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1. INTRODUCTION

In recent years, much attention has been paid to the range set of nonlinear
operators of the type L 4 NV, where L is usually 2 linear differential operator
and N is a nonlinear operator which is in some sense small or bounded compared
with L. In many cases [23, 38, 42], the operator L has been uniformly elliptic
with kernel and N has been a bounded Nemytsky operator on L2

In these papers, various necessary and sufficient conditions have been given
for a function to be in the range of L -}- N. As in papers studying the multiplicity
of solutions [3, 4, 27], a key factor has always been some condition involving
the projection of the target function onto a finite-dimensional subspace.

In this paper, we will study the equation

Lu+ Nu = b, {1}

where L is a linear operator on L? and NN is usually (but not necessarily) a uni-
formly Lipschitzian Nemytsky operator. Our object is to gain generic information
on the set of functions z satisfying (1) for any given 4. The main results assert
the existence of a finite-dimensional subspace depending on L and NV such that
if the orthogonal projection of A does not belong to a set of measure zero in
this space, then the solution set is actually a manifold of the same dimension
as the Fredholm index (dim kernel L-dim(range L)*).

A variation of these theorems may be obtained using the techniques of Smale,
by verifying that the hypotheses of [39] are satisfied. In pur situation, we avoid
this approach since the methods of Scction 2 (related to the alternative method)
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give more information on the structure of the manifold (see the first counter-
example at the end of Section 3) and suggest the different results of Section 4,
where we deduce the existence of a manifold for all values %, not merely almost
all. Furthermore, our results apply to L2, as opposed to the more restrictive
Holder spaces. We illustrate the generality of these methods in Section 3, in
which we consider a variety of examples.

2. THE MAIN THEOREM

Let 2 be a connected open set in R™ with smooth boundary 0€2; in fact, the
results of this section apply more broadly to £, a smooth Riemannian manifold
with or without boundary, or to systems of equations. We are concerned with
the structure of the set of solutions # (a real-valued function on £2) to the non-
linear equation

Lu -+ Nu = £, (H)

where %4 is a given function in L3(£), and L and N are, respectively, linear and
nonlinear operators defined on L2, or on dense subspaces of L2,

The operator L is a partial differential operator defined on a dense subspace
of smooth functions on £2 which satisfy certain linear homogeneous boundary
conditions on 8£2. We will seek solutions # satisfying these same boundary
conditions. L is assumed to be a closed Fredholm operator. That is, L has a
finite-dimensional kernel and a closed range of finite codimension; we define
the index of L to be ¢ = dim(kernel L) — codim(range L). Note that either of
these dimensions may be zero or strictly positive. NV is a Nemytsky operator of
the form Nu = f(x, u), where f satisfies Caratheodory conditions (measurable
in x for all #, and continuous in % for almost every x) on £2 X R. We also assume
that the partial derivative f,(x, #) satisfies these conditions, and particularly
that the essential supremum of | f,(#, #)| is bounded by a finite constant M, .
We require too that f(x, 0) be in L?; this implies that N is defined on all of L?
and maps it (continuously and boundedly) into itself (see [41] for related details).

We make an additional assumption concerning the spectrum o(LL*) of LL*;
being a closed positive self-adjoint operator [43], LL* has a real nonnegative
spectrum. We assume that for some M; > M,, the part of o(LL*) that lies
within the interval [0 < x <{ M,?] consists of isolated eigenvalues, each of
finite multiplicity. This is certainly the case for the many situations in which L
has compact resolvent; this would imply that all of o(LL*) is isolated, as desired.
For example, if £2 is a bounded set or a compact Riemannian manifold, and L
is suitably elliptic (see [21, Chap. 10]), this would follow from elliptic regularity
and Rellich’s theorem [43, p. 281]. £ need not be compact, however; on R?,
if L is the time-independent Schridinger operator Lu = —A4du + V(x)u, the
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potential ¥ is assumed to be defined and continuous on R”, and ¥(x) tends to oo
as | x | tends to oo, then here too, I has an isolated spectrum, as needed. Gur
spectral assumption is a strict weakening of the requirement of compact resolvent;
in the Schrodinger example, if we only assume that V(x) > M, for | x | suffi-
ciently large, then our spectral assumption holds [35] even though the entire
spectrum is not necessarily isolated. Our assumption can even apply in the
hyperbolic case, as we see in the next section.

