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The representation theory of a ring 4 has been studied by examining the category of contravari-
ant (additive) functors from the category of finitely generated left 4-modules to the category of
abelian groups. Closely connected with the representation theory of a ring is the study of stable
equivalence, which is a relaxing of the notion of Morita equivalence. Here we relate two stably
equivalent rings via their respective functor categories and examine left artinian rings with the
property that every left A-module is a direct sum of finitely generated modules.

The representation theory of a ring 4 has been studied by examining the category
of contravariant (additive) functors from the category of finitely generated left
A-modules to the category of abelian groups (see [2, 3, 9]). Closely connected with
the representation theory of rings is the study of stable equivalence, which is a
relaxing of the notion of Morita equivalence. Here we relate two stably equivalent
rings via their respective functor categories and examine left artinian rings with the
property that every left A -module is a direct sum of finitely generated modules. But
first, we recall the definition of stable equivalence and fix our notation.

Foraring 4, 54 (#4) denotes the category of all left (right) 4 -modules, and mod 4
(mod A°P) denotes the category of finitely generated left (right) A-modules. For M,
N emod 4, P4(M, N) is the subgroup of Hom4(M, N) consisting of all the homo-
morphisms f:M - N that factor through projectives. The additive category of
finitely generated left 4 -modules modulo projectives is mod 4. Its objects (denoted
M) are the same as those of mod 4, and its morphisms (denoted f) are the members
of the factor group

Hom, (M, N)=Hom, (M, N)/P,(M, N).
Two rings 4 and 4’ are said to be (left) stably equivalent in case mod A =~mod A’
(where = denotes equivalence of categories).

If A is left artinian with (up to isomorphism) only a finite number of finitely
generated indecomposable left 4-modules, then 4 is said to be of finite module type
(or finite representation type). It is well known that over a ring 4 of finite module type
every left A-module is a direct sum of finitely generated modules. It is still not
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known if the converse is true. However, when A is an artin algebra much about the
representation theory of A is known. M. Auslander [4] proved, by analysis of the
functor category, that A is of finite module type if and only if every left A -module is a
direct sum of finitely generated left A -modules. Further, he proved in [6] that if A
and A’ are stably equivalent artin algebras, then A is of finite module type if and only
if A’ is of finite module type.

In this paper we study the representation theory of left artinian rings. We first show
that the global dimension and the dominant dimension of the functor categories of a
ring determine when the ring has the property that every left module is a direct sum
of finitely generated modules. This result helps determine whether a ring with the
property that every left module is a direct sum of finitely generated modules is of
finite module type. The main theorem employs the functor categories associated with
two left artinian rings to prove that if A and A’ are stably equivalent, then every left
4-module is a direct sum of finitely generated modules if and only if every left
4’-module is a direct sum of finitely generated modules. The essence of the proof
(Lemma 5) is then used to show that if every left 4 -module is a direct sum of finitely
generated modules, then the endomorphism ring of the minimal cogenerator in ,.#
also has that property for its left modules. Finally, we prove the converse of a result of
Fuller and Reiten [10] concerning noetherian and conoetherian conditions on a
family of homomorphisms.

P. Gabriel [11] proved that the functor category is equivalent to the category of
modules over aring R. Naturally, the ring R need not have an identity, but itis always
aring with enough idempotents (in the terminology of [8]). We work in this setting. In
particular, let A be a ring with identity and {U, |« € A} a set containing one
isomorphic copy of each finitely generated left A-module. Let ,U =@, U, and,
writing homomorphisms on the right, define

R={r: sU-> U|U,r=0a.e.}

(where “a.e.” means for all but a finite number of « € A). We see that {e, | € A}, the
idempotents of decomposition for P U., is a complete set of idempotents for R. We
write R = R(mod A) and call R the functor ring of the finitely generated left A-
modules, or just the (left) functor ring of 4.

We will freely use notation and facts from [9]. In particular, we shall make use of
the left exact covariant (additive) functor

ﬁomA (aUr, —): sl » M
defined by

IfIOTl’M(AUR, sM)={p: sU> M|U,o=0ae.}
and, for each g: ;M > ;M in 44,

g« =Homa(sUr, g):¢ > 0g (¢ € Homs(U, M)).
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The functor Hom, (U, —) has left adjoint
(AU ®r “) : R./ﬂ **A./ﬂ.

