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Let (u;),,, be a fixed point for a substitution ¢ on a finite alphabet 4 and
for ae 4, f(a) a real number. We establish an asymptotic formula for S(N)=
Y.<~ Li<n f{u;) in the case where the second largest eigenvalue of the substitution
matrix equals one and under some additional hypothesis. More precisely S(N)=
aN logg N+ NF(N)+o(N), where the real number o depending on ¢ and f is
explicitly determined and 6> 1 is the largest eigenvalue of the substitution matrix;
F is a continuous, nowhere differentiable (if «#0), real function such that
F(6x) = F(x) for all x>0. Using the same method we prove a similar formula for
3. <ns(n), s{n) the sum of digits function with respect to the system of numeration
associated with o. These formulae generalize some recent work concerning digital
sum problems. © 1991 Academic Press, Inc.

1. INTRODUCTION

In recent years, various summation formulae related to digit expansions
have been proved in various ways. For instance

(1) X, .~ (=1)CY=NBF(N)+ O(1), where s(n)=sum of digits in
the binary expansion of n and f=1log, (3) (see Coquet [8]).

(2) X,.n(=1)Y"=NV2G(N), where r(n)=number of blocks 11 in
the binary expansion of # (see Brillhart, Erdos, and Morton [5] and, for
a generalization to other blocks, [3]).
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(3) Y.nd(n)=3Nlog,N)+ NH(N)+ O(1), where Q(n) counts
those k<n which are representable as sums of three squares, A4(n)=
Q(n) —2n (see Osbaldstin and Shiu [17]). The functions F, G, H are
defined for any real x>0, continuous and nowhere differentiable, and
satisfy the equation @(4x)=&(x) for all x >0.

4) X, -ns,(n)=((g—1)/2) Nlog,(N)+ NF,(N), where s5,(n)=sum
of the g-ary digits of n (g is an integer >2) and F, is continuous, satisfying
F,(gx)=F,(x) for all x>0 (see [10]). This is the famous Delange formula
and was generalized recently by P.J. Grabner and R.F. Tichy to digit
expansions with respect to linear recurrences sequence G in the form

(5) 3,.-nSg(n)=cgNlog,(N)+ NF;N)+ O(log N), where c; is a
constant, a the dominating characteristic root of G, and F; a continuous
function satisfying F(ax)= F(x) for all x>0 (see [16, 18]).

In an earlier paper [13], we gave a generalization of (1) and (2) in the
following way. Let 4 be a finite “alphabet” 4= {1,2, .., d}; ¢ a substitu-
tion over 4; (u,),-, a sequence of elements of 4 which is invariant under
o; for each ae A4, f(a) a real number; and

s'tm)=3 flu,).

i<n

Define L,(m) = number of occurrences of the letter 7 in the word m, and M
(the “matrix of the substitution”) = (L,(6(}))) e Let {0,/1<i<é} be
the set of the distinct eigenvalues of M such that i< j=10,| >16,|. Assume
that

(H,) M is primitive and =8, >1. As a consequence i >2=|0,| <0
and there is a unique vector A =(4,);c 4, MA=04,and ¥, 4 A;=1.

(H,) 6,eR,,0,>1,i23=10,]<8,.
Let m be the integer such that m + 1 is the order of 6, in the minimal poly-

nomial of M, and =1log,(f,). Then there exists a continuous function F,
defined for x >0 such that

(i) s/ (N)=(4-f)N+(logg NY" NPF(N)+ o((log N)" N*)

(ii) x>0= F(0x)=F(x).
Moreover F is Holder continuous with exponant ff, and except for the case
F=0, Fis nowhere differentiable. The fact that the sums in (1) and (2) are
of the form s/(N) can be found respectively in [7] and [6].