The conclusion radically depends upon the index 7 One might hope that
the set of solutions to (1) would be a differentiable manifold of dimension
and this generically turns out to be the situation. We first consider the important
case { = 0, which applies in particular to self-adjoint L.

Turorem 1 (7 = 0).  Given the above hypotheses on L and N, there exists a
certain finite-dimensional subspace Sy of L* and its orthogonal complement S, with
the following property. For any hyin S, , there is a sparse (nongeneric) subset A of S,
such that if hy is in S, but not in A, then for h = hy -+ hy , the boundary-value
problem (1) has a zero-dimensional manifold, i.e., a discrete set, as ils solution set.
The set A is sparse in the sense that it is of Lebesgue measure zero.

Remark. Since the solution set is closed, it must therefore be isolated. This
may be interpreted as a local uniqueness result. The solution set will appear
embedded in a finite-dimensional subspace of L*. If from other considerations,
we know that the solutions obey an L? a priori bound, this will imply a similar
bound in the subspace. The solution set is thus compact and hence finite.

Remark. The crucial space S; is constructively realized as the linear span
of the first few eigenvectors of LL* {ordered by size of eigenvalues). As a finite-
dimensional linear space, S inherits a well-defined notion of “measure zero”
from Lebesgue measure on Euclidean space; hence the solution set is “almost
surely’”’ an Z-manifold, in the sense of probability. Alternatively, the sparse
set 4 may be taken to be of first Baire category, or even a {single) closed set
with empty interior.

Tueorem 2 (¢ < 0). For the situation analogous to that of Theorem 1, the
generic conclusion is that (1) has no solution whatever.

TerMINOLOGY. In order to unify the theory, we define the empty set to be
the only i-manifold for 7 << 0. We will hereafter refer to the above generic
conclusion of unsolvability by describing the solution set to be an -manifold
(for z < O).

Remark. Of course, if 7 > 0, the solution set may also be empty. In order
to rule out this trivial situation, one must assume some additional hypotheses
(for existence of solutions) to the very general hypotheses used here. Such
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hypotheses are widespread in the literature for 7 2> 0; Theorem 2 explains why
this is not the case for 7 <C 0.

We now turn to the most interesting case, 7 > 0. This situation has been
extensively studied in conjunction with nontrivial stable homotopy (see [32,
34, 37]). In this setting, the question arises-of coordinatizing the 7-manifold of
solutions; we return to this question in Section 4. The analysis is more delicate
here; while C differential topology suffices for ¢ <{ 0, C” seems to be necessary
here (» > 7). We must make some additional assumptions in order to achieve
this extra degree of smoothness.

We will assume (for Theorem 3) that the linear operator L is uniformly
elliptic with continuous coefficients and that the underlying region £ is compact.
As usual, we assume that the (linear homogeneous) boundary conditions are
complementing [2], of order (m;) less than the order of L(2m,), and smooth
(C#mo-mys), § = 1, 2,...,m, . These hypotheses will enable us to apply elliptic
regularity. We also assume additional smoothness on f(x, #), specifically that
all partial derivatives o/f/éu’ satisfy Caratheordory conditions and are uniformly
bounded on 2 X R, for j =1, 2,...,7 + 2. While Theorem 3 applies to the
case of 7 = 0, it should be noted that the required smoothness of f is one order
greater than is needed for Theorem 1.

THarOREM 3 (i > 0). For operators L (of index i > 0) and N as specified
above, the generic conclusion is that the set of solutions to (1) form a differentiable
orientable i-manifold.

We first prove Theorems 1 and 2 simultaneously, and then describe the
modifications necessary to prove Theorem 3.

Proof of Theorems 1 and 2

We first split (1) into two simpler (but coupled) equations according to the
procedure of Lyapunov and Schmidt. We view these equations from the stand-
point of functional analysis as developed by Cesari and others [7-10, 15, 16] (the
alternative method). Specifically, a problem such as (1) may be split into a
finite-dimensional problem coupled with a (contraction) fixed-point equation;
this idea is due to Cesari [10].

