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Abstract—-Sufficient conditions for null controllability of semilinear integrodifferential systems
with unbounded linear operators in Banach space are established. The results are obtained using
semigroup of linear operators, fractional powers of operators, and the Schauder fixed point theorem.
An application to partial integrodifferential equations is given.
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1. INTRODUCTION

Controllability of linear and nonlinear systems represented by ordinary differential equations in
finite dimensional space has been extensively studied. Several authors have extended the concept
to infinite dimensional systems represented by the evolution equations with bounded operators
in Banach spaces [1-4]. Recently, Balachandran et al. [5] established sufficient conditions for the
local null controllability of nonlinear functional differential systems using the Schauder fixed point
theorem with unbounded operators in Banach space. The purpose of this paper is to extend the
use of fixed point theorems to integrodifferential systems with unbounded operators and infinite
delay in Banach space. In particular, results are obtained for the null controllability of semilinear
integrodifferential systems with unbounded linear operators in Banach space. The considered
system is an abstract formulation of parabolic partial functional differential equations discussed
in [6].

2. PRELIMINARIES

Consider the semilinear integrodifferential system

&4 () + A(t)zt(¢)=/_ f(t,s,z.()) ds + (Bu)(t), teJ=[0,T]
z:(9) = #(1), t € (~00,0].

(1)
Here {A(t) : t > 0} is a family of unbounded linear operators mapping a Banach space X to

itself. The state z(t) takes the values in the Banach space X and the control function u is given
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in L?(J,U), a Banach space of admissible control functions with U as a Banach space. B is a
bounded linear operator from U into X. Let X, denote the interpolation space defined in the
power of A(0), that is,

Xo ={xz:z € D(A%(0))},

with ||z|la = ||[A%(0)z|. The space Cq is the space of bounded uniformly continuous functions
from {(—o0,0] to X, endowed with the supremum norm

I¢llc. = sup{li#(d)ll, : 6 € (—o0,0]}.

Further, let ¢ € C,, for some o, 0 < & < 1, and f is a continuous nonlinear operator of J x J x X,
into X.
For the existence of a solution of (1), we need the following assumptions (see [6]).
(i) The domain D(A) of A(t), t € J, is dense in the Banach space X and independent of ¢.
(i) For each t € [0, 00), the resolvent R(A, A(t)) exists for all A such that Re A > 0, and there
exists C > 0 such that o
IR AR € —-
RO A <€ 757

(iii) For any t,s, T € J, there exists a 0 < 6 <1 and K > 0 such that
(AW - A A7 (5)]| < Kt - 7.

And for each t € [0,7] and some A € p(A(t)), the resolvent R(X, A(t)) set of A(t) is a
compact operator.
Conditions (i) and (ii) imply that for each r > 0, —A(r) is the infinitesimal generator of an
analytic semigroup {e~t4(" : ¢t > 0}. The fact that 0 € p(A(r)) and that —A(r) generates an
analytic semigroup implies that fractional powers of A(r) can be defined for 0 < & < 1. We set

A™%(r) = _ /oo s~ 1g=8A(M) 4o
I{a) Jo '

where T'{-) denotes the Eulerian gamma function. The operator A~*(r) can be shown to be a
bounded linear operator with a well-defined inverse [7]. Let A%(r) = (4~ %(r))~L.

If Conditions (i)-(iii) are satisfied, then there exists an operator valued function X (¢,7) which
is defined on the triangle 0 < 7 <t < oo and has values in B(U) [8, p. 109]. X(¢, 1) is strongly
continuous jointly in t and in 7, and maps X into D(A) if t > 7. The family {X(¢,7):0< 7 <
t < oo} satisfies the identity

X(t, 1) = X(t, 8)X(s,7), for0<7<s<t <.

The derivative 59%(—?2 exists in the strong operator topology and belongs to X whenever 0 < r < ¢
[9, p. 129]. Finally, X(t,7) satisfies the following initial value problem:

QX—;’—T) =A@W)X(t, 1), fort > T,
X(r,1y=1,

when [ is the identity operator.
Further, f 0 < v <1,0<8<é< 14y, thenforany0<7<t<t+ At <T and s € J,
there exists a K(3, v, 6) such that (see [6})

|47 (s) [X (¢t + At,7) — X (¢, 7)] AT2(r)|| < K (B,v,6) (At)> ™|t — 7|°~°. 2)
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(iv) There exists a fp > a and w > 0, such that for all 0 < 8 < S, there exists a K3 > 0
satisfying
[4P(0)X (t,s)|| < Kp(t — s)~Fe~w(t=9). (3)
(v) The function f : J x J x X, — X is continuous, f(¢,5,0) = 0 for all s < ¢, and there
exists an L > 0 and v > 0 such that
1£(2,5,2) = f(t,5,0)l| < e Lz = yla. (@)
(vi) The bounded linear operator A~“(t) is compact for all a € (0,1].
Note that (v) is satisfied by the function

f@&ﬂ={a

ce (=) aretanz, a > 0and ¢ > 0.

for s <'t,

Suppose that (i)-(iii) and (v) are satisfied. If § € C, and ¢(0) € D(A4?(0)) for some 8 > «
and (iv) is satisfied for some Gy > 3, then there exists a unique function z{¢)(:) : J — X such
that

2:(8) = X (t,0)$(0) + /O X(ts) [ " f(sim(6)) drds,

+ /tX(t,s)(Bu)(s) ds, fort € J, (5a)
0
z(4) = ¢(t),  t€(~00,0]. (5b)

Moreover, x;(¢) is continuously differentiable for ¢ > 0 and satisfies (1).