Also, recall that a ring R with enough idempotents is called semiperfect if R has a
complete set of local idempotents, i.e. R =Rg, where g, Rg, is a local ring. For
example, if 4 is left artinian then R = R(mod A) is semiperfect. Similarly, the ring R
is called left perfect if R is semiperfect and the Jacobson radical of R, J = J(R), is left
T-nilpotent. For example, Fuller [8] has proved

Theorem 1. Let R = R(mod A). The functor ring R is left perfect if and only if every
left A-module is a direct sum of finitely generated modules.

We begin our work by showing the effect of the left global dimension and the left
dominant dimension of the functor ring on A.

Theorem 2. Let A be a left artinian ring and R = R(mod A). Then the following are
equivalent:

(a) Every left A-module is a direct sum of finitely generated modules.

(b) The left global dimension of R is at most 2 and the left dominant dimension of R
is at least 2.

Proof. (a) => (b). Note that for any R-module K, 4U ®zK must be isomorphic to a
direct sum of finitely generated left A-modules, say @zUes. Hence,

Hom, (U, U ®r K) =5 Re;s

is projective. Thus, given an exact sequence 0 » gK > gP; - gP; with gP; projective,
we may apply [9, 1.1.2] and the five lemma to

> 0 — K > Py — P

N

— 30— Homy (U, U Qg K)—Homs (U, U Qg Pi)=—> Hom (U, U Qg P3)

o — O

to see that K is projective and the left global dimension of R is at most 2. Now, since
the injective envelope of each simple left 4 -module is finitely generated, there exists
an idempotent e* = e € R such that ,Ue is isomorphic to the minimal cogenerator in
a#. Thus, there exists a monomorphism

0- U - Ue®.

But 4 is left artinian, so Ue?® is isomorphic to a direct sum of indecomposable left
A-modules, and Ue® embeds in Ue‘? for some set A,. Applying the same argument
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(A))

to the module Ue +'/ U, we obtain an exact sequence

A A
0- U- U5 Ue'd?,

By applying Hom, (U, —) and [9, 1.3.1] to the sequence, it follows that the left
dominant dimension of R is at least 2.

(b) => (a). First we show that the injective envelope of each simple left 4 -module is
finitely generated. Since the left dominant dimension is at least 2, there exists an
embedding

0—>RR:)RX

where g X is both projective and injective. Let sUe, be asimple left A-module. Since
e.p : Re, —» X is non-zero,

U Qrleap): Ue, » U @rX

is a non-zero embedding. But gX =@ Re, and U @rX =@ Ue,; hence the
minimal cogenerator embeds in a finite number of the Ue, (see [9, 1.3.1]). There-
fore, the minimal cogenerator is finitely generated; say it is isomorphic to sUe.
Finally, let M € 4. As before we obtain an exact sequence

0~ Homy (U, M)~ Re'*’ > Re'A?

for some sets A; and A,. Then Iflom_,,(U, M) is projective since the left global
dimension of R is at most 2, Thus

Hom, (U, M)=@gRe; and M =U ®g Hom (U, M)=PpUe,.

It is not difficult to see that if we raise the dominant dimension of R = R(mod 4)
while keeping the left global dimension of R at most 2, then A is semisimple.
Similarly, if we lower the global dimension while maintaining the left dominant
dimension of R at 2 or more, then 4 is semisimple. Hence

Corollary 3. Ler A be a ring with identity and R = R(mod 4). If every left A-module is
a direct sum of finitely generated modules and 4 is not of finite module type, the left
global dimension and the left dominant dimension of R must both equal 2.

Next we examine the connection between two stably equivalent rings, 4 and 4’,
and their respective functor categories. Unless otherwise stated, 4 will be a ring with
identity, R = R(mod 4), and f>*=feR such that JUf=.4. (We will call f the
idempotent in R that generates A). Respectively, A’ is also a ring with identity,
R'=R'(mod 4’), and f'€ R’ is the idempotent that generates A'. Let

I ={re R|r factors through a projective 4-module}.

It is easy to check directly that I is a two-sided ideal in R. In fact, I = RfR.
To see this, we need only show that I < RfR since the other containment is
obvious. Let s € I, and let ¢, and ¢; be idempotents in R such that e;s =5 =se,. If s
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factors through a projective module P, then s factors through a finitely generated free
module, say Uf'", i.e.

[ Ue,
P/
3 ’/ l,
P
7’ '
I's
Uf(m g U82 0.

Then letting 7; and «; be the projections and injection for Uf'"’, we have

s=e06lypmBer=e,08 Y mifufer= Y e 6&mifiiBes
i=1 i=1

so that s € RfR.

