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1. Introduction

(e, B)-metrics form a special class of Finsler metrics partly because they are “computable” [1]. The researches on («, 8)-
metrics enrich Finsler geometry and the approaches offer references for further study.
Randers metrics arising from physical applications [11] are the simplest («, 8)-metrics. They are expressed in the form

F =+ B, where & =, /a;j(x)y'yJ is a Riemannian metric and 8 = bi(x)y' is a 1-form with |8l < 1. The following Randers

metric
po VA—WDP+® Y2 - x) 1)
1— |x|2 1— |x|2
is called Funk metric [8]. It is a projectively flat Finsler metric on B"(1) with flag curvature K = —%. Recall that a Finsler
metric F on an open domain ¢/ C R" is said to be projectively flat, if all the geodesics of F are straight lines [7].
Another important example of («, 8)-metric was given by L. Berwald [3],
1T—x2)y12 + (%, ¥)2 + (x, y))?
p_ VA RKDIYP+ 0692+ ) @

A= KR - KPP+ (x )

It is of a special kind of (o, B)-metrics in the form F =
Finsler metric on B"(1) with flag curvature K = 0.

The concept of (o, 8)-metrics was firstly proposed by M. Matsumoto in 1972 as a direct generalization of Randers metrics
[9]. But some basic concepts of (o, 8)-metrics were omitted. In Section 2, we make clear the geometric property about the

2
% with ||B]l¢ < 1. Berwald’s metric is also a projectively flat
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indicatrixes of («, B)-metrics. Roughly speaking, a Minkowski norm F is an (&, 8)-norm if and only if the indicatrix of F is
a rotation hypersurface with the rotation axis passing the origin.
The aim of this paper is to study a new class of Finsler metrics given by

F=a¢<b2, E), (3)
o

where ¢ = ¢(b?,s) is a C* positive function and b? := ||/3||(21. This kind of Finsler metrics generalize (¢, 8)-metrics in a
natural way. They are a special class of general (o, 8)-metrics which are defined in Section 3. But the most important
reason that we are interested in them is that they include some Finsler metrics constructed by R. Bryant.

Bryant’s metrics [4-6] are rectilinear Finsler metrics on S" with flag curvature K =1 and given in the following form
with X e S", Y e TxS",

VAX, X)Q(Y,Y) — Q(X,Y)? _ QX Y)}
Q(X, X) QX X))

F(X,Y)= m{ (4)

where
QX,Y) =xoy0 +ePx1y1 +ePxoyy + - + Py

are complex quadratic forms on R**! for n > 2 with the parameters satisfying
O<pi<p2<---<pn<m.

Note that the branch of the complex square root being used is the one satisfying /1 =1 and having the negative real axis
as its branch locus (cf. [5]).
1

The following result is related to Bryant’s metrics, where the constant r, is given by r;, = Ve if <0 and r, =400
if w=>=0.

Theorem 1.1. The following general («, B)-metrics are projectively flat on B" (r,,) withn > 2,

J(eP 1 b — 2 i
where o and 8 are given by
o = YA F UV = pix 92 6)
14 plx|?
p= Ax,y)+(1 +uIXI2)<a,y)3—/L<a,X><x, y>’ )
(14 plx?)?

in which p is the sectional curvature of «, A is a constant and a € R" is a constant vector.

Remark 1. When ¢ =0, A =1, a =0, the general (o, 8)-metrics (5) belong to Bryant’s metrics in some appropriate coor-
dinate. One can see Section 4 for details. At the same time, we will point out that the previous metrics (4) are not always
regular on the whole sphere. Recall that a Finsler metric is said to be regular, if its fundamental tensor is positive definite
everywhere.

Moreover, we provide a sufficient condition for the general (o, 8)-metrics (3) to be projectively flat. In this paper, a 1-
form is called conformal with respect to a Riemannian metric if its dual vector field with respect to the Riemannian metric
is conformal.

