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The current flow of high accuracy astrophysical data, among which are the Cosmic Microwave Background
(CMB) measurements by the Planck satellite, offers an unprecedented opportunity to constrain the
inflationary theory. This is however a challenging project given the size of the inflationary landscape
which contains hundreds of different scenarios. Given that there is currently no observational evidence
for primordial non-Gaussianities, isocurvature perturbations or any other non-minimal extension of the
inflationary paradigm, a reasonable approach is to consider the simplest models first, namely the slow-roll
single field models with minimal kinetic terms. This still leaves us with a very populated landscape, the
exploration of which requires new and efficient strategies. It has been customary to tackle this problem
by means of approximate model independent methods while a more ambitious alternative is to study
the inflationary scenarios one by one. We have developed the new publicly available runtime library
ASPIC! to implement this last approach. The ASPIC code provides all routines needed to quickly derive
reheating consistent observable predictions within this class of scenarios. ASPIC has been designed as an
evolutive code which presently supports 74 different models, a number that may be compared with three
or four representing the present state of the art. In this paper, for each of the ASPIC models, we present
and collect new results in a systematic manner, thereby constituting the first Encyclopadia Inflationaris.
Finally, we discuss how this procedure and ASPIC could be used to determine the best model of inflation

by means of Bayesian inference.

© 2014 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-SA license
(http://creativecommons.org/licenses/by-nc-sa/3.0/).

1. Introduction

The theory of inflation [1-4] represents a cornerstone of the
standard model of modern cosmology (the “hot Big-Bang model”
of Lemaitre and Friedmann) [5-8]. By definition, it is a phase
of accelerated expansion which is supposed to take place in
the very early universe, at very high energy, between Big-Bang
Nucleosynthesis (BBN) and 10 GeV. Inflation allows us to
understand several puzzles that plagued the pre-inflationary
standard model (before 1981) and that could not be understood
otherwise. Without inflation, the standard model of cosmology
would remain incomplete and highly unsatisfactory. The most
spectacular achievement of inflation is that, combined with
quantum mechanics, it provides a convincing mechanism for the
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origin of the cosmological fluctuations (the seeds of the galaxies
and of the Cosmic Microwave Background - CMB - anisotropies)
and predicts that their spectrum should be almost scale invariant
(i.e. equal power on all spatial scales) [9-17] which is fully
consistent with the observations. Let us notice in passing that this
part of the scenario is particularly remarkable since it combines
General Relativity and Quantum Mechanics [7,8,18-24]. Given
all these spectacular successes and given the fact that, despite
many efforts, inflation has not been superseded by its various
challengers [25-53], this scenario has gradually become a crucial
part of modern cosmology. As can be seen in Fig. 1, the number of
papers devoted to this topic and published each year is inflating
since the advent of inflation.

In order to produce a phase of inflation within General
Relativity, the matter content of the universe has to be dominated
by a fluid with negative pressure. At very high energy, the correct
description of matter is field theory, the prototypical example
being a scalar field since it is compatible with the symmetries
implied by the cosmological principle. Quite remarkably, if the
potential of this scalar field is sufficiently flat (in fact, more
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Fig. 1. Number of articles containing the word “inflation” and its variations (i.e.

T

“inflating”, “inflationary”, etc...) in its title published each year since the advent of
inflation. The total number is estimated to be 4077 papers.

precisely, its logarithm) so that the field moves slowly, then the
corresponding pressure is negative. This is why it is believed
that inflation is driven by one (or several) scalar field(s). For
obvious reasons, this scalar field was given the name “inflaton”.
However, the physical nature of the inflaton and its relation with
the standard model of particle physics and its extensions remain
elusive. Moreover the shape of its potential is not known except
that it must be sufficiently flat. This is not so surprising since, as
mentioned above, the inflationary mechanism is supposed to take
place at very high energies in a regime where particle physics is
not known and has not been tested in accelerators.

Another crucial aspect of the inflationary scenario is how it
ends and how it is connected to the subsequent hot Big-Bang
phase. It is believed that, after the slow-roll period, the field
oscillates at the bottom of its potential, or undergoes tachyonic
preheating, but finally decays into radiation. In this way, inflation
is smoothly connected to the radiation-dominated epoch [54-63].
Unfortunately, very little is observationally known on this so-
called reheating period. Let us stress that adiabatic initial
conditions, as favored from the current CMB measurements,
naturally stem from such a setup within single field models.
Another constraint is that the reheating temperature, T;e,,, must be
higher than the nucleosynthesis scale (i.e. a few MeV). If, however,
one restricts oneself to specific models, then one can obtain better
bounds on Ty, as was recently shown for the first time in Ref. [64].
But, so far, these constraints concern a few models only.

We see that, despite the fact that it has become a cornerstone,
the inflationary era is not as observationally known as the other
parts of the standard model of Cosmology. However, there is now
a flow of increasingly accurate astrophysical data which gives us
a unique opportunity to learn more about inflation. In particular,
the recently released Planck satellite data [65,71] play a crucial
role in this process. The mission complements and improves upon
observations made by the NASA WMAP satellite [72,73] and is
a major source of information relevant to several cosmological
issues including inflation [67,69]. But the flow of new data does not
only concern the CMB. The Supernovae projects [74-77] continue
to measure the distances to the nearby exploding SN1A stars
while the large scale galaxy surveys such as the Sloan Digital Sky
Survey (SDSS) [78,79] are providing an unprecedented picture of
the structure of the universe. SDSS is planned till 2014 and has
recently provided the measure of the so-called Baryonic Acoustic
Oscillations (BAO). They are the red-shifted version of the acoustic
oscillations observed in the CMB anisotropies which have been
transferred to the galaxy power spectrum. The “lever arm” in
length scales between CMB and galaxy power spectra increases the
sensitivity to the small deviations from scale invariance, and thus
should be extremely powerful to constrain inflationary models. For
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Fig.2. Observational predictions for the LFI models, V (¢) o ¢P, in the plane (ns, r)
(i.e. scalar spectral index and gravity wave contribution) compared to the Planck
data [65-70]. Each continuous line and each color represent a different value of p.
Along each line, each point (i.e. each small “cross”) denotes a different reheating
temperature compatible with the constraint peng > Pren > Pnuc (the annotations
give the logarithm of the reheating temperature in GeV). We see that the details of
the reheating stage now matter: along a given line, some reheating temperatures
are compatible with the observational constraints while others are not. This means
that the CMB observations can now put constraints on T. The mean equation
of state parameter is defined in Eq. (2.38). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

this reason, the future Euclid satellite will be another step forward
in our understanding of inflation [80]. Let us also mention the
possibility of direct detection of the primordial gravitational waves
for high energy inflationary models on large scales [81-87] and also
on small scales [62,88].

The CMB small angular scales of Planck are already comple-
mented by ground-based microwave telescopes such as the Ata-
cama Cosmology Telescope (ACT) [89,90] or the South Pole Tele-
scope (SPT) [91,92] while ultra-sensitive polarization dedicated
experiments are on their way [93,94]. In a foreseeable future, the
last bit of yet unexplored length scales are expected to be unveiled
by the 21 cm cosmological telescopes. These ones will be sensitive
to the red-shifted 21 cm line absorbed by hydrogen clouds before
the formation of galaxies [95-101]. With such data, we will have
a complete tomography of the universe history from the time of
CMB emission at the surface of last scattering to the distribution of
galaxies today.

The main goal of this article is to develop methods that will
allow us to constrain the inflationary scenario at a level matching
the accuracy of these new data. Since we have now entered the
era of massive multi-data analysis, the project aims at a change of
scale compared to previous approaches. In particular, one way to
deal with this question is to perform systematic and “industrial”
studies of this issue. Our ability to see through the inflationary
window turns the early universe into a laboratory for ultra-high
energy physics, at scales entirely inaccessible to conventional
experimentation. In other words, this window offers a unique
opportunity to learn about the very early universe and about
physics in a regime that cannot be tested otherwise, even in
accelerators such as the Large Hadron Collider (LHC).

1.1. Methodology

Let us now discuss how, in practice, the above described goals
can be reached. One issue often raised is that, since there are
(literally) a few hundreds different scenarios, it is difficult to falsify
inflation. This is, however, not a very convincing argument since
different models belong to different classes and usually do differ
in their observable predictions. They can thus be observationally
distinguished. A natural way to proceed is therefore to test
inflationary models step by step, starting with the simplest
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Fig. 3. Exact slow-roll predictions for SFI models, V(¢) o< 1 — (qb/u)“, compared
to the Planck data [65-70]. Each colored segment represents a different value of
1, the color bar giving the corresponding range of variation. Each segment is made
of different points associated with different reheating temperatures. The yellow-
only segments on the left represent some extra approximations usually made in
the literature on top of slow-roll. We see that both coincide for pu/mp < 1
but differ in the regime pu/mp > 1 where the extra approximations become
inaccurate. Moreover, these approximations would indicate that this class of models
is disfavored while the correct slow-roll predictions show that, on the contrary, they
remain compatible with the data. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Predictions of the RCHI model in the plane (ns, r) together with Planck
data [65-70]. These predictions depend on one free parameter, A;, for details
see Section 4.1. The colored segments represent the slow-roll predictions (same
conventions as in Fig. 3), obtained when the coefficients a; = a;[e, (Oinr)] are
numerically evaluated. On the contrary, the thick red dashed line indicates some
approximated predictions. We see that there is a significant difference for A; > 15.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

scenarios. This is consistent with the Occam’s razor point of view
and the way inference is achieved within Bayesian statistics (see
below). With this in mind, we can classify models in three different
broad categories: single-field inflation (category I), multiple-field
inflation (category II) and models where matter is not described
by a scalar field as, for instance, vector inflation [102], chromo-
natural inflation [103] and/or gauge-flation [104-106] (category
IIT). Within each category, one could further identify various sub-
categories. For example, within category I, the scalar field can
possess a minimal kinetic term and a smooth potential (category
IA), a minimal kinetic term and a potential with features (category
IB), a non-minimal kinetic term with a smooth potential (category
IC) or a non-minimal kinetic term and a potential with features
(category ID, see for instance Ref. [107]) (a fifth category could
be models of warm inflation [108-111]). The same four sub-
categories can also be defined within category II [for instance,
multiple Dirac Born Infeld (DBI) field inflation [112-114] belongs
to category IIC] and so on. As already mentioned, each category

leads to different predictions. For instance, all models of category
IA predict a negligible level of non-Gaussianities, fbll‘ic = 5(1 —
ns)/12 =~ 0.017 [115-123] while, on the contrary, models
of categories IB-ID yield non-negligible non-Gaussianities [124-
139]; models belonging to IB and to IC, or I, may not predict
exactly the same type of non-Gaussianities [140,141], etc...In
this context, as already mentioned, a crucial step was the recent
release of the Planck data [65-68]. Together with the polarization
data from WMAP, they are compatible with a negligible running
dns/dIlnk = —0.0134 + 0.009 and a negligible running of the
running dns/d In? k = 0.02 £ 0.016, with a pivot scale chosen at
k. = 0.05 Mpc~'. These data are also compatible with adiabaticity
at 95% CL such that there is no evidence for isocurvature modes,
although the analysis is done with one isocurvature mode at a time
only. The Planck data do not find evidence for primordial non-
Gaussianity, namely Ref. [67] reports fi¢ = 2.7 &+ 5.8, f! =
—42 £ 75 and fg™° = —25 + 39. Therefore, at this stage,
everything seems to be well described by simplest scenarios of
inflation and, as consequence, a reasonable method is to start with
the IA-models. Following category IA, if the present observational
situation evolves in the future, one should then treat categories IB-
ID, then category II and so on. In this way, one can falsify inflation
step by step, in a Bayesian motivated fashion.

Bayesian inference for inflation requires some cosmological
data that are sensitive to it, such as the ones enumerated above.
For the purpose of illustration, let us consider the CMB angular
power spectrum. Cosmological measurements give us a set of
numbers, C;"**, that we are able to calculate theoretically within
an inflationary model. This means that we know the functions
Clth = cgh(esmd, Oinf), Where 6Oganq represents a set of parameters
describing post-inflationary physics, i.e. Ostang = (h, 24, 2dm, .. .)
and 6, s a set of parameters describing inflationary physics. We
are interested in constraining the values of those parameters,
especially the 6;,'s. Within a given experiment, one is given a
likelihood, or an effective chi-squared x? (bsand, 6inf), encoding
all the underlying uncertainties. In a frequentist approach, the
searched values of 6,4 and i, would be chosen at the best fit,
i.e. those verifying dx2/00 = 0. In a Bayesian approach [142],
we are interested in determining the posterior distributions of the
parameters, using Bayes’s theorem

1
P (Gstand» 9inf|C¢{neas) = WDC (Czneas|95tand, einf) 7T (Ostand, Oinf) 5 (1.1)

where £ (C]"*|0stand, Oinf) = e~ **Ostana.%n0/2 s the likelihood
function, 7 (Ostand, finf) the prior distribution, describing our
prejudices about the values of the parameters before our
information is updated, and & a normalization factor, also called
Bayesian evidence. Because we are interested in the inflationary
parameters, one has to integrate over the post-inflationary
parameters in order to obtain the marginalized probability
distribution P (0in|C"®*) = [ P (Ostand Oinfl (") dbstana. CMB
physics also tells us that the multipole moment C ,Eh can be written
as

" too dk
G, (Bstand, Oinf) = ?J@ (kress)T (k; estand)gj;‘ (k; Ginp) (1.2)
0

where j, is a spherical Bessel function, T(k; 6sanga) is the
transfer function which describes the evolution of cosmological
perturbations during the standard Friedmann-Lemaitre eras and
&P, is the inflationary power spectrum. As a result, the process of
constraining inflation from the C;"** reduces to the calculation of
&P, . The same lines of reasoning could be generalized to any other
cosmological observables sourced during inflation, such as higher
order correlation functions.
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At this stage, there are, a priori, two possibilities (it is also
worth noticing that yet another approach is the reconstruction pro-
gram [143,144]). Either one uses a model-independent, necessarily
approximate, shape for #; or, on the contrary, one scans the infla-
tionary landscape, model by model, and for each of them, calculates
P, exactly.

