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Abstract

We show that the number generated by the g-ary integer part of an entire function of logarithmic order,
where the function is evaluated over the natural numbers and the primes, respectively, is normal in base g.
This is an extension of related results for polynomials over the real numbers established by Nakai and
Shiokawa.
© 2007 Elsevier Inc. All rights reserved.

1. Introduction

Let g > 2 be a fixed integer and € = 0.aja3 .. . be the g-ary expansion of a real number 6 with
0<60<1.Wewrited;...d€{0,1,...,q — 1}} for a block of [ digits in the g-ary expansion.
By N(0;d, ...d;; N) we denote the number of occurrences of the block dj ...d; in the first N
digits of the g-ary expansion of 6. We call 6 normal to the base q if for every fixed [ > 1

1 1
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as N — oo, where the supremum is taken over all blocks dy...d; € {0, 1,...,q9 — 1}1.

We want to look at numbers whose digits are generated by the integer part of entire functions.
Let f be any function and [ f (n)], denote the base g expansion of the integer part of f(n), then
define

0y =0,(f)=0.[fD] [f@] [ O] [Fr @] [r&],[r®],
73 =1(N=0[f @], [F®][f®][r D], [ran],[rad],.... (1.1

where the sequences of the arguments run through the positive integers and the primes, respec-
tively.

In this paper we consider the construction of normal numbers in base g as concatenation of
g-ary integer parts of certain functions. The first result on that topic was achieved by Champer-
nowne [2], who was able to show that

0.1234567891011121314151617181920...

is normal in base 10. This construction can be easily generalised to any integer base g. Copeland
and Erdos [4] were able to show that

0.2357111317192329313741434753596167...

is normal in base 10. These examples correspond to the choice f(x) = x in (1.1). Davenport and
Erdos [5] considered the case where f (x) is a polynomial whose valuesatx =1, 2, ... are always
integers and showed that in this case the numbers 6, (f) and 7, (f) are normal. For f(x) a poly-
nomial with rational coefficients Schiffer [10] was able to show that Ry (6,(f)) = O(1/log N).
Nakai and Shiokawa [8] extended his results and showed that Ry (z,(f)) = O(1/log N). In the
case of real coefficients Nakai and Shiokawa [7] proved the same estimate for Ry (6, (f)). In this
paper we want to discuss the case where f(x) is a transcendental entire function (i.e., an entire
function that is not a polynomial) of small logarithmic order. Recall that we say an increasing
function S(r) has logarithmic order A if

log S
limsup 285" _ 5 (1.2)
r—oo loglogr

We define the maximum modulus of an entire function f to be
M(r, f) := max| f(x)|. (1.3)
IxI<r

If f is an entire function and log M (r, f) has logarithmic order X, then we call f an entire
function of logarithmic order A.
To achieve our results we combine the following ingredients:

e The first part of the proofs concerns the estimation for the number of solutions of the equation
f(x) =a where a € C (cf. [3], [11, Section 8.21]) for entire functions of zero order.

e Following the methods of Nakai and Shiokawa [7,8] we reformulate the problem in an esti-
mation of exponential sums.
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e Finally, the resulting exponential sums are treated by an exponential sum estimate of
Baker [1], which was originally used to show that the sequences

(f(n))n>1 and (f(p))pprime

are uniformly distributed modulo 1 for f an entire function with logarithmic order 1 <
4

o< 3-
The main results of our paper are as follows.
Theorem 1. Let f(x) be a transcendental entire function which takes real values on the real

line. Suppose that the logarithmic order . = o (f) of f satisfies | <a < g—‘. Then for any block
di...dje{0,1,...,q9 — 1}1, we have

1
N(@q(f);dl...dl;N) =?N+0(N)

as N tends to co. The implied constant depends only on f, q, and I.
For primes we show that 7, (f) is normal in the following theorem.

Theorem 2. Let f(x) be a transcendental entire function which takes real values on the real
line. Suppose that the logarithmic order o = o (f) of f satisfies 1 <a < ;—‘. Then for any block
di...dje{0,1,...,q — 1}, we have

1
N(zg(f);di...di, N) = N o

as N tends to co. The implied constant depends only on f, q, and I.
2. Notation

Throughout the paper let f be a transcendental entire function of logarithmic order « satisfy-
ingl <a< % and taking real values on the real line. Let

fo)=) axt
k=1

be the power series expansion of f. By logx and log, x we denote the natural logarithm and the
logarithm with respect to base g, respectively. Moreover, we set e(f8) := exp(2mif).