Theorem 1.2. Let F = a¢ (b2, g) be a general (¢, B)-metric on a manifold M with dimension n > 2. Then F is locally projectively flat
if the following conditions hold:

1. The function ¢ (b, s) satisfies the following partial differential equation

22 =2(p1 — 5¢12). (8)

2. « is locally projectively flat, B is closed and conformal with respect to o.

Remark 2. Note that ¢; means the derivation of ¢ with respect to the first variable b%. On the other hand, a Riemannian
metric « is locally projectively flat if and only if it is of constant sectional curvature by Beltrami’s theorem [7].
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The projective flatness is connected with the Hilbert’s Fourth Problem. Recently, Z. Shen has characterized all the projec-

tively flat (o, 8)-metrics for dimension n > 3 [12]. The first author rewrote the (o, 8)-metric F = % as F = (7‘1%‘”’3)2
in his doctoral dissertation, where & = (1 —b%)a, 8 =+/1— b2_/3, and proved that this kind of Finsler metrics are locally pro-
jectively flat if and only if @ is locally projectively flat while 8 is closed and conformal with respect to &.

Moreover, the first author has classified all the locally projectively flat («, 8)-metrics for dimension n > 3 in his doctoral
dissertation. The results show that the projective flatness of an (c, 8)-metric always arises from that of some Riemannian
metric by doing some special deformations. Therefore, we claim that the conditions in Theorem 1.2 are, in a sense, also a
necessary condition for a non-Randers general («, 8)-metric F = a¢ (b2, g) to be locally projectively flat for n > 3.

To be specific, if F is a non-Randers locally projectively flat general (&, 8)-metric, then F can be represented as F =

2
a¢pb?, g) such that ¢(b?,s),« and B satisfy the conditions in Theorem 1.2. For instance, suppose that F = % is

a locally projectively flat (cr, 8)-metric. In this case, the corresponding function ¢(s) = (1 + s)? does not satisfy Eq. (8).
Also « is not locally projectively flat and 8 is not conformal with respect to « in general [12]. But if we rewrite F as

F = <—V1+lg6‘+’§)2, then the function ¢ (b2,5) = (v/1+ b2 +5)? satisfies Eq. (8) now. Although F = % is simple in this
form, the properties of & and B are not so simple. This phenomenon is similar to that of Randers metrics of constant flag
curvature [2].

2. The geometric meaning of («, §)-norms

Let V be an n-dimensional vector space. By definition, an (&, 8)-norm on V is a Minkowski norm expressed in the
following form,

F=a¢(s), s= é,
o

where o = ,/a,-jyfyf is an Euclidean norm and g = b;y' € V* is a linear functional on V. The function ¢ = ¢(s) is a C*®
positive function on some open interval (—by, by) satisfying

¢(s) —5¢'(s) + (b2 —s)¢"(s) > 0, V|s| <b < by,

where b =: ||l [7]
Let {eq, e, ..., ey} be an orthonormal basis of «. Then

2 2 2 i ~
oz(y):\/(y1) + ()" +-+ ("), y=yeeVZER"
It is obvious that the orthogonal group O (n) acting on V preserves «. Conversely, a Minkowski norm on V preserved under
the action of O(n) must be Euclidean. In other words, Euclidean norms are the most symmetric Minkowski norms.
By considering the symmetry of (&, 8)-norms, Theorem 2.2 shows that the symmetry of (&, 8)-norms is just next to
that of Euclidean norms. Firstly, we give a description of the symmetry of a Minkowski norm.

Definition 2.1. Let F be a Minkowski norm on an n-dimensional vector space V and G be a subgroup of GL(n, R). Then F is
called G-invariant if the following condition holds for some affine coordinate (y', y2,...,y") of V,

F(yL y% ...y =F((y".y% ....y")g). VyeV,v¥geG. 9)

The symmetry of Minkowski norms should be paid more attentions since it restricts the global symmetry of Finsler
manifolds.

Theorem 2.2. Let F be a Minkowski norm on a vector space V of dimension n > 2. Then F is an («, 8)-norm if and only if F is
G-invariant, where

G:{geGL(n,R)‘g:(Q ?) AeO(n—l)}.

