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1. INTRODUCTION

This paper is centered around the partition function OE(n), the number of
partitions of n in which the parts (arranged in ascending order) alternate in
parity starting with the smallest part odd. Briefly, OE(n) counts the number
of “odd-even” partitions of n. The first few examples for the computation of
OE(n) are

n Relevant partitions of n = OE(n)

1 1 1
2 — 0
3 3,142 2
4 — 0
5 5,1+4 2
6 14243 1
7 7,1+6,34+4 3

The generating function for OE(n) turns out to be

nin+1)/2

q
(1 —g% - (1—-¢*)°

a function of surprisingly familiar form. Indeed we should place (1.1) in the
context of the identities

1+ Z OE(n)q"=1+ Z = (1.1)

[s o] n

< q _ry !
T =91 —g%) - (1—q") .,n(l q"y’

[3,p. 19], (1.2)

1+
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%o‘ qn(n+1)/2
1+ N = (1+4"),
S (=) (1—g») - (1—¢g") ,.1:[1
[3,p. 19],
o qn2 w0 1
1+ N -
= (=) (1—g%) - (1—g") ,Do —¢"* (1 —¢q
[3,p. 104],
2 qn o0
I+ D -
o (=gl —gY) - (1-¢° U (1—g™*7) +1)
[3, p. 5, Eq. (1.2.5) and p. 19],
] qn(n+l)/2
1+ N =1
o (=g (1—=g*) - (1—-¢*)
o n? ©
q 2n+1
1 + = 1 + q ),
oo a1

[3,p. 19].

(1.3)

(1.4)

(1.5)
(1.6)

(1.7)

It is natural to ask for significant information concerning (1.6); however,
there appears to be no mention of (1.6) in the literature. In Ramanujan’s
“Lost” Notebook (see [4] for the historical background of this document),
there are several formulas involving (1.6), and while none is as simple as the
five contrasting preceding identities, they nonetheless provide substantial
combinational information on OE(n) as we shall see in Section 4. The

formulas of Ramanujan in question are

m(m+1)/2
q

1=t ) == =™

2nl+n

q
o (1+g)(1+gY) - (1 +4°)

[ Rk

+2 E (L + g1 +g%) - (1 +¢*2),

n=1

[°S) . % qm(m+1)/2
(1—4¢"") -
n=t mmo (L+ @)1 +g%) - (1+¢°)

e} 2n2—n
=\ q
= T+ +¢Y) - (1 +¢h)

o
+ 3 g1+ )1 +g%) - (L + g™,

n=0

(1.8)x

(1.9):
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lo_oI (1_ n) co qm(m-H)/Z
ne1 (L4+g7 1 “ ~o (1—g")(1—g*) - (1 —¢g™™)
Vo) (_l)n qn(n+l)/2
o (1+g) (1+4%) - (1+¢")
w n(n+1)/2
_a (—9) , 1.10
S AT +a) A7) (1-10)
1_[ (l— n) © qm(m+l)/2
(1+q") ;= o(l—q 1 —g% - (1 —¢*)
g (_l)n qn(n+1)/2
oL+ (1+4°) - (1+4"°
00 _l)n—l q2 2
—4 \ ( ) 1.11
o G+ +g%) - (1 +g* ) (L1Dx

The subscript “R” designates that a formula is actually in Ramanujan’s
“Lost” Notebook. Actually one finds there “(1.10) + (1.11)” and “(1.10) —
(1.11)” rather than the equivalent formulas given above.

There have been over the years numerous applications of partitions (in the
additive number theory sense) and partition identities to statistical mechanics
[6, 7, 12, 13]. More recently Baxter [9] has found an absolutely astounding
application of the Rogers-Ramanujan identities in his solution of the hard-
hexagon model. The earlier applications by Temperly, Auluck, et al. have led
to purely combinatorial studies by Wright [15,16] of objects called
“stacks.” Natural interpretations of Ramanujan’s identities lead to results
involving refinements of stacks which we shall call “stacks with summits.”
The basic facts about these new constructs will be developed in Section 3.
Section4 will consider the relationship of stacks with summits to
Ramanujan’s identities.