We first define two projection operators P and Q on L? by orthogonal projec-
tion onto the kernel of L and the orthogonal complement of the range of L,
respectively. Writing u = v 4 ¢f, where Pu = cf (we use cf to denote }_ ¢,0, ,
for #, an orthonormal basis for the kernel of L), (1) becomes

Ly = h — N(v + ¢0). 2)

We give the domain of L a new inner product, the graph inner product, defined
by {f, &> = {J, &> + <Lf, Lg>, where {, > denotes the usual L? inner product.
With respect to this inner product, the domain of L is a complete Hilbert space,
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and L is a continuous linear operator from its domain into L2 Neither injective
nor surjective as vet, L becomes injective if we restrict its domain to the ortho-
gonal complement of its kernel and surjective if we consider its range to be the
kernel of . By the open mapping theorem, L has a continuous inverse H from
the kernel of O into the domain of L and hence into L2

Equation (2) is equivalent to the two coupled equations

v = H(I — O){h — N(o + cB)} 3)
and

O{h — N(z + cb)} =0, )

which are called the auziliary and the bifurcation equations, respectively. We
will further decompose (3) as follows.

Let H = UR be the polar decomposition of H; U is a unitary operator, and
R is a positive self-adjoint operator. (Information about polar decompositions
roay be found in [36; 17, pp. 68-69; 29]). R is the unique positive square root
of H*H. 'The spectrum of R is real and nonnegative, and the part of it contained
in [M, < x <C o0) consists solely of a finite number of isolated eigenvalues of
finite multiplicity, where M;? = M, . This follows from the spectral hypothesis
onLL* via the spectral mapping theorem. Defining a new {orthogonal) projection
operator P, onto the span of the eigenvectors of R corresponding to the eigen-
values in [M,, o0) we may write R = R, + R,, where R, = PR, R, =
(I — P;)R. It should be noted that I — P, is an orthogonal projection onto the
*“other eigenspaces’ of R; R is self-adjoint so its eigenspaces are perpendicular.
Tet H = H,+ H,, where H, = UR,, H,= UR,, and similarly write
v =, -+ v, = UP,U v + U — P,)U-l, respectively; (3) decomposes into
the equivalent system

o = HyI — Q) — N(o, + v, + cb)}, )
vy = Hy(l — Q)h — Nz, + v5 + B)). (6)

Equations (4) and (5) are finite dimensional and can therefore be analyzed by
transversality and “counting dimensions’’; while (6) is infinite dimensional,
it is a contraction mapping fixed-point equation. Equation (1) is equivalent to
the simultaneous solution of (4), (5), and (6).

We first solve (6). For each A, vy, cf), we regard (6) as a fixed-point equation
for ©, in the subspace closure (range H,) of the Hilbert space L2. The nonlinear
opetator z, ~> Hy(I — OWh — N(v; + v, + ¢f)} is a smooth C!' uniform
contraction, with Lipschitz constant <M fM; << 1. The contraction mapping
fixed-point theory [16] implies that (for each 4, v, , ¢8) there is a unique solution
vy = vil, v, , cf) to (6), and that this solution is a C* function of %, ¢y, cf. We
may therefore restrict our attention to the simultaneous solution of (4) and (5),
regarding (6) as solved, although the o, appearing in (4) and (5) must now be
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considered as defined uniquely and smoothly (if somewhat obliquely) by (6).
In principle, , can be obtained as the limit of iterations of the contraction map
defined above.

Concerning the C! smoothness of the contraction mapping (and hence the
smoothness of the solution v, of (6)), 2 word of explanation is necessary. The
only nonlinear operator is the Nemytsky operator N, which has a (linear)
Gateaux differential DN mapping L? into L(L? L?) = {bounded linear trans-
formation from L2 into L%; see [41, Chaps. 3, 18-20] for the results mentioned
in this paragraph. DN(u)[v] is an element of L* which depends linearly on z,
nonlinearly on #, and continuously on (%, ) in L? X L2, DN is not a Frechet
differential (unless IV is linear); IV is not Frechet differentiable on L2, and the
closest thing one has to a second Gateaux derivative is not even everywhere
defined on L?, even for f(x, ) of C*> smoothness. This is the primary complica-
tion in the ¢ > 0 case, for which C%! smoothness is necessary. For the time
being, all first derivatives are (linear) Gateaux derivatives, continuous in the
above sense. We remark that DN(u) is an element of L(L?, L?) which does not
depend continuously on %, if L{L? L?) is given the uniform operator (norm)
topology. However, DN(u) does depend continuously on # if L(L?, L?) is given
the strong operator topology.