Remark 3. The above theorem is trivial when n =1 because every Finsler curve is of Randers type by the navigation
problem.

Proof. Let F = oup(g) be an (&, B)-norm. Take an orthonormal basis {eq,e2,...,e,} with respect to «, such that ker 8 =
span{eq, ey, ...,enp—1}. Then

2 2 2 by"
Fy =y ) + () +-+(m) ¢>( )
\/ \/(y1)2+(y2)2++(yn)2
where y = yie; and b = ||8||«. Obviously, F is G-invariant.
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Conversely, assume that (9) holds for the affine coordinate (y', y2,..., y").
Casel.n>3.

By restricting F on the linear subspace given by y" =0, one can obtain an O(n — 1)-invariant Minkowski norm, which
must be Euclidean by the previous discussions. So we can choose a positive number a, such that the Euclidean norm
a=ay/(yH2+ (y2)2+---+ (y"? on V satisfies ot|yn_g = Flyn—o.

For y # 0, define

Fiyly?...oyM
) = T (10)

Caly oy’
then (/7) is G-invariant, i.e.
oy Yy =a((v ¥ y")g). Yy#0,YgeG.

In particular,

oy ¥2, ...

¢(costy' +sinty?, —sinty! +costy?, ¥, ..., y") = (y", y% ..., ¥").

Differentiating the above equality with respect to t and setting t = 0, one obtains % 2 % y! = 0. The same argument
yields
3 . 99
if-iy’:O, 1<i<j<n—1. (11)
ay' ay/

Moreover, since F and « are both positively homogeneous with degree one, & is positively homogeneous with degree zero,
ie, p(Ly) = ¢ (y), YA > 0. Differentiating this equality with respect to A and setting A =1, one obtains

ayi
Taking the spherical coordinate transformation

=0. (12)

y! =rcos6! cosh?.-.cos6" 2 cosg" 1,
y% =rcosf! cos6?---cosO"2sino" "1,

y"1=rcosH!sin6?,
y" =rsing!,
where r >0, —Z <07 <Z (y=1,...,n—2),0<6"! <27, and using (11), (12), we have

¢ _0p oy _dpy _
.

ar  ayl ar 9yl

26 34 39
80% = —a—d)ly"’y+1 cosf”*1...cos6" 2 cos "1 — 8—¢;y"’y+1 cosf?*1...cos0"2sing" !
y y
09 , 39
e M%y”—y“ sing? 1 4+ 8yn_%rcos@] ...cos@”
06 04
_ _an%y] 050V ... coso" 2 cos o™ — ﬁ}ﬂ c0s6”*1 ... cos6"2sing"1
= Yo

. ad
T Y y+1, Ty
PY y siné + By

=0, y=2,...,n-2,
3¢ ¢ 5 9

=—— —y'=o.
agn—1 8y1y +8y2y

rcosd!...cosg”

So =g = ¢(3&—”) where the function ¢ (s) = ¢(arcsinas), which means F = a¢(5&—n) is an (a, B)-norm.

Case2.n=2.
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In this case, (9) is equivalent to F(y', y2) = F(—y', y?), Vy € V. This equation implies that the indicatrix of F is re-
flection symmetric with respect to y2-axis. It is easy to see that it means that the function defined by (10) has the form

¢= qb(’;—z) for some function ¢. O
Remark 4. (10) shows that the function ¢(s) contains the informations about the shape of the indicatrix.

By Zermelo’s viewpoint [2], we can obtain new Minkowski norms by shifting the indicatrix of an (o, 8)-norm. We call
them navigation (o, B)-norms. The indicatrix of a navigation («, 8)-norm is still a rotation hypersurface, but the rotation
axis does not pass the origin in general.

There will not be more discussions about this kind of Minkowski norms in this paper. It shouldn’t be omitted if one
study the properties of («, 8)-metrics besides Randers metrics [10,13], although it may be very complicated in algebraic
form.