Let p always denote a prime and Y’ be a sum over primes. By an integer interval I we mean
asetof theform I ={a,a+1,...,b — 1, b} for arbitrary integers a and b.

Furthermore, we denote by n(r, f) the number of zeros of f(x) for |x| <r.
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3. Lemmas

First we state the above-mentioned result of Baker that will permit us to estimate exponential
sums over entire functions with small logarithmic order by choosing the occurring parameters
appropriately.

Lemma 3.1. (See [1, Theorem 4].) Let d and h be integers, with 8 < h < d. Let ay,...,a4 be
real numbers and suppose that

_ log N
N hexp(ZOGc)gliW) < lan] < exp(—10%h2), 3.1)
log N
lax] < exp(—zoa?gilv)ﬂ (h <k <d). 3.2)
oglog

Suppose further that

logN > 10°d>(logd)’. (3.3)

Then, writing g(x) = adxd + .-+ aix, we have

1
S=Y e(gm) < Nexp<—§(1og N)1/3> + Nlap| /0P, (3.4)
n<N

Lemma 3.2. (See [1, Theorem 3].) Under the hypotheses of Lemma 3.1 we have

5= e(g(p) < Pexp(—c(loglog P)?) + P(log P)~[aj /1,
p<P

where c is a constant depending on g.

The following lemma due to Vinogradov provides an estimate of the Fourier coefficients of
certain Urysohn functions.

Lemma 3.3. (See [12, Lemma 12].) Let o, 8, A be real numbers satisfying

1
0<A<E, ALB—a<<1l—A.

Then there exists a periodic function W (x) with period 1, satisfying

(1) ¥(x) =1 in the interval a + %A <x<B-— %A,
(2) I/f(x)=0intheintervalﬁ+%A<x 1+oe—%A,
(3) 0 < ¥ (x) < 1 in the remainder of the interval a — %A <x<l4+a-1a,

<
<
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(4) ¥ (x) has a Fourier series expansion of the form

Y =p—at+ Y  AWe(wx),

v#£0

where

|AW)| <<min(%,,3 ! >

—, ——
V2ZA

Finally, we give an easy result on the limit of quotients of sequences that will be used in our
proof.

Lemma 3.4. Let (a,)n>1 and (by)n>1 be two sequences with 0 < a, < by, for all n and

. n
lim —
n—o00 bn

=0. (3.5)

Then

(3.6)

for n > ng. Let A(N) := Zr]zv:l a, and B(N) = Z;V:] b,. We show that there exists n; such
that A(n)/B(n) < ¢ for n > n1. Therefore we define C(N) := Zrllv:n()—H by. As (3.6) implies that
ap < 5by, for n > ng we get

An)  Amo) + 31, 4 ai _ Awo) + £C(n)
B(n)  B(no)+ Y j_,1bi  Bno)+Cn)

As b, > 0 we have that C(n) — oo for n — o0. Thus

A(no) +5C(n) ¢
im ———=—~ = _,
ns00 Bno) 4 Cn) 2

Therefore there is n1 > ng such that A(n)/B(n) < ¢ for n > n; which proves the lemma. O
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4. Value distribution of entire functions

Before we start with the proof of the theorems, we need an estimation of the number of
solutions for the equation f(x) =a with f a transcendental entire function and a € C.
In this section we want to show the following result.

Proposition 1. Let f be a transcendental entire function of logarithmic order o. Then for the
number of solutions of the equation f(x) = a the following estimate holds

n(r, f —a) < (logr)®='. @.1)

As usual in Nevanlinna theory we do not deal with n(r, f — a) directly but use a strongly
related function, which is defined by

r

/n(t’f)_n(ovf)d
t

NG, f)= t —n(0, f)logr 4.2)

1

in order to prove the proposition. The connection between n(r, f —a) and N(r, f — a) is illus-
trated in the following lemma.

Lemma 4.1. (See [3, Theorem 4.1].) Let f(x) be a nonconstant meromorphic function in C.
For each a € C, N(r, f — a) is of logarithmic order A + 1, where X is the logarithmic order of

n(r, f —a).
The next lemma provides us with a very good estimation of the order of N(r, f — a).