We wish now to solve the finite-dimensional equations (4) and (5), having
disposed of the remaining infinite-dimensional problem in (6). Let {x;} be
orthonormal eigenvectors of R spanning the range of P, , 7 = 1,..., m; these are
the first few nonzero eigenvectors of LL*. Let {i;} be an orthonormal basis for
the orthogonal complement of the range of L, j = 1,..., 7, = codim (range L).
Recall that {#;} is an orthonormal basis for the kernel of L, j = 1,...,4 =
dim(kernel ). We willidentify the four spaces range P, , range UP; , (range L),
and kernel L with R#, R™’, R%, R%, respectively. We use these spaces to build
larger Euclidean spaces, as follows. Let S, = Rz x R™, let X = Rt x R®,
and let ¥ = R%2 x R™" x R x R™.

Fix £, in the orthocomplement of .S, as in the statement of the theorems. We
define a map p: S} - CY(X, Y) by

p(dl, ea)(ch, ) = (0,0, , Ofhs + dp + en — N(oy + vy + cl)},  (7)
HyI — Q)hy + dip + ex — N(oy + v, + ch)}).

In this expression, di, e, cf are used to denote finite sums " d; , etc; (dif, ex)
isin S, (¢f, ;) is in X. It should be noted that Eqs. (4) and (5) are solved (for
h=hy+ dip 1 e = hy 4 kb, v = v; 4 ©,) if and only if p(dif, ex)(cl, v;) is
in the “diagonal’” set W in Y, where W = {(a, b, a, b); a in R%, b in R™}.

It should be noted that the derivatives involved here are continuous (linear)
Gateaux derivatives; it follows from the finite dimensionality of the domain
spaces .S} and X that these are actually (continuous) Frechet derivatives. If an
operator F between two Banach spaces £, and E, has a linear Gateaux derivative
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DF: E, — L(E; , E,) which is continuous, not only from E, X B, — E, as we
have, but from E, — L(E, , E,) with respect to the uniform operator (norm)
topology on L{E, , E,), then DF is a continuous Frechet derivative [41, Theorem
3.3]. The two types of continuity are equivalent if E) is finite dimensional.

For any 4, in S, , p(l;) maps X into Y. We wish to conclude that for “most”
hy in Sy, [p(f)]7Y(W) is 2 C* submanifold of X of dimension 7. If p(#,) is trans-
verse to W, standard “submanifold” theorems (see [1, p. 45], [14, p. 28], or
[20, p. 22]) imply this desired result. Also, we can conclude that p(%,) is trans-
verse to W for “most” h, using standard “density” and “stability’’ theorems
({1, pp. 47-48; 14, pp. 68, 35; 20, pp. 74-75]); the hypotheses are easily verified
except one, that pr S; X X — Y is transverse to . The distinction here is to
be made between p defined on S; X X and p(#,) defined on X. The space S,
was chosen in such a way to facilitate this.

Let D,p be the partial derivative of p with respect to the S; argument; this is
amap from 8, X XintoL(S;, ¥). In order to conclude that p is transverse to I¥,
it suffices to show for any (s;, %) in S; X X with p(s; , «)} in ¥, that the vector
space Y is spanned by the totality of the vectors in IV and the vectors in the
range of Djp(s; , x). The vectors in W are of “diagonal’’ form (a, b, a, b); we
claim that the range of D;p(s; , x) contains all vectors of the form (0,0, g, &),
which will finish the proof of the theorem.

We first rewrite (6) in the form

vy = Hy(I — Q}by + dip + ex — N(zy + v, -+ eb)}, (8)

where v, depends on ky, dif, ex, v, , and ¢f. We compute the derivative of the
fixed point ¢, with respect to the variables di and ew, and it is zero. For example,

of vy
ou od;

where the function df/du is evaluated at (x, v, + z, + ¢6). Therefore

€0y

a[l}

z

1+ -0 L) g - 0y = 0

since ¢; is in the kernel of I — Q. Similarly H(I — Q)x; = 0. This fact makes
it much easier to determine D,p, since we may now ignore any contributions
to D;p from the dependence of v, on dy + ex. We have

Dip(sy » x)(d + ex) = (0, 0, Q{dp + e}, Hy(I — O){dif + ea})

%
= (0,0, d, Hy(eo)} = (0,0, &b, UR(ex)).

This establishes Theorems 1 and 2.
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Proof of Theorem 3

This proof proceeds along the same lines as the previous ones. The additional
requirement is that the map p must be (7 -+ 1)-differentiable in the sense of
Frechet in order to apply the “submanifold”’ theorems of differential topology.
This will follow from standard theorems of advanced calculus [31, p. 575] if we
can establish that the finite-dimensional range map ¢(d, e, vy , ¢) = Qb +
dip + ex — f(vy + v, + ¢0)} admits continuous (¢ -- 2)nd partial derivatives
with respect to its (finitely many) domain variables. We need the same result
for the map given by the fourth component of p. We sketch the proof that ¢
admits continuous second-order partial derivatives; the extension to higher
order is similar.