3. General (o, §)-metrics

Suppose that F is a Finsler metric on a manifold M such that F(x, y) is an («, 8)-norm on TxM for any x € M. F is not
an (o, B)-metric in general. This is because the shape of the indicatrix for different point may be different. This observation
leads to the following definition.

Definition 3.1. Let F be a Finsler metric on a manifold M. F is called a general (o, 8)-metric, if F can be expressed as the
form F = a¢(x, g) for some C* function ¢ (x, s) where x € M, some Riemannian metric o and some 1-form 8. F is called

a (special) («, B)-metric, if F can be expressed as F = O((,b(g) for some C* function ¢(s), some Riemannian metric o and
some 1-form B.

The Finsler metrics in the form (3) become the simplest class of general (o, 8)-metrics except for special («, 8)-metrics.
qb(bz, s) is a positive C*° function with b2, s as its variables and |s| <b < b, as its definitional domain for some 0 < b, <
+00. We use b? instead of b as the first variable, partly because it is convenient for computations. In the rest part of this
paper, we will focus on this special kind of general (¢, 8)-metrics. Firstly, we can obtain the basic facts of the general
(¢, B)-metrics immediately from the corresponding ones of (o, 8)-metrics given in [7].

Proposition 3.2. For a general (o, B)-metric F = o (b, g), the fundamental tensor is given by

8ij = paij + pobibj + p1(biaty; + bjoyi) —spreeyiary;,

where

P =¢(@p—sp2), Po = P22 + ¢2¢2, 01 = (¢ — $¢2)P2 — SPp¢22.

Moreover,
det(gij) = 9" (¢ — s¢2)" (¢ — s¢p2 + (b* — 5%)¢p22) det(ajj),
gl = p~ a7+ nb'b! +noa ™ (b'y! +bIy) + ma?y'yl}.
where (g7) = (gij) 71, (@¥) = (a;j) "1, b' =aVbj,
_ $22 o= — (P —s¢2)¢2 — Spb22
(¢ — s + (b2 —5)¢p22)’ ¢ (@ — s + (b2 — s2)p22)’

_ (¢ + (0% = s1)2) (& — s¢2)¢2 — Sb$22)
$%(¢ — 52 + (b? — ?)¢22) '

T’:

m

Proposition 3.3. Let M be an n-dimensional manifold. F = a¢ (b2, g) is a Finsler metric on M for any Riemannian metric o and
1-form B with || Blle < bo if and only if ¢ = ¢ (b2, s) is a positive C™ function satisfying

¢—5s¢2>0, ¢ —spo+ (b* —s*)pa2 >0, (13)

whenn >3 or

¢ —s¢2 + (b —s%)¢p22 > 0,

when n = 2, where s and b are arbitrary numbers with |s| < b < b,.
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Remark 5. Note that the second inequality in (13) doesn’t imply the first one, even though it does for special («, 8)-metrics
(cf. [7]).

Let b;j; denote the coefficients of the covariant derivative of g with respect to «. Let
.._lb.. b u_lb.. b R i qiie. vk
rl]_z( ilj +bjji), 51]—2( ili — bjji), Too =Tijy Y-, So=a’'sjky,
ri=blrj, si=blsji, ro=riy', So=S5iy’, r'=drj, s' =a's;, r=h'r;.
It is easy to see that g is closed if and only if s;; =0.

Proposition 3.4. For a general (., B)-metric F = a¢p (b2, g), its spray coefficients G' are related to the spray coefficients Gfx of o by

i

G'=Gl, +aQs'o+ {O(—2aQso +roo + 202 Rr) + a2 (ro —I—so)}%

+{¥ (20 Qso +roo + Zocer) + all(rg +so)}bi — otZR(ri +si),

where
0= (o)) ’ R— (03] ’
¢ — s ¢ — s
O — (¢ — s¢2)d2 — spPp22 W= ¢22
2¢(¢ — s¢a + (b2 — s2)¢22)’ 2(¢ — s¢p + (b2 — s2)¢h22)’
_ (& — 5¢2)p12 — Sp1¢22 o201 o+’ =N
(¢ —5¢2) (¢ — s¢p + (b — s2)¢22)’ ¢ ¢ '