Lemma 4.2. (See [9, Theorem].) If f is an entire function of logarithmic order o where 1 <
o < 2, then for all values a € C

log M(r, f) ~ N(r, f —a) ~log M (r(logr)*™®, f) ~ N(r(logr)*™®, f).
Now it is easy to prove Proposition 1.
Proof of Proposition 1. As f fulfills the assumptions of Lemma 4.2 we have that
N, f—a)~M(, f) < (logr)*. 4.3)

Thus we have that N (r, f — a) is of logarithmic order « and therefore by Lemma 4.1 we get
that n(r, f — a) is of logarithmic order — 1. O

5. Proof of Theorem 1

We fix the block d . . . d; throughout the proof. Moreover, we adopt the following notation. Let
N (f (n)) be the number of occurrences of the block d; .. . d; in the g-ary expansion of the integer
part | f(n)]. Furthermore, denote by £(m) the length of the g-ary expansion of the integer m,
ie., £(m) = [log, m| + 1. Define M by
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M—1 M
D oU(fm) <N <D (fm). (5.1)
n=1 n=1

Because f is of logarithmic order o < % we easily see that

£(fn) < logM)* (1<n<M).

Thus
M
N(Og(f)idr...di; N) =Y N(f(m)| <IM.
n=1

We denote by J and J the maximum length and the average length of | f(n)] for n €
{1, ..., N}, respectively, i.e.,

Ji= max ((Lfm]) <> (ogM)®,

1 M
= D e(Lfm)]) <> (log M)*, (5.2)
n=1

where <> stands for both < and >>. Note that from these definitions we immediately see that
N =MJ +O((log M)®). (5.3)

Thus in order to prove the theorem it suffices to show

ZN fm) = —N+0(N) (5.4)

n=1

In order to count the occurrences of the block d; ...d; in the g-ary expansion of | f(n)]
(1 < n < M) we define the indicator function

It = { Lif Zi:ldiq_i Sr—[t] < Zi:ldiq_i +q7, (5.5)
0 otherwise,
which is a 1-periodic function. Indeed, write f(n) in g-ary expansion for every n € {1, ..., M},
i.e.,

f()=brq" +b—1qg" "+ 4+ big+bo+b_1q"

+ cee
then the function Z(¢) is defined in a way that

I(g 7 fm)) =1 <= di...dj=bj_i...bj_,.
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In order to write an M N (f(n)) properly in terms of Z we define the subsets I, ..., I; of
{1,..., M} by

nel; < fmz=q (<j<)).

Every I consists of those n € {1, ..., M} for which we can shift the g-ary expansion of | f (n)]
at least j digits to the right to count the occurrences of the block dj ...d;. Using these sets we
get

ZN(f(m):XJ: .I<f(’7)). (5.6)

In the next step we fix j and show that /; = I;(M) consists of integer intervals which are of
asymptotically increasing length for M increasing. As I; consists of all n such that f(n) > g’
these n have to be between two zeros of the equation f(x) = ¢/. By Proposition 1 the number
of solutions for this equation is n(M, f — g/) <« (log M)*~!. Therefore we can split j into k;
integer subintervals

kj
L= Jnji,....onji+mji =1}
i=1
where m ; is the length of the integer interval and k; < (log M )*~!. Thus the length of the
integer intervals is increasing, i.e., M (log M)~ < m ji < M. Thus we get that
kj

3 N () =ZJ:Z I(f(”)). (5.7)

J
n<M J=li=1nji<n<nji+mj; 4

Following Nakai and Shiokawa [7,8] we want to approximate Z from above and from below
by two 1-periodic functions having small Fourier coefficients. In particular, we set

I 1
=Y dg P+, po=dg T +q -2, A_=s,
r=1

r=1
[ 1
ar=) dig = @) pr=) dig g+ @07 Ar=s1 (58)
a=1 r=1

We apply Lemma 3.3 with (¢, 8, A) = (0—, f—, A_) and (e, B, A) = (a4, B+, A4), respec-
tively, in order to get two functions Z_ and Z. By the choices of (¢4, S+, A1) it is immediate
that

I_()<IW<I@) (eR). (5.9)

Lemma 3.3 also implies that these two functions have Fourier expansions
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o0
(=g £6"+ Z Agr(v)e(vt) (5.10)
V=—00
v#£0
satisfying
|Ax ()| < min(jv] ", 8 v|72). (5.11)