The advantage of working with a model-independent technique
is obvious. However, it often requires an approximation scheme
that may not be available for all models. In practice, an
approximate method, the slow-roll approach, is known for the
category IA and for the category IC, see the recent papers [145-
150]. In this case, the set of inflationary parameters 6;,¢ becomes
the Hubble flow functions: 0,y = {€,} where the ¢, are defined in
Eq.(2.3) and the corresponding expression of #; (k; €;) is provided
in Eqgs. (2.18) and (2.20)-(2.22). Assuming some priors 7 (&,)
on the Hubble flow functions, this method yields the posterior
distributions P (en|C,§“eaS) for the Hubble flow functions evaluated
at the pivot scale. This approach has already been successfully
implemented for the WMAP data in Refs. [64,151-154].

The second approach is more ambitious. It consists in treating
exactly all the inflationary models that have been proposed so far
and in a systematic manner. For each model, the power spectrum
is determined exactly by means of a mode by mode numerical
integration, for instance using the FieldInf code.? Such an
approach can also be used with the higher correlation functions
with, for instance, the recent release of the BINGO code calculating
the inflationary bispectrum [155].

In this case, the set of parameters 6, differs according to
the model considered. For instance, Large Field Inflation (LFI) for
which V(¢) = M* (¢/Mp)?, has 0r = (M, p) while Small Field
Inflation (SFI) with V(¢) = M*[1 — (¢/w)"] has Oins = (M, p, ).
From FieldInf one can then compute 2 (k; M, p) for LFI and
P (k; M, p, ) for SFI without any other assumptions than linear
perturbation theory and General Relativity. Starting from some
priors on the model parameters, e.g. in the case of LFl, = (M, p),
this method allows us to determine the posterior distributions
P(M|C}"**) and P(p|C;"®*), thereby providing parameter inference
about the corresponding inflationary model. This approach, which
was successfully implemented for the first time in Refs. [152,156-
158], and subsequently used in Ref. [159], has several advantages
that we now discuss.

Firstly, the most obvious advantage is that the result is exact.
The slow-roll method is an approximation and, for this reason,
remains somehow limited. As mentioned before, there are plethora
of models, such as single field models with features or multiple
field scenarios, for which a numerical integration is mandatory.

A second reason is that a full numerical approach permits a new
treatment of reheating. In the standard approach, the influence of
the reheating is only marginally taken into account. Any observable
predictions depend on the number of e-folds associated with a
reheating era. From the fact that the reheating must proceed after
the end of inflation and before the electroweak scale, one can put
an order of magnitude bound on this number of e-folds [ 160]. This
causes small uncertainties in the inflationary predictions that were
not crucial in the past. However, with the accuracy of the present
and future data this question now matters. This is illustrated
in Fig. 2 which represents the slow-roll predictions of LFI for
which V(¢) o ¢P. Each colored segment represents the range of
observable predictions for a given value of p, each point within
a segment corresponding to a given number of e-folds for the
reheating or, equivalently, to a given reheating temperature Tiep.
We see that, for relatively small values of p, it is necessary to know
the number of e-folds the Universe reheated to decide whether the

2 See http://theory.physics.unige.ch/~ringeval/fieldinf.html.

model is compatible with the data or not. Conversely, the data are
becoming so accurate that one can start constraining the reheating
epoch. Therefore, instead of viewing the reheating parameters as
external source of uncertainties, it is more accurate to include
them in the numerical approach and consider they are part of the
inflationary model. In its simplest description, the reheating epoch
can be modeled as a cosmological fluid with a mean equation of
state wren, > —1/3. Notice that wyp, the instantaneous equation
of state parameter, does not need to be constant (see Section 2.2).
For a simple quadratic potential, and a parametric reheating,
one would have for instance w, = 0. In this way, both W
and T, are added to the inflationary parameters, e.g. we now
have 6y = (M, p, Tien, Wren) for LFl, and FieldInf computes
Pr(k; M, p, Tren, Wren). Starting from some priors 7 (Tren, Wren)
one can then obtain the corresponding posterior distributions
P (T;en|C"®*) and P (Wyen|C"**). The feasibility of this method
has already been demonstrated in Refs. [64,152] where constraints
on the reheating temperature for LFI and SFI have been derived
for the first time (see also Ref. [161]). In view of the expected
accuracy of the future data, the preheating/reheating era should
become a compulsory element of inflationary model testing. This
issue plays an important role in the proposal put forward in this
article. In addition, let us also emphasize that a proper treatment of
the reheating and preheating stages is mandatory in multiple field
inflation because they can affect the evolution of #; onlarge scales.
Only a numerical approach can presently deal with this problem.

A third advantage of the numerical approach is to address the
question of the priors choice in a particularly well-defined way.
A crucial aspect of Bayesian statistics is that the result depends
on the choice of the priors. Therefore, these ones must be chosen
and discussed carefully. In the slow-roll (approximated) approach
described before, the priors are chosen on the slow-roll parameters
themselves. For instance, a Jeffreys’ prior is typically chosen on
€1 (i.e. uniform prior on loge), as appropriate when the order
of magnitude of a parameter is not known. However, from a
physical point of view, it is better to choose the priors directly
on the parameters of the model, e.g. the parameters entering the
potential. For instance, several potentials that we will treat are the
results of a one-loop calculation, namely a perturbative calculation
with the coupling constant playing the role of the small parameter.
It is clear that the prior must encode the fact that this parameter
is small. With the numerical approach, this is very conveniently
done since we directly compute the power spectrum from the
potential itself. As another example, let us consider the case of
LFI where €; =~ p/ (4AN, + p/4) (AN, is the number of e-folds
between Hubble exit and the end of inflation, see below). Owing
to the non-trivial relation between the first slow-roll parameter
and p, a Jeffreys’ prior 7 (e1) on €; implies a complicated prior
m(p) on p while a natural choice would be a flat prior. Again,
implementing the priors directly on the parameters of the model
is a more theoretically justified choice. Conversely, who could
dispute that, beside the posterior P(e|C;"®*), it is theoretically
interesting to know the posterior distribution of p, i.e. P(p|C;"®*).
The exact numerical integration is a reliable technique to obtain
such distributions.

The numerical approach, however, has also some disadvan-
tages. Firstly, one needs to specify the inflationary scenarios ex-
plicitly and, therefore, the constraints obtained are not model-
independent. Although this shortcoming can in fact never be
avoided (we always need to make some assumptions even in the
slow-roll approach) it may be partially overcome by scanning the
complete inflationary landscape. Secondly, and more importantly,
it is time consuming since the exact integration of the cosmologi-
cal perturbations and of the corresponding correlation functions is
heavy and can take up to a few minutes for complicated models.
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Finally, one should expect multiple degeneracies for models hav-
ing a high number of inflationary parameters since the data have a
limited sensitivity to the shape of the primordial observables.
Based on the previous considerations, we conclude that it would
be very interesting to have an intermediate method that would
allow us to get most of the results that can be derived using
the exact numerical approach while being less time consuming
and immune to high parameter degeneracies. This is what we
suggest in the following. Our strategy is to use the slow-roll
approximation in order to skip the numerical calculation of the
power spectrum, while being combined with a systematic scan
of the whole inflationary landscape and reheating properties. As
argued before, the Planck data drive us towards testing inflation
with the simplest models first and such a method would therefore
need to be implemented for the class of scenarios IA only. More

precisely, instead of inferring the posterior distributions of the
Hubble flow parameters ¢, only, as one would naturally do in the
approximate approach discussed before, we take advantage of the
fact that the €,’s can be computed in terms of the parameters
describing the reheating and V(¢). In particular, for each model,
this permits a quick and efficient extraction of the posterior
distributions of those parameters.

In our opinion, this third technique should not be viewed
as a competitor of the two others mentioned earlier but rather
as complementary and the corresponding results should be
compared. Let us also notice that, if, in order to scan all the
inflationary scenarios, the full exact numerical approach needs
to be carried out at some point, this would by no means render
the results derived in the present article useless. Indeed, the
slow-roll approach is often a very useful guide of which kind of
physics one should expect for a given model (initial conditions,
range of the parameters, etc...). In particular it allows us to
understand any eventual parameter degeneracies within the
primordial observables. In other words, the slow-roll method is an
ideal tool to prepare a full numerical study.

At this point, it is worth making the following remark. The
method put forward in this article uses an approximate shape for
the power spectrum, namely (k, is the pivot scale)

P (k 1 k 1 In? k
P (k) o< ag (en) + ay (ep) In k: +§az(€n)ﬂ k: + .-,
(1.3)

in order to shortcut a numerical integration of $; but is otherwise
completely self-consistent. In other words, once the slow-roll
approximation is accepted, no additional approximation should be
made. This may still require some numerical calculations, however,
in order to determine the coefficients a;, or more precisely the
explicit expression, at Hubble crossing, of a; = a; [€, (Oins)]. This
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Fig. 7. Top left panel: the solid blue line represents the radiatively corrected Higgs potential, see Eq. (4.11), with A; = 5. It is compared to the tree level potential given by
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even in presence of radiative corrections, the end of inflation occurs by violation of the slow-roll condition. Bottom right panel: slow-roll parameters ¢, (solid blue line) and
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Fig. 8. Predictions of the RCHI model in the plane (ns, r). The exact slow-roll
predictions (colored segments starting in black/green at the bottom/left part of
the plot and ending in red right slightly on the right of the allowed contours)
are compared to various approximations represented by the second collection of
colored segments, by the red thick dashed line and by the yellow dotted-dashed
line, see the text for a detailed explanation. In the regime 10 < A; < 100, the exact
predictions significantly differ from the approximate ones. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

is an important issue given the accuracy of the current data as
it is illustrated in Fig. 3 (see also Ref. [152]). In this figure, we
have represented the slow-roll predictions of a SFI model, V (¢)
1 — (¢/w)*. Each colored segment represents the exact slow-roll
predictions of a model given the parameter u and for different
numbers of e-folds during the reheating. These predictions have
been computed by solving numerically the slow-roll equations.
But, in the same plot, there are also other segments, on the

left, and represented in yellow only. They are predictions for
different values of u but based on widespread approximate slow-
roll formulas used in the literature. We see that, given the accuracy
of the data, the approximated formulas are no longer accurate
enough: the approximate results would predict that models with
u/Mp > 1 are strongly disfavored while the correct slow-roll
results show that they are still compatible with the data. Another
textbook example is provided by Higgs inflation with radiative
corrections (RCHI) and is presented in Fig. 4. This scenario is
studied in detail in Section 4.1 and depends on one free parameter,
A;. The colored segments represent the exact predictions for
different values of A; (see the color bar on the side of the plot).
The red dashed line indicates predictions based on a commonly
used approximate equation for the coefficients a; = a; (¢,) at
Hubble crossing during inflation. We see that this is no longer
sufficient in the range A; > 15. From these two examples, we
conclude that it is safer to use the slow-roll approximation (which
is usually extremely good) and nothing else, in particular no extra
approximation on top of the slow-roll approximation. The fact that
we may still need to use numerical calculations to establish the
observational predictions of a model does not make our approach
useless. Indeed, the numerics needed to estimate a; = a; [€; (Binf)]
are, by far, much easier than those needed to exactly compute
&P;. Therefore, the gain in computational time mentioned above
is huge and allows for a fast and reliable method to constrain the
inflationary landscape.

1.2. The ASPIC library

The project described before contains many different aspects
that we intend to publish in several companion articles. We now



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235 81

40 [ T T T T T

V(g)/M*

€1

00L L L L L L
0 1 2 3 4 5 6

¢/MP1

10[ T T T T T

0.0L L L L L L
0 1 2 3 4 5 6

¢/MPI
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explain the purpose of the present paper and put it in context with
the other works that are in preparation. We have coded a public
runtime library, named ASPIC for “Accurate Slow-roll Predictions
for Inflationary Cosmology”, which is supposed to contain all the
inflationary models that can be treated with the method described
above. ASPIC already has 74 different inflationary scenarios, a
number that should be compared to the three or four models
that are usually considered. The ASPIC library is an open source
evolutive project and, although it already contains all the most
popular inflationary scenarios, aims at including more models.
In this way, it will converge towards a situation where all the
category IA models published since the advent of inflation are
implemented thereby allowing us to exhaustively scan this part
of the inflationary landscape. This article describes the ASPIC
project and presents its first release and others will follow.
The list of the 74 ASPIC models, as well as their acronym, is
presented in Table 1 at the end of this introduction. If future
cosmological data force us to move to more complicated scenarios,
the ASPIC library will be upgraded accordingly. It can, moreover,
already be interfaced with FieldInf thereby allowing for a
full numerical approach, if needed. This would be especially
relevant for all the single field models with modified kinetic
terms (category IB) such as DBI models, models with features
(category IC) such as the Starobinsky model [ 162] or multiple field
inflationary scenarios (category II) such as double inflation [163-
166], double inflation with an interaction term [167], the different
versions of hybrid inflation [57,168,169] and more [156], assisted
inflation [170] or Matrix inflation [171-173,173]. However, if the
data continue to favor simple models, such as those producing
negligible non-Gaussianities and isocurvature perturbations, the
ASPIC library in its present form already contains the most
relevant inflationary scenarios. The ASPIC library is publicly
available at http://cp3.irmp.ucl.ac.be/~ringeval/aspic.html.