Proof. Recall that the spray coefficients of a Finsler metric F are given by
1
i il 2 k 2
G = Zg {[F ]x"y’y - [F ]x’}'
For the general (o, 8)-metric F = a¢ (b2, g), direct computations yield

Jge = [@®] @ + 202p 1 [b? ] + 20> Gebas
]Xkyl = [Olz]xkyt(bz + z[az]xk¢¢’25yl + z[az]y1¢¢l [bz]xk +202¢162 [bz]xksyl + 202 p 12 [bz]kayl
+2[0?] i dasy + 207 (§2) 55yt + 207 2551 + 207 sy

[F?
[F?

Set G' = G! + G}, where G| includes ¢; and ¢1> but G} does not, ie.,

. 1 .
Gy = 58" {[0*] 01 [D? oy + P Pra[b] ¥ s + P ppra[b7] v s 1 — e pn [b] 0} (14)

It is easy to see that G; can be obtained immediately by exchanging ¢’ for ¢, and ¢” for ¢,, in the spray coefficients
of (o, B)-metrics which can be found in [7]. So

. . . l .
Gy=G, +aQs'o+O{—2aQso+ roo}% + ¥ {—2aQsqg+roo}b.
In order to compute G!, we need the following simple facts:

_ab;—sy

[az]yl = 2}’1, [bz]xl :z(rl +Sl)s Sy’ - az ) (15)

where y; = a y’.
By (14) and (15), we have

G =g"|Ay1+Bb+ C(ri+sp} := p 1 {Dy' + Eb' + F(r' +5)},
where

A= (2¢p1 — sp1¢2 — sp¢12) (o + So), B = (12 + ¢P12)(ro + So0), C=—a’ps1,
and by Proposition 3.2,
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D=A+(As+a 'Bb* +a~'Cr)no + {A+a 'Bs+a2C(ro + s0) } 1,
E =B+ (aAs+ Bb* + Cr)n + |« A + Bs +a ™' C(ro + 50) } 10,
F=C.

Plugging 1, no, N1, A, B, C into the above equalities yields

sp22(s¢ + (b* — 52)¢2)] (¢ —5¢2)(sp + (B> = 5*)2) }
D=1(2(¢ —s¢2) + - ro+s
H O v 0T =g |V T p—sta+ =D 20T
(¢ — 5¢2)P2 — P22 Srar
¢ —sp2 + (b? — s2)¢ '
(P —s¢2) S22 } dP22 2
E= - a(ro +So) + acr.
{qs s+ 52— Do T 5 —sta+ 02— g O OOt g, b2 = 56!
One can obtain the spray coefficients G! by the above equalities. O
4. Some constructions of projectively flat general (a, §)-metrics
Bryant’s metrics (4) contain some general (o, 8)-metrics. In order to see that, let us take p; =p, =---=pp—1 =0,

Pn = p. Then (4) is given in the following form in some appropriate coordinate by stereographic projection,

VEP + XDy — (x, y)2 —ilx, y)

F=N - .
el + |x|2
If we take p; = p2 =--- = pn = p, then (4) is given by
Ve Xy — (x, y)2 —i(x, y)
F=N - .
e~P +|x|2

So it is natural to consider the general (c, 8)-metrics in the form (5).

‘m_- . . .. .
Lemmad4.l. F = 91% is a Finsler metric if and only if b < b,, where
+o0 iflpl <%,
by =
1 2 :
jsec(%—%) ifZ <Ipl<m.

/ (1+b2)a2—p2

Proof. There is no need to be discussed when p = 0, because in this case F = is just a Riemannian metric.