In the present paper, we want to study the “double sum” Y, _ » s/(n) in
the case where (H,) is true and (H,) is replaced by

(Hy) 0,=1,i23=10,| <.
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Without loss of generality, we may suppose that 4 - f'=0 (if this is not the
case we take f'(i)=f(i)— A -f in place of f). For technical reasons we
assume that there exists a base of C¢ with eigenvectors of the matrix ‘M.
Under the above hypothesis, the main result is the following:

THEOREM. There exist a constant o and a continuous function F nowhere
differentiable if « # 0 defined for x>0 such that

(i) ¥,.~s/(n)y=aNlog, N+ NF(N)+ o(N)
(i) x>0= F(8x)= F(x).

More precisely

a=0""" Y A, fa(m)elc)

ac A
me < ola)
where f = Y’_, f; with f; an eigenvector for ‘M and 0, ¢(a) =
lim, ., 07 "|6"(a)] (|m|=length of the word m), and the relation
mc < o{a) means that the summation is extended to all the (m, c)e 4*x A
such that the word mc is a prefix of the word a(a).

For instance the sequence Q(n) in (3) is of the form s/(n) with 4 =
{1,2,..,6}; a(1)=12, 6(2) =13, 6(3) = 14, 6(4) =54, 0(5) =62, 6(6) = 52;
fM=f2)=f(3)=f(5)=1, f(4)=1(6)=0; and (u,),>,=lim,_, , o(1)
(cf. [7, p. 172-173).

The matrix M of ¢ has {2, +1,0} as eigenvalues and hence does not
satisfy (H5). But if we consider ¢ instead of g, with the same f, s/(n)
remains the same and Hj is true (in H,, 6 is now 4). Moreover A-f=2
and if f/= 1, L1, =51, =5) we have A(n)=s"(n). One has (for
o’ andf)f2 L2, —1,-1,-4,2, —1), Va,ae 4,e(a)=1, and a=3 in
accordance with [17].

As another class of application of our theorem, we mention that if « is
a quadratic algebraic number, the sequence

(n. 2) 0 if O<frac(na)<}i

n =

x 1 if i<frac(na) <1

can be described by a sequence ¢(u;) @(u,)---, where (u,) is a fixed point
for an appropriate substitution on a finite alphabet 4 and ¢: 4 - {0, 1}*
(see [1,15,19]).

For instance, if a—(\/g—l)/Z one has 4={1,23}, o(1)=13,
6(2)=13223, ¢(3)=1323, ¢(1)=0, ¢(2)=011, ¢(3)=01, (u,),»,;=
1313231313223..,, and (x(n, «)) =001001011... (see [19]).

The second largest eigenvalues of the substitutions matrices are +1.
These sequences and some more general ones are important in recent
works in mathematical physics (see [1,2, 5]).
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In Section 2, we give some results concerning systems of numeration
associated with a substitution; some representations of the integers with
respect to linear recurrence sequences appear as particular cases of our
systems of numeration.

In Section 3, we give an expression of S(N) related to the “digits” of N
in the system of numeration described in Section 2, using a summation by
column method.

In Section 4, we establish the continuity and the nowhere differentiability
of the function F. For this we investigate for the first time the properties of
“self-similarity” of F, this method is very distinct from that used, for
instance, in [16, 18] and allows more generality.

In Section 5, we show how the computation developed in the preceding
sections gives some results concerning the “sum of digits functions.”

To conclude, let us note that, using another method, some results
concerning the sums Y, _ y (s/(n) —a log, n)* (ke N) were proved by the
first author of this paper [12].

2. SYSTEMS OF NUMERATION ASSOCIATED WITH A SUBSTITUTION

Here we recall some results proved in [13] and prove some useful new
results. A4* is the set of words on 4 and  the empty word; for me A*,
|m| =length of m. If m, m’ are in 4* the relation “m is a prefix of m'”
means that there exists a word u such that m’ = mu and is written m< m’;
m<m <m<m and m#m'. 6 is a morphism from A4* into itself
(a(mm’) = o(m) a(m')) such that 1 <o(1), and u=(u,);5, is lim, , . ¢"(1),
i.e., the fixed point for ¢ such that u, = 1.

