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We give a sufficient condition for the continuity of the Volterra variational
derivative of a functional with respect to a fixed function. For linear functionals this
condition is automatically satisfied, and so the Volterra variational derivative of a
linear functional is always continuous. T 1987 Academic Press, Inc.

Throughout, all functions and functionals are real-valued. The linear
space of all continuous functions on an interval [a, ] is denoted by
%([a, b]). Given a Lebesgue integrable function 4 on [a, £], we define a
linear functional L on %([a, b]) by setting

L =[ Ax) flx) d

for each feé([a, #]). Hamilton and Nashed proved (see [1, Theorem 2])
that if 4 is bounded from below, and for each xe[a, b] the Volterra
variational derivative 6L/0f(x) with f =0 exists and equals A(x), then 4 is
continuous. Their proof utilizes in an essential way the boundedness from
below of A: an assumption which will be shown here to be unnecessary.
The result itself is an interesting and potentially useful observation which
deserves to be formulated in a more general setting and proved in a trans-
parent and straightforward manner. It turns out that the added generality
enhances the understanding of what is going on.

Let X be a completely regular Hausdorff space, and let u be a locally
finite Baire measure in X which assigns a positive measure to each open
Baire subset of X. By &# we denote the family of all bounded continuous
functions on X which do not change sign and whose support is contained in
a Baire set of finite measure. Thus 0 # [ 4 du # +oo for each nonvanishing
function he #. Let # be a collection of functions on X (not necessarily
continuous) which is stable with respect to perturbations by elements of
K, le, if feF and he #, then f+ he F. Finally, let J be a functional
on #.

195

0022-1236/87 $3.00

Copyright «¢' 1987 by Academic Press, Inc.
SROTE [-13 All rights of reproduction n any form reserved


https://core.ac.uk/display/82674509?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

196 WASHEK F. PFEFFER

DEerINITION.  Let xe X and fe #.

(i) We say that J is continuous at (x, f) if given ¢ >0, we can find a
0>0 and a neighborhood U of x so that

V(S +h) - <e

for each he # with || <6, h(x)#0, and supp h< U.

(ii) We say that J is strongly continuous at (x, f) if there are a 6 >0
and a ne;ghborhood U of x such that J is continuous at (x, f + k) for each
ke # with |k} <6 and supp k<= U.

(ili) We say that J is Volterra differentiable at (x, f) if there is a real
number ¢ such that given ¢ >0, we can find a >0 and a neighborhood U
of x so that

J(f +h)—J(f)
{xhdu

for each he # with |h| <9, h(x)#0, and supp h<= U.

—ol <é€

It follcws easily from the assumptions imposed on the measure u that the
number x from part (iii) of the previous definition is determined uniquely.
We call t the Volterra derivative of J at (x, f) denoted by 6J/3f(x). It is
immedia e that J is continuous at (x, f) whenever 3J/3f(x) exists. In par-
ticular, t1e existence of 8J/3f(x) for all fe # implies the strong continuity
of J at (., f) for any fe #.

THEOREM. Let fe %, and let D be the set of those xe X for which
0J/0f(x) exists. Then the function x — 8J/0f(x) on D is continuous at x,e€ D
whenever J is strongly continuous ar (x,, f).

Proof. Let xy€ D be such that J is strongly continuous at (x,, f), and
let ¢ >0. Find a 6 >0 and an open neighborhood U of x, so that

<£ 1
3 (1)

.J(f+h)—J(f)_ 6J
f,\' h du 8f(xo)

for each he # with |h| <20, h(x,)+#0, and supp A< U. Using the strong
continuiiy of J at (xq, f), we may assume that J is continuous at
(xq, f + k) for each ke # with |k| <d and supphkc U. If xe DU — {x,},
choose ¢. kqe # so that |ky| <0, ko(x)#0, supp k< U, and

&

5

’J(f+ko)—J(f)_ o
Tkodu  3f(v)

Let y >1) be such that
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J(f+k0)—J(f)+a_ oJ <£
jxkodﬂ*'ﬂ of(x)| 2
whenever || <y and |f] <y. As J is continuous at (x,, f + k), there are

0*>0 and a Baire neighborhood V of x, such that V< U, u(V)< +oo,
and

(2)

J(f +ko+h)=J(f + ko)l <v (3)

for each he # with || <d*, h(x,)#0, and supph< V. Let u be a con-
tinuous function on X such that 0<u <1, u(x,)=1, and supp uc V. Find
a positive 7 <min(d, 6*) so that nf,udu<y, and let hy=nu sign ko(x).
Then both 4, and h=h,+k, belong to H#, |k, <o, |hl <26,
ho(x) h(x,) #0, supp hg=supp h= U, and |, ho du| <y. Thus by (1)-(3),

l oJ N oJ

of(x)  6f(x)
<’ oJ _J(f‘*'ko)_-](f)"‘[J(f+ko+ho)_-](f+ko)]
h of(x) kaod/l‘*'jxhodﬂ

)J(f+h)—J(f)_ o | _
{xhdm 3f(x0)

8,

and the theorem is proved.

COROLLARY. Let F be a linear space and let J be a linear functional.
Choose an fe F and denote by D the set of those x € X for which dJ/df(x)
exists. Then the function x> 3J/3f(x) is continuous on D.

Indeed, for a linear functional J the existence of §J/0f(x) for some fe #
implies the existence of 6J/0f(x) for all fe #; and of course, the value of
dJ/6f(x) is independent of the choice of fe 7.

Now with no restriction on A, the result of Hamilton and Nashed
is an immediate consequence of the Corollary. The second example in
[1, Section 5.4] does not contradict the Corollary, as it is easy to see that
in this example 8J/dy(0) exists only when 0 is an isolated point of [ -1, 1].

ExampLE. Let X=[0,1], #F=%([0,1]), and for feF, set J(f)=
|8 f(x) dx if £(0) #0, and J(f) =0 otherwise. Letting /=0, it is easy to see
that J is not strongly continuous at (0, /). We also have 3J/6f(0)=1, and
8J/of(x)=0 for each xe (0, 1].
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