DEFINITION. The system (1) is said to be null controllable on the interval J if for every
continuous initial function ¢ € C,, there exists a controlu € L?(J,U) such that the solution x(¢)
of (1) satisfles z(¢) = 0.

3. MAIN RESULT

THEOREM 3.1. Suppose Conditions (i)—(vi) hold and the linear operator W from U into X
defined by

T
Wy = / X(T,s)Bu(s)ds
0
has an invertible operator W1 defined on L?(J;U)/ker W. If there exist positive constants Ny,

Ny such that
IBI <N and W™ <N,

then the system (1) is null controllable on J.
PRrROOF. Using the hypothesis, define the control

T s
u(t) = -W1 X(T,0)¢(0)+/0 X(T,s)/_ (s, 72, ()) drds} (t). (6)

Now it is shown that, when using this control, the operator defined by
Dz, (d) = o(2), for t € (~0,0],

<I>a:t(¢)=X(t,0)¢(0)-—/O X (t,))BW=1 | X(T,0)¢(0)

T s (7)
n /0 X(T,s) / e (o) drds] (1) ds

N /O "Xt s) / m £ (8,7 22(¢)) dr ds
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has a fixed point. This fixed point is a solution of equation {1). Clearly ®zr(¢) = 0, which means
that the control u steers the semilinear integrodifferential system from the initial function ¢ to 0
in time T provided the nonlinear operator ® has a fixed point.

Define
S={z € C((-00,T}: Xa(0)) : [lze()ll = lp(t)l| ont € (—00,0] and ||z:(d)|| < N, t € J}.

Consider the transformation

®:5 - C((—00,T]: Xo(0))

defined by (7).
It is claimed that ® : § — S. For that

L]

t
[@2:(d)llo < [BO) Kot ™e™™" + KaL/O (t— S)“"e”‘”“'s)/ e [lor (@)l dr ds

— 00

t
+ Ko / (t — )~ e tHNN, {II¢>(0)II Kot %emvt
0

T 8
+ KC,L/ (T—s)_"e‘“’(T"s)/
0

—00

e ||z, (9)ll, dr ds} (k) dp.
Thus, there exists a K > 0 such that for t € [¢,Tp) (e > 0)

|z (), < K1 +KO,L/O (t - S)_ae"'w(t——s) /s e—v(s=7) ”xr(@”a drds
+ Ko N1 N, /0 (t — p) e w(tH) {Kl

T s
+ KaL/ (T—s)_"e_“(T_s)/
0

—00

e |z (), dr dS} (1) dps.

We choose § > 0, and observe that

8

t
&5t | @z(9),, < K1 + Kol /0 (t — 5) e @ra=) / IO o (S]] dr ds

—o0
¢ T
+ KaNlNQ/ (t — ﬂ)—ae——w(t—#) {KI + KQL/ (T__ S)—ae—(w-{—é)(’j‘_s)
0 0
X / e_(ll+5)(3~7‘)e—6‘r |‘IT(¢)||Q dT ds} (N) d/j,’
-00
for K2 > sup{K1, |¢/|Ca}, and for y(t) = e~%||z:(¢) |,
¢ s
||<I>y(t)l|a < K, + KQL/ (t - s)*ae—(w+6)(t—3)/ e-—(u+6)(s—'r)y(7_) drds
0 )

T
+ NINQ/ Kot — p) %™t {K2
0

T
+ KaL/ (T — )%~ (WH(T-9) /s
0

-0

e~ WOy (r) dr ds} (u) dps.

If K3 > 0, introduce a function 2(-) by

KB, s € [OvTO],
Z(S) = —6s
Kse , §<0,
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and note that for # > 0,
t 3
K> + KOL/ (t — s) e~ WHO(t=9) / e~ WHO=T)y (1Y dr ds
0 —00

T
+ NlNgKa/ (t — p)~ e wlt=#) {K2
0

T s
+ }%faL/O (T~s)‘°‘e"(“’+6)(T“3)/ e“(”“)(s_r)y(r)drds}(u)d,u

—00

T
< Ky + Ko LT(1 — @) (%) (w+ 8 'Kz + NiN. K, / (t — p)yxewt—#
0
x {K2 + Ko LT'(1 — a) (%) (w+ 5)0—11{3} () dps.

