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1. INTRODUCTION 

We define for any group G a topology on G called the verbal topology of G 
and study groups which satisfy the minimal condition on the closed sets in the 
verbal topology, called min-cbsed. The main results of the paper establish with 
easy proofs that certain classes of groups satisfy min-closed. Since it is shown 
that groups with min-closed are C&groups (see [2] or [5]), these results give 
some new examples of CZ-groups: for example, finitely generated Abelian-by- 
nilpotent groups. Also, since centralizers are closed in the verbal topology, 
another consequence is an easy proof of the fact that finitely generated Abelian- 
by-nilpotent groups satisfy the minimal condition on centralizers (or, equival- 
ently, the maximal condition on centralizers). This was proved in a stronger 
form, but with a rather difficult proof, by Lennox and Roseblade [3], answering 
a question of P. Hall. 

The investigation which led to the results mentioned above began with a 
search for discriminating groups (see Neumann [4]). In this connection we prove 
that every group with min-closed has a discriminating subgroup of finite index. 

2. THE VERBAL TOPOLOGY 

Let (x) be the free cyclic group on a generator x. Let G be any group and let 
G * (x} denote the free product of G and (x). Each element of G * (x) is a word 
in x and elements of G. If w is any element of G * (x) and g is an element of G 
then w(g) denotes the element of G obtained by substituting g for x in w: more 
formally, w(g) is the image of w under the homomorphism 4, from G * (x) to G 
defined by a+, = a for all a E G and x4, = g. 

We define the verbal topology on G by specifying the closed subsets of G. 
First, for each element w of G * (x) the set {g E G: w(g) = 1) is called a 
primitive solution set in G. We take the primitive solution sets in G as a sub-basis 
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for the closed sets of the verbal topology. Thus an arbitrary closed set is an 
intersection of sets each of which is a union of finitely many primitive solution 
sets. 

Every one-element subset (a} of G is closed: it is the primitive solution set 
corresponding to the word &a. For every subset A of G the centralizer of A 
in G is closed because it is the intersection of the primitive solution sets corre- 
sponding to the words [x, a], a E A. 

If S is the primitive solution set corresponding to an element V(X) of G * (x> 
and if w(x) is any element of G * (x> then the set (g E G: w(g) E S} is the 
primitive solution set corresponding to the word v(w(x)). Thus the mapping 
g M w(g) from G to G is continuous. In particular, for every element a of G the 
mappings g ++g-l, g t+ ug, g w gu, and g tjg-rug are continuous. Thus, 
since every one-element subset of G is closed, G is a C-group in the terminology 
of [2]. Consequently, 

THEOREM 2.1. If G is a group which satisfies min-closed then G is a CZ-group. 

An easy fact which we use later is the following. If His a subgroup of G then 
every primitive solution set in His the intersection with H of a primitive solution 
set in G. Thus the topology of H relative to the verbal topology of G is a refine- 
ment of the verbal topology of H. 

As in [2] a topological space is called irreducible if it cannot be expressed as the 
union of two closed proper subsets. (In general this is stronger than connec- 
tedness.) Thus a subset is called irreducible if it is irreducible in the relative 
topology. 

In order to prove some results concerned with discriminating groups it is 
convenient to use the contrapositive form of the usual definition. This may be 
described as follows. Let F be a free group on generators xi , xa ,... . Any formal 
expression of the form wr v w2 v .+* v w, , where the wi are elements of F, 
is called a disjunction. A group G is said to satisfy the disjunction if for every 
homomorphism 4: F -+ G we have wi+ = 1 for at least one i. A group G is 
discriminating if whenever G satisfies a disjunction w1 v wa v ..* v w, then 
some wi is a law of G. 

THEOREM 2.2. Suppose that G is a group which is irreducible in the verbal 
topology. Then G is discriminating. 

Proof. Suppose that G satisfies the disjunction 

w,(x, ,..., Xn) v ‘*a v w&c1 ,..., x,). 

We prove by downward induction on T that if a, ,..., a7 E G then there exists i 
such that wi(al ,..., a, , g,.,, ,..., g,J = 1 for all g,,, ,..., g, E G. The case r = 0 
then completes the proof by showing that some wi is a law of G. 
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The result is true for r = n since G satisfies wr v ... v w, . Suppose the 
result is true for r where 1 < r < n. Let a, ,..., a,-, E G. Then, by the inductive 
hypothesis, for all h E G there exists i such that 

wi(al I...> 4-l ,~,gr+1,...,gn) = 1 for all g,,, ,..., g, E G. (*I 

For each i let Si be the set of all h satisfying (*). Thus G = S, u ... u S, . 

Also, each Si is an intersection of primitive solution sets, so is closed. Therefore, 
since G is irreducible, G = Si for some i. This yields the inductive step. 

COROLLARY 2.3. Suppose that G is a group which sutis$es min-closed. Then G 
has a discriminating subgroup of Jinite index. 