The main problem here is that v, depends on z; and ¢ (as well as d and e)
and we must verify that v, is partially differentiable in these variables. The
function o,(7; , ¢) is defined implicitly by (8); we differentiate (8) with respect
to ¢; and obtain

= —HI—0) | (2 + 0], (10)
where the function df/cu is evaluated at the argument (x, v, + v, + ¢f) and
deq/dc; is evaluated at (v;,c¢). By a standard bootstrap argument using the
elliptic regularity of L and the boundedness of df/du, we conclude from (10) that
00,/ 0c; 1s uniformly bounded (L=). This argument also requires that the functions
6; are bounded, which follows from elliptic regularity too. We establish that
the first partials of v, are continuous in ¢ by solving (10):

0,
oc;

[I+H(I 0) f] (Hg(I—Q)%Q,-). (11)

The derivatives of v, with respect to ¢; are handled similarly.

We now consider the second partial derivatives ¢22,/dc; ¢éc; . We emphasize
that these are directional (Gateaux) derivatives at this stage. A routine calculation
yields, from (10),

0%

2 5 7, : G0, 529,
ety = -0 [k (G o) (G o) Sma )t @

As in (10), bootstrap arguments imply that these second partial derivatives are
bounded (L®), and we solve explicitly for the derivative:

oc; Oc; (13)

<[ o) a0 2 0 )
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This demonstrates the continuous dependence of the second partials on the
(finite number of) variables ¢, and similarly, #, . This method extends to deriva-
tives of order <@ + 2.

We return to the problem of showing that ¢(d, e, z;, ¢) has continuous
(7 + 2)nd partial (Gateaux) derivatives. This follows from the chain rule and
the results of the last paragraphs. Since ¢ has finite-dimensional domain and
range, ¢ (and therefore p) has an (7 + 1)st Fréchet derivative.

All of the manifolds S; , X, ¥, ¥, involved in the definition of p are orientable,
since they are Euclidean spaces. By the argument of [14, pp. 100-101], the
manifold of solutions is orientable. This concludes the proof of Theorem 3.

3. ExamMPLES

First we consider the problem studied in [23]. Let L be a strongly elliptic
self-adjoint differential operator on a bounded region £ with smooth (C*)
boundary and coercive boundary conditions. We assume that the function f(z)
is smooth (C%), has finite asymptotic limits f(—0), f{c0), and in addition
satisfies f(— o) << f(s) < f(+ o), for all s, —o0 < s << +co. Then a necessary
and sufficient condition that the equation

L+ f(u) = h(x) &

in L%(£2) has solutions is that
) [ 0+ f(=) | 9>fh9>f( o) [0 [ 0 a4

for all # in the kernel of L, || 6 || =

The proof of [23] implies the existence of an a priori bound on the solutions .
Since the index of L is zero, our theorem shows that there exists a finite-dimen-
sional subspace S; of L? spanned by a finite number of eigenvectors of L such
that for any given A, | S, the equation Lu + f(u) = k, + %, admits only a
finite number of solutions for almost all £, € S5 .

The function f need not necessarily be uniformly Lipschitzian, if it is even-
tually monotone in the right way. Consider the Dirichlet problem —du + 48 — o
= h{x) on a bounded region £, where % is assumed to be (pointwise) bounded
and we require # = 0 on 0£2. While the function f(#) = #® — u is not uniformly
Lipschitzian, one can use the weak maximum principle to conclude that any
solution to this problem obeys an a priori bound || # ||;w << M. We may therefore
replace f(u) = u® — u by a smooth function g(u) identical to f(z) for | u | < M,
but which tends nicely to asymptotic limits g(—c0), g(c0). The existence of
solutions to the modified Dirichlet problem for —Au - g{u) = A(x) follows
easily from the Schauder fixed-point theorem; these solutions are precisely the

505/35/2-5
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same as the solutions to the original problem, and our analysis applies to the
multiplicity of solutions.

The Nemytsky operator N may depend on derivatives of # as well, of order
less than the order of L. For example, consider the Dirichlet problem for
—du -+ f(x, u, Vu) = h(x) on a bounded region 2, u = 0 on 82. If we assume
that f and its first partial derivatives f,, , f,,, satisfy the Caratheodory conditions
onf X R x R®, that | f, | and | £, | are uniformly bounded, and that f(x, 0, 0)
is in L7, a “Theorem 1’ could then be proved. We could even allow f to depend
on second derivatives of %, provided the dependence was sufficiently small.