1-+b?
Define a complex-valued function @ (b2, s) by
Vvelr +b2—s2—is 1
@ (b?,s) = + = (16)

el +b? elb + b2 —s2 +is
then ¢ (b?, s) is the real part of &. Direct computations yield
1

®—sby=—
(elP + b2 —s2)2

(17)
elP
@ —s®y+ (B2 —s)Ppp= — . (18)
(elP + b2 —s2)2

When 0 < p < 7, it is easy to see that the argument of e’ +b% — s2, denoted by 6, satisfies 0 < 6 < p since b2 — s > 0. We
conclude ¢ and ¢ — s¢; are positive because the arguments of ® and @ — s&; belong to the interval (=%, 7).
On the other hand,

arg(® — sy + (b* —s%)®22) =p — %9,

S0 ¢ — s + (b2 — s2)¢y is positive when p < % In other words, b, = 400 when 0 < p < %

In the case p > % @ — s¢o + (b2 — s2)¢ny is not always positive because 6 may be very small. Let b, be the largest

number such that for all |s| <b < bo, ¢ —s¢ + (b* —s2)¢2, > 0. Then b, must be the solution, which is given in the lemma,
of the following equation,
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elp T
ag———— =—.
(e +b2)> 2

We can finish the proof by the similar argument for the case —7 <p <0. O

Remark 6. By the above lemma, Bryant’s metrics (4) do not always define on the whole sphere. This conclusion have been
confirmed by R. Bryant. That is to say, in order to ensure the regularity of (4) on the whole sphere, some more conditions
on the parameters p; (1 <i < n) should be provided.

Proof of Theorem 1.2. Since « is locally projectively flat, we can assume that Gfx =0y' in some local coordinate system
(U; x"), where 0 =6;(x)y' is a 1-form on /. On the other hand, b;j; = c(x)a;; for some function c(x) because g is closed and
conformal with respect to «. It is obvious that

00 = ca?, ro =B, r=ch?, ri = cb', sio =0, so=0, si=0. (19)
Substituting (19) into the spray coefficients in Proposition 3.4 yields
G'=1{0+ca[O(1+2Rb?) +s2]}y' + co®{W (1 +2Rb?) + sIT — R}b'
2 —2(p1 — b? — s? ; —2(¢1 — ;
_ {9 +ca[¢2 +2s¢1  (¢22 —2(¢1 — 5¢12))(sp + (b° —s )¢2)} }y’ +ca2[ 22 — 2(¢1 — s¢12) }b’.

2¢ 2¢(¢ — s + (b — s2)$22) 2(¢ — s + (b2 — 52)¢2)
So the spray coefficients are given by
i ¢ +25¢1)
G _{9+co¢—2¢ }y (20)

if ¢ satisfies the first condition of Theorem 1.2. Recall that a Finsler metric is projectively flat if and only if its spray
coefficients are in the form G' = Py' [7]. Therefore F is projectively flat on . O
Proof of Theorem 1.1. The function @ (b%, s) is defined by (16). Differentiating (17) with respect to b2 yields
1
2(elP + b2 — 52)% .
So by the above equality and (18), @ satisfies the following equality,

@1 —S@u = —

Doy =2(P1 —sP12).

The same relation is true for ¢ by taking the real parts of the above equality. A A
On the other hand, set ¢ =+/1+ ut|x|2, then the Christoffel symbols of (6) are given by I’ku = —Q‘ZM(X’SI‘] + xisky,
and

bi=0 3 i+ 07 d' — 03 u(a, X)X,

9b: o o . .

B_} = ’3)L8,-j — 302 puaxixl — o3 palx’) — Q’3,u(a,x)8ij — o0 3ua’x + 3072 (@, x)x'x!,
X

bijj =2 7 = bl ™

=073 (h— p{a, )8 — 0> (A — pia, x)) ux'’.
The last equality implies s;; =0 and rjj = o 1 —pula, x))ajj. So B is closed and conformal with respect to o with conformal
factor c(x) =0~ '(A — pu{a, x)).
Moreover, the spray coefficients of F are given by
i { nix,y) | (= pfa,x) vEP+bHa? —p2—ip }y,-

— + R -
T+ulx2 /14 ux? eP 4 b2

which are obtained by the simple equality @, + 2s®; = —i®?2 and (20). O

Example 4.2. Take A =1,a =0 in Theorem 1.1, then the following general (cr, 8)-metrics are projectively flat for —% <
p<3:

el 1 |x|2 + pelP|x|2 2 (1 + ueP)(x, y)2 — i{x,y)
FZ%J( X2+ peP XDV — (1 + peP)(x, y)? — -2t

elP + |X|? + pelP|x|?