2. THE FouR IDENTITIES

There are two very different techniques required to handle these identities.
Identities (1.8) and (1.9) are the least trouble and follow from methods
developed to handle bilateral series [1]. Identities (1.10) and (1.11) require
several devices including transformations of truncated series (see Lemmas I
and 2 below) and results for very well-poised basic hypergeometric series
including the g-analog of Whipple’s theorem and its extensions [2, 8].

In the following, we shall utilize the standard notation related to basic
hypergeometric functions [10, p. 89]:
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@)= @)= ] (1-aa" eR)

(@), = (a; @) = (43 9)/(29"; @)
=(1—a)l—aq)- (1—ag"™")
wherever 7 is a nonnegative integer. 2.2)

The g-hypergeometric or basic hypergeometric series is defined by

p (al,az,...,a,; q,t)
"S\by s by ey by

2 (@), @)y (@), 1"
— v n n .
= @ 6 B () @3)

We shall say that this series is well-poised if r =5 + 1, and

a,q=a,b,=a;b,=---=a,b;. (2.4)

We shall say it is very well-poised if in addition
by=—b,=va,.

These seemingly artificial constraints have turned out to be extremely
interesting in previous work, [10, pp. 100-106] and they turn up again here.

Proof of (1.8). Using the above definitions we see that the right-hand
side of (1.8) may be written as

q2n2+n o0
Y ———+2 Y ¢"(-¢%9"),.-
= (a5, & "l
_ i q2n2+n(_q2n+2; qZ)OO

e (4% 9"

[o o]

1 <] o] qm2+2nm+m
=Ty 2 g 2 B NPT
(—4%9 )0 v "w m=o (@739 )m
(by one of Euler’s summations (3, p. 19])
1 © w0 q4m2+2m+4nm 0 q4m2+6m+2+4nm+2n
=T 3. 2y > q2n2+n<§‘ 3. 2 2 7. 2 )
(—4%8 ) n"w oo @58)m  mzo @59 )imin
1 0 q2m2+m o e
=7 3. 3 Z 2. 2 Z qz !
( q’q)oo m=0 (q 5q)2m n=—co
1 © q2m2+3m+2

o0}
N q2n2+3n

+ > .
(9% 4w m=0 @58 ams1 1o

(where after interchange of summation n has been replaced by n — m)
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_ 0% 9% 0990 (979Ye G
(-4% 9% o @%59%)sm

PCET WY G BT 0P G T P %1 q
(4% 9% mso (@759 )ams

2mi+m
q9

2m2+3m+2

59

(by Jacobi’s Triple product identity [3, p. 21])

OZ q(2m+l)(2m)/2
=% 9w 259w (

fe) q(2m+2)(2m+1)/2
St S e —)
(‘I q )2m o @59 )ams
oo {(m+1)ym/2
q
=(—¢;—q)

® “ 0 @%59")n’
and thus (1.8) is established.

Proof of (1.9). In exactly the same way we see that the right-hand side of
(1.9) is
%2 q2n2—n ®© , "
Vot Y ¢ (g5 97,
P S EL ) P (
© 2n2+3n+1
v 4

A Y
nw (456%)ni
© 2n2+3n+1
_ q
T

(__q2n+3; qZ)OO
1o (49
1
(—q’q )oo n

18

, © qml—m+(2n+3)m
q2n 4+3n+1 Z 3
== m=0 (q ’q )m
1 %o‘ nzs3ns 1 i q4m2+4m+4nm
q n n (
( q;9 2)00 n‘—‘ m=0 (qz;qz)ZM

(by one of Euler’s summation [3, p. 19])

0

+ 34

m=0 (qz;q2)2m+1 )
1 o8]