Proof. By Theorem 2.1, G is a CZ-group in the verbal topology. Hence, 
by [2, Lemmas 4.5 and 8.81 (or by [5, Lemmas 5.2 and 14.3]), G has an irreducible 
subgroup J of finite index. (Take J to be the connected component of the identity.) 
Since J is irreducible it is irreducible in its own verbal topology. Thus, by 
Theorem 2.2, J is discriminating. 

3. GROUPS WITH MIN-CLOSED 

The object of this section is to establish that certain groups satisfy min-closed. 
Consequently, by Theorem 2.1 and Corollary 2.3, these groups are CZ-groups 
and have discriminating subgroups of finite index. 

A subset of a group G is called a soZution set if it is an intersection of primitive 
solution sets. We use the following criterion. 

LEMMA 3.1. A group sutisjies min-closed if it satisfies the minimal condition 
on solution sets. 

This is an immediate consequence of the following result. We give a direct 
proof although the result can be derived from standard results in topology. 

LEMMA 3.2. Let F be the set of closed subsets of a topological space X and let 
9 be a sub-basis of 7 which is closed under finite intersections. Suppose that Y 
satisfies the minimal condition. Then so does Jo. 

Proof. Clearly there is no harm in assuming that X E 9’. Let Y,, denote the 
set of elements of Y which can be expressed as the union of finitely many 
elements of 9’. Then TO is closed under finite intersections and every element of 
Y is an intersection of elements of TO. Suppose that Y does not satisfy the 
minimal condition. Then it follows that there is an infinite properly descending 
chain of elements of TO . Choose an element S of Y which is minimal subject to 



VERBAL TOPOLOGY 343 

containing the first term TI of an infinite properly descending chain TI 3 Tz 1 -0’ 
of elements of &, . Suppose that T2 = Sr v *a. U S, where Si E 9’ for all i. 
Then, for each i, 

S3Si> T,nSi2 T,n&>..., 

where each term belongs to TO. By the choice of S, for each i the chain is 
ultimately stationary. But, forj > 2, 

Tj = (Tj n S,) u ..a u (Tj n S,). 

Thus the sequence TI 3 T, 2 **a is ultimately stationary, which is a contra- 
diction. 

The next two lemmas show that the class of groups satisfying min-closed is 
closed under the operations of taking subgroups and finite direct products. 
We then state and prove our main results. 

LEMMA 3.3. Suppose that G is a group which satisfies min-closed and let H 
be a subgroup of G. Then H satisjies min-closed. 

Proof. Suppose that S, n H 2 S, n H 2 .*. where the Si are closed in G. 
For each i let Ti denote the closure of S, n H in G. Then Ti n H = Si n H 
and, since G satisfies min-closed, the chain TI I T, 2 *.. is ultimately stationary. 
Thus the chain S, n HI S, n H 3 a.. is ultimately stationary. 

LEMMA 3.4. Suppose that G and H are groups which satisfy min-closed. 
Then G x H satisfies min-closed. 

Proof. By Lemma 3.1 it is enough to establish the minimal condition for 
solution sets in G x H. But every solution set in G x H is the direct product 
of a solution set in G and a solution set in H. The result follows. 

THEOREM 3.5. Every linear group satisfies min-closed. 

Proof. Let G be a group of nonsingular matrices over a field K, and consider 
the Zariski topology on G (see [2] or [5]). S ince the minimal condition is satisfied 
on the closed sets in this topology, it suffices to show that the Zariski topology 
is a refinement of the verbal topology. So let S be a primitive solution set corre- 
sponding to a word w. The condition that g E S, i.e., w(g) = 1, is equivalent 
to a set of polynomial equations, with coefficients in K, in the coordinates of 
the matrix g. Thus S is closed in the Zariski topology. 

THEOREM 3.6. Let G be a finitely generated group such that every finitely 
generated group in the variety generated by G satis$es max-n (the maximal condition 
on normal subgroups). Then G satisjies min-closed. 

481/48,'2-9 
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Proof. For each g E G let +B denote the homomorphism w ++ w(g) from 
G * (x} to G. Let N denote the intersection of the kernels of the 4, . For any 
solution set S in G we have 

S = (g E G: w(g) = 1 for all w E W] 

where W is the intersection of the kernels of those 4, with g E S. Each W/N is 
a normal subgroup of (G * (x))/N and, by the hypotheses of the theorem, 
(G * (x))/N satisfies max-n. Thus G satisfies the minimal condition on solution 
sets. Therefore, by Lemma 3.1, G satisfies min-closed. 

COROLLARY 3.7. Let G be a $niteZy generated Abelian-by-nilpotent-by-jinite 
group. Then G satisjies min-closed. 

Proof. Every finitely generated group in the variety generated by G is 
Abelian-by-nilpotent-by-finite. (Here we use the fact that every finitely generated 
group in the variety generated by a finite group is finite: [4, Theorem 15.711.) 
Such groups satisfy max-n by the results of Hall [l]. Thus the result follows by 
Theorem 3.6. 

The possibility that the next result might be true was suggested to me by 
C. Higgins, and a proof was arrived at in conversation with him. But the rather 
simpler proof given here I owe to B.A.F. Wehrfritz. 

THEOREM 3.8. Let G be an Abelian-by-Jinitegroup. Then G satisfies min-closed. 