In a next step we want to replace Z by Z in (5.6). To this matter we observe, using (5.9), that

Z0) - T 0| <L) —T-0)| <57+ D Ax(we(vn),

v#£0

Together with (5.6) this implies that

..<I+(f‘1(n)> + (9(5‘ + U_z_:oo Ai(v)e(v fq(7)))>~

v£0

Inserting the Fourier expansion of Z this yields

D N(f@m)

n<M
J
= <1 +O(5‘ + Z Ai(v)e<vf(n))>>. (5.12)
I nji<n<nji+mj; C] V=—00 q’
0

=l i=
j=li "

kj

Because of the definition of M and J in (5.1) and (5.2), respectively, and the estimate in (5.3)
we get that

J Kj
ZZ Z 1=JM+O(IM)=N + OIM). (5.13)
j=li=1 nji<n<nj,-+mj,-
Inserting this in (5.12) and subtracting the main part Ng ' we obtain
> N(fm) -
n<M

J ki o0
<Y > <5i1+ > Ai@)é(%f(ﬂ)))—i—lM. (5.14)

Jj=li=1 nji<n<njj+mj; V=—00

v#£0
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Now we consider the coefficients A+ (v). Noting (5.11) one sees that

-1
v for |v| <6,
AL (v) <<{ <o

siv=% for |v]| > 8.

Estimating trivially all summands with |v| > §; we get

o0 5
V;OO Ai(v)e(%f(n)) < ; v‘%(%f(n)) +570. (5.15)
v#£0

Using this in (5.14) and changing the order of summation yields

3
(5;1 +Zv_le<%f(n))) +IM. (5.16)
v=1

njign

A

nji+mji

The crucial part is now to estimate the exponential sum containing the entire function f.
Define

S0 =Y e(%f(n)). (5.17)

n<X

We now treat the sum S(X) by a similar reasoning as in the proof of Baker [1, Theorem 2]. We
will show that the sum only depends on f and X.

To this matter we let the parameter d occurring in Lemma 3.1 be a function of X, in particular,
we set

d=d(X)=]10"*(log X)7 (loglog X)), (5.18)

which tends to infinity with X (see Eq. (11) of [1]). Moreover, we define the polynomial
v d
gi(x)= E(alx + -+ agx )

by the first d summands of the power series of ﬁ f- The parameter 4 of Lemma 3.1 will also be

a function of X. In particular, we set iz = h(X) to be the largest positive integer such that 7 < d
and

x| Ll (5.19)
ql

As shown in [1], & also tends to infinity with X.
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Up to now we have not chosen a value for §;. For the moment, we just assume that §; < h
because this choice implies that the summation index v varies only over positive integers that are
less than /. Thus the logarithmic order of qu f(n) is less than ‘3—‘. Indeed,

log<ijf(n)> <logh — jlogg +log f(n) <loglog X 4+ (log X)* < (logX)& (5.20)
q

where @ = o + ¢ < %. Note that g; satisfies the conditions of Lemma 3.1. The estimate for the
logarithmic order of # f(n) will enable us to replace f by g; in (5.17) causing only a small

error term. This will then permit us to apply Lemma 3.1 in order to estimate S(X).
By (5.20), Eq. (15) of [1] implies that for d as in (5.18)

2

t>d

v t -1
;a, X' < (2X) (5.21)

and therefore (see [1])

Ze<£f(n)> <

n<X

Ze(gj(n))‘—i-rr.

n<X

By this we can use Baker’s estimations for exponential sums over entire functions contained in
Lemma 3.1 and get with d = d(X) and & = h(X) defined in (5.18) and (5.19), respectively,

S(X) < Xexp(—%(log X)é) + Xexp(—h). (5.22)

Now it is time to set §; for every i. As v changes the coefficients of the function under con-
sideration we calculate forevery v =1, ..., d(m ;) the corresponding &, (m j;). In order to fulfill
the constraint on the logarithmic order we need to chose §; smaller than the smallest h, (m ;)
with v < §;. Thus we set

8 = max{r <d(mji): r < min{hu(mji): v < r}} (5.23)