252 C. Yu, H. Zhu / Differential Geometry and its Applications 29 (2011) 244-254

Example 4.3. It is easy to verify that the function ¢ (b?, s) = (v/1+ b2 + ) satisfies the first condition of Theorem 1.2. Take
A =1,a=0, then the following general (&, 8)-metrics are projectively flat:

_ W1+ AP A+ pxP)ly R — u(x, y)2 + (%, y))?
(1 + plx)2/ (1 + plxIP)y? — puix, y)?
In particular, F is the Berwald’s metric when p = —1.

F

5. Some discussions about the PDE

In this section, we will discuss some interesting properties about the partial differential equation

$22 = 2(p1 — SP12). (21)
We will always assume A =1 and a =0 in Theorem 1.1 in this section. In this case, « and 8 are given by
_ VA + PP - pix.y)? _ &y
’ T il L A p?
. . 2
It is easy to verify that b? := ||ﬁM||§M = 1+‘;||X|2-

For any solution ¢ of (21) satisfying Proposition 3.3, F = aud)(bi, g—,‘i

constant p by Theorem 1.2. It is easy to see that such a metric can always be rewrote as the form

F= |y|¢u<|x|2, M) (22)
N

where the function ¢, is given by

V14 b2 —s?2) b? s
o )

1+ pb? T+ ub? /14 ub2\/1+ ub? — 2

) is a projectively flat general (¢, 8)-metric for any

du(b?s) = (23)

In particular, ¢g = ¢.
(23) defines a family of transformations {7,} by ¢, = 7,,(¢). Such a family of transformations become a transformation
group of the solution space of (21) by the following proposition.

Proposition 5.1. For any solution ¢ (b2, s) of (21), the following facts hold:
1. ¢y =T, (¢) is also a solution of (21) for any constant y;
2. To(¢) = ¢;
3. Ty o Ty(¢) = Tytv(9).

Proof. Denote ¢,, by $ and set ¢ = A¢(B, S) where

2 _ 2 2
A@?s) = VLA =5 e g D S(b%.s) S

1+ub2 T 1+ ub? ’ NN T o
Then
- 1s¢ (B, S) ¢s(B, S)
=A2¢(B,S) + AS2¢s(B, S) = — ,
() 20(B,S) 2¢s(B, S) A+ 1)1+ ud? =52 1+ pb2(1 + u(b? —s2))
- - 1
—spp=— ($(B,S) — Sis(B, S)).
¢ — sy m(ﬂ ) — S¢s(B. S))
_ 1
SetE_iJm,then
(@ — s¢2)1 =E(¢(B. S) — S¢ps(B. S)) ;B1 + E(#(B. S) — Ss(B. S)) s S1 + E1(¢(B. S) — S¢s(B. S)). (24)
(¢ —5¢2)2 = E(¢(B. S) — Sps(B. S)) ¢ S2 + E2(¢ (B, S) — S¢s(B. 5)). (25)

The fact that ¢ is a solution of (21) yields

(#(B.S) — S¢s(B. $)) s = —25(¢(B. S) — Sps(B. S)) 5. (26)
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Then by (24), (25) and (26) we have

2(p1 — sp12) — 22 =2( — s¢2)1 +5 ' (@ — 5¢2)2
= (2ES1 +s'ES2)(¢(B, S) — S¢s(B, S))s +2EB1(¢(B,S) — Sps(B.S)),
+ (2E1 +s7'E2)(¢(B, S) — S¢s(B, S))
=2E(B1 —2SS1 —57'SS2)(6(B.S) — Sps(B. S)) 5 + (2E1 + 57" E2) (¢(B. S) — S¢s(B. S))
=0.