The ASPIC library contains the necessary routines to compare
the predictions of any of the 74 different models to high-accuracy
data. The present article presents the general architecture of
the ASPIC project and the calculations needed to understand
and write these codes. In practice, for each model, we give the
calculation of the three first slow-roll parameters, a discussion of
how inflation ends, a discussion of the priors, a calculation of the
relevant range of variation of the reheating temperature and an
exact integration of the slow-roll trajectory. Then, we work out the
theoretical predictions and compare them to the Planck data in the
planes (¢1, €;3) and (ns, 1). Let us stress again that, beside slow-roll,
no other approximation is used in the numerical codes of ASPIC.

Most of the ASPIC models have already been partially studied
in the literature but let us emphasize that, for each of them, this
paper contains new results. In other words, it does not aim at
being a review and, therefore, the presentation of already derived
results have been kept to the minimal. Firstly, for all the models
studied, this is the first time that their observational predictions
are worked out when the constraints on the reheating phase are
accurately taken into account. As explained in Ref. [64], and briefly
reviewed in Section 2, it has become too inaccurate to derive the
predictions of a model by simply assuming a fixed range for AN,.
For instance, this could lead to a reheating energy density larger
than the energy density at the end of inflation which is physically
irrelevant. Therefore, the predictions have been re-worked in such
a consistent fashion (except for the LFI and SFI models which had
been studied before [64]). This already constitutes a significant
result which goes beyond the current state-of-the-art. Secondly,
in the Appendix, we present a series of plots which give the
predictions of the various ASPIC models in the planes (ns, r) and
(€1, €3) for different values of the free parameters characterizing
each potential. Clearly, this is the first time that the predictions
of all these models are compared to the Planck data. The only
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Table 1
Models contained in the first release of the ASPIC library. For each model, we give the corresponding acronym, the number of free parameters characterizing the potential,
the number of sub-models and the shape of the potential. The total number of models is 74.

Name Parameters Sub-models V(g)
HI 0 1 M4 (1 - e*ﬁTWMPI)2
(1 _ pe—IBéMN 4 A _0
RCHI 1 1 M (1 2e A mwp])
a0\
LFI 1 1 v (%)
MLFI 1 1 M4—2[1+ ﬁ}
M a’v’}zl
2 2
a9\ 0g @ 1n (L
RCMI 1 1 M (3) [1-20 0 ()]
4
a0\ _ ¢
RCQI 1 1 w (%) [1-am ()]
NI 1 1 m* [1 + cos (%)]
ESI 1 1 M* (1 — e=9¢/Mer)
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KMl 1 2 M (1 ajiemoin)
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HF11 1 1 M41+A121—2 Y
1 Mpy 3 \ 1+A16/Mp
4
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(e _2(e)L1(e
MSSMI 1 1 M (%) 3(% +5<¢0) ]
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"
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Table 1 (continued)

Name Parameters Sub-models V(p)
2
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csl 2 1 %
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2 4
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Fig. 10. Top left panel: mixed large field (MLFI) potential, see Eq. (4.45), for « = 0.05. Top right panel: logarithm of the potential for the same value of «. The dotted
line indicates the potential V (¢) ~ M*$?/M2 which is the limit of the MLFI potential in the regime ¢/Mp < 1//a while the dashed line represents the expression
V (¢) >~ M*ap* /Mg, the limit of V (¢) when ¢/Mp > 1//a. For @ = 0.05 the two lines meet at the following value, 1//a =~ 4.5, as can be directly checked in the figure.
The arrow in the top left and right panels indicate in which direction inflation proceeds. Bottom left panel: slow-roll parameter €; for a mixed large field potential with
o = 0.05. Bottom right panel: slow-roll parameters ¢, (solid line) and €3 (dotted line) still for « = 0.05.
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exception is Ref. [174] which studies a very small subset of
the ASPIC scenarios (but also studies non-minimal single field
models), Ref. [175] which studies the particular case of power law
(PLI) and Ref. [176] which studies the particular case of MSSM
inflation (MSSMI). Most often, this is also the first time that these
predictions are worked out for such a wide range of parameters
and, moreover, this is the first time that these predictions are
presented in this fashion. In some sense, our paper can be viewed
as the first Encyclopadia Inflationaris.

1.3. New results

In order to be completely clear about the fact that this paper
is not a review, we now highlight, in a non-exhaustive way, some
of the new results obtained in this paper. In this way, we hope it
gives a taste of all the new findings described later and the methods
advocated earlier.

In the case of Higgs Inflation (HI), for instance, we have found
an exact expression of the slow-roll trajectory and discuss the
reheating parameter in the case of scalar-tensor theories of gravity.
The exact trajectory is also found for radiatively corrected inflation
(RCHI) and we show that the exact predictions can differ from the
commonly used ones in a certain regime, see also Fig. 4. In the case
of Mixed Large Field Inflation (MLFI), the exact expressions of the
slow-roll parameters €, and €3 are new. We also calculate exactly
dend» the vev at which inflation stops, as well as the exact trajectory
N(¢) and its inverse, ¢(N). Interestingly, since the potential is
the sum of a quadratic and a quartic term, one would expect the
corresponding predictions to be located between the two lines in
the plane (ns, r) representing the quadratic LFI and the quartic LFI
models, see for instance Fig. 2. We show that this is not the case.
For Natural Inflation (NI), we provide the exact expression of ¢enq,
of the trajectory and its inverse. In addition, it is often claimed
that, in the limit f /Mp; > 1, the model is indistinguishable from
a quadratic one (LFI with p = 2). We show that it is true for
ns and r but is not accurate for €3, that is to say for the running
as. For the Kdhler Moduli Inflation I (KMII) and Kdhler Moduli
Inflation II (KMIIT) models, all our results are basically new. We
present, for the first time, the exact expressions of the slow-roll
parameters, of the trajectories, their inverses, the possible values
of «, a free parameter characterizing the shape of the potentials
(not to be confused with the running). We also emphasize the
role played by the running in this model: ns and r are perfectly
compatible with the data while as seems to constrain the model
more efficiently. However, contrary to what is commonly claimed
in the literature, we demonstrate that this does not rule out
these models. Within the Logamediate inflation (LMI) scenario, we
have derived an analytic expression for the trajectory in terms
of hypergeometric functions and exhibited a new inflationary
domain LMI2, which is however like almost a pure de Sitter era and
currently disfavored. We also have new results for the Coleman
Weinberg Inflation (CWI) scenario. We find exact expressions
for €3 and an exact determination of the end of inflation. We
discuss, for the first time, the predictions of the model in the full
parameter space. In the case of Double Well Inflation (DWI), we
present a clear slow-roll analysis. The expressions of €3, ¢eng, the
slow-roll trajectory, its inverse are all new. Moreover, a detailed
comparison with SFI is made and we show that the corresponding
predictions actually differ, contrary to what is sometimes written
in the literature. In the case of the Minimal Super-Symmetric
Model (MSSMI) scenario, we demonstrate several new results. We
give the exact expression of the slow-roll parameters ¢, and €3,
the location and the value of the maximum of the first slow-
roll parameter €;, an approximated formula for ¢.q4, the exact
slow-roll trajectory and a useful approximated version of it. We
also provide a parameter independent treatment of the quantum

diffusion regime: usually this is always done using specific values
of the parameters whereas we show that the corresponding
conclusions are in fact completely general. We also explain why
the model is quite strongly disfavored due to the observational
constraints on the spectral index. For the Renormalizable Inflection
Point Inflation (RIPI) scenario, the slow roll parameters ¢, and €3,
the location and the value of the maximum of €1, the approximated
determination of ¢enq, the exact slow-roll trajectory and a useful
approximated version of it are all new. We also discuss the
CMB normalization and calculate the energy scale of inflation
very accurately. Last but not the least, we show that the model
is strongly disfavored by the data. We have also explored the
Generalized MSSM Inflation (GMSSMI) scenario. We provide new
formulas for €, €3 and the trajectory. We also give new bounds on
the parameters characterizing the potential from the requirement
of having a sufficient number of e-folds during inflation. Finally,
we show that the model is disfavored by the data. Concerning
the Brane Susy Breaking Scenario (BSUSYBI), we have studied the
effects coming from the the field value at which inflation ends,
in the slow-roll regime. For the ArcTan Inflation (AI) scenario,
we work out the slow-roll analysis beyond the approximation of
vacuum domination and give an exact expression for €3 and the
slow-roll trajectory. For the class of models leading to a constant
spectral index, CNAI, CNBI, CNCI and CNDI, we show how to
calculate ¢eng and the trajectory exactly. We also demonstrate that
the spectral index is in fact constant only in a limited region of
the parameter space which turns out to be already disfavored by
the data. In the case of Intermediate Inflation (II), we present an
analysis which takes into account the two terms of the potential
while it is common to keep only the dominant one. We give
new expressions for €3, the slow-roll trajectory and its relation
with the exact, non-slow-roll, one. In the case of Twisted Inflation
(TWI), we study this model for the first time in a regime where
it is not equivalent to DSI. We give new expressions for €3, the
exact trajectory and the CMB normalization. We also discuss how
inflation ends and show, contrary to a naive expectation, that it
cannot happen by the end of the slow-rolling phase. For the Pseudo
Natural Inflation (PSNI) scenario, we present new formulas for ¢;,
€3, ¢end and the trajectory. This is the first time that a slow-roll
analysis of Orientifold Inflation (OI) is made. As a consequence, all
the corresponding results are new. In particular, we demonstrate
that the model is in bad shape because it predicts a too important
amount of gravitational waves. The scenario of Spontaneous
Symmetry Breaking Inflation (SSBI) is important because it can
cover many physically different situations. This model actually
contains six different sub-models. The third slow-roll parameter,
the trajectory and the CMB normalization are new results obtained
for the first time in this paper. In the case of Dynamical Symmetric
Inflation (DSI), we present new expressions for €3, the trajectory
and the CMB normalization. Another important result is also a
careful analysis of the prior space and the limits derived on the
parameters of the model which are such that it is disfavored
by observations due to its blue tilt. For the Generalized Mixed
Large Field Inflation (GMLFI) model, we present new equations
for €; and €3 and the trajectory. Concerning the LPI models, we
have exhibited three domains in which inflation could take place,
thereafter denoted by LPI1, LPI2 and LPI3. For the Non-Canonical
Kahler Inflation model (NCKI), we provide new results for €, and
€3, the trajectory and the CMB normalization. We also analyze the
predictions for different values of 8, a parameter characterizing
the potential. We show that the case 8 < 0 is ruled out while
B > 0isdisfavored by the observations. We have also studied Loop
Inflation (LI). For this model, we give new expressions of €3, Pend,
the trajectory and its inverse in terms of a Lambert function. Also,
the slow-roll analysis is carried out in the case where the correcting
term is negative which we could not find elsewhere. In the case of
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Mixed Large Field inflation, inflation proceeds along the “0” branch above the line
W = 1in the direction specified by the arrow.

Tip Inflation (TI), we also give €3, ¢eng and the trajectory. We also
study which amounts of fine-tuning is required by the model and
finally show that it is ruled out because its spectrum deviates too
strongly from scale invariance. Many other new results are given
in this article but, as mentioned above, we do not summarize all
of them here due to space limitation. They can be found in the
sections devoted to the various models listed in Table 1.

Before concluding this introduction, let us remark that this
article and the ASPIC library represent important tools to carry out
our final goal which consists in assessing how good is a model and
in comparing the various inflationary models. This problem can
be dealt within Bayesian inference for model comparison. For this
purpose, one has to calculate, for each model, the global likelihood
which is obtained by integrating the usual likelihood over all
of the model parameter values, weighted by their respective
prior probability distribution. The resulting quantity is a number
associated with each model which gives the “evidence” that the
model explains the data [this is the number . in Eq. (1.1)]. Their
respective ratios give the odds that one model explains all data
compared to the others. Bayesian methods have the advantage
to automatically incorporate the “Occam’s razor”: complicated
inflationary models will be assigned large probability only if the
complexity is required by the data. On the practical side, these two
steps can be implemented by the use of Markov-Chains-Monte-
Carlo (MCMC) methods, which is especially well suited with the
exact numerical approach advocated before. These techniques
have already been successfully implemented first in Ref. [177], and
later on in Ref. [161], and we plan to extent them to all the models
of the ASPIC library. As a matter of fact, this will allow us to scan
the inflationary landscape in a statistically well-defined way and
to address the question of “the best model of inflation” [178-180].

This article is organized as follows. In the next section,
Section 2, we briefly summarize slow-roll inflation and give the
equations needed for the rest of this article. We also discuss the
reheating stage and explains how it can be implemented. Then, in
Section 3, we study inflationary models which, up to the potential
normalization, do not contain any free parameter (concretely, at
this stage, Higgs inflation). In Sections 4-6, we analyze scenarios
characterized by one, two and three free parameters, respectively.
Finally, in Section 7, we present our conclusions and discuss future
works. In the Appendix, we give, in the planes (n1s, r) and (¢4, €3),
the predictions of all the 74 ASPIC models.

2. Basic equations

In this section, we very briefly recall the theoretical foundations
of inflation and we present the main tools and equations that will

be used in the rest of this paper. We start by reviewing the slow-
roll phase, where the cosmological fluctuations are generated and,
then, we describe how the end of inflation and the transition to the
standard hot Big Bang phase can be modeled.