Another situation which received some attention {11, 15, 24] is the case for
which f does not (at least in the limit) pass through the eigenvalues of L. For
example, in [22] the Dirichlet problem du +- f(x) = 7(x) in a bounded region
£2 was studied under the assumptions that f was C* and that A, << f'(— o) <
F(Ho0) <A A, and A, are two consecutive eigenvalues of —A4 (the
eigenvalues are arranged in increasing order). Again, our theorem demonstrates
the existence of a finite-dimensional subspace .S; spanned by eigenvalues of —4
such that if & = hy + &y, hy, | S, then for a given %, , the Dirichlet problem
has at most finitely many solutions (for almost all £, in S)).

Theorem 1 also applies to hyperbolic equations which have been studied by
these methods. For example, the equation (for which 0 < <=, 0 < ¢, £
periodic in ¢ of period =, ¢ a positive constant)

Uy — Uy — ct - f(2, 1, ) = h(x, 1),
with boundary conditions (15)
u(x, £) = u(x, t 4 ), #(0, £) = wu(m, t) =0

has been studied in [28] under the hypothesis f,, << ¢. (We are really working
on the compact manifold [0, ] X S with boundary ({0} X SY) U ({=} x S%).)
If f is sufficiently smooth to satisfy the hypotheses of Theorem 1, and also
sup | fu(x, £, u)] < ¢, then we may conclude that there exists a subspace S; of
L¥([0, n] x S) of finite dimension, spanned by the eigenvectors of u,; — u,,,
$%; = sin tx cos jE, ¢5; = sin ix sin jf, where 7 and j are integers, £ > 0, j = 0,
and |2 —j*| < ¢ Forany h, | S;, and i = fy; + h,, Eq. (15) has finitely
many solutions for almost all z, € S5; .

There are many other problems of index zero which may be treated by this
method including parabolic linear operators [26].

We now pass on to some genuinely non-self-adjoint problems of nonzero
index. We consider the equation

A2 + f(u) = Kx, y) in £,
w_o
ox  on

(16)
Adu =0 on 09,
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where £2 is a smooth bounded region in R? withoutl oss of generality of unit
measure, and # indicates the outward unit normal on #8. This operator has
kernel spanned by {1, ¥, 3°} and cokernel spanned by {I}. We assume that f is
bounded and for simplicity depends only on u, that f(— o) < f{s) << f(+<0),
and that f is C*. We observe first that by projection onto the vector 1, we have
that

fl=o0) < [ h < f(+) (17)

is necessary for the existence of solutions. Theorem 3 guarantees that if the
equation admits a solution then the solution set is generically a manifold of
dimension 2. Here we examine in more detail the structure of this manifold.

Tarorem 4. Condition (17) is sufficient for the existence of soluiions to (16).
Furthermore, given any ¢, , ¢y in R, there exists at least one function u, , - ¢,5 +
3 y°, where u,, is orthogonal to the space spanned by {y, v*}.

Proof. Let P be a projection onto the space spanned by {I, ¥, 3’} and QO be a
projection onto the space spanned by {1}. As usual in the alfernative method
since L: (I — P)L? — (I — Q}L? is invertible, we have a partial inverse H:
{I— O)L? — (I — P)L2, and Eq. (16) is equivalent to the pair of equations

v = H{I — Q)h — N(v + )} 3)

and
Q{h — N(v + 0)} = 0. 4

Since both sides of (3) belong to (I — Q)L* we may combine (3) and (4) into
the equation

T(w) = v — H({I — O}k — N(v + c0)} — Ofh — N(v -+ cf)} = 0, (18)

where v = (I — Pyu and u = ¢; + ¢,y + ¢33* + v. We fix ¢, and ¢, and
write @ = ¢; + ©, S0 that # = w + ¢,y + ¢, Writing To (@) = Tu, we
may consider (I18) as an equation Tc_lcs(w) =0 in =. Both @ and Tczfs(w) are
orthogonal to the span of y, 3%