2.1. Representations of Integers

DEFINITION. A sequence (m;, a;);_¢.., I A*xA is a-admissible
(ae A)iff
(i) mya,<ola)

() 1<i<n=>m,_,a,_,<o(a,).

THEOREM 2.1.1. Let N be an integer, N= 1. Then there exist a unique

m, # o and
Uy, Uy o Uy =0"(m,) - 6°(mg). (2.1)

For the proof see [13].
For instance if 4 = {1, 2,3}, 6(1)=123, 6(2)=31, ¢(3)=22,and N=13
(in decimal system!), n=2, (m,, a,) = (12, 3), (m,, a,) = (®, 2), (mq, ao) =
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(3, 1). Note that the digits m; belong to a finite set, the set of the proper
prefixes of the words a(a), a€ 4, but are in general not independent of each
other. For instance, if 4= {1, 2}, ¢(1)=12, 6(2)=1, one has m,e {w, 1}
and in an “admissible writing” (2. 1) (m;,y,m)#(1,1) for all i<n—1.
Clearly in this example the representation

N=lu;--uyl= }: laj(mj)l
j=0
is the “normal” representation of N in the Fibonacci base. We now give a
more general case in which the representation (2.1) leads to the ordinary
reresentation (in the sense of [14]).

PrOPOSITION 2.1.2. Let d be an an integer, d22, a,---a, be integers
witha,za,=2 -+ 2a,>0, and:

a(iy=1%i+1) (i#d)
o(d) =14

Let N=Y;_glo/(m;)| be the admissible representation and for je N define
=|a’(1)l, &;=|m|. Then

iy Go=1, 1€k<d-1=2>G,=a,G,_,+ - +a,G,+1 and
k20=>G,,0=0,Gry a1+ G,y 2+ - +a,6y;

() N=37_,¢G;, where G,<N<G,,, and ¢;=[N,;/G;], N,=N,
1<j<n=N;_=N,—¢G,

In other words, we obtain the G-ary representation of N with digits ¢; and
initial canonical values (cf. [16, 18]).

Proof. (i) Immediate using 6“(i)=0*"!(0(/)) and the definition of
a(i) for ie A.

(i) We remember that for an admissible sequence (m;, a,);_, _, we
have for k,0<k<n, Z"_ola (m))| <l|o*(ma,)| (see [13, Lemma 1.1]).
Moreover, 1f1<j<d—1 10”(;)1—0 le" Y1)+ |e"~(j+ 1), and hence,
using a,>a; ., |6"(j)| = |6"(j + 1)|. Furthermore, |6"(d)| =a, 6" '(1)| <
lo™(d— 1)| Thence 1 <J<d= |l6™(j)] <G,, and we have for k,0<k<n,

k

Y &G, = Z lo’(m |<|0'k+l(ak+1)‘<Gk+1

Jj=0
The relations (ii) are then very easy to prove.

Remark. Part (ii) of Proposition2.1.2 can be false if a, <a,. For
instance d=2, a,=1, a,=3, N=4=|c'(1)|+|c%(11)], and G,=2,
G,=15.
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Now, we give a “technical lemma” useful in the next section. This lemma
generalizes for the substitution of an elementary well-known fact about
numeration systems in an integer base g. Namely if ¢; are digits and

Y cng'<n<gt+ Y c,g"  thenthe kthdigit of nisc,.
h=k h=k

LEMMA 2.1.3. (i) Let uyur---uy=0"(m,)---6°(my) be the admissible
representation of N. Then ay=1uy, |.

(il) Let (m;, a;)o<;<, be a l-admissible sequence; k be an integer,
0<k<v, mand m e A*;b, b’ € A such that mb<a*~*(1), m'b’ <a(b); and
ve A* such that ¢**'(m)o*(m')<v <ot (m)e*(m'b), v=10"(m,(v)) -
6°(my(v)) the admissible representation of v. Then m,(v)=m'.

Proof. (i) The definition of a 1-admissible sequence implies that
c"(m,)---6%(my) ag<a”*(1). Thus ag=uy, .