2.1. The slow-roll phase

Let us consider a single-field inflationary model with a minimal
kinetic term and a potential V(¢). The behavior of the system
is controlled by the Friedmann-Lemaitre and Klein-Gordon
equations, namely

1 [¢?
H? = W [‘i + V(d))} , (2.1)
¢ +3Hp + Vs =0, (2.2)

where H = a/a denotes the Hubble parameter, a(t) being the
Friedmann-Lemaitre-Robertson Walker (FLRW) scale factor and a
its derivative with respect to cosmic time t. Mp; = 87 G denotes
the reduced Planck mass. A subscript ¢ means a derivative with
respect to the inflaton field. In order to describe the evolution
of the background, it is convenient to introduce the Hubble flow
functions €, defined by [181,182]

dlIn e,
dN

where €g = Hiyi/H and N = In(a/aiy;) is the number of e-folds. By
definition, inflation is a phase of accelerated expansion, d/a > 0,
or, equivalently, €; < 1. As a consequence, the end of inflation is
defined by the condition €; = 1. On the other hand, the slow-roll
conditions (or slow-roll approximation) refer to a situation where
all the €,,'s satisfy €, << 1. If this is the case, then the parameters ¢,
can also be expressed in terms of the successive derivatives of the
potential, namely [17]

€ny1 = , n= Oa (2'3)

Mlgl V¢ 2
agx~x—\(—) , 24
1 > \ v (2.4)
Vo\®  Vao
€ =~ 2Mp, [(v) - v} , (2.5)
eyes = onpl | VeoeVo Voo (Vo ’ oY ' (2.6)
253 =2 Ty v \v v) | :

Therefore, a measurement of the ¢,’s also provides information
with regards to the shape of the inflationary potential.

In terms of the number of e-folds, one can decouple Egs. (2.1)
and (2.2) to get the field evolution

1 d? d dinV

9 L 90 _ _ppdinV 2.7)

3—¢;dN?2  dN do
showing that the potential driving the field in FLRW spacetime
is In[V (¢)]. This equation can be further simplified by using the
definition of €; and ¢, to get ride of the second order derivatives.
From

1 [do)\?
e1=——\-—) , 2.8
T (&) 28
one gets
€ do ,dInV

1 — = -Mj—-. 2.9
( +6—2el>dN Pdg (29)
As a result, in the slow-roll approximation, one has
d dinVv
49 _ppdin (2.10)

dN T TPde
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Fig. 12. Radiatively Corrected Massive Inflation (RCMI) for @ = 0.01. Top panels: potential (left) and logarithm of the potential (right). Bottom left panel: slow-roll parameter
€1 with respect to field values. The shaded area indicates where inflation stops. Bottom right panel: slow-roll parameters ¢, (solid line) and €3 (dotted line).

This equation can be integrated to give an explicit expression of the
classical trajectory. One arrives at

1" v
M dini V(XD
In this article, for each model, we provide the expressions of the
first three Hubble flow parameters, a determination of ¢enq, the
value of the field at which inflation comes to an end (and the
corresponding discussion) and an explicit expression of the slow-

roll trajectory Eq. (2.11).

Let us now consider the behavior of inflationary cosmological
perturbations. The evolution of scalar (density) perturbations
can be reduced to the study of a single variable, the so-called
Mukhanov-Sasaki variable vg. In Fourier space, its equation of
motion can be expressed as [6-8,16]

"
NG
v+ |:k2 — (1)j| ve = 0.
a./€1

Here, a prime denotes a derivative with respect to conformal
time and the quantity k is the comoving wave number of the
Fourier mode under consideration. This equation is the equation
of a parametric oscillator, i.e. an oscillator with a time-dependent
frequency. The time-dependence of the effective frequency is
controlled by the dynamics of the background, more precisely
by the scale factor and its derivatives (up to fourth order). The
quantity vy, is related to the curvature perturbation ¢ through the
following expression:

N — Nipi = (2.11)

(2.12)

1 Uk

- MT:I a«/2€, ’
The importance of ¢ lies in the fact that it can be viewed as
a “tracer” of the fluctuations on super-Hubble scales, i.e. for all
kn <« 1, where n denotes the conformal time. Indeed, in the

Tk (2.13)

case of single-field inflation, this quantity becomes constant in this
limit. Therefore, it can be used to “propagate” the perturbations
from inflation to the subsequent cosmological eras. The statistical
properties of the fluctuations can be characterized by the n-point
correlation functions of ¢. In particular, the two-point correlation
function can be written as an integral over wave numbers (in a
logarithmic interval) of the power spectrum #; (k), which can be
expressed as

k3 k3
ﬂ’z(k) = ﬁ |§‘k|2 = m

Uk
a./e1

In order to calculate £, (k), one needs to integrate Eq. (2.12), which
requires the knowledge of the initial conditions for the mode
function vy. Since, at the beginning of inflation, all the modes of
cosmological interest today were much smaller than the Hubble
radius, the initial conditions are chosen to be the Bunch-Davis
vacuum which amounts to

2
, (2.14)

1 .
lim v = ——e 0, (2.15)

kn—+o00 2k

where # = aH is the conformal Hubble parameter.

The evolution of tensor perturbations (or primordial gravity
waves) can also be reduced to the study of a parametric oscillator.
The amplitude of each transverse Fourier mode of the gravity wave,
i (n), obeys the following equation

(2.16)

We notice that the time-dependence of the effective frequency
differs from that of the scalar case and now involves the derivative
of the scale factor up to second order only. It is then straightforward
to determine the resulting power spectrum. From a calculation of
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Fig. 13. Radiatively Corrected Quartic Inflation (RCQI) for @ = 0.8. Top panels: the potential and its logarithm as a function of the field values. Bottom left panel: slow-roll
parameter €1. The shaded area indicates where inflation stops. Bottom right panel: slow-roll parameters ¢, (solid line) and €3 (dotted line). The shaded region for ¢, and €3

shows where the slow-roll approximation is violated for that value of «.

the two-point correlation function, one obtains

2
Pu(k) = .

2k Mk
| 217
- | ; (2.17)

In order to calculate this quantity, the equation of motion Eq. (2.16)
needs to be solved. As it is the case for density perturbations, the
initial state is chosen to be the Bunch-Davies vacuum.

The power spectra can be computed exactly by means of a
mode by mode integration of Eqgs. (2.12) and (2.16), which also
requires an exact integration of the background, i.e. of Egs. (2.1)
and (2.2). As discussed in the introduction, this can be done
with the help of publicly available codes such as FieldInf. We
have seen above that the slow-roll approximation can be used
to calculate the classical background trajectory. Quite remarkably,
the same approximation also permits the derivation of the scalar
and tensor power spectra. This involves a double expansion. The
power spectra are expanded around a chosen pivot scale k, such
that

P (k) k a L[k

—— =aq+aln|{—)+=In"{—)+---, 2.18
P, 0 ! (k*) 2 ks ( )

where

Pry = H? Ppy = 2H? (2.19)
o= 8w2eME’ ho = My’ ’

and, then, the coefficients g; are determined in terms of the Hubble
flow functions. For scalar perturbations, one gets [145,146,182-

187,187-189]
S n?
a = 1-2(C+1)e —Cey + <2c2+2c+7—f)e§

) 7m? 1, =° )
+ C _C+?—g 6162“1‘ EC +§_1 62

Y RYC I (2.20)
— = — | €2€3, .
2 24) 3
a® = —2¢; — €, +2(2C + 1)e? + (2C — Ve,
+Ce2 — Ceyes, (2.21)
a;s) = 4612 + 2€165 + e% — €€3, (2.22)

where C = y +1n2 — 2 & —0.7296, y; being the Euler constant,
f = 5and g = 7. For the gravitational waves, the coefficients g;
read

2
o = 1—2(C+1)61+<2C2+2C+%—f>ef

2
P T
+ (—c —20+ 5 - 2) €162, (2.23)
al’ = —2¢; +22C + 1)e? — 2(C + Deey, (2.24)
al? = 4e? — 2¢16,. (2.25)

The Hubble flow functions are time-dependent quantities such
that in the above expression, it is understood that they should be
evaluated at the time at which the pivot scale crosses the Hubble
radius during inflation, i.e. at a time 7, such that k, = #(n,). Let
us notice that setting the pivot at another time affects the previous
expression. For instance, setting 7, such that k,n, = —1 would
set f = 3 and g = 6. We will see below that this introduces a
dependence in the parameters describing the reheating stage.
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Fig. 14. Natural Inflation (NI). Top left panel: potential for f/Mp = 1.5. Top right panel: logarithm of the potential for the same value of f. Bottom left panel: slow-roll
parameter €; for a potential with f /Mp = 1.5. The shaded area indicates the breakdown of the slow-roll inflation (strictly speaking when the acceleration stops). Bottom
right panel: slow-roll parameters €, (solid line) and €3 (dotted line) for a potential with f /Mp; = 1.5.

The properties of the power spectra can also be characterized
by the spectral indices and their “running”. They are defined by
the coefficients of the Taylor expansions of the power spectra
logarithm with respect to In k, evaluated at the pivot scale k.. This
gives

dlnﬂ’;
ng—1=
> dink

dll‘lf/’h
) nr =
. 7 dink

For the runnings, one similarly has the two following expressions

(2.26)

ke

_ dZIHP{

dz In P
s = =
>~ d(nk)?

= d(nk)?

(2.27)

’

Ky

Ky

and, in principle, we could also define the running of the running
and so on. The slow-roll approximation allows us to calculate the
quantities defined above. For instance, we have at first order in the
Hubble flow parameters

(2.28)

Let us also notice that the tensor-to-scalar ratio at leading order
can be expressed as

Tl5=1—2€]—62, TlT=—261.

Ph
o

s

r= = 16¢,. (2.29)
In the rest of this article, we give the observational predictions of
each inflationary model of the ASPIC library in the planes (e, €;)
but also (n1s, 1).

Each inflationary model must also be CMB normalized, that is to
say the amplitude of the power spectra, say at k = k., is completely
fixed by the amplitude of the CMB anisotropies measured today. On
the largest length scales, this is given to a good approximation by
the CMB quadrupole Qums_ps/T = /5C,/(4m) ~ 6 x 1075, where
T =~ 2.725K is the CMB blackbody temperature. This is achieved

if P, >~ 60 Q.2 ps/T% Using the slow-roll approximation of the
Friedmann-Lemaitre equation and writing the potential as V (¢) =
M*v(¢), such that the mass scale M is singled out, one arrives at

4
(£> — 1440721 M
Mp v(gs) T2

This is a model-depend expression (it depends on v) in which we
have rendered explicit the dependence in the pivot time. On a
more robust basis, CMB data are strongly constraining the value
of P, = #;(k,) and supplementing the Planck CMB temperature
likelihood by the WMAP large-scale polarization data, one gets the
one-sigma confidence interval

In (10'°P,) = 3.092 + 0.026, (2.31)

at k, = 0.05Mpc~!. This constraint and the one- and two-sigma
contours in the planes (€1, €3) and (ns, r) represented in all the
figures have been obtained from a slow-roll analysis of the Planck
data. Since the analysis is in all point identical to the one of the
WMAP seven years data performed in Ref. [64], we do not repeat it
here. The interested reader can find all the details in the Appendix B
of Ref. [64]. Moreover, in order to get a robust inference, we have
used the second order expression for the power spectra. Therefore,
all the results presented below are marginalized over the second
order slow-roll parameters.

Since at leading order in the slow-roll expansion we have P, >~
HZ?/(87%€1.M}), the Friedmann-Lemaitre equation allows us to
derive the relation

(2.30)

M 4 5 €1x
— ) =24x7 P., (2.32)
Mp v(y)
which is, as expected, formally identical to Eq. (2.30) with
2
Gims rs _ 60P,. (2.33)

T2
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Fig. 15. Exponential SUSY Inflation (ESI) for ¢ = +/2. Top panels: the potential and its logarithm. Bottom left panel: slow-roll parameter ¢;. The shaded area indicates
where acceleration stops. Bottom right panel: slow-roll parameters €, (solid line) and €3 (dotted line). For those, the shaded region signals the breakdown of the slow-roll

approximation but not necessarily the end of the accelerated expansion.

It has however the advantage of using P, which is a well
inferred quantity because it is fitted against all the C,. In the
following we will make no-distinction between the so-called COBE
normalization and the CMB normalization, both being identical
provided the above equation is used. For each inflationary model,
these expressions will completely fix the allowed values for M.

We have shown how to calculate the two point correlation
functions in the slow-roll approximation. The next logical step
would be to determine the higher correlation functions. However,
for the type of models considered here (i.e. category IA models), it
is well-known that the corresponding signal is so small that it will
stay out of reach for a while [115-119]. Therefore, we now consider
the question of how to calculate the values of €; and €; when the
pivot scale exits the Hubble radius and how this result depends on
the details of the reheating period.

2.2. The reheating phase

In the last subsection, we have seen that the power spec-
trum (2.18) can be calculated with the help of the slow-roll ap-
proximation and expressed in terms of the Hubble flow parame-
ters evaluated at Hubble radius crossing. Here, we briefly explain
how these Hubble flow parameters can be determined. It is easy
to calculate €4, €; and €3 as a function of ¢ from Egs. (2.4)-(2.6).
Then, from the trajectory (2.11), one can calculate Ngyq, the total
number of e-folds during inflation and N,, the number of e-folds
at the point when the pivot scale crosses the Hubble radius. If we
denote by { the following primitive

V()
4 = dyr,
@) / Vy (¥) v

(2.34)

which is also the slow-roll trajectory of Eq. (2.11), then we have

1
Nena = _Migl [1(¢end) - 1(¢ini)] s

e (2.35)

N* = _MT% [1((1)*) - 1(¢ini)] s

where ¢, is the vacuum expectation value of the field, again
evaluated when the pivot scale crosses the Hubble radius. From
these two expressions, it follows that

¢ = 47" [L(Pens) + My AN, ], (2.36)
where AN, = Neng—N,. Inserting this formula into the expressions
of the Hubble flow parameters allows us to find €,,, and, therefore,
r and ns.