4m2+8m+3+4nm+2n

2m2+m+1
q

v %o’ q2n2+3n
(_q qz)oo m=0 (q q )Zm n= L—'
1 & q 2n2+5n
+ q
(-9:4")e mz=o @*9)ams1 n 2

=—00

2m2+3m+4

(where after interchange of summation # has been replaced by n —m)
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0 2mi+m+1

4, a4 1, 4 5. 4 q
100 (47500 (0500 Y
(q )oo ( w© [ee] "to (qz;qZ)zm

© 2m2+3m+4

o o A
@%59 ) ( q"q)w( 1 ’q)wh‘ (q 4" )am 1

(by Jacobi’s triple product identity |3, p. 21])

1
(-9

_+_—_______
—4:9%)s

oo} 2mi+m w0 2mi+3m+1 )

=% 9% (Z

+ Y
o @38 o @59 2man

(m-+1)m/2
q

o @548,

OO

= (g% q“)oo 2

and thus (1.9) is established.
Identities (1.10) and (1.11) require (among other things) the following

propositions:

LEMMA 1. For each nonnegative integer m,

2m (_l)n 3 %n‘ (_l)n an
(q, 1 )m “—I (q)n (a)Zm n B r;jO (qZ, qz)m—n (aq; qZ)" . (25)

Remark. The case a =0 appears as identity (4.3) in [5]. The case a =g
may be seen to reduce easily to a famous formula of Gauss for the Gaussian
polynomials.

Proof. Let us call the left-hand side of (2.5) L, (a) and denote the right-
hand side by R, (o). Mathematical induction proves our lemma once we
show that both of these functions satisfy

fola)=1, (2.6)
B (1 q2m+1) q2m+2 a
(1 —a) /s 1(@) —ag) Snlag®) = EO 2.7)
Both functions clearly satisfy (2.6). Let us turn to L ,(a) for (2.7):
(1 _ q2m+1) 5
Lyyi(a)— mlm(aq )

, 2m 42 (=1)" m =n"
= (q; N -
CH . (':0 (@0 @2m_nss ,,go (a)n+2(q)2m—n)

e (B m
AR (Z @2 @on-n 5o (a),,“(q)m_,.)
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2 1 — 1
= (59 )m1 ((q)m+2 (l—a)(q)2m+1)
_iqz)m—ﬂ _ . _ p2m+2
= D= (Q—a)—-(1-g""?)
q2m+2_a

D CRY

and this result is clearly equivalent to (2.7) for L, (a).
As for R,(a) in (2.7), we see that

R,(eq’)
(1—a)R,, () T

_ (_l)nqn2 (1— B (1_q2m+2—2n))
r:0 (qz;qz)m+1—n (aq;qz)n (1 _aq2n+1)

B n%l (_l)n qnz(q2m+2—2n _aq2n+1 + a2q2n+l _a)

P @59 s t-n @83 470y
q2m+2 —a aq
@59 (@54 (1 —ag)
N m‘tl (_l)n qnz(q2m+2—2n haq2n+1 + a2q2n+1 _a)
i @59 ms1_n (@450%), 1,
q2m+2_a aq

@5 @59 (1—ag)
N m{;l (_l)n qnz(q2m+2—2n(1 _aq2n+1))

ey} (qz;qz)m+1—n (ag; qz)nn
N m‘f‘l (_l)n qnz(aq2m+3 _aq2n+1 + a2q2n+1 _ a)
— 2. 2 . g2
A1 (@ 9)ms1-0 (03970,
q2m+2_a q2m+lR (an)
— _ m
CHY D (1 —ag)

+ “
@ 4")n (1 — ag)
m+1 ¢ 1yn ,n? 2m+3 __ 2n+1 2. 2n41 __
+ 5 1'% (ag ag’"* ' +a'q a)

e

g} @9 ms1-n (@585,

Thus to show that R, (a) satisfies (2.7) it suffices to show that the expression
inside the curly brackets is identically zero. This follows easily since
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B agq N mY+11 (_l)n qnz(aq2m+3 _ aq2n+l + a2q2n+1 _a)
@5 q)m(l—ag) = @59 ms 120 (045471,
aq