(ii) First, it is easy to prove that if ae 4, te A* t<oc*(a), then
there exists and «-admissible sequence (m}, aj)o<,<x sSuch that
t=c""Ym,_,)---a°(mg) (same proof as that of Theorem 1.5 in [13]).

The hypotheses of (i) imply that v=0c**'(m)c*(m’) 1, where re 4*,
t<o®(b’), and m=qg""*"'(m))---0%m},,), where (m), a)i<i<, 18
1-admissible.

Now, using the above expression of ¢ in which a=b', we define m; =m’,
a,= b’ and we claim that (m}, a})q<,<, is 1-admissible. Indeed by (i) of this
lemma aj , ; =b, and thence ma;, =m'd’ <a(b)=o0(a; )

Thus v=¢"(m.) --- 6% my) and by unicity of 1-admissible writing one has
my(v)=m'.

2.2. Representations of Real Numbers

For the next theorem we suppose that 6, the maximum eigenvalue
of M, is such that 6>1 and that for any ae A4, the limit ga)=
lim, , . 6" |a"(a)| exists and e(a) > 0. We write ¢(w) =0 and &(a, ---a,) =

k

¥_, ¢(a;); remark that for any ae 4, e(a(a)) = Oe(a).

THEOREM 2.2.1. If ac A, xe€ [0, e(a)[, there exists an unique sequence
(m;, a;);>, of elements of A* x A such that

(1) x=2i218(mi)97i’
(i) mya,<0g(a),iz2=>ma;<cla;, )
(i) VieN,di>I ma,#o0(a;_,)

For the proof see [13].
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3. A FIRST EXPRESSION FOR S(N)

In this section we give an expression of S(V) related to the digits m;
of N.

3.1. Some Notations

In Sections 3 and 4, fis a vector (f{a)),. 4 such that /- A =0; we write
flw)=0 and f(a,---a,)=Y"_, fla,). {6,/1<i<3} denotes the set of
distinct eigenvalues of the matrix M of o; for sake of simplicity we
assume that 0, R We assume that 0,=0>1, 0,=1, j>23=10,]<1
and define f,¢;, A,(a) for 1<igé by f=3°_,f, ‘Mf,=0.f (i=2),
(L1, D)=X2_ &, ‘Me;=0¢,

J
0, ..0,1,0,..,0)= ¥ i(a)

=1

(1 in the place of a), ‘M. (a)=0;A;(a)

The components of the vector 1,(a) are written A,(a, ) (be A). The com-
ponents of f; and ¢; are written, respectively, f;(a) and ¢,(a).

LEmMA 3.1.1. (i) For any neN, ac A,

Ly(c"(a))= ) A(a b)0!  for beA.

(i) eflay=tm,_ 87" |c"(a)l. We write e,{a)=¢(a).
(iii) (e(@))~'2(a, b)=1lim,_ , |6™(a)] ~'L,(6"(a)) =2, (4, defined in
(H1))

Proof. (1) We have f(6”""'(a)),c 4= "Mf(6"(b)),. 4; thence the first
relation in (i) is a direct consequence of the properties of f;. The proof is
the same for the other relations. f, =0 is a consequence of /- 4=0 (see
[13, Lemma 2.2]).

(ii)) Consequence of the second relation in (i).

(iii) The first relation is an easy consequence of (i). Moreover the
two vectors (&(a)),., and {(4,(a, b)), ., are eigenvectors for ‘M and for 8
and then they are homothetic. Thus g(a)>0 and (e{a)) ' A(a, b)=1}.
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But one can show that (4;),., is an eigenvector for M and € such that
Spestr=1 Thus 4, =21, (by (H,) in the Introduction).
3.2. Expression for S(N)

Now N2>1 is a fixed integer; let (m;, a,)o<;<, be its 1-admissible
representation (m, # ).