Now observe that since N is bounded, we have for some constant M that
VH(I — Ok — N(z + oy + ;7)) < M, where || || denotes L? norm. Also, if
|vll= R, we have that <7, (w), v> > Ry — MR, >0 for R, sufficiently
large; <, » denotes L? inner product. By estimates similar to those of [23, 42],
it follows from (17) that the nonlinearity % — N satisfies the following inequality:
Given R, > 0, there exists Ry > 0 such that if || v + ¢33 -+ 532 || < R, and
ey | > Ry, then (B — N(v + ¢, + 6,9 + ¢;37), ¢,» < 0. From this we may
conclude that the map Tc.zc3 has Leray-Schauder degree 1 on the region C‘R1 R, =
{04 ¢+ 6y + 63ty where [0+ oy + 632 < Ry, 6| < B in
(span( y, 3*))*. This proves that for fixed ¢, , ¢, Eq. (18) has at least one solution
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in (span(y, ¥*))*. Thus the original equation (16) possesses a two parameter
family of solutions Uy, = €1 T €Y + 63 y: 4 o
Using the techniques of [6, 38], it can be shown that the set of solutions to (16)
meets every sufficiently large sphere in L? (in fact, in a continuum of points).
This precludes the use of stable homotopy theory [32] in this type of problem.
More generally this type of theorem is true for any L for which (range L)* C
(kernel L). The necessary and sufficient condition would then be that

F(o0) fo>06—i—f(—w) fme > [0 > f(—o0) fg>0€+f(—l—oo) _[Me (14)

be satisfied for all 8 in (range L)+, || 6] = 1. One can prove this type of theorem
for situations where (range L)' € (kernel L) but instead some basis functions
of kernel L possess regions of positivity and negativity in common with the
basis functions of (range L)* (see [38] for details).

An analysis similar to the preceding shows that if we consider the equation
Lu + Nu = h, where L is a partial differential operator on £2 satisfying range L —
L*(), then there exists a finite-dimensional subspace S; with an associated
projection operator P; such that if P4 does not belong to a set of measure 0
in S}, then the solution set is an 7~-manifold of the form {u; + %, such that u,
ranges over all of kernel L, and u, | kernelL}. An example of this is given by
the oblique derivative problem (i = 2)

Adu -+ arctanu = h (19)

on a bounded smooth region £2 in R? with boundary condition du/dx = 0 on 0Q2.
See [21, pp. 265-267] for details on this and also for examples of negative index.

These methods apply in similar problems of structure, as in the following.
Consider the one-parameter family of Neumann problems du - Au - arctan u
=} in a bounded region £, where we require du/dn to vanish on 0f2, and
sup [ £ | << /2. For each fixed real A, the Landesman-Lazer theorem [23]
guarantees the existence of solutions #,(x). One can prove by our methods that
for generic A, the solution set {(A, u,(x)} forms a smooth 1-manifold in R x L2

We conclude with two counterexamples showing how the “generic’’ qualifica-
tion is necessary. Consider the Dirichlet problem

—x"+ f(x) =0,

(20)

2(0) = x(#) =0,
where f is smooth, satisfies f(s) = —s for —1 <s <1, [f'| < 2, and the
limits f’(4c0) exist and are both positive. In this case, it is clear that instead
of a discrete set, Eq. (20) has a solution set containing {asin?, [a| << 1}
However, since the relevant space .S occurring in the proof of the theorem will
in this case be the one~dimensional subspace spanned by sin #, we may conclude
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that the problem for —x" + f(x) = Ssint admits only a finite number of
solutions for almost all 8. This is a much sharper conclusion than can be obtained
by the Baire-category techniques of [39].

Our second example shows that the solution set need not be a manifold at all.
Consider

—a" 4 f(x) =0,

2
x'(0) = «'(w) = 0,
where f is smooth, bounded, sup | f' | < 1, and {f ~(0)} is not a zero-manifold
but a collection of points with an accumulation point. It is easy to verify (see
{27]) that the only solutions of (21) are constant solutions, and thus the solution
set of (21) is as undesirable as { f ~1(0)}.

4, SmalL PARAMETER ARGUMENTS (i = 0)

We consider in this section examples for which the Nemytsky operator defined
by f is suitably small. These hypotheses may be achieved, for example, by
assuming that f involves a small parameter, and that f(x, u) = eg(, u), where ¢
may be chosen small.