T @id)n (1—ag)
m+1 (_I)n qnz(_aq2n+1(1 _q2m—2n+2)_a(1 _aq2n+1))

+ 2 2 2 2
ATt (9% 9 ) mi1-n (ag:47),
% (_I)n q(n+1)2 m‘tl (_l)n qn3
=—qa —a
n:O (qZ, qz)m—n (aq’ qz)n+1 n:I (qZ; qz)m+l—n (aq; qz)n
m 1\ (4 1) m ERRLCESL
_ =1)"q w =1)"q

=—a +a
=0 (@558 m_n (@q; %), iZo @59 m n(@g:97), .,
=0.

Hence Lemma 1 is valid. |1

LEMMA 2. For each positive integer m,

2m-1 (_l)n a m (_l)n qnz
. a2 Ay - 2 v
(q’q )m rf:o (q)n (a)lm—l—n (1 q ) n:'I (qz;qz)m—n (a;qz)n. (28)

Proof. Utilizing the notation of Lemma 1, we see that

a

(1-4) 2@%

- (-3) G

- (1 _%> <I({q";l(:2/)qm) B (q;zm)

_(-aq) & (-1)yg"
(q;qz)m n‘:l (qz;qz)m—n (a;qz)n’

as desired. |1

The proofs of identities (1.10) and (1.11) require (besides Lemma 1) three
identities for the very well-poised |,@,. The first two were given by Bailey in
his seminal paper on the “Bailey transform” [8, Eq. (6.1) and Eq. (6.3)]:
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gt
a,q\/g,—q\/l;,b,r,,-rl,rz, _rzaq_N’—qN;qs_b'r_z‘i—
lim 00
oo ag ag aq ag agq
a, — 3T s Ty T Ty T s T Ty N+l"— Nl
\/~ \/Z 57 T T ag aq
_@’4%9"), (@¢/rir54')s
(@’¢*/r: 4% (@°0% /115 4P
%01 (r}’ qz)n (r%; qz)n (_aq/b)Zn (a2q2>n (2 9)
=y (@599, (@%9Y/b% %), (—ag),, \rir}
3 _4N+3
a,\/aq’,—\/aq* p\, 0,9, P2, P,4., q‘z”,q‘2”+‘;q2,ipf—177
lim 1, i ) ) o
e \/‘,_\/’,iq_ 49 a9 4aq9 a9’ ag?™*?, ag?+!
b P Dy S
@© v 42
_ (@q)y (a9/P, P2)o (P1)n (P2)n (@9/f %) (aa/p, p,)" (2.10)

T (a9/P)w @a/P)w <o @ (@q: %), (ag/f),

The third result is the special case kK =3 of a generalization of Watson’s g-
analog of Whipple’s theorem [10, p. 100] to the very well-poised 5, 462443
[2, Theorem 4]:

3,3+N

a4

a,q a,—q\/a,b,,cl,bz,cz,b3,c3,q‘N;q,m—
10203€,C,€;

10¢9

aq aq aq aq aq aq N+1
a,—/a,5—— T3, —,4a
f \/—bx ¢, by ey by 1

_ (aq)y (ag/bscy)y (aq/bycy)m, (@q/b2¢2)my (B2)m; (€2)m,
(ag/by)y @G/c)y msnso @my @m, (@9/51)m, (@G/C1)m,

my+m;

(bS)m1+m2 (CJ)m,+m2 (q _N)ml-Hul (aq)ml q

. 2.11
@b om, @l Bocsd i Gy &MY

With these exceedingly unlikely tools in hand, we are prepared for the next
pair of identities:

607/53/1-5
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Proof of (1.10). We may write the left-hand side of (1.10) as

o0 ( l)m m(m+1)/2( q»H—l)OO

qm(m+1)/2 mal
Con @ Dot 2 =8

|2

(—Q)oo m=0

1 © o mm+1)/2+n(n+1)/2+mn —1)" —1"
5L o, B
1 & G =D+ DT
Y‘ NN +1)/2
e = s

n=0

N(2N+1) - (_1)"

q
n=0 (_q)ZN—n (q)n
N(2N+1) N ( l)j J2
(by Lemma 1)

V4 __ ¥y
(Do ¥=o @GP 50 @50 (—4%5 %),
q(N+J)(2N+ZJ+1)(_1)I qﬁ

2 = (—4%6); (@9 w4 @597y

Q)oo j=0 N=0
[=o} q2N2+N+4Nj

2 © (_l)j q3j2+j
= b)Y
(Do = 9507 (0:4%); NZO @59y @)y

0N
N9
S’
8
=
I
L=

ST =7
D < —9%99(@8); @77 567,
© (1) n2+2jn 2j+2; 2
X g o (zq 4 n (by [3, last equation on p. 38])
n=0 @* 9",
_, %o; %'i, ( 1)n+1’ q(n+j)2+2jz+i(q2;q2)n+j
== @59%)(e% ). (9% 9%,

=(1—gq) lim
cy,ba,c,b4,N =00
2N+6

5/2 __a5/2 b T N B
; 497, =477, —q,¢1,by,¢5, 05,97, 9 ’q’c1b2c2b3
1079 3
1/2_1/2_2q_q_i1_q_ 342N
q q°""—q, b b’q’q
(by (2.11))

—(1—g) lim
firyp,N-oo
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4AN+4
39", —4,9% f,ry, —1yq,q 7N, —q "1 g2 ,qfr
2
10¢9 q3 q] qz
ql/Z’ _ql/Z’ _qZ, q, ——, =, q3+2N, _q2+2N
S 7,

© (_q)n(n+ 1)/2 .
=¥ T (by (2.10) with a replaced by —q).
n=0 Y n

Thus (1.10) is established.
We now proceed to the final member of this quartet.

Proof of (1.11). We may write the left-hand side of (1.11) as

mim+1)/2 e 3 [oo] (_l)mqm{m+l)/2(_qm+l)mz
o, e o i
© qm(m+l)/2+n(n+1)/2+mn((_1)n _ (—1)"')
by [3,p. 19

E R 2. @, Gy 3:p-19D

(= (=D = (DY)

S GNN+D/2

(Do i ,,Zo Dn-r @,

2

2N +1 (_l)n
(N+ DN+ D)
(_q)oo N=0 n=0 (~q)2N+l—n (q)n
_ i q(N+1)(2N+1) N (_l)n+1q(n+1>2
(9w 8o (‘I;qz)zvﬂ n=0 (qz;qz)N_n (—q;qz)n+l

(N+n+1)(2N+2n+1) n+1 (n+l)Z
(=1

[8
[

(by Lemma 2)

[e¢]

q
D = Nvo (% 9"y (@54 Iine1 (=434 )n+l

B 4 (_1)n+l q3n2+5n+2 @ q2N2+3N+4Nn
(Do Z0 G nr1 481 820 @580 @00y
4 o0 (——1)"“ q3n2+5n+2 1
B (—q)w ,.Zo @ 9nsr (-88)ns1 @500
8 (gt gt gy,
0 @*9")m

n+m+1 ,(m+n)2+2n243n+242(m+n);,2, .2
(_1) q (q 5 q )m+n

s

X

[ s ?I[q

o0
&
=0 (~259)n+1 @580 (@9

Il
-

0 m
2

(1+q)

B3
I

.J;

(1—¢q%) lim

c1,b2,¢2,63,N>50
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_giN+s
q3,q7/2,_q7/2’_qzac13b29c29b39q2’q—2N;q23—
¢1b,c, b,
X 1099 s s s
32 32 _ 3 ‘1_‘1_4_‘1_ 3 IN+S
q k4 q 3 q 1 bz,cz’bj,q ,q