However, in order to make the above-described calculation
concrete, we need to say something about the quantity AN,. As
was explained in details in Ref. [64], this requires to take into
account the reheating stage. Let p and P be the energy density
and pressure of the effective fluid dominating the Universe during
reheating. Conservation of energy implies that

N

[1 4+ ween (n)] dn} , (2.37)

P (N) = pend €XP [—3/
N,

end

where wy, = P/p is the “instantaneous” equation of state
during reheating. One can also define the mean equation of state
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parameter, Wren, by*

o 1 Nreh

Wreh = AN /[;end Wren(M)dn, (2.38)
where

AN = Nrep — Nend, (2.39)

is the total number of e-folds during reheating, N, being the
number of e-folds at which reheating is completed and the
radiation dominated era begins. Then, one introduces a new
parameter

4
R = Qend (pend) i
Qreh \ Preh
where p.p, has to be understood as the energy density at the end
of the reheating era, i.e. p(Nren). This definition shows that R;,q
encodes any deviations the reheating may have compared to a pure

radiation era. In fact, R;,q completely characterizes the reheating
stage and can be expressed in terms of

(2.40)

AN _
In Rrad = T (—1 +3 wreh) B (2.4])

which renders explicit that if wy, = 1/3, i.e. the effective fluid
during reheating is equivalent to radiation, then reheating cannot
be distinguished from the subsequent radiation dominated era. In
this case, one simply has R,g = 1. Let us notice that it is also
possible to express (or define) In R;,q as

1 — 3 Wen Preh
INRyg = ————— In .
12(1 + Wren) Pend
Using entropy conservation till the beginning of the radiation era,
the redshift at which inflation ended can be expressed in terms of

(2.42)

Riaq as
1 ( pena " .

14 Zena = — ( — ) . Py = Qrenpy. (2.43)
rad \ Py

The quantity p, = 3HiMA$2, is the total energy density of

radiation today ($2, 2.471 x 107°h72) while Q. =

qg/ 3greh / (qfefgo) is the measure of the change of relativistic
degrees of freedom between the reheating epoch and today. In this
expression g and g respectively denotes the number of entropy
and energetic relativistic degrees of freedom. In view of the current
CMB data, the precise value for @y, is unimportant as this factor
has only a minimal effect. At most it can shift the values of In R;,q
by a @(1) number.

Then, straightforward considerations [64,190] show that the
quantities AN, and R;,4 are related by

1 9 v,
AN, = InRaq —N, — ~In| ———— =™
4 €1x(3 — €1ena) Vs

1
+ n In(87%P,), (2.44)

3 Inthe figures, e, has been denoted by w for simplicity.
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Fig. 16. Lambert functions Wp(x) (dashed line) and W_;(x) (solid line). During
Exponential SUSY inflation, inflation proceeds along the “—1” branch in the
direction specified by the arrow on the figure.

where we have defined*

k.
N, = ln( ~1//Cflo> ,
Py

which roughly measures the number of e-folds of deceleration
of the Friedmann-Lemaitre model. From Eq. (2.42), we see that
the quantity InR;,q is not arbitrary since —1/3 < Wy < 1
and ppue < Preh < Pend- Notice that the range allowed for
Wrenh Might be extended to smaller values if one allows a phase
of acceleration to take place at lower energy than pepqg, Such as in
thermal or multistage inflation [191,192]. The quantity AN, is also
constrained to vary in a given range, i.e. AN, € [AN}", AN:“d].
Moreover, this range is model-dependent since pepg O Veng/Vi
differ for different inflationary scenarios. In fact, for each allowed
value of In R;.q4, Eq. (2.44) must be viewed as an algebraic equation
allowing us to determine the corresponding ¢.. Explicitly, using Eq.
(2.35), this equation reads

1
Mz,

(2.46)

1
[4(¢s) — L(@end)] = InRrag — N, — Z In

« { 9 V(¢end)
€1(9)[3 — €1(Pena)] V(9:)

In general, this equation can not be solved explicitly (except for
LFI models, see Ref. [64]) and we have to rely on numerical
calculations. Solving for each allowed value of InR;.4, One can
determine the range of variation of ¢, € [qu}”c,q&:“d] and,
therefore, find the corresponding dispersion in r and ns. In this
paper, this task is carried out for all the models of the ASPIC
library. Let us notice that it is compulsory to do so otherwise,
assuming blindly say AN, € [40, 60], would lead to inconsistent
reheating energy densities, either larger than penq or smaller than
Pnuc- Clearly, this method also allows us to put model-dependent
constraints on the reheating temperature. Indeed, for some values
of pren, the corresponding €, will turn out to be outside the 1o
or 20 contours (depending on the criterion one wishes to adopt)

1 2
} + 2 In(87“P,.). (2.47)

4 One may also wonder about the influence of the cosmological constant on this
result. In fact, one can show that it leads to a negligible correction. Indeed, it simply
amounts to redefining N, by

1 0,03 3 4
N, = N, + = In 1—#<gﬂ) (q—")

3 ‘Qdm 8o Geq
which is clearly a very tiny modification (the subscript “eq” denotes quantities at
the equivalence time between radiation and matter).

(2.45)
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Fig. 17. Power Law Inflation (PLI) for « = 0.3. Top panels: power law potential (left) and its logarithm (right). Bottom left panel: slow-roll parameter €;. Bottom right panel:
slow-roll parameters €; = €3 = 0. On these plots, the shaded area indicates the region where slow-roll is violated.

thus signaling some tension with the data, see the discussion in
the Introduction and Fig. 2.

Let us emphasize that the parametrization presented in this
section is independent on the microphysics of reheating and we
do not need to specify explicitely the couplings of the inflaton
field with the rest of the world. In particular, preheating effects
on the background evolution are already taken into account with
the present framework. Furthermore, at the perturbed level, they
cannot influence the shape of the large scale power spectrum for
the class of models considered here [58].

Before closing this section, let us remind that, for each
inflationary model, ASPIC gives the expression of the first three
Hubble flow parameters, a discussion of the mechanism that ends
inflation and the value of ¢enq, the classical trajectory 4(¢), the
CMB normalization M /Mp and a determination of the exact range
[V, q’):"d]. Then all these information are compared to CMB data
in the planes (¢4, €;) and (ns, r). This provides a powerful tool to
systematically derive the predictions for the ASPIC models and,
therefore, to scan the inflationary landscape. In the next section,
we start the systematic exploration of the category IA models that
have been studied in the literature since the advent of inflation.

3. Zero parameter models
3.1. Higgs inflation (HI)

3.1.1. Theoretical justifications

This model postulates that the inflaton field is the Higgs field h
(recently discovered at the Large Hadron Collider, see Refs. [193,
194]) non-minimally coupled to gravity, see Refs. [195-198].
Indeed, one can argue that, in curved spacetime, the simplest
model compatible with our knowledge of particle physics is
described by a Lagrangian which is the standard model Lagrangian
plus an extra term of the form £H'HR. This last term is compulsory

since, in curved spacetime, it will automatically be generated by
quantum corrections [199]. In the Jordan frame, the action of the
model can be written as

\ 12
S= M7 [ d*x/—Z [F (R —Z () §""8,hd,h —2U (1)]. (3.1)

The quantity M is a mass scale that, for the moment, is not
identified with the Planck scale and the tensor g,, denotes the
metric in the Jordan frame (in what follows, all the quantities with
a bar denote quantities evaluated in the Jordan frame; quantities
without a bar are quantities evaluated in the Einstein frame). The
three functions F(h), Z(h) and U(h) completely characterize the
model and are chosen to be

F(hy =1+¢&h*,  Z(h) =1,
_A v2 2 (3.2)
Uh) = M= (hz - _7> ,
4 M2

where £ is a new dimensionless parameter and U(h) is the
standard Higgs boson potential with v the Higgs (current) vacuum
expectation value and A the self-interacting coupling constant.
Here, the field h is dimensionless (as the functions F and Z) while
the potential U is of dimension two. The effective gravitational
constant (measured in Cavendish-type experiments) is given
by Ref. [200]

11 2(1+ Eh?) + 16£2h? (33)
M2~ M2 (1+ERD)[2(1 + ER2) + 1262h2] '
Since, today, one has h =~ v/1\71 < 1, it follows that M ~ Mp with
very good accuracy and, from now on, we will always consider that
this identification is valid.

The above-described model can also be written in the Einstein
frame where the corresponding slow-roll analysis is easier.
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Fig. 18. Top left panel: Kdhler moduli inflation (KMII) potential for « = 1.5. The two arrows indicate the two regions of the potential where inflation can take place. Top
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line) for @ = 1.5. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Denoting the metric tensor in this frame by g,,, the action now
takes the form

R 1
S= 2Ml%1 f d4X\/ —& [4 - Eglwauxavx -w (X)] , (3.4)
where the fields h and x are related by

dx  V1+&E0+66)h?
dh 20148k

and the potential is given V. = 2Mj3W = MjU/F% Notice
also that the canonically normalized field in the Einstein frame
can be expressed as ¢ = ~/2Mpx. It is also important to recall
that, in the Einstein frame, matter is now explicitly coupled to the
scalar field ¢. This has of course important consequences for the
description of the reheating period, see Refs. [201-203] and below.
The differential equation (3.5) can be integrated exactly and the
result reads

_[146E .
X _\/?arcsmh[h 5(14—65)]

£+/6h
J1+EA+66)R2 |

The inverse hyperbolic tangent is always well-defined since its
argument is always smaller than one. This exact formula between
the Einstein and Jordan frame fields was also derived in Ref. [201].
In fact, we are interested in the regime £ > 1 and £h > 1.In this
case, one can derive an approximated expression for . Notice that
this limit must be carefully calculated because if one just replaces
1 + 6& with & in the above expression, one finds that x = 0!.

(3.5)

—4/3arctanh |: (3.6)

Using the identity arcsinhx = In (x + 41+ xz), the first term in

Eq. (3.6) can be approximated as /3 In (25 «/éh). Then, one can

use the identity arctanhx = 1/21In[(1 4+ x)/(1 — x)] and expand
the argument of this logarithm in 1/£ and 1/(£h)2. One finds that
the latter reduces to 24£2h? /(1 + £h?). Finally, combining the two
terms in Eq. (3.6), one arrives at

X ? In (14 &h%). (3.7)

The same expression can also be directly derived from Eq. (3.5)
which, in the regime studied here, can be approximated as

dx _ +/6&h

dh — V2(1+£h?)’
The solution to this equation is exactly Eq. (3.7). The last step
consists in inserting the expression of h in terms of x (and,

therefore, in terms of ¢) into the definition of the potential V in
the Einstein frame. This leads to the following expression

(3.8)

V(g = Mk (1 - e*md’/mm)z. (3.9)
42

Interestingly enough, the parameters £ and A enter the potential
only through its overall amplitude. In the following, we define
M by M* = Mj1/(4&%). In this sense, Higgs inflation is a “zero
parameter model” since the scale M is entirely determined by the
amplitude of the CMB anisotropies.

More recently, in Ref. [204], a supergravity realization of this
model was presented. We now briefly review how this can be
achieved. The model is based on no-scale supergravity and has
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Fig. 19. Lambert functions Wy (x) (dashed line) and W_;(x) (solid line). During
Kahler moduli inflation, inflation proceeds along the “—1" branch in the direction
specified by the arrow.

two fields, a modulus T and the inflaton ¢. The Kdhler and super-
potentials are given by K = —3In (T + T — [¢[*/3) and W =
fip? — A¢3/3, respectively. The quantities i and A are constants
characterizing the model. It follows that the Kdhler matrix and its
inverse can be written as

S e S er)y [ e ThT 6o
3 2

Then, assuming that the modulus is stabilized such (T + T') =
cand (T — T') = 0, one obtains the following Lagrangian:
—c|d, @2/ A% — |0W /9¢|*/ A? where A = ¢ — |¢|?/3. The next
step consists in introducing the fields x and y defined by ¢ =
+/3c tanh [(x + iy) /\/5]. Expressed in terms of these two fields,

the previous Lagrangian takes the following form

Lefr = _2c052(1\/73y) [(aux)z + (auy)Z]
w? 1

2 2cos? (v/2/3y)

o [2) (3]

where 4 = [i4/3/c. In order to obtain this formula, we have
crucially assumed that

=L

3
The form of the effective Lagrangian has also been studied in
Ref. [204] in the case where this relation is no longer valid. The
last step consists in remarking that y = 0 during inflation. If we
expand the above Lagrangian about y = 0, then the field x is
canonically normalized and the potential becomes precisely the
one of Eq. (3.9). Therefore, it constitutes another scenario where
this potential arises. Let us also notice that other approaches based
on superconformal D-term inflation also lead to the Starobinsky
model [205]. Various multifield extensions have also been studied
in which the inflationary phase can still be described by the one-
field Higgs potential [206-208].

(3.12)

(3.13)

3.1.2. Slow-roll analysis
Having established the shape of the potential, namely

Vi) =m* (1~ e*mww)z , (3.14)

we can now proceed to the slow-roll analysis. For convenience, let
us define in the following x = ¢/Mp,. Then, the first three slow-roll
parameters are given by

_ A ()7 _ 2. (2]
€ = 3 (1 e ) s € = 3 [smh(\/g)] s 1)
2 X b
€3 = 5 |:C0th (%) — ]] coth <%> .

These quantities are represented in Fig. 5 (left and right bottom
panels) together with the potential.

In this model, as can be noticed on these plots, inflation stops by
violation of the slow-roll conditions. The condition €; = 1 occurs
for X = Xenq Where Xenq can be expressed as

3 2
Xend = 5ln 1+ﬁ ~ 0.94.