Consider first the case for which L may have nontrivial kernel and for which
the range of L is all of L¥(Q); for example, the operator L appearing in Eq. (19).
We consider the equation

Lu + Nu = h(x) (22)

on the bounded region {2, where Nu = f(x, #) is a Nemytsky operator for
which both f and f, satisfy Caratheodory conditions on 2 X R. We demand
also that sup | f, | < &}/, where o is the first nonzero eigenvalue of LL*, and
that f(x, 0) is in L% The operator L admits a (right) partial inverse H from L?
onto (I — P)L? with || H|| = 1/«}/% Using the notation of Section 2, the bifurca-
tion equation (4) is trivially satisfied because O = 0. We need only solve the

auxiliary equation
v = H{h — N(v + cf)}. 3

It is clear that for each ¢ in the kernel of L, the map T,: v — H{h — N(zv -+ 0)}
is a uniform contraction, and therefore there exists a unique v depending con-
tinuously on c¢. Therefore, the solution set to (22) is of the form {8 - v(c)},
where ¢f ranges over the entire kernel of L. This is a (topological) manifold
equal in dimension to L’s kernel, and this proves that the manifold admits a
Cartesian representation. That is, the manifold is the graph of a continuous
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function from the kernel of L into its orthogonal complement in L2. With ad-
ditional smoothness and regularity hypotheses as for Theorem 3, it can be
shown that this is a smooth manifold. Also, the above remarks apply even if the
kernel of L is infinite dimensional, as long as zero is an isolated point in the
spectrum of LL*,

We finally return to the problem of Section 3:

A2y A f(u) = h(x, y) in £,

cu  0Adu .
™ on =0 on &8,

(23)

where £ is 2 smooth bounded region in R? of unit measure, /% is in L2, and fis CL.
As before, P and Q are orthogonal projections onto the kernel of L =span{l, y, v%}
and the cokernel of L = span{1}, respectively. Equation (23) is equivalent to the
simultaneous solution of

v = H(I — Q){h — N(v + b)} (3)
and

Qlh — N(v + )} =0, )

where H is the partial inverse of L, and we have an inequality || Hw|[;« <
K| w|. Here w is in (I — Q)L? Hw is in the Sobolev space H*, which injects
into I* by the usual Sobolev estimates, and K is a positive constant independent
of w.

As before, we fix ¢,, ¢; in R, and consider, for each ¢; in R, the map Tc1
mapping (I — P)L? into itself by 7, (v) = H(I — O}k — N(v - c8)}. We
assume that sup | f' | << M; for M suﬁicilently small, the map T, is a contraction
and therefore has a unique fixed point v = 2(c,) depending continuously on
¢, (as well as on ¢, , ¢;). Furthermore, a calculation yields

o) — ol < T g e — i (24)

Here || H || denotes the operator norm of I on L2. Because of Eq. (3), we get

KM
Il o(er) — v(epll e < T=TH M ey — e | (25)

This “Lipschitz’’ constant KM/(1 — || H || M) can be made arbitrarily small by

assuming M to be sufficiently small.
We now study Eq. (4), which takes the form

Lyf() = [ h— fle + ey + e9* + (@) = 0. (26)



NONLINEAR BOUNDARY-VALUE PROBLEMS 197

We claim that I, 1sa strictly decreasing function of ¢, . Fixing ¢,, ¢;, ¢; > ¢y,
L e (51) c .G (Cl) =[flea+ ey + 53)‘“ +v(er)) — fley + ey -+ 7 4 v(el))-
But &+ 7’("1) — o —oey) = ¢ — ¢ — [l o(er) — vleplipe = (e — (1 —
(KMJ1 — || Hl} M) > 0 for M sufficiently small. We conclude from this that
for fixed ¢,, ¢5, Eq. (26) has at most one solution, which, if it exists, depends
continuously on ¢, and ¢; .

Some additional hypotheses are necessary to ensure existence of solutions.
If we assume also that inf f’ > 0, then I, . (4-90) = F oo, and so (23) has
solutions for all 4. Alternatively, we could assume only that f* > 0, and that
Landesman—-Lazer-type inequalities are satisfied by f and 4; this would also
imply existence for all such k. For example, we could assume that f is bounded,
f{—0) < f(s) < f(00), and such an inequality would take the form of Eq. (17).
In either case, for each ¢,, ¢y, there is a function ¢/(cy, ¢;) + 9(c,{cy, €3)) In
{1} x (I — P)L* depending continuously on ¢;,¢; so that ¢y + ¢1° +
ci(es, 5} + v{cfeq 5 €3)) is a solution of (23). These are all of the solutions to
(23); as in the previous example, for all &, we have a 2-manifold of solutions
and this manifold has a Cartesian representation.
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