Now let ¥=F(mod A) and ¥ = F(mod A’) be the respective functor rings
created from mod 4 and mod A'. Clearly if 4 is stably equivalent to 4’, then & must
be isomorphic to ¥’ due to the category equivalence of mod 4 and mod 4’. But the
objects of mod 4 and mod A are the same, and s € & is zero if and only if the map s
factors through a projective 4 -module. Thus we see that & is isomorphic to R/RfR,
and that

R/RfR=%$=%=R'/R'fR'.

Conversely, if R/RfR is merely Morita equivalent to R'/R'f'R’ (written R/RfR =
R'/R'f'R’) then mod A =mod 4’ (see [1, Exercise 20.6]).

Proposition 4. The ring A is stably equivalentto A’ if and only if R/RfR =~R'/R'f'R'.

The connection between two stably equivalent rings and their associated functor
rings stated in Proposition 4 is the motivation for this paper; however, the following
lemma is the essence of all our work.

Lemma 5. Let A be left artinian, R = R(mod A), and f the idempotent in R that
generates A. The functor ring R is left (right) perfect if and only if R/ RfR is left (right)
perfect.

Proof. If R is left perfect, then so is the factor ring R/ RfR. For the converse, assume
that R/RfR is left perfect. Since 4 is left artinian, we need only prove that the
Jacobson radical of R, J(R), is left T -nilpotent.

Let a,, as, as, . . . be asequence in J(R) which, without loss of generality, may be
viewed as

a az

Ue, Ue, Ue;
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for some finitely generated left 4-modules Ue; (i =1,2,3...). Then

ay

Uel Uez

a2

Ue;

is a sequence in J(R/RfR). But J(R/RfR) is left T-nilpotent, so there exists an n,
with a; - - - a,, = 0. This means that there exists a projective A -module P, and maps

to:Uel—-—>P1, zl:Pl——>Ue,.l

such that

commutes.
Applying this same argument to the sequence d, +i, @n,+2,..., we get the
commutative diagram

Ug' RO — Uenl ALUe" .1 e 4 Ue,.z

By continuing this process we obtain a sequence of finitely generated projective left
A-modules Py, P,, . .. and two sequences of maps fo, /1, . . . and z, 23, . .. contained
in R such that j;=za,t€J(R). But then j is contained in the radical of
End(P;@P;.,). Since 4 is artinian, j; may be regarded as a matrix whose entries
come from #(4), the radical of 4. But 2(4) is left T-nilpotent, so by the Kdning Graph
Theorem there exists a ¢ such that j,j, - - - j; =0. Thus

aaz - anq+|=t0jl ct 'iqzﬂ =O,

and it follows that J(R) is left T-nilpotent and R is left perfect. The parenthetical
case follows similarly.

We now prove our main result. Namely,
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Theorem 6. Let A and A’ be stably equivalent left artinian rings. Every left A-module
is a direct sum of finitely generated A-modules if and only if every left A'-module is a
direct sum of finitely generated A'-modules.

Proof. We have just seen that every left A-module is a direct sum of finitely
generated left 4-modules if and only if R = R(mod 4), R/RfR=R’'/R'fR’, and
R’=R’(mod 4’) are all left perfect if and only if every left 4’-module is a direct sum
of finitely generated left A'-modules.

The two other immediate results we promised make use of the Auslander-Bridger
transpose [5] and some of its properties that can be found in (4] and [S] or derived by
standard diagram chasing techniques. We recall the definition of the transpose. Let 4
be semiperfect and M a finitely presented left A-module that contains no non-zero
projective direct summands. Let

d
P, Py M 0

be a minimal projective resolution of M and (—)* = Hom,(—, 4). The transpose of
M is a right 4-module Tr(M) such that

d*

P Pt Tr(M) 0

is exact. Tr(M) is also finitely presented with no non-zero projective direct sum-
mands, and M is indecomposable if and only if Tr(M) is.

Let g: M — M’ where neither M nor M’ contains any projective direct summand.
Then there exists a pair of maps (go, g1) which makes the diagram of minimal
presentations commute, i.e.,

Py P, M 0
| §
] 1
| |
&)I £ | 1
i 1
¥ 4
Py P M’ > 0.

Although the pair (go, g1) need not be unique, Tr(g): Tr(M’) > Tr(M) making

P> - Pt Tr(M") 0

-
g1 ed Tee)

il b3 Tr(M) >0
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commute is unique once the pair (go, g1) is chosen. Thus, it is easy to check (see [4])
that when A is artinian, Tr:mod 4 - mod(4°®) is a duality.