_ =41 -¢) @9 i (@*0%), (1) g
I+a) @59 =0 @59, (4% 9,
(by (2.9) with g replaced by ¢°, then
a=g’,r,=q%b,r,, N> 0)

n . 2nl+dn+2
-1)'q

aico (=43 q2)2n+2

3. STACKS WITH SUMMITS

A stack with summit is a subset S of the set I of integer points in R* with
nonnegative second coordinate such that: (1) all the elements of / lying on a
vertical or horizontal segment connecting two elements of S are also in S;
(2) if (x,y)€S and (x,z)€T then (x,z)€ S for each such point with
0=<z<y; (3) if y, is the largest y-coordinate of any element of S, then
(0,5,) € S. The point (0, y,) is called the summit of S. The number of points
in § is called the size of the stack. Since stacks are much more easily
understood by geometric examples, we list all the stacks with summits that
have size <4:

+ 4
T S N &

N
R NI e
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Lot

Thus if we denote by oo(n) the number of stacks with summits of size n,
we see that

OD

N oo(n)g"=1+q+ 3¢ +69° +12¢* + - 3.1)
n=0

At this point, we mention that Wright [15, 16] considers two of our “stacks

with summits” identical if one can be transformed into the other by a

horizontal translation (i.e., he does not take account of “summits™).

If we utilize the idea of Ferrers graphs [3, Section 1.3} we see immediately
that each stack with summit can be decomposed into a vertical column of
say j points plus to the right a Ferrers graph of a partition with at most f
parts and also one to the left. As an example, the stack with summit

decomposes into the vertical column of 5 points plus to the right the Ferrers
graph of the partition 2 + 3 + 3 + 4 plus to the left the Ferrers graph of the
partition 141414 3. Thus since 1/(g); is the generating function for
partitions with at most j parts, we find that

< v

S N go(n)g"= Y ¢! X —X—
n=0 (q)J (q)j
qJ
0 @]

We note in passing that from Heine’s fundamental transformation for the
ordinary basic hypergeometric function [3, p. 19], we may directly infer that

(3.2)

i
s 1

(XD oo

L 0o = X

(_1)n qn(n+1)/2' (33)

This last formula provides a convenient way of calculating go(n) since the
power series expansion of (¢).? has been extensively computed (cf. [11, seq.
536, p. 68]).

Next we consider a gradual stack with summit. Intuitively this is the same
idea as before except now we consider a “diamond” lattice instead of the
standard lattice of integer points. Namely, a gradual stack with summit is a
subset S of the set D of integer points with nonnegative y-coordinate in R’
whose coordinates have indentical parity such that: (1) all the elements of D
lying on a segment with slope O, 1 or —1 connecting two clements of S are
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also in §; (2) if (x,¥) €S then so is every point of D of the form (x —¢,
y—1t), (x+ty—¢t) with t 2 0; (3) if y, is the largest y-coordinate of any
element of S, then one of (1, y,) and (0, y,) is in S. This last point is called
the summit of S. The number of points in S is called the size of the stack. To
make this definition more transparent, we list all the gradual stacks with
summits that have size <6:

N
Ao e

e e
SR

SIZE 5

f o o o
bk b bt
ok
b b e
U RN
o
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Thus if we denote by go(n) the number of gradual stacks with summits of
size n, we set that

oo

N go(n)"=1+q+29* +4¢° + 6¢* + 10¢° + 15¢° + ---.  (3.4)

n=0
There is also a nice formula for this generating function that may be derived
with the use of Ferrers graphs. Indeed, we see that each gradual stack with
summit can be decomposed into a central triangle of say j(j + 1)/2 points
plus to the right a Ferrers graph (skewed at a 45° angle) of a partition with
at most j parts and also one to the left. As an example, the gradual stack
with summit

decomposes into the indicated triangle of (4 X 5)/2 = 10 points plus to the
right the Ferrers graph of the partition 1 +2+ 2 + 3 plus to the left the
Ferrers graph of the partition 1+ 1 + 2 + 4. Thus instead of (3.2) we find
that