Thus, if § > 0 is chosen large enough to ensure that
1 el
KoLT(l—a) (=) (w+8)* " <1,
and K3 is such that
1 -1
K3 > K» [1 — 3K, LD(1 - a) (Z) (w0t 5)0—1] ’

then for suitable constants Ny, Ns, it follows that:

sup ||®z¢(¢)]| < K3l = N.
tel0,Tp)

To prove equicontinuous, if 0 < 8 < 8, apply A*(0) to each side of (7) and use (4):
@2, () — Bze, (8)llo < | A%(0) (X (£1,0) — X (t2,0)) $(0)f

= [ 1470) X0 - Xt ) B { 14°(0) X (T, 0)$(0)]
T s

+ /0 1X(T, 8)] / 1F (5,7 2. ()] deS}(u)du

4 / " A%(0)X (¢, )| BW ™! {HA"(O)X(T, 0)$(0)]

. s
 [ix@an [ i ene @l drds} (1)

-/ 1470 (X1, X)) [ (s )] drds

-/ 140X (2.9 | 1f (571D drds

< K(0,0,6)(t: — t2)07%t5% + Ny NoK(0,, 0) (1 — t2)°™° /Otl(tz T

8

T
x {KaT""e‘”T ll¢(0)]] +KaL/ (T—s)‘“e““’(T—s)/
0

— 00

e VOTIN dr ds} (u) dp
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t2

+ Ko [ (t2—p)e w279 {KaT“’e‘“’T ll6(0)||

ty

T s
+ KoL / (T —s)~%e v T~9) / e INdrds p (1) dp
0 - 00
t1 8
+ LK(0,0,8)(t; —t2)?~ / (ta — )7 / e V"IN drds
0 —o0

ta s
+ KoL / (ty — s)ew(t2—2) / e~ v-TIN dr ds.
t1 -0

Hence, the set Y7 = {(®z)(t) : © € Yy} is equicontinuous. The set Y] is also precompact for each
fixed t € (—o0,T). A~%(0) is compact for all a € (0, 1}, since A~1(0) is compact by Condition (iv).
Therefore, for any @ such that 1 > 3> a > 0 and t € (—oo, T, the set { 4P (0)®z;(¢)} is bounded
in X since

| 4% (0)®z:(9)]|, < || 4%(0)X (t,0)5(0)|

+ NN, /0 | A% 0) X (t, )| {HAﬁ(O)X(T,OM(O)H
T 8

+ / 14%(0)X (T, 5)| / 1 (5,7, 22D deS}(u)du
0 —-00

+ /0 t | 4P(0)X ¢, )| / w I (s, 7,2, (¢))|| drds

t
< KoT7Pe ™ |¢(0)|| + Ko N1 N, / (t — p)~Pemwit=m) {KaT—"e‘“’T ll#(0) )
0

T s
+ KQL/ (T - s)‘ﬁe“"(T_s)/
0

-0

e VG TIN dr ds} (1) due

t s
+ KaL/ (t — ) Pewlt=9) / e V"IN drds.
0 —o0

Now, since the mapping A™# : X — X,(0) is compact for each 3 > a, it follows that the set ¥}
is a precompact set of C,. Hence, the result follows by applying Schauder’s fixed point theorem
to the mapping &.

EXxAaMPLE. Consider the partial integrodifferential equations

X v atupe= [ ot95T0ds + (B0,
Wz, t) =0,  (z,t) €00 x R, (8)
u(z,0) = ¢(z, ), 6 € (~o0,0],

where
At,u,D) = > an(z,t)D™
|z|<2

The operators A(t,z, D) are assumed to be uniformly elliptic. Thus, there exists a constant
Cop > 0 such that

—Re Y an(z,t)" 2 Col¢l?,

In|<2

where € is a bounded domain in R?® with smooth boundary. The coefficients a,(x,t) are smooth
functions of (z,t) € 2 x R*, and there exist constants C, > 0 and u € (0,1) such that

lan(z,t) — an(z,7)| < Co |t — 7", fort,7 >0, xze&f.
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Finally, stipulate that the coefficients a,(-) : € — R are such that

lim sup |lan(z,t) — an(z)| = 0.
t—0 4

The nonlinearity f(-) : R? — R vanishes at zero and has the property that there exists a C3 > 0
satisfying

3
[f(u) = f(v)] < C3 Z lu; — vil.

The function g(-) : Rt — R is Lipschitz continuous. Moreover, there exist C4 > 0 and v > 0
such that
1g(s)| < Cqe™"?, for s € (—00,0].

Let X = L?(). A family of operators {A(t) : ¢
D = D(A(t)) = H2(Q) n H}(Q) and letting A(t)u
g: RY x Rx X, — X by setting

v

0} is introduced on L2?(2) by specifying
A(t,z,D)u for v € D. If & > 3/4, define

g(t,s,u) = gt — s)f(Vu).

X, will denote the interpolation space obtained from A<%(0). Suppose ¢ € C, and identify
u(z,t) = x,($)(z), then (8) assumes the form of the function space integrodifferential equation

£4(8) + Az(9) = / £ (& 5,24(8)) ds + (Bo)(2). (9)

If ¢ € C (o > 3/4), then (see [6]) there exists a unique function z:(¢) : R — X which satisfies
equation (9) and

2:(¢) — 2t(Y)llo,00 < C llz2(¢) — 2e(¥)ll,,  for some C' > 0.

This yields the solution and the system is controllable on J.
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