In fact, before the end of inflation, the slow-roll approximation
breaks down when €, becomes greater than 1. This happens for
X = X¢,—1 Where

2
Xey—1 = V6 arcsinh <\/;) ~ 1.83.

The third slow-roll parameter €3 also becomes greater than
one before the end of inflation (but after the second slow-
roll parameter has become unity). The corresponding vacuum
expectation value can be written as

2

Xez=1 V6 arctanh (1 N ﬁ) 1.51.
In the case where the inflaton field is interpreted as the Higgs
field, these three vacuum expectation values do not depend on the
parameter & since this parameter is “hidden” in the mass scale M.

We are now in a position where one can calculate the slow-roll
trajectory. Using Eq. (3.14), it can be integrated exactly and yields
to

1 /3 3 2 2y
N — Nipj = 5\/;@ — Xini) — 2 (e\/:X - e\/zx”“> )

In the regime where x > 1, the last term is dominant and this
is the one usually considered in the literature, see Ref. [195]. The
trajectory can be inverted and expressed in term of the “—1-
branch” of the Lambert function W_1, leading to

314 2 2,
x= \E {3” + \E"mi - el
4 2 2,
- W_4 |:— exp <3N + \/;Xini _ e\/;x,m)i” .

The fact that inflation proceeds on the —1 branch of the Lambert
function W_1, as can be seen in Fig. 6, can be justified by the
following considerations. When N = 0, the value taken by the
Lambert function is — exp(+/2/3xiy;), which is smaller than —1.
On the other hand, if x = 0, the value given for N by Eq. (3.19)
can be inserted in Eq. (3.20) and one finds that the argument of the
Lambert function is —1, i.e. the connection point between the —1
branch and the 0 branch. Therefore inflation takes place between
these two points.

Finally, the value of the inflaton field, x,, calculated AN, =
Nenda — N, e-folds before the end of inflation reads

=3 2) (14 2)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Fig. 22. End of inflation in Coleman-Weinberg inflation. The approximated
formula of Eq. (4.170) for Xenq (red dashed line) is compared with the exact
numerical solution of €; = 1 (blue solid line), for « = 4e, in the physically relevant
range of values for Q /Mp,. The agreement is obviously excellent.

4 2
—-W_4 {—exp [—gAN* + In <1 + 7)

o)

In principle, inserting this formula into the expressions of the slow-
roll parameters (3.15) allows us to determine the observational
predictions of the model.

At this stage, however, a comment is in order about reheating in
the case where the inflaton field is the Higgs field (these remarks
do not apply to the supergravity realization of the model). As
explained above, all the previous considerations are derived in the
Einstein frame. In this frame, matter is not universally coupled to
the metric tensor and, therefore, it is compulsory to re-consider
the parametrization presented in Section 2.2. In the Einstein frame,
the matter action is given by Spac[v, A® (¢)g,v], where  denotes
some generic matter field and g,, = F(h)g,, withA = F~1/2,
see Ref. [200] (quantities in the Jordan frame are denoted with
a bar). In the Jordan frame, the energy density of a (conserved)
fluid with a constant equation of state w = p/p scales as p «
a3+ while, in the Einstein frame, p « A%p oc A1 73w g—30+w)
since the scale factors in the two frames are related by a =
Aa. As explained in Ref. [64] and briefly reviewed in Section 2.2,
the dependence of the observational predictions on reheating
originates from the gradient term k/#¢ present in the Mukhanov-
Sasaki variable equation of motion. In order to evaluate concretely
this term, one must relate the comoving wave-number k during
inflation with physical scales measured now. Clearly, this depends
on the whole history of the Universe and, therefore, explains why
the final result depends on the reheating duration. In the Einstein
frame, one can show that the gradient term takes the standard
form, namely

(3.21)

ko eNend=N 74
x_ x <pend) _ (3.22)
H H ao Py Rrad
with
1-3
INReyq = Wreh In <preh >
12(1 + wren) Pend
1-3 A
—$ln <‘°*‘) , (3.23)
3(1 + wreh) Aend

where wee, is the equation of state of the effective dominant
fluid during reheating. In the above expressions, it is important to
emphasize that all the quantities are defined in the Einstein frame
and that the non-standard scaling of the various energy densities

(pressure-less matter and radiation) has been systematically taken
into account. All the extra terms cancel out except in the definition
of the parameter R;,4 where there is an additional term depending
on the function A. Remarkably, this additional term is exactly such
that the parameter R;,4 in the Einstein frame can be re-expressed
in terms of the energy densities in the Jordan frame only, namely

1 — 3wpen In (/_)reh)
12(1 + wren) Pend
Let us stress again that the above equation has an unusual form: it
is a quantity in the Einstein frame expressed in terms of quantities
defined in the Jordan frame.

It is also important to notice an additional limitation compared
to the standard case: in presence of non-minimal coupling to
gravity, our parametrization of the reheating stage works only for a
constant equation of state w., while in Ref. [64] it was valid for any
Wren. We now explain the origin of this limitation. In the Einstein
frame, the general expression of the parameter R;,q is given by

1/4
1 _ (M’eh) / Qreh
Rrad Pend Qend
In order to obtain Eq. (3.23) from that formula, one should
express the Einstein frame scale factor in term of the energy
density p. If the equation of state wye, is a constant, then a
AU—3wren)/G+3wren) g=1/(3+3wren)  Thjs js what has been used above
and this led to Eqgs. (3.23) and (3.24). But let us now assume that
Wren iS NOt a constant (notice that one always has w = w since the

energy density and the pressure scales with the same power of the
function A in the Einstein frame). Then, p and a are related by

In Rrad =

(3.24)

(3.25)

dp dA da

— = (1 = 3wren) — — 3 (1 + Wren) —. (3.26)
A a

If A is a constant, one can always write [64]

Qreh _ (Preh )]/(3+3wreh) ’ (3.27)

Qend Pend

where Wy, is the mean equation of state during reheating, namely

1 Nreh
/ Wren (M)dn. (3.28)
N,

Weeh = —————
reh Nreh - Nend
If A and w,en, however, are not constant, it is no longer possible
to express the final formula in terms of w,en. In particular, we do
not obtain a term A!~3"reh a5 desired. Therefore, in what follows,
we restrict our considerations to the case where the effective fluid
dominating the matter content of the Universe has a constant
equation of state.

Then, from Eq. (3.22), one can re-express R;q in terms of
quantities defined at Hubble radius crossing. One obtains

k/a 1 H?
AN, = InRpq — In /1/2 +fln< - )
Py 4 M1+

1 ] ( 3 Vend 3 - €1x )
——In{ — — ).
4 €1x V* 3— €1end
Of course, this equation resembles a lot Eq. (2.44) but one has
to realize that it involves quantities defined in the Einstein

frame only. The term In [(k/ao) /pf,“] = In [(k/ao) /,5;/4]
and, therefore, its numerical value remains unchanged. The other
quantities appearing in this equation are obtained using our
standard procedures since they refer to the inflaton sector only.
Then, the range of variation of AN, in Eq. (3.29) is determined by
putting limits on In R4 coming from the fact that reheating must
proceed between the end of inflation and the BBN. This means that

end

(3.29)
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the physical value of the energy density, that is to say pren, must
be such that ppee = (10 MeV)? < Pren < Pend. We emphasize
that physical limits must of course refer to quantities defined in
the Jordan frame. But, precisely, we have shown that In R;,q in the
Einstein frame can be expressed according to the standard formula,
provided the energy densities in the argument of the logarithm
are Jordan frame energy densities. Therefore, in practice, we have
AN, € [AN}™, ANS™| with

H 1
AN = —N, +In (*> ——1In (pe1d> ,
M) 4\ M

where all the quantities in the above equation are calculated in the
Einstein frame and, hence, are directly available since they are, by
definition, the outcomes of the ASPIC library code. The other limit
can be expressed as

H 1 0
AN = =N, +1In (*) ——In ('Oelld>
Mp 31+ w) M3
1—-3w Pruc
——  In .
12(1 + w) My,
The quantity pn, is defined in the Jordan frame but its value
is explicitly known, see above. On the other hand, we need to

evaluate penq since the code only delivers penq. By definition, we
have

(3.30)

(3.31)

Pend 2
% = Fezmjpend = (1 + ghgnd) Pend-

end

Pend = (3.32)

But 1 + g>:hgnd = 62Xend/\/§ and Xend = ¢end/(\/§MPI) = \/§/2
In (1 +2/ \@) As a consequence, the relation between the two

final energy densities in the two frames can be written as

_ 2\’
Pend = <1 + 7) Pend = 2.15 Pend. (3.33)

V3
Therefore, the lower bound is only slightly modified (recall
that penq appears in a logarithmic term). Anyway, given the
uncertainty in the definition of py., it is irrelevant to include
this tiny correction in our determination of AN,. Consequently,
we conclude that the range of variation of AN, can be obtained
without modifying anything to our usual way to calculate it and
one can use the ASPIC code without introducing these negligible
corrections. Of course, if one considers that the potential studied
here comes from supergravity, the above considerations just not
apply and one can work with the standard approach.

The reheating consistent observational predictions of Higgs
inflation are represented in Fig. 81 where we have displayed their
dependence in the reheating temperature defined in the Jordan
frame by gl/ 4Treh = (BObreh/nz)l/ 4. Notice that, a priori, the
reheating temperature can be calculated exactly in Higgs inflation
since all the couplings between the Higgs and the other fields in
the standard model are known [201]. This gives a spectral index
which is in good agreement with the data and a small contribution
of gravity waves. At this stage, in the Higgs case, we do not have
constraints on the parameter £ since it is hidden in the mass scale
M. Its observational value therefore comes from the amplitude of
the CMB anisotropies and reads

M4 2 -4 2 2

— =19207% (1 - o/3x) g2/ Gmers. (3.34)
Mg, T2

Upon using the trajectory given by Eq. (3.21), the mass scale M
can be written as M /Mp, ~ 0.02 (AN,)~>/?, which for the fiducial

value AN, = 55, implies that M ~ 4 x 10~>Mp,, i.e., roughly
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speaking, inflation takes place at the GUT scale in this model. Then,
using this expression of M, one obtains the following numerical
value for the parameter &,

£ ~ 49000+/1, (3.35)

where we have considered A = my/v, with v >~ 175 GeV and
my >~ 125 GeV (see Refs. [193,194]). These considerations are
in agreement with the conclusions obtained in Refs. [195-197].
Notice such a large value for the coupling constant £ has been
considered problematic [209]. If we now consider the supergravity
realization of the model, one obtains a constraint on the parameter
i1, that is to say if one takes ¢ = 1 on w and A, see Ref. [204].

4. One parameter models
4.1. Radiatively corrected higgs inflation (RCHI)

4.1.1. Theoretical justifications

Let us consider again the model given by Eq. (3.1). The three
functions describing this action are modified when quantum
corrections are taken into account. As a consequence, the potential
which supports inflation is also modified and this leads to a
new inflationary scenario that we call Radiatively Corrected Higgs
Inflation (RCHI). This scenario has been studied in Refs. [210-215].
At first order, the corrections to the function Z (h) can be neglected
while the corrections to F(h) and to U (h) read

C M?h?

F(h) = 1+ &h* + —— %1 P ), 4.1
(h) +&h* + 62 n( 2 (4.1)
A w?\2 A M2 h?

Uh) =M3= (- — — _M2h%1 ) 42
® ”4( Mgl) T gg u? (42)

where p is the renormalization scale and A and C are two new
constants given by

— 3 4 2 /2 4 3
A_ﬁ[zg +(g te )—16Yr]+6k+(9(€ ), (4.3)
C=36.+0(). (4.4)

¥t being the Yukawa coupling of the top quark and g and g’ the
coupling constants of the SU(2); and U(1)y groups. The presence
of quantum corrections modifies the relation between the Jordan
and the Einstein frames and changes the shape of the potential
in the Einstein frame. Assuming the smallness of A/(327%) < 1
and C/(8m2€) « 1, which is necessary for the consistence of the
one-loop calculation (the second condition is in fact equivalent to

CA/(8m?) « 1 because C is proportional to £), one obtains the
following expression

Mpxr  &%R* [ g2 C (Ml%th )
V ~ 1— In
482 (14 &n2)? 1+&h* 828 w?

N A M2 h?
n .
3272 w2

Of course, if A = C = 0, one checks that this potential reduces
to the potential of the previous section. Notice that, at this stage,
we have not assumed that £h? > 1. If we further postulate that
£h? > 1 and approximate £2h*/ (1 + Shz)2 ~ 1 —2/(£h?), then
the above formula reduces to

M3 2 A Mpih
V> 1—— + Inl —)|.
42 &Eh? 1672 “w

where A; = A — 12X is the inflationary anomalous scaling. This
formula coincides with Eq. (6) of Ref. [212] and Eq. (9) of Ref. [214].
Although the above formulas give V in the Einstein frame, it is still
expressed in term of h. The expression for the field in the Einstein
frame, x, remains to be established. Assuming the smallness of the
loop corrections (but, here, we do not yet assume that £h% > 1),
we obtain

dy V/3he [ C C 1 (Mp1h>:|
—— ~ 1+ In{f— ).
dh ~ (1+&h?) 16728 8m2E 1+ £h? n

(4.5)

(4.6)

(4.7)

Notice that, in order to obtain this equation, we have neglected a
term proportional to 1/(§h)?> <« 1. Contrary to the assumption
£h% > 1, the condition (£h)? > 1 was also used in Section 3.1.
Then, the integration of this differential equation leads to

3 3C 1 Mpih
X:£ln(l—|—$h2)+ V3 Inh— In —=)].
2 1672& 1+ &h? I
(4.8)
Using only now the limit £h? >> 1, this expression reduces to
V3 V3C
~ "~ In(&h? Inh. 49
X = n (& )+16n2§n (4.9)

As expected the relation between the Jordan frame field h and the
Einstein frame field x is modified by the quantum corrections.
Inverting the above formula gives

£V2h ~ eX/IV3 _ Lex/x/§ <L _ %mg) )

To7E 7 (4.10)
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This equation allows us to find the expression of the potential in the
Einstein frame. Inserting Eq. (4.10) into Eq. (4.6) and introducing
the canonically normalized field ¢ = +/2Mp x, one obtains

M2x C
V() ~ P12 1— Ze—2¢/(\@M1’l) _ >
4 4r§
1
 o~26/(+/6Mp)) (‘7’ — 5)
V6Mp 2

A Mp A ¢
+ In +
1672 u/E 1672 /6Mp
O Y - S 4
~ 1—2e + .
452 1672 /6Mn,

We see that we now deal with a “one parameter model”, A;, since
the mass scale M* = Mj1/(4£?) is determined by the COBE
normalization. In the case A; = 0, it is also interesting to compare
the above potential with the one given by Eq. (3.9). We see that this
corresponds to assuming that the exponential e=2¢/VéMp) 1
(or, equivalently, ¢ /Mp >> 1) and to expand the corresponding
expression at first order in this small parameter. This leads to the

following formula: V.~ M*|1— 26*2"5/(*/6"””)], i.e. exactly Eq.