If there is a bimodule s W, that defines a Morita duality (as discussed in [1, § 24],
for example), then 4 is said to be a left Morita ring. We specify the second ring by
saying that 4 is left Morita to A. Recall from [9, Lemma 3.1] that if 4 is left artinian
and left Morita to A, then the functor ring of the finitely generated left 4-modules is
isomorphic to the functor ring of the finitely generated right A-modules. We now
have

Theorem 7. Let A be a ring with identity and assume every left A-module is a direct
sum of finitely generated modules. If sUe is the minimal cogenerator in s M, then
A =End(Ue) has the property every left A-module is a direct sum of finitely generated
modules.

Proof. Clearly A is left Morita to A, and A is right artinian. We first show that A is
also left artinian. Auslander has proved that when the left global dimension of
R =R(mod A) is at most 2, each Re, is noetherian. Thus, by Theorem 2, gRe =
rHom (U, Ue) is left noetherian, hence

A =End(Ue)=¢eRe

is itself left noetherian and so left artinian. Let &= %(mod A°?) with he ¥ the
idempotent that generated A4, and let T = T(mod A ) with k € T the idempotent that
generates 4A. Then R =¥ since 4 is left Morita to A, and ¥/ $hS =T/ TkT via
the transpose duality. The result follows from these isomorphisms, Theorem 1, and
Lemma S.

Thus when studying the representation of a ring A with the property that every left
A-module is a direct sum of finitely generated modules, we may assume 4 is both
right artinian and right Morita. For A is of finite module type if and only if the
endomorphism ring of the minimal cogenerator, End(,Ue), is of finite module type.

Finally, Auslander [3] says that a family of A-homomorphisms is noetherian if,
given a sequence of maps

%o @1

M, M, M,

in the family with @o@; - - + @; # 0 for all ;, there is an integer n such that ¢ is an
isomorphism for k = n. Analogously, the family is conoetherian in case given any
sequence

@ @2

M, M, Mo

with @; - - - @190 # O for all , there is an integer n such that ¢ is an isomorphism for
k = n. In [10], Fuller and Reiten proved that for an artinian ring 4, if the family of
homomorphisms between finitely generated indecomposable right 4-modules is
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noetherian, then the family of epimorphisms between finitely generated indecom-
posable left 4-modules is conoetherian. Not only have we proved both their result
and its converse, but we have a slightly more general result. Namely,

Theorem 8. Let A be artinian. The family of homomorphisms between finitely
generated indecomposable left A-modules is noetherian if and only if the family of
homomorphisms between finitely generated indecomposable right A-modules is cono-
etherian.

Proof. Let R = R(mod 4) with fe R the idempotent that generates ,4, and let
¥ = F(mod A°®) with h € & the idempotent that generates A,. From [8] we see that
the family of homomorphisms between finitely generated indecomposible left
A-modules is noetherian if and only if R is left perfect. Similarly, the family of
homomorphisms between finitely generated right 4 -modules is conoetherian if and
only if & is left perfect. Since R/RfR = ¥/ Fh¥ via the transpose duality, Lemma 5
finishes the proof.

References

{1] F.W. Anderson and K.R. Fuller, Rings and Categories of Modules (Springer-Verlag, Berlin, 1974).

[2] M. Auslander, Representation dimension of artin algebras, Queen Mary College Notes, London,
1971.

[3] M. Auslander, Representation theory of artin algebras I, Comm. in Algebra 1 (1974) 269-310.

[4] M. Auslander, Representation theory of artin algebras [II, Comm. in Algebra 3 (1975) 239-294.

[5] M. Auslander and M. Bridger, Stable Module Theory, Mem. Amer. Math. Soc. No. 94, 1969.

[6] M. Auslander and I. Reiten, Stable equivalence of artin algebras, Proceedings of the Conference on
Orders, Group Rings and Related Topics, Springer-Verlag Lecture Notes in Mathematics No. 353
(Springer-Verlag, Berlin, 1973).

{7] S.U. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97 (1960) 457-473.

[8]1 K.R. Fuller, On rings whose left modules are direct sums of finitely generated modules, Proc. Amer.
Math. Soc. 54 (1976) 39-44.

[9] K.R.Fuller and H. Hullinger, Rings with finite conditions and their categories of functors, J. Algebra
55(1978) 94-105.

[10] K.R. Fuller and I. Reiten, Note on rings of finite representation type and decompositions of modules,
Proc. Amer. Math. Soc. 50 (1975) 92-94.

[11] P. Gabriel, Des categories abeliennes, Bull. Soc. Math. France 90 (1962) 323-448.

[12] N. Jacobson, Structure of Rings. Amer. Math. Soc. Collog. Pub. 37, 1968.

[13] J. Rotman, Notes on Homological Algebra (Van Nostrand Reinhold, New York, 1970).