We want to compute S(N)=D>, nflu;---u,). If n<N we write
{(m;(n), a;(n}}o< ;<. as the 1-admissible representation for n, (possibly with
m,(n)=w). For 0 <k <v we define S, =3,  f(6“(my(n))). Then, clearly,
S(N)zz:osksv S-

LemMMma 3.2.1. Let S,=0, and for 0<k<v—1,
Si= Y fle*(m)is*(o)]

(m,c)e E(k)
with Ny=a""*"'(m,)---¢%(m, ) and
E(k) = {(m, c) e A* x A/3(m', b) € A% x A, m'b < Ny, mc < a(b)}
Si= Y fle¥im))|o*(b)]

mb < my

S¢ = flo (my)) 16"~ H(my_y) -+ 6°(my)|.

Then, for 0<k<v, S, =S,+S; +S5¢.

Proof. Each n< N belongs to exactly one of the segments of N,
Llo* ™ (m') a¥(m)l, [6** (m") a*(m)l + (£ [,

with m'b < N, mc<a(b), t=0"(c); or m'=N,, mb<my, t=0c"(c); or
m' =Ny, m=my, t=c""Ymy_,)---0%(my).
By Lemma 2.1.3, for such an n, m,(n)=m in the two first cases because

N, <6’ ¥(1), and by unicity of the 1-admissible representation, in the last
case, m,(n)=m,.

LemMA 3.22. Let E be {(b,m,c)e Ax A*x A/mc<a(b)} and
a=60"" Y A, folm)elc).

(bom.c)e E
Then, there exists for each acA a real number u(a) such that if
ula, - a,) =3 ci<nptla;), one has
v—1 v v
Y Si=a Y ielm) 8+ Y u(m) 0+ O0(* +10851).
k=0 i=1

I=1
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Proof. We have, by the definition of S} in Lemma 3.2.1 and the defini-
tion of E, for 0<k<v—1,

Si= Y. LN, fla"(m)) |a¥(c)].

(hom,o)e E
But L,(N)=3)_, . Ly(c" *~'(m;)). Now, we can apply Lemma 3.1.1,
which leads to

Y

S;cz Z Z (lejlukrl)( J2 /3) ajl’Jz’J3’ )

i=k+1 j1,.p2 13€A3
Nn#1

With A = {l, veesy 6} and O((jl, jz, j}, w)=z(b,m,t')e£ /]le(w, b)sz(m) 8]'1((‘).
Now, we remark that

i—1

Y 0 (0,0, =[(8,6,) —0°,1(0,0,—6,)"

k=0

if 6,+#0,0,,and=i0,""'if8,=0,0,

Y Y
If j, # 1, (j», J3) # (2, 1), this expression is in O(i+ [0605]). If (jy, jo, ja)=
(1,2, 1), we have by Lemma 3.1.1 and the definition of a,
a(l, 2, 1, w)=abe(w).

Thus, the term of 3,21 S, corresponding to (j,, j,, j2)=(1,2,1) is the
first term of the result in Lemma 3.2.2. For the terms corresponding to the
cases j, =1, (/,, j3) # (2, 1), we can define

w@=ea) Yy (0-0,0,)"" Y Afu(m)elc),
(j2.J3)#42,1) (b,m,c)e E
N#1
and for the terms corresponding to j, # 1, (j,, j3) = (2, 1), we define
pi@=y (0-60)"" Y Afab)fr(m)ec)

j#1 (b,m,c)e E

The lemma is proved by letting p{a)=p'(a) + u"(a).
THEOREM 3.2.3. (Same notations as that in Lemma 3.2.2).

S(N)=ua XV: ie(m;) 0

i=1

+ ). [alm)+ fo(M,) e(m;)] 6"+ O(v* + 166;]")

i=0
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with M;=m,, \m;,,---m,, M,=w, and for each word m, a{m) is a real
number.

Proof. Now we compute > ) _, (S;+S). By Lemma 3.1.1
f(a¥(m)) = fr(m)+ O(16,]%)
|a¥(b)] = &(b) 8 + O(1),
and the theorem is proved with, for me 4*,
a(m)=p(m)+ Y, fr(m')e(b).

mb<m

Remark.