%2 () n %O‘ JU+1/2 1 1
S go(n)g" =} q X—7—"X-—
n=0 j=0 (Q)j (‘I)j
S qj(j+l)/2
=NV (3.5)
ji=o0 (4)12

This function is also amenable to transformation. Indeed Ramanujan
asserted (and Watson proved [14, pp. 59-60]) that

%o‘ 1 [e¢] qm(2m+1)
2 go(n)g" = :
n=0 (q)oo m“=o (qz; qz)m

(3.6)

This last result is useful for computations of go(n) since (g);' is the
generating function for ordinary partitions, and the series in (3.6) converges
much faster than the one in (3.5).
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4. AN APPLICATION OF RAMANUJAN’S IDENTITIES

If we subtract identity (1.11) from (1.10) and divide the result by 2, we
obtain

© =1y qn(n+1)/2
aso (1+@)? (1 +¢%)7 - (1+¢")
w0 (—q)"n+ 2
aso (L+g°)1 +¢%) - (1497
% (_l)n—l q2n2

2 n‘:l (1 +q)(1 +qJ) eeu (l +q4n~l)' (4'1)R

Now we may readily interpret this result in terms of partition functions
and functions related to stacks.

DerINITION 1. Let go, (n) (resp. go_(n)) denote the number of gradual
stacks with summit with an even number (resp. odd number) points of the
stack lying on the x-axis. For brevity we say that go (n) (resp. go_(n))
enumerates the number of gradual stacks with summit and even (resp. odd)
base.

If we return to the argument we used to establish (3.5) we may directly
establish that

© -1 n _n(n+1)/2
e

4.2)

[“8

n

Before we define our next partition functions, we note that for any
partition enumerated by OE(n), the rank (i.e., largest part minus number of
parts) is always even. Consequently one half the rank (or the half-rank) of
such partitions is an integral parameter.

DErFINITION 2. Let OE _(n) (resp. OE_(n)) denote the number of
partitions of n of the type enumerated by OE(n) with even (resp. odd) half-
rank.

As we remarked in the Introduction,

%01 w© qn(n+l)/2
OE(n)q" = > ————.
n‘/:o n=0 (qZ; qz)n
This assertition easily follows once we observe that any odd-even partition
(say 1+4+5+8+ 11+ 12) may have its Ferrers graph decomposed as

4.3)
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This last object may be viewed as representing a triangular number 1 + 2 +
3+4+45+6=21 plus (reading boxed columns) a partition with even parts
(10 +6 +4) each < twice the number of parts of the original partition.
Since (g%;¢*), " is the generating function for partitions with even parts each
<2n, we see that the above argument provides for the construction of the
representation of the generating function for OFE(n) given in (4.3).

If we also keep count of the half-rank, we are led to

n(n+1)/2

[“18

(OE, (n)—~OE_(n))q" = i -

i A 4.4
0 = (—4%¢%), (“4)

X
H

DerFINITION 3. Let P (n) (resp. P_(n)) denote the number of partitions
of n into an even (resp. odd) number of parts in which: (i) no part is
divisible by 4; (ii) at least one part is even; (iii) each integer congruent to 2
modulo 4 and < largest part in the partition appears exactly once as a part.