(4.11)

(4.11) for Ay = 0. It is worth remarking that this approximation
is not very good towards the end of inflation. Indeed, it is easy
to show that (see below), for the potential (4.11) with A, =

0, Pena/Msi = /3/2In (2 + Z/ﬁ) ~ 1.4 which should be

compared with Eq. (3.16) for the potential (3.9) according to which
¢end/MPl ~ 0.94.

4.1.2. Slow-roll analysis
Given the potential (4.11), namely

A ¢ ]
1672 \/6Mp |’
we can now proceed to the slow-roll analysis. The potential (4.12)
is represented and compared with its tree level counterpart in
Fig. 7. Defining x = ¢/Mpy, the three first slow-roll parameters can
be written as

V(g) = M* [1 — 2e™20/(EMw) | (4.12)

2
1 4e™VE¥ 4 A /(1677)
o= : (4.13)
12 | 1= 2e—2/% 1 A/ (327%) 2/ 3x
|8 2/3X[1+A1/(16712)+A|/(32ﬂ2) 2/3x]+A|2/(2567r4)
=1 i , (4.14)
[l—Ze’ 2/3"+A1/(32n2)\/2%x:|
and
e =12 (a4 A_ovar) lyg 4 g (9+JEx)
1672 1672

A3 A A
3L V2B 9pv23x|1p 4 18 L (14
409676 + T G

A A A?
V66— (4432 )x+2-1 ¥
+ 1672 + 1672 + 25674

A -1
24 + 4/6x + 3—— eV
1672

A
1672

A )
x | =12 4+ eV (6 + V6 —1x .
1672

X |:24+

(4.15)
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rescaled by M,%,/qbg for the same reason as mentioned before.

These three slow-roll parameters are represented in Fig. 7 (bottom
panels). It is interesting to compare these formulas with the
expressions derived in Ref. [210] [see Egs. (22) and (23) of that
paper]. An approximate equation for the first slow-roll parameter
is obtained by neglecting the second and third terms in the
denominator of Eq. (4.13), which, as a matter of fact, consists in
writing V(¢) ~ M*. Then, it follows that

2
€ ée_z‘/m" 1+ A ev2/3
3 6472
41 2\’
~ 5@ 1+ E , (4.16)
where we have defined h12 = 6472/(£A) in agreement with

Ref. [210]. The same approximation is made for the second slow-
roll parameter (except that Ref. [210] calculates = M§1V¢¢ /v
rather than ¢;). The second field derivative of the potential can
be written as Vs = —4M*e V2> /(3M2) and, therefore, if one
considers that V(¢) ~ M*, then f >~ —4/(3£h?). We conclude
that our expressions of €; and €, reproduce Eqs. (22) and (23) of
Ref. [210] in the limit where V (¢) ~ M*.

Let us now study how inflation ends in this model. From Fig. 7,
it is clear that this occurs by violation of the slow-roll conditions.
Working out the condition €; = 1, it follows that

1 33272
X, = — — -
T2 V2 oA

2
+ E 0 64771 ]+i 5.32772/1“1—1/\/§ ,
2 1 A V3

(4.17)

where, if A; > 0, Wo1 = Wy while, if A; < 0, Wo1 =W_;.

We now turn to the slow-roll trajectory. It can be integrated
exactly and straightforward manipulations lead to the following
expression

N —N. \/§ il DU PO E
—Npi=4/zx— —— o =X
m 2 Al 3272 3
A s 3 . A 3
xIn[14+ ——ev?3*¥) — ZLi, [ ———eV?/3% —\/>x~
( * a2 ) 2 2( 6472 2
LB A 1+\F
A Ly
Al 3272 3

A 3 A
x In( 1+ ———ev/3uini ) 4 2pj, [ ——_¢v2B3%ni | = (4.18)
6472 2

6472

where Li, denotes the dilogarithm function [216,217]. Let us also
notice that if we use the approximation V(¢) ~ M* already
discussed before, then one can obtain a much simpler formula,
namely

4872 A
N —Niy = — In( 14+ ——ev?3*
o A ( * a2

I

(4.19)

4872 A
In (14 ——evV?3xmi ),
+ Al < + 6472

This expression is in agreement with Eq. (24) of Ref. [210]. In this
case, the trajectory can even be inverted and the corresponding



100 J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235

Fig. 27. Lambert functions Wy (x) (dashed line) and W_;(x) (solid line). In DWI,
inflation proceeds along the negative part of the “0” branch in the direction
specified by the arrow.

expression for the field ¢ reads

2 2
X = \/g | (87 4 ovamna | rtv-Niw/casa _ 84T |
2 A[ AI

(4.20)

We are now in a position where the predictions of the models
can be calculated. They are presented in Fig. 81. We see that very
negative values of A; are incompatible with the CMB while large
values of A remain close to the allowed contours. Of course |A]
cannot be too large since we have required A;/(6472) < 1. We
have chosen the upper bound in Fig. 81 to be A; = 100 for which
A/(647%) ~ 0.16, i.e. still a reasonable number. It is interesting
to compare these findings with the existing literature. Using the
approximate trajectory (4.19) and neglecting the contribution
originating from the end of inflation, one obtains

2
X — /im[“” (exw<s_1)]
2 A

where xggs = Aj AN, /(4872) (xpgs is denoted x in Ref. [210]). Then,
from Eq. (4.16) and the fact that €, = 4¢; — 27, it follows that

4/ A \? exBis 2 3 Xpis €S \ 2
€@1=73 2 = o) - (422)
3 \ 64r exBks — 1 4AN2 \ eroxs — 1

8 A 1 2 XBKS

(4.21)

€ = 46] + 57647'[2 73"}31{5 1 = 461 + AN, e'sKs — 1 (423)
From these two expressions, one deduces that
2 x 12 [ Xprse®s \
ng=1-— BS = 2 (LS ) . (429)
AN, exeis — 1 AN2 \ eors — 1

Notice that, in the formula giving the spectral index, the
contribution originating from €, has been neglected since it scales
[0 1/ANf.These approximate expressions match Egs. (32) and (34)
of Ref. [210]. For AN, = 60, they can be represented as a liner =
r(ns) in the plane (ns, r), the parameter along the curve being A,.
This line has been plotted in Fig. 8 for —30 < A; < 100 (red dashed
line). Requiring 0.9457 < ns < 0.9749 which is the 20 Planck
range [70] (or 0.934 < ns < 0.988, which is the 20 range coming
from combining the WMAP 9th year data, the Baryon Acoustic
Oscillations (BAO) data and the Supernovae measurements), one
obtains the solid thick red segment. It follows that —8 < A; < 4 (or
—12 < A £ 14 with WMAP, again in agreement with Ref. [210]).

~

These predictions are compared to the exact slow-roll predictions

of Fig. 81. As before, the slow-roll predictions are represented by
a collection of segments, each segment corresponding to different
values of A; and each point of a given segment being in one-to-
one correspondence with a given reheating temperature. The exact
slow-roll predictions are such that, for A; < 0, the green segments
go to the bottom left side of the figure while for A, — 100, the
pink/red segments remain close to the allowed contours (see also
Fig. 81). In the limit of “large” positive values of A}, the exact slow-
roll predictions and the predictions based on Eq. (4.24) significantly
differ. While, in order to remain close to the allowed contours, Eq.
(4.24) tell us that A; < 4, the exact slow-roll predictions show
that the model is still viable for any positive values of A; < 100.
We conclude that the upper bound A; < 4 (with the WMAP data,
A; < 14) is inaccurate and is just an artifact due to the inaccurate
nature of the “approximation to the slow-roll approximation”.

Let us try to identify the origin of this discrepancy more pre-
cisely. In order to investigate this issue, we have also represented
in Fig. 8, the predictions obtained when the approximate trajec-
tory (4.19), the approximate expression of the first slow-roll pa-
rameter (4.16) and the relation €, = 4¢; — 27 but, now, with-
out neglecting ¢4, are used together with an exact expression for
dend- They are represented by the second collections of segments
in Fig. 8. We see that for A; > 0, they differ from the red thick
solid line and bend toward the upper left part of the plot which
is also the direction taken by the exact predictions. This suggests
that neglecting the term 4¢; in the expression of €, causes a non-
negligible error. This is confirmed if, instead of using Eq. (4.24) for
ns, we now take

1 3 Xpis€Ks \ 2 2 XBKs
=T 2aN? (e"BKS — 1) AN, e¥exs — 1
and plot again the line r = r(ns). This gives the yellow
dotted-dashed curve which follows the second collection of
segments. If, however, we compare the red segments, namely
those with A; “large”, corresponding the exact predictions to
the approximate red ones, we see that including the term
4¢; is not sufficient. For A =~ 60, the exact predictions
are roughly compatible with the data while the segments
corresponding to the approximate formulas are not. We conclude
that RCHI represents a textbook case for ASPIC. It illustrates that,
sometimes, “approximating the slow-roll approximation” can lead
to too drastic conclusions, especially given the current accuracy
of the data. It is an additional motivation to use the slow-roll
method without any other scheme of approximations and this is
the essence of the ASPIC project presented in this article.

A last word is in order concerning the constraints on the
parameter A;. Particle physics implies that —48 < A} < —20
and the previously discussed inaccuracies were concerning only a
weaker upper limit on A;. On the contrary, we see in Fig. 8 that the
bound A; > —8 is accurate whatever the approximation scheme
chosen. Therefore, when particle physics and cosmological data are
simultaneously taken into account, the conclusions of Ref. [210] are
unchanged and RCHI remains disfavored.

Finally, the scale M can be determined from the CMB
normalization and this leads to the following expression

(4.25)

2

— V23 2
v Q2 [4e7v2P 4+ a1/ (1677
— -1207_[2 ms—PS

Mg, T2 [1—2e V2P +A/(3272)y2/3x.]
(4.26)

The knowledge of ¢, allows us to find the posterior distribution
of M, that is to say of A/£2 or &, since the Higgs self coupling,
A = my/v, is now known.
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Fig. 28. Mutated Hilltop Inflation (MHI). The top panels show the potential and its logarithm as a function of x = ¢ /. Bottom left panel: Rescaled slow-roll parameter €;
(divided by M3 /). The shaded area represents the region in which inflation stops if . = Mpy. It should be accordingly rescaled for other values of 4. Bottom right panel:
slow-roll parameters €, (solid line) and €3 (dotted line), again rescaled by Mﬁ,/u2 together with the region of slow-roll violation for ;& = Mp,.

4.2. Large field inflation (LFI)

4.2.1. Theoretical justifications

Large fields models, also referred to as chaotic inflation [218],
are characterized by the monomial potential [219-223] V(¢)
M*@P. The number p is the only model parameter, in addition to
the normalization M of the potential. The index p is usually a posi-
tive integer (and it was recently realized in Ref. [224] that this type
of scenario can emerge in the context of supergravity) but various
models have been proposed in which it can also be a rational num-
ber [225-230]. It is interesting to briefly discuss concrete models
where this is actually the case. Here, we follow Refs. [229,230].
These models are supergravity models where one assumes that
the Kahler potential is invariant under a generalization of the
shift symmetry (usually needed in order to avoid the so called n-
problem). In the present case, the transformation is taken to be
x" — x™ + a where « is a real number and x a chiral super-
field. This means that the Kahler potential should be a function of
x" — x '™ only. In addition, we allow the presence of a small break-
ing term in the Kihler potential of the form by x f whereb < 1. We
also assume that the superpotential breaks the generalized shift
symmetry. Summarizing, we assume that

K = bxx"+ckc™ V2 (x" = x™)

anl )
- (x" = x™)" 4+ xx*, (4.27)
W =AXx™, (4.28)

where X is another superfield and A and c; (notice that it is
pure imaginary) are constant. The model is parametrized by the
quantities n and m and k = l/Mgl. If, during inflation, X acquires
a large mass compared to the Hubble parameter and is stabilized
at the origin, (X) = 0, then it is not difficult to show that this

supergravity model can be described by the following effective
Lagrangian

£ == [b e ()" oo

— exp [brlx* +cic™? (x" — x™)
Kn 2 m
o= Gy

Then, one can write the field x in polar form, x = ae” (« is of
dimension one and 8 dimensionless) and the above potential takes
the form

V = 22’ exp [bre + 2icik™?a" sin (np)

(4.29)

+ 2«"a®"sin® (nB)]. (4.30)
Writing 8V /38 = 0, one obtains the condition 2ix "%« sin(ng) =
—icy or k"2 (x" — x™) = . It is thus natural to assume that
the inflaton field rolls along that direction. As a consequence, the
effective Lagrangian takes the form

£ == [bmem ()" oo

— AP H2)2 (Y (431)
Now, in the regime bx|x|> <« 1, the exponential becomes
essentially independent of the field y and the coefficient b in the
kinetic term becomes negligible. It is therefore natural to define a
new quantity 0 = « "~/2 " for which one obtains the Lagrangian
of a canonically normalized field, namely

£ =—0,0040" —e1/22% (061)"" . (4.32)

Finally, we take the imaginary part of 6 to be stabilized to c; in
order to satisfy the condition discussed above and we define the
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Fig. 29. Lambert functions Wy(x) (dashed line) and W_;(x) (solid line). During
Mutated Hilltop inflation, inflation proceeds along the “—1" branch in the direction
specified by the arrow on the figure.

real field ¢ by 6 = qb/ﬁ + ¢1/2. As a consequence, it follows

L~ —%aﬂqsa”qs* — et/2)22m/n (4.33)
Therefore, we have obtained a LFI model with p = 2m/n
(neglecting a term |c;|? in V). In Ref. [229], the case n = 2 and
m = 1 was considered and we see that this leads to a linear
potential. In Ref. [230], the generalized case considered before was
introduced and studied. It is worth mentioning that, when the
condition bx|x|*> <« 1 is not satisfied, the potential remains of
the LFI form but with a different p, see Ref. [230]. For instance,
as shown in Ref. [229], if n = 2 and m = 1, the potential is in
fact quadratic at the origin. This means that the standard relation
between p (in the inflationary regime) and the mean equation of
state during reheating namely, W, = (p — 2)/(p + 2) [54], is no
longer valid in that case.