Y ie(m,) 8'= N logy N —log, ( Y &(m,) 0iv1>

i=1 =0

— i (v+1—1i) e(m;) '+ O(v?).
=0

1

Indeed, by Lemma 3.1.1(i),

N=1Y &m)6'+0(v), thence:

i=0

logo N=v+1+log ( Y e(m;) 9““) +0(v0 ).
i=0

4. A SECOND EXPRESSION FOR S(N)

Now we prove the main result of this paper. First we define a family of
functions F,, ae A, adapted to the problem. Then we establish relations
between these functions and we can prove the continuity of F, and its
nowhere differentiability when o # 0.

4.1. Definition and Properties of the Functions F,(x)

DerINITION. Let a be a letter of A. For x e [0, e(a)[, let
x=Y¢&m;) 0 ' be the a-admissible representation (cf. Section 2.2) and
a, a(m), be as defined in Theorem 3.2.3. We define

F(x)= —axloggx+ Y (—iae(m,)

i=1

+a(m,;)+e(m;) [(M])) 6"

with xlogy, x=0for x=0and M =w, M/=mm,---m, ,if i=2.
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LemMma 4.1.1. (i) a bed, b<a(a), xe[0,e(b)[. Then x6 '€ [0, ¢(a)[
and F (x0~')=0""F,(x)
(i1} Let be x as in the above definition, and for k> 1,
k

xe= Y, elm) 07, 1, =X — X

i=1

Then
F

a

(x)=F (x)+ B-kFak(gktk) —a(x logy x — x, logy x,)
+at, logg t+ (M ) 1.

Proof. (i) x<e(b)<e(o(a))=0e(a)=>x0""<e(a). If the b-admissible
representation of x is x=3,., &(m,;) 07", one has m a, <o(b), and thus
the a-representation of x6 " is ¥, e(m; )8~ with my=w, ay=b, and
an easily calculation proves (i).

(i) We have 0t,=3,. e(my,;)0 " 0% e[0,ela)[ (see [13,
Lemma 3.1]), with m, ,a,,;<oc(a,,.;_) for i=1, and thus the right-
hand side of the above equality is the a,~-admissible representation of 8%¢,.
Here, too, we omit the simple computation which leads to (ii).

LemMa 4.1.2. Ifae A, xe[0,ela)[, x, as in Lemma 4.1.1, then

(i) Fx)=0(1)
(if) |Fa(x)— F(xs)] = O(kO ).

Proof. (i) Clearly &(m,) and a(m;) are in O(1), and f,(M]) is in O(i).
These imply (i), by the definition of F, (x).

(i) We use the notation and result of Lemma 4.1.1(ii). First
4, =0(0), and by (i) of Lemma 4.1.2, 0~ *F,(6%t,) = O(8 *). Secondly
R = xlogyx—x,logy x;, = t,(log 8) (1 +1logc) with x, < c < x. But,
if x, #0, x, > 0 *inf{e(a)/a e A} and R, is in OkO~*). If x, = 0,
R, —t;logg t, =0. Then, using ¢, = O(6 %), (ii) is proved.

LEMMA 4.1.3. If x, ye [0, e(1)[ have a finite 1-representation
k k
x=Y em)0 ",  y=Y en)o,
i=1 i=1

then

IF\(p) = Fi(x)l = Oy — x| k+k*0 %+ 16;]*).
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Proof. We define the words u and v such that u=¢*"'(m,)--- c%my),
v=g""1n)---a%n,) and the integers N =|u|, N’ =|v|. Using
Theorem 3.2.3 and the remark just following it, the definition of F,, and
the relations N = 6%x + O(k), N’ = 6*y + O(k), we have

S(N)=aN logs N+ 0“F,(x) + O(k* +065]*)

and the same relation with N’ and y, respectively, in place of N and x.
But if, for instance, N<N', S(N)—-S(N)=Ypycnen fluy---u,)=
O((N'—=N)log N') because f(u,---u,)=%-1) f(6"m,(n)) and by Lem-
ma 3.1.1(i). Moreover N'—N=08(y—x)+ O(k), N'logg N' = Nlogy N=
O((N'—N)log N'), and log N'=0(k). All these relations imply the
lemma.