This is always possible since &, (mj;) > 1. For this choice we also have §; < h,(m ;) and
d; — 00 as mj; — 0o because the minimum of the &, (m ;) tends to infinity for m j; — oo.
Doing this for every i =1, ...,k (i.e., for every integer interval comprising the set /;) we can
apply (5.22) with X =m j; and use the fact that §; is the smallest 4, (m j;) for i. This yields

ki 5 v
-1
)2) SURID DI CH0)
i=1v=1 njf<n<nj,-+mj,-
ki 5 ki 5 1 1

< Z v Sm;i) < ZZ v hm CXP<—§(10gmji)§) + mj; exp(—4;)

i=1v=1 i=1v=I1
kj 1

1

< (mﬁ exp(—i(logmj,-ﬁ) +mjj exp(—8,~)) logé;.

i=1
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As we do not know the asymptotic behavior of §; we have to distinguish the cases whether

exp(—3§;) is greater or smaller than exp —%(log mj,-)%). In both cases we can assume that m j; is
sufficiently large.

e Suppose first that exp(—%(logmﬁ)%) > exp(—9;) holds. As §; <d(mj;) < (logmji)% we
get

1 1 1
exp(—i(logmﬁ)%) logé; < exp(—i(logmﬁ)%> (loglogm ;) <« exp(—g(logmﬁ)%>
and thus

1 1 1 1
(exp(—i(logmﬁﬁ) + exp(—5,~)> logé; <« exp(—g(logmﬁﬁ) +exp(—4;/2).

e For the second case assume that exp(——(log m ”)3) exp(—§;) holds. This implies that
logé; < loglogm j; and we get

1 1 1 1 1 1
exp(—i(logmﬁ)?) logd; <« exp(-g(logmjiﬂ) (loglogm i) K eXp(-g(logm/‘iﬁ)
Therefore we also have

1 1 1 1
exp —E(logmﬁ)3 + exp(—4;) ) logé; < exp —g(logmj,-)3 + exp(—4;/2).
By this we have the estimation

3
Sty e(%ﬂm)

v=1 njl-<n<nj,-+mj,-
k

< iji (exp(—%(log mj,‘)ﬁ) + exp(—8,~/2)). (5.24)

i=1

By (5.16) we get that

> N(fm) -

n<M

<<ZZ > <5— +Zv ( (n)))—HM.

j=li=1 nji<n<njj+mj;

Thus it remains to show that

571 =3I —o(11y) (5.25)

and
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kj i
> % Zv1e<%f(n)) =o(11;1), (5.26)

i=1 nji<n<nj,~+mj,~ v=1

kj . . .
where |Ij| =) .7, mj; is the sum of the lengths of the integer intervals.
First we consider (5.25). Therefore we set a; = n% and b; = mj;. By noting that Z—’ =

(Sl._l — 0 we are able to apply Lemma 3.4 and get

koomji
Dizl 5
-
doic1Mji

Finally we have to show (5.26). We again want to apply Lemma 3.4 by setting

0<

1 1
aj ‘=mj; exp(—g(logmﬁﬁ) +mj; exp(—94;/2),

bi =mgi.

As M(logM)'—* « m j; < M we get that both exp(— % (logm ;) %) and exp(—3§; /2) tend to zero.
Thus we have that % — 0 for M — co. An application of Lemma 3.4 together with (5.24) gives

k i -1 v
< Zi:l Zvl:l v Zn_/i<n<nﬁ+mﬁ e(q_/f(n))

h [1;]
k 1 L
< i mji(exp(_§(1:gmji)3) +exp(—4;/2)) S0
Doio1mji

for M — oo and thus (5.26) holds.
We put (5.25) and (5.26) in our estimate (5.16) and get together with (5.13) that

dON(fm) -

n<M

<<ZZ > (5 1+Z - < (n)))—HM

Jj=li=1 nji<n<njj+mj;

J
<Y o(lI;1) +1M = o(J M) = o(N).
j=l

Thus by (5.4) the theorem is proven.
6. Proof of Theorem 2

Throughout the proof p will always denote a prime and 77 (x) will denote the number of primes
less than or equal to x. As in the proof of Theorem 1 we fix the block d; . . . d; and write N'(f (p))
for the number of occurrences of this block in the g-ary expansion of | f(p)]. By £(m) we denote
the length of the g-ary expansion of an integer m. We define an integer P by
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S dlrm]) <N < ULrp)). 6.1)

p<P—1 p<P
As above we get that
((LF(p)]) < dogP)* @< p<P).