The last equality holds because the items B; —2SS1 — s~1SS, and 2E; + s~ 1E; are both equal to 0 by direct computations.
So (1) holds.

(2) holds since ¢g = ¢.

In order to see that (3) is true, we only need to compute 7, (¢,). By (23) and the definition of 7,

1 bz 52
V1+v(b? —s2?) \/ TS — (1+vb2)(1+v(b2—sz)))
7;4(¢I)) = 1+ b2 [¥]
T+ M]+Vb2
b2 5
( 1052 14002140 (b2 —s52)
1 b \/ b? \/ b2 52
thoow 1+ eme 1+ G5 — armane )
= ¢u+v(b2, 5),

which means 7, 0 7,(¢) = Tpyv(¢). O

Proposition 5.1 implies a simple fact. If ¢ can be obtained from some solution ¢ of (21) by some transformation 7,
then they will offer the same projectively flat Finsler metrics by Theorem 1.2. For instance, obviously ¢ =1 is a solution of

/ 2_¢2
(21), and 7, (1) = % In this case,

o <b12,, %) =Pu+v <b27 5_(;) =0p+v

are just the Riemannian metrics of constant sectional curvature.
We still don’t know how to solve Eq. (21) completely, but the following lemma is helpful to get its solutions.

Lemma 5.2. For any C functions f and g, the following function is the solution of (21):
N
o(b?,s) = f(b* —5%) + 25/ f'(b* — %) do + g(b?)s. (27)
0

Proof. It is easy to verify that the above function satisfies (21). O

Suppose that ¢ satisfies (27). Direct computations show that

p—spp=f(),  ¢—sp2+ (b — a2 = F(O) +2tf(v),

where t = b% — 52 > 0. Assume that f(0) > 0, then the inequalities ¢ > 0 and (13) always hold for b small enough. So one
can construct infinitely many projectively flat general (¢, 8)-metrics by Lemma 5.2. Some simple examples are given in the
following:

o f)= 7=
N
¢(b27 5) =TI + g(bz)s.

In this case, F is of Randers type. In particular, it is the navigation representation of Randers metrics when g(b%) =
1
— 1z (cf [7]).
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fO=1+t,

o(b%,s) =1+b% +52 + g(b%)s.
In particular, it is given by Example 4.3 when g(b%) = 2+/1 + b2.

o f(HH=vI—t
¢(b%,s) =v1—b2+52 —sln(yv1—b2+52+5s) +slny1—b2+ g(b?)s.
o f(t)=+1+t,
b%,s) = 1+b2—52+sarcsin;+ b%)s.
o) N
o f(t)=In2+1),
V2+b%+s
b2, s) =In(2 +b? — s2) + ——1 + g(b?)s.
¢( S) [1( S) mnm_s g( )S

f®=In@2-1v),

¢(b*,s) =In(2 - b* +s?) arctan + g(b%)s.

2s S
/2 —b? V2 —b2

f(@) =1+ arctant,
S

1+ b4/2+/1+b* —2b2

-(l(m—bz)ln\/1+b4+ 2+/1+b?* +2b%s + s
2

V1+b* = V2v/1+b% +2b%s 4 52
+arctan(y 2v' 1+ b* 4 2b%s + v/ 1 + b* + b?)

+arctan(y/2y/1 + b4 + 2b2s — /1 + b4 — b2)> + g(b?)s.

Obviously, the general (o, 8)-metrics include all the (o, 8)-metrics. But it seems a little difficult to determine whether a
general (o, 8)-metric is an (o, 8)-metric or not. If ¢ = ¢(s) is independent of b2, then there is no doubt that F = oup(g) is

an (o, B)-metric. But if ¢ = ¢ (b2, s), we can’t conclude that F = a¢ (b2, g) isn’t an (o, B)-metric. For instance, as we know

¢(b2, s)=1+ arctan(b2 — 52) +

in Section 1, the general (o, 8)-metric F = (7”“?;‘”/”2 is actually an (o, 8)-metric. So the following problem is still open:
Give an approach to distinguish (o, 8)-metrics from general (o, 8)-metrics.
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