Lemma 4.14. If x, ye [0, e(1)[, x# y, then
|Fy(p) = F,(x)|=0(]y — x| (log |y — xI)* + [y — xI”)

with B= —logy |05 if 8;%0, and the last term in O disappears if 6;=0.
Thus F, is a continuous function.

Proof.

X = Z g(m)0~, y= Z e(n;) 6! (1-admissible writing).
i=1 i=1

Let k be the integer such that 7' < |y —x| 6* <1, and
k k

Xk = Z e(m;) 07", Y= Z e(n,) 07"

i=1 i=1

We have |F\(y) — Fi(x)] < |Fi(y) = Fi(yo)l + [Fi(y) = Fi(xd)l +
|F (x,)— F,(x)|. Moreover

0% =0(ly—x|), k=0(Log |y —x), y, —x, = O(ly — x|),
and |6;F=O(ly—x|)".
Then, by using Lemma 4.1.2 and 4.1.3, we prove 4.1.4.

Lemma 4.1.5. If «#0, F, is a nowhere differentiable function on
10, e(a)[.

Proof. Clearly, it suffices to show that the function G,(x)=F,(x)+
ax log, x is nowhere differentiable.
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First, if be 4 for i large enough, (¢'(d){ =2 (by irreducibility of M)
and for infinitely many i there exists ¢;e 4 such that the number
1,=¢(c;) @' has, for b-admissible representation, ;=3 e(m;) 0~/ with
m;=c; and m;=w for j#i We have, by definition of F,, G,(r;)=
[ —iue(e;) +alc;)] 677 thus lim, , , 7,7 'Gy{z;) = o (using o # 0). Now
suppose the existence of a € 4 and x € ]0, e(a)[ such that G, is differentiable
for x. Let (m;,a,);,, be the n-admissible sequence which represents x.
There exist b€ A and J infinite subset of N such that ke J=a, =5. Let ¢
be an arbitrary number in ]0, ¢(b)[, and for ke J, xk=2’;=1 e(m;)07;
x, =x,+ t0* Then x, € ]0, &(a)[ and, by Lemma 4.1.1(ii),

[Guxk) = Gulxi )Tk — x) ™' = 171G () — ak + folm, - my).

But, one can prove easily that the limit for ke J, k — oo, of the lhs of the
above relation is precisely G/(x). Then
G = Gi(x) — lim [fy(m,---my)—ak]

k — o
keldJ

is independent of 4, ie., G,(¢)= Kz, in contradiction with the existence of
;- 0 such that lim, _ ,, 7, 'G,(1,) = 0.

Remark. The functions F, could be differentiable if « =0. For instance,
if A={1,2}, o(l)=121, (2)=212, f(1)= —f(2)=1, one has S(N)=
N/2+0(1) and then F,(x)= x/2.

4.2. The Main Result

THEOREM 4.2.1. With the hypotheses and notation of Section 3, there
exists a continuous function G defined for x >0 such that

(1) x>0=G(0x)=G(x)
(1) S(N)=aNlogs N+ NG(N)+ o(N).

Proof. The property 0 < x < g(1) = Fy(x0~') = 0 'F,(x) (Lem-
ma4.1.1(i) and 1< o(1)) and the continuity of F, imply the existence of a
continuous function F defined for all x >0 such that F coincides with ¥, on
10, ¢(1)[ and F(fx)=0F(x) everywhere.