Again we set J the greatest and J the average length of the g-ary expansions over the primes.
Thus

I= gf;légime@(Lf (p)]) <> (log P)", 6.2)

S .

=y 2 UL @)]) <> og Py (6.3)
PP

Note that by these definitions we have
N=JP+0O((log P)*). (6.4)

Thus by the same reasoning as in the proof of Theorem 1 it suffices to show that

SIN(F) =5 + o(N). (6.5)
p<P
We define the indicator function as in (5.5) and also the subsets I, ..., Iy of {2,..., P} by

nelj < fm)=q’ (<j<J).

Following the proof of Theorem 1 we see that

S N(P) ZZ (f > ))+0(1 (P)). ©6.6)

p<P j=l pel;
Now we fix j and split /; into k; integer intervals of length m j; fori =1, ..., k. Thus
kj
L= Jnjinji+1, . onji +mji — 1},

i=1

By Proposition 1 we again get that k; < (log P)*~!. Thus the length of the m j; is asymptotically
increasing for P, indeed, we have P (log P)!~® « m j; < P. Now we can rewrite (6.6) by

Jkj
SN =Y (fq(”)) +O(in(P)). ©.7)

p<P Jj=li=1 nj;<p<nji+mj
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Following Nakai and Shiokawa [7,8] again we get as in the proof of Theorem 1 that there exist
two functions Z_ and Z. We replace Z by Z in (6.7) and together with the Fourier expansion
of 75 in (5.10) we get in the same manner as in (5.12) that

2b3 (1 - £n)
:ZZ ) o ;JFO 5+ )0 Ai(l})e<v p ) : (6.8)

J=li=1 nj;;<p<nji+mj V=;(C)>O
v
By (6.1) and (6.2) together with (6.4) we have
J k/ / -
> > 1=Jr(P)+O(Ix(P)) =N + O(In(P)). (6.9)
Jj=li=l nj;<p<njj+mj;

We subtract the main part Ng ! in (6.8) and get by (6.9)

’ N
ZN(f(P))—?

p<P

J j , 00
<Y > (3;1+ > Ai(v)e<%f(n)))+ln(P). (6.10)
j=l i jitmji

V=—00

v#£0

We estimate the coefficients A4 (v) in the same way as in (5.15). Then (6.10) simplifies to

J 8
<)) / (571 +Zv16<%f(p))) + I (P). 6.11)
v=1

J=li=1 nj<p<nji+mj

Again the crucial part is the estimation of an exponential sum over the primes. We apply quite
the same reasoning as in the proof of Theorem 1. We set

S =Y e<1.f(p)> (6.12)
q./
pP<X
and use the functions d(X) and & (X) defined in (5.18) and (5.19), respectively. If we assume that
8; < h(X) then we get that the logarithmic order of ﬁ f(x) is less than % as in (5.20). We set

gjx) = %(adxd—i—u-—i—alx).
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By (5.21) we also get that

> elso)| + 7

pP<X

Z/e(%f(p)ﬂ <

p<X

We can apply Lemma 3.2 to get the estimate

X
§'(X) < X exp(—cy (loglog X)?) + < P=h), (6.13)
where ¢, is a constant depending on v and & = h(X) is the function defined in (5.19).
Now we fix i and forevery v =1, ..., d(m ;) we calculate the corresponding h, (m ;) and c,.
We set

8 :==max{r <d(mj;): r <min{h,(mj;): v<r}},
¢i:=min{c,: v=1,...,8;}. (6.14)
By the above reasoning we have that §; — oo for m j; and therefore for P.

By this we get a §; for every i = 1, ..., k and we can estimate the exponential sum in (6.11)
with help of (6.13) and the definitions of §; and ¢; in (6.14) to get

kj , di
> X (L)

i=1 nj<p<nji+mj; v=1

8;
<<ZZV 1S(m,,)<<22v mﬂ<exp c,(loglogmj,)) elx(f;(m )>
ji

i=1v=1 i=1v=1
kj

_ exp(—4;
< mji <exp(—ci (loglogm j:)?) + M) log ;. (6.15)
P logmji

As we do not know the asymptotic behavior of §; we want to merge it with the ex-
pression in the parentheses and therefore have to distinguish two cases according whether
exp(—4;)(log mj,~)_l is greater or smaller than exp(—c; (loglog m.,-i)2).

