
—3& (2 VA) &) — (&%) (a- &)

is positive, since —2|c|2(& - (4 - &)) — (1 + ¢/r?)/2 is independent of
€', and I' can be made arbitrarily large by taking €' sufficiently small.
In view of the above we conclude that

(I11.2)

i 2
min r%9(¢ , %)

will be positive if (II1.2) is positive. This will be the case if

pmin (min(E - (4 - ) — 274, vy — [ 7(V - 4 = sy > 0. (ITL3)

Note that if 4 = «I, with @ = 0, then J“i;?,, r29(¢, , x) will be positive if
(%)

’

>0. (IIL4)

min  k(x) — —;— | e, ey — H 7 (VK _x m) _

V(r) eV r
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