Now, if N = Y.}~ |o'(m,_,)| (1-admissible representation), one has (see
the proof of Lemma 4.1.3)

S(N)=aNlog, N + HVF( Y &(m)) 9’) + O(v* 4 160,]").

i=1
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And, by using Lemma 4.1.4 and N—Y'_, e(m;) 6" ~ "= O(log N) we obtain

i=1

9"F(N)—F(Z .s(m,-)@")z@“"’o(N).
i=1

Thus, S(N)=aNlog, N+ F(N)+o(N) and the theorem is proved with
G(x)=x"'F(x) for x#0.

Remark. The same result remains true if some of the eigenvalues
f,,i>3, are complex numbers, by considering the conjugate eigenvalues
and eigenvectors.

5. SUMMATION FORMULAE FOR GENERALIZED SUM OF DIGIT FUNCTIONS

Now, we consider a substitution ¢ on a finite alphabet 4 such that
hypothesis (H,) of Section 1 is true, some real numbers f(m) for each word
m<a{a) (acA) and S(N)=Y,_nys(n), where s(n)=3_, f(m{n)),
(m;(n));—o,__,., being the digits of n is this 1-admissible representation. For
instance, if ¢ is the substitution of Proposition 2.1.2 and for each me A*,
f(m)=|m|, then s(n) i1s the “ordinary” sum of digits of » in the natural
system of Numeration relative to the sequence

Once more, we assume that C? has a base of eigenvectors for the matrix
‘M, thus the two last relations in Lemma 3.1.1(i) remain true. We can do
the calculus of S{N) in the same way as we did in Sections 3 and 4. In
Lemma 3.2.1 nothing is changed, but in the definition of S, S}, S;, S¢’ we
have f(m) instead of f(*(m)). For the other results we have to distinguish
three cases for 8' = |0,/

Case 1: 6" >1, Case2:0'=1, Case 3:0' <1

(the last case occurs when 0 is a Pisot number: for instance this is the case
where ¢ is as in Proposition 2.1.2 (see [4])). In the notation nothing is
changed, but now, in the definition of « in Lemma 3.2.2, we read f(m)
instead of f,{(m).

Concerning the results, the modifications are the following:

In Lemma 3.2.2 the “error term” is

ove") in Case 1
o(v?) in Case 2
o(1) in Case 3.
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The same modifications are used for Theorem 3.2.3, apart from Case 3,
where the error is O(v).
In Lemma 4.1.3 the right-hand side of the result is

O(ly—x|k +k(9'/9)k) in Case 1
O(ly—xlk+k0%) in Case 2
O(ly— x| k) in Case 3.

In Lemma 4.1.4, |F,(y)— F,(x)| is
O(ly—x|'""#"log|y—x|)  in Casel
O(ly—x| (log |y —x)?) in Case 2
O(ly—x| log |y —xl) in Case 3

(the last result generalizes (13) in [9] concerning the Fibonacci case).

In all cases the main result, i.c., Theorem 4.2.1, remains unmodified, the
error term (depending on 8’) being always in o(N). In particular, in Case 3,
using N=Y"_, e(m;) 0"~ '+ 0O(1), the error term is in O(log N), in
accordance with [18]. In fact, concerning this last case, we can omit the
hypothesis “C? has a base of eigenvectors of ‘M” because we have

L(c"(a)) = Aye(a) 8" + O(8") forany 6" saisfying 6’ < 8" < 1.

As a consequence, we have

PROPOSITION 5. If s4(n) is the sum of the digits of n relative to G, =

(6%(1)|, o being as in Proposition 2.1.2, there exists a continuous Sfunction G
defined for x =0 such that

(i) x=20=G(0x)=G(x)
(i) X, -nse(n)=aNlogy N+ NG(N)+ O(log N),

where 0 is the dominating root of X*—a, X' — ... —q,=0 and

a=0"" Y A, Iml|elc)

ac 4
me < o(a)

d ala. —1 d—1
=0""¢(1) Y la—’(a—'z——)+ Y Aae(i+1).
i=1 i=1

Moreover, G is nowhere differentiable, as consequence of Lemma 4.1.5,
because o # 0.

This proposition was obtained with a distinct but equivalent expression
for « by P.J. Grabner and R. F. Tichy [16].
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