o If exp(—c; (loglogmj,-)z) > exp(—&-)(logmﬁ)’l then as §; < (log P)!/3 we have that
= 2 = 2
exp(—ci (loglogm j;) )10g8,~ < exp(—ci (loglogm j;) )loglogmj,-
<exp(—¢;/2(loglogm j;)?).
Thus

(exp(—¢; (log logmﬁ)z) + exp(—8,~)(logmji)_1) log 8;
< exp(—Ei/Z(log logmj,')z) + exp(—4;/2)(log mji)_l.
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e On the contrary we have exp(—c; (loglogmﬁ)z) < exp(—é,-)(logmﬂ)_l and this implies
d; < c(loglogm i)? for a positive constant ¢. Therefore we get

exp(—Ei (loglog mji)2) logé; < exp(—Ei (log logmi,‘i)z)c(log log mj,-)2
<exp(—¢i/2(loglogm j)?).
We again have
(exp(—Ei (loglog m.,',')z) + exp(—4;)(log mji)fl) logé;
< exp(—E,-/2(loglogmj,-)2) + exp(—4;/2)(log mj,-)*l

By this we have

kj &
Yy e(%f(p))

i=1v=I njiSp<njitmj
kj
< ) mji(exp(~ci/2(loglogm;)?) +exp(~8:/2)(logm i) ") (6.16)

i=1

The considerations above can be used in (6.11) in order to obtain

SIN(F(p) -

p<P

8i
<<ZZ Z (8;1+Zv1e(%f(p)>) + I (P).
v=I1

Jj=li=1 nji<p<nji+mj

Thus it remains to show that
87 =o(n(I))) (6.17)
and

Z _IZ Z <%f(p)> =o(n (1)), (6.18)

v= i=1 nj<p<nji+mj;

where 7 (/) stands for the number of primes in the interval /;.
First we have to estimate the number of primes in /; for every j. Therefore we set m/ji =
w({nji,...,nj +mj; — 1}). Thus the number of primes in /; is the sum of the m/]l ie.,w(lj) =

kj ’
dilym;. As

PlogP)! ™ «mji< P (i=1,...,k)) (6.19)
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holds we consider an integer interval [x — y, x] N Z with x(logx)' 7% < y < x. We set y :=xp~!
and get

1 < B < (ogx)* L, (6.20)

To estimate the number of primes we apply the Prime Number Theorem in the following form
(which is a weaker result than in Chapter 11 of [6]):

=_* Lo 6.21
"= fogx t (m)- ©2D

Thus we get with (6.20) and (6.21)

n([x —y,x]ﬂZ) =n(x)—nm(x—y)

X x —xp! by
Tlogr logr—xp D) O(aogxﬂ)

X x —xp!
" logx  logx+ OB + O((logx)2>

X x—xp! —1 -1 x
= — 1+0 1 o\ ——
log x log x (1+0(p™ log) ™)) + <(10gx)2>
y X
= @ . 6.22
log x + ((logx)z) (6.22)
Now we reformulate (6.22) by setting x = P and y = m j; and get with (6.19)
m'y=m({ni,....ni+mj; —1}) = My +0 P . (6.23)
Jt / log P (log P)?

/

Now we use the estimation (6.23) in order to show (6.17). By setting a; = % and b; = m/ji
we note that as m/ji — 00 we get that m j; — oo which implies Z—i — 0. Therefore we can apply
Lemma 3.4 and get

’ -1 koM
< Z pel; 81' o Zi:l 6? N
) Y

= Ji

Finally we show that (6.18) holds. We set

a =mj; (exp(—Ei /2(loglog mji)z) + exp(—4; /2)(log mj,-)_l),

o
b,’—mji.

By the estimation in (6.23) we get that Z—f — 0 for P — oo and we are able to apply Lemma 3.4.
Thus with (6.16) we get
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Zl—l Z v=I v_l Z n],<p<n],+m” ( f(P))
(1)
k; _
<« Y.L mji(exp(—c; /2(loglogm ji)?) 4+ exp(—8; /2)(logm ji) 1) o
ijzl m/ji

Thus by putting (6.11), (6.18), and (6.17) together we get

S IN(Fp) -

p<P

i
< ZZ > (s +Zv‘1e(%f(p)> +1n(P)
v=1

j=li=1 nj;<p<njj+mj;

o(m (1)) +Im(P) < o(JP) K o(N),

IIM\

which, together with (6.5), proves Theorem 2.
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