Clearly the standard construction of generating series for partition
functions [3, Chapter 1] shows that

[+ o] (_l)nq2+6+10+---+(4n—2)

P Y (F (s Py (i

_ % (_l)ann2
izt (=454

18

n

4.5)

We may now use (4.2), (4.4) and (4.5) to interpret (4.1) purely com-
binatorially:

THEOREM 1. For each n= 0,

g0 (n) + (=1)" OE_(n) + 2P, (n) = go_(n) + (~1)" OE .(n) + 2P_(n).
(4.6)

The following table provides the first few values of the various expressions
in (4.6)
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n go.(m) (~1)OE_(n) 2P,n) go_(n) (—1)" OF,(x) 2P_(n)
0 1 0 0 0 1 0
1 0 0 0 1 -1 0
2 2 0 0 0 0 2
3 1 -1 2 3 -1 0
4 4 0 0 2 0 2
5 3 -1 4 7 -1 0
6 10 0 0 5 1 4

Consequently, we see that the assertion in Theorem 1 is confirmed for the
first seven values of # in the table:

n go.(n)+(~1)"0E_(n)+2P (1) go_(n)+(~1)"OE,(n)+2P_(n)

S AR DN O —

1

ANV AW = O
ANV NO -~

1

Three results similar to but more complex then Theorem 1 are easily
deduced from (1.8)—(1.11). We state the results without proof since their
derivation is much the same as that in Theorem 1.

DEFINITION 4. A partition without gaps is one in which each positive
integer not exceeding the largest part appears at least once.

DEFINITION 5. Let ye  (n) (resp. ye_(n)) denote the number of partitions
of n with largest part even, without gaps, no repeated odd parts and in which
an even (resp. odd) number of different summands each occurs an even
number of times.

DEFINITION 6. Let yO,(n) (resp. yO_(n)) denote the number of
partitions of n with largest part odd, without gaps, no repeated even parts
and in which an even (resp. odd) number of different summands each occurs
an even number of times.

DEFINITION 7. Let D, (n) (resp. Dy(n)) denote the number of partitions
of n into distinct parts with largest part even (resp. odd) and with all even
(resp. odd) positive integers not exceeding the largest part actually appearing
as parts.
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From (1.8) we find

THEOREM 2.
OE(n)+ OE(n—1)—OE(n—2)—OE(n—35)— .-
+ (1Y OE(n — (3 ~ 1)/2)
+ (=YD OF(n — j(3f + 1)/2) + -
= ye . (n) — ye_(n) + 2Dy(n).

Equation (1.9) yields

THEOREM 3.
OE(n)—OE(n—4)—OE(n—8) + -+
+(=1Y OE(n — 2j(3j — 1) + (1Y OE(n — 2j(3j + 1)) + -~
=70 ,(n) —y0 _(n) + D,(n).
Finally the addition of (1.10) and (1.11) yields after division by 2:

THEOREM 4.
OE(n)—20E(n—1)—20E(n—4)+ .-
+2(=1Y OE(n —j*) + -+
=(0E.(n) — OE_(m))(=1)" = 2(P,(n) — P_(n)).
Theorems 2, 3 and 4 can be viewed as results which provide reasonably
efficient recurrences for the computation of OE(n). This is because the

partition functions ye _(n), ye_(n), YO, (n), yO_(n), D (n) and Dy(n) are all
relatively small compared to OE(n).

5. CONCLUSION

We have chosen in this paper to illustrate combinatorial applications of
four apparently innocent yet surprisingly intricate identities from the “Lost”
Notebook related to the seemingly elementary series

3 6
q q q
+ + +
1—g> " (1-¢)(1—g¢")  (1—¢)(1—g*)1—g)
As usual our treatment of Ramanujan’s results raises more questions than it
answers.

1+
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Examination of the four essential separate transformations that are
required in each of the proofs of (1.10) and (1.11) does not immediately
yield any reasonable straightforward generalizations. Professor R. Askey
observes that Lemma 1l (and consequently also Lemma 2) undoubtedly
follows from some quadratic transformation for basic hypergeometric series.
Thus presumably this result may be generalized substantially. Also the two
results ((2.9) and (2.10)) on ,,4,’s can be invoked with the three variables
r,, b and a in tact.

Finally we note that the analytic complexity lying behind a result like
Theorem 1 suggests that a purely combinatorial explanation of this result
would be illuminating. For practice one might try to prove (3.3) or (3.6)
purely combinatorially.
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