Proof. Let A be an Abelian normal subgroup of finite index in G. Then G 
is the union of finitely many cosets of A. By Lemma 3.1 it suffices to show that 
the minimal condition is satisfied for solution sets S. Thus it suffices to show 
that for each t in G the minimal condition is satisfied for the sets S n At. But 
S n At = (St-l n A)t and St-l is a solution set. Thus it suffices to show that 
the minimal condition is satisfied for sets S n A. 

Let r be the group-ring of G/A over the integers. Then A can be regarded 
as a r-module. For each w E G * (x) there is an element 6 of I’ and an element 
g of G such that 

{aEA: w(a) = 1) = (aEA:ae =g}. 

If this set is nonempty then it is a coset in A of the subgroup {a E A: a8 = l}. 
It follows that if S n A is nonempty it is a coset in A of a subgroup 

R = {a E A: a* = 1 for all 6 Ed} 

for some d C I’. Clearly we can replace d by the set 

(7 E I’: ay = 1 for all a E R), 
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which is an additive subgroup (in fact a right ideal) of I’. But I’ is a finitely 
generated Abelian group and so satisfies the maximal condition on subgroups. 
Thus the minimal condition is satisfied for the sets S n A. 

It is perhaps worth pointing out some further examples of groups with min- 
closed. If G is any group of automorphisms of a finitely generated module over 
a commutative Noetherian ring then, by the main result of Wehrfritz [6], G is 
quasilinear, i.e., G is isomorphic to a subgroup of the direct product of finitely 
many linear groups. But, by Lemmas 3.3, 3.4, and Theorem 3.5, every quasi- 
linear group satisfies min-closed. 

4. FURTHER COMMENTS 

I have not been able to decide whether or not every finite extension of a group 
with min-closed satisfies min-closed. The corresponding problem for CZ-groups 
is also unsolved: it is [5, Question 91. (I n contrast with Lemma 3.4 it is not known 
whether or not the direct product of two C.&groups is a CZ-group.) 

It would be interesting to know whether or not finitely generated Abelian-by- 
polycyclic groups satisfy min-closed. Unfortunately the proof used for Corollary 
3.7 does not extend directly. 

In the terminology of [2] any group with its verbal topology is a C-group and, 
a fortiori, a Tr-group. If it satisfies min-closed it is a Z-group and hence a 
C.&group. Thus several results concerning the verbal topology are immediate 
consequences of results in [2]. For example, by [2, Theorem 8.11, if A is a 
(normal) subgroup of G then the closure 2 of A in G is also a (normal) subgroup 
of G. 

By [2, Lemma 4.41 the connected component of the identity, J(G) say, in a 
Ti-group G is a closed normal subgroup. Also, in a T,-group G it may be 
verified that if X and Y are irreducible subsets then so is the product XY. From 
this it follows that if {X,: h E (11 is a family of irreducible subsets of G such that 
1 E X, for all h then the subgroup (X,: h E A> generated by the sets X, is an 
irreducible subgroup of G. This shows that G has an irreducible subgroup I(G) 
which contains every irreducible subset X of G with 1 E X. Furthermore, it may 
be shown that I(G) is a closed normal subgroup of G. Clearly 1(G) C J(G). 

In the case of the verbal topology, I(G) and J(G) are characteristic subgroups 
of G because every automorphism of G is a homeomorphism. Also, by Theorem 
2.2, I(G) is discriminating. Thus the verbal topology associates with any group G 
a certain characteristic discriminating subgroup. When G has min-closed then 
I(G) = J(G) (by [2, Lemma 8.81) and, as remarked before, J(G) has finite 
index in G (by [2, Lemma 4.51). In fact I know of no group G for which I(G) f 
J(G) in the verbal topology. 

Some other results applying specifically to the Zariski topology on linear 
groups may be found in [.5j. Some of these extend to the verbal topology. A few 
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examples will illustrate this. For any group G and any set PV of elements of a free 
groupF, let W(G) d enote the verbal subgroup of G corresponding to W. Then 
it can be proved that in the verbal topology W(a) C W(A) for any subgroup iz 
of G (cf. [5, Exercise 5.8(ii), Lemma 10.71). Thus if A belongs to a given variety, 
so does 2. If G is irreducible (or connected) then so is W(G) (cf. [5, Exercise 
5.8(i)]). In fact a parallel result concerning discrimination may be proved: 
if G is a discriminating group then every verbal subgroup of G is discriminating. 
This may be regarded as a generalization of [4, Theorem 17.311 which states 
that every nontrivial verbal subgroup of a discriminating group is infinite, the 
connection being the easy fact that a nontrivial finite group is not discriminating 
([4, Corollary 17.321). 

Finally, we should give some examples of groups which do not satisfy min- 
closed. In fact it is easy to construct groups which do not satisfy the minimal 
condition on centralizers: for example, there are nilpotent groups of class 2 with 
this property. As far as finitely generated soluble groups are concerned, [3, 
Theorem G(iii)] shows that there is a 3-generator centre-by-metabelian group 
which has max-n but fails to satisfy the minimal condition on centralizers. 
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