4.2.2. Slow-roll analysis

Having studied how the LFI model can be implemented in high
energy physics, we now turn to the inflationary analysis. In the
following, we write V (¢) as

¢ p
Vi) =M — ) .
@ (MPI )

This potential is represented in Fig. 9 for p = 2. The three Hubble
flow functions are straightforwardly obtained from Egs. (2.4)-
(2.6). Defining x = ¢/Mp,, one gets

(4.34)

P’ 2p
€1 = ﬁ’ €) = XT, (435)
These functions are represented in the two bottom panels of
Fig. 9. They are monotonic decreasing functions of ¢. One can
immediately deduce that, for a given p, the model in the plane
(€1, €2) is contained in the line €; = (p/4)e;.

The slow-roll trajectory is completely explicit and obtained by

quadrature from Eq. (2.11)

€3 = €3.

1 ¢ V(x) 1 [¢/Mm
N —=Nend = —— - dxz—f/ xdx
MPI ®end |4 (X) p $end/Mpi
1
=3 (X20g — ¥°) - (4.36)
This expression can be inverted and reads
X = \/xgnd —2p (N — Neng)- (4.37)

For the large field models, inflation ends naturally whene; = 1
(see Section 1). Along the ¢ > 0 branch of the potential, this leads
to

p
Xend = —=. (4.38)
end \/E

This expression also allows us to obtain the total number of e-folds.
Plugging Eq. (4.38) into Eq. (4.36), one arrives at

1 2
Nend — Nini = —X

2 _ P
2p ni 4’

(4.39)

which can be very large if the initial field value is super-Planckian.
Notice that this does not imply that the energy density is close to
the Planck scale as this one is typically given by the potential and
proportional to M. In fact, the model remains under control only
if the initial energy density is smaller than M[‘,‘1 and this imposes a
constraint on both ¢;,; and M which reads

. M, 4/p
i = 2 < (—”) . (4.40)

M

Let us notice that, when the inflaton energy density approaches the
Planck energy density, quantum effects become important. In this
case, the stochastic inflation formalism must be used [231-237].
We now turn to the explicit determination of the slow-roll
parameters. We have seen that the model is represented by the
trajectory €; = (p/4)e, but observable models only lie in a limited
portion of this straight line. Indeed, the Hubble flow parameters
should be evaluated when the scales of astrophysical interest today
left the Hubble radius during inflation. Following the discussion of
Section 2.2, we assume the pivot mode crossed the Hubble radius
for ¢ = ¢, at the e-fold number N,. From the trajectory, we have

X2 =2p (AN* + %) , (4.41)
and the slow-roll parameters read
p 1
€1y = —— > € = ——
4 (AN, +p/4) AN, +p/4 (4.42)
€3x = €2x.

Solving Eq. (2.47) for ¢, yields the slow-roll predictions repre-
sented in Fig. 83. As expected, the whole family lies in the region
€; > 0 and verifies €; = p/4e,. From Fig. 83, we see that all the
models with p > 3 lie outside the 20 contour. The quadratic (or
massive) model is under great pressure since it predicts quite a
high contribution of gravitational waves, up tor >~ 15% level.

Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies, and one gets

Qsps _ 1 H 1 V. (4.43)
T2 4807%€1, M%  144072€1, Mpy

In the case of large fields model, this implies
M \*  720m%p? Q2 ps
— ) = —= : (4.44)
Mpi ()Pt T

and given the constraints on p and AN,, this leads to M/Mp =~
3 x 103, We recover the conclusion that, for large field models,
inflation takes place close to the Grand Unified Theory (GUT) scale.
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Fig. 32. Location of the slow-roll violation induced end of inflation Xena = @ena/¢P
for the MSSM inflation models, as a function of ¢,/Mp. The blue solid curve
represents a numerical solution of e; = 1, while the red dotted curve corresponds to
the approximated analytic solution Eq. (4.254). For physical values ¢, >~ 10~*Mp,,
the agreement is obviously excellent.

4.3. Mixed large field inflation (MLFI)

This model is a generalization of the LFI model V (¢) o ¢”, see
Section 4.2, where two monomials & ¢? and o ¢* are added. The
MLEFI potential reads

2 2
Vig) = M‘*A‘fl (1 +a¢—>

4.45)
AT ‘

where « is a positive dimensionless parameter. If ¢ /Mp < 1//a,
then the potential is of the LFI type with p = 2,ie V (¢) =~
M4¢? /MPI, whereas if ¢/Mp > 1/./a, the potential is of the LFI
type with p = 4,i.e.V (¢) >~ M*a¢*/M;,. Clearly, the interesting
regime is when ¢/Mp, >~ 1/4/c, where the two terms are of equal
importance. The potential and its logarithm are displayed in Fig. 10.
We notice that V(¢) is an increasing function of the field vev and,
as a consequence, that inflation proceeds from the right to the left.

This model has been investigated in different contexts. Of
course, the shape of the potential appears to be natural and well-
motivated since it just represents a free theory (with particles
of mass 2M* /Mgl) corrected by the usual self-interacting quartic
term. Therefore, it does not come as a surprise that this potential
has been used in many different works. In Ref. [238], this model is
studied in the case where a bulk scalar field is driving inflation in
large extra dimensions. In Ref. [239], it is considered in a situation
where inflation is driven by highly excited quantum states. In
Refs. [240-242], the MLFI potential is utilized in the context
of “fresh inflation”. The same potential was again considered
in Ref. [243] where the role of inflaton is played by the Higgs
triplet in a model where the type Il seesaw mechanism is used to
generate the small masses of left-handed neutrinos. Finally, it is
also studied in Ref. [244] where supersymmetric hybrid inflation
(in the framework of the Randall-Sundrum type II Braneworld
model) is considered. The only constraint on the parameters of the
model that is (sometimes) required is that the self-interacting term
should be sub-dominant. This leads to the condition aM*/Mp, <
1. Given the typical values imposed by CMB normalization, i.e.
M/Mp ~ 1073 [see Eq. (4.44)], this is not very stringent and o
can in fact vary in a quite large range of values.

Defining x = ¢/Mp, the three first slow-roll parameters can be
expressed as

2 (14 20\’ 41+ ax® + 202
eg=———1, Gg=——|
1+ ax? x2

4.46
(1+ ozxz)2 (4:49)

and

_ Mil 1+ 2ax* 4+ 12ax* + 8a3x° (4.47)
X2 (1—|—ax2)2 1+ ax? + 202x* '

They are displayed in Fig. 10. We see that the three slow-
roll parameters are decreasing functions of the field vev, which
means that they are all increasing functions during inflation. As
a consequence, inflation can stop by violation of the slow-roll
conditions at Xenq given by €; = 1 (see below). We also notice that
€, and €3 are larger than one at X,q. This means that the slow-roll
approximation breaks down slightly before the end of inflation and
that the last few e-folds of inflation may be not properly described
by the slow-roll approximation.
Let us now study the slow-roll trajectory. It is given by

1

1
Nend =N = 3 |:X§nd + - 2 In (1+ 2eG,q)

1
2 2
— X —In(142a8) |, 448
o (1+ )} (4.48)
where Neq is the number of e-folds at the end of inflation. One can
check that this expression is asymptotically correct. Indeed, when
o < 1, the slow-roll trajectory reduces to

Xeng =X —4(Neng — N , (4.49)
which is the trajectory in the massive case, i.e. LFI with p = 2, see
Eq. (4.36). On the other hand, in the limit « — o0, one obtains

X2y =X —8(Nena — N), (4.50)

which is, as expected, the slow-roll trajectory in the quartic case,
i.e. LFI with p = 4. In general, the trajectory can be inverted
and expressed in terms of the Lambert function. Straightforward
manipulations lead to

x = 14+ W 1+20txend (] + Zaxgnd) e‘lSO((N_Nend)].

ol

(451)

The corresponding Lambert function is displayed in Fig. 11,
together with the region where inflation proceeds. (see Fig. 12)

We have seen that, in MLF], inflation stops by violation of the
slow-roll condition. Let us therefore determine the corresponding
vev of the field. The condition €; = 1 leads to

1 — 28202 + Xena — V2 = 0. (4.52)

This is a cubic algebraic equation that can be solved exactly. In the
limit & > 1, the solution reads Xeng =~ 24/2 which is indeed the
solution for the quartic case, see Eq. (4.38). On the other hand, if
o K 1, then Xepg >~ /2 which is also the correct result for the
quadratic case. The general solution is

24/2

1
= 40 (32 9
Xend 3 +3a{4\/>|:0‘( o +9)

1/3
+ 201\/4012 (320 +9)> — 8ar (8 — 3)3] }

(Sa —-3) { \1/5 |:4oz (320 +9)

-1/3
+ 201\/4012 (32 + 9)? — 8u (8 — 3)3] } , (4.53)

which is the one used in the ASPIC library.
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41— ax* —4ox’Inx

2 (1—2ax? lnx)2

1— ax? [ax? (4ax® +9) + 1] — ax® Inx [4o?x* Inx(4Inx + 1) + (ax? + 3) (6ax® + 2)]

X

(14 ax?) (1 + 2ax?) — 20x? Inx (1 — ax? — 4ax? Inx)

(4.60)

Box .

Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies, and one gets

<M>4 _ 28807 (1+ 2axi)2 Qirns—ps
MPI - x4 (1 + axi)3 T2 .

Similarly to LFI (see Section 4.2), this gives rise to M/Mp >~ 1073,
The reheating consistent slow-roll predictions for the MLFI models
are displayed in Fig. 84. The reheating equation of state parameter
Weenh has been taken to 0 which is consistent with the fact that
the potential is quadratic close to its minimum. As expected, when
o <K 1 the predictions of the model match those of LFI with p = 2
and are aligned along the €; = €;,/2 line. On the other hand, if @ >
1, then the predictions are consistent with those of LFI with p = 4
and are aligned along the €; = ¢, line. In the intermediate regime,
it is interesting to notice that the MLFI predictions continuously
interpolate between these two asymptotic solutions but do not
remain inside the domain delimited by those two lines. Indeed,
when « is larger than some value, one has €; > ¢,. This means that,
if one starts from a pure quartic potential (LFI with p = 4) and adds
a small quadratic term, this extra term has the effect of increasing
the “effective value” of p, which is quite counter intuitive. On the
other hand, since the quadratic model fits better the data than the
quartic one, small values for the parameter « are favored (all the
models with @ > 1073 lie outside the 2o contour of the Planck
data). High reheating temperatures are also preferred.

(4.54)

4.4. Radiatively corrected massive inflation (RCMI)

This model is based on Ref. [245] and implements radiative
corrections due to fermion couplings over the massive (p = 2)
large field model (see Section 4.2). With an appropriate choice
of the renormalization scale @ = gMp;, g denoting the Yukawa
coupling, the potential is given by

1 g )
Vb)) = —m2d? — -5 o4 (2=
@ = et — & o (i)
2 2
- M <¢) [1 —2a¢—21n <¢)] (455)
Mp Mg, Mp
where
1 g4M?
4_ 1 o0 _ Pl
M= omiMy, a= (4.56)

This expression is obtained in the large field regime ¢ >
m/g (this condition coming from the requirement that the
fermion loop contribution dominates over the self-interaction loop
contribution), i.e. assuming that the inflationary regime takes place
under the condition

¢4 1 M4

s 457
My~ 8m?a My, (47)
Defining x = ¢/Mp, the Hubble flow functions are given by
2 [1—ax’ —4ax’Inx\’ (4.58)
€ = — , .
T 1—2ax?Inx
6= 4 (1+ax2)(l+2ax2)—2ax2 lnx(]—ax2—4ax2 Inx) ’ (459)

x? (1—2ax%In x)2

and See the equation in Box I. If @ = 0, one recovers the slow-
roll parameters of the massive case (namely LFI with p = 2, see
Section 4.2) as expected.

Let us now discuss the field domains in which inflation can take
place. It is clear that the above potential is not positive definite for
all field values. It becomes negative at the point

Pv=o 1
Xy=0 = = ,
Mp aWp (1/a)

where W is the 0-branch of the Lambert function. The model is
defined only in the regime ¢ < ¢y—o. On the other hand, the top
of the potential, where V' = 0 (or equivalently ¢; = 0), is given by

¢top _
Mp

(4.61)

Xtop = (4.62)

20{W0 (%f) -

As the model makes sense only if the logarithmic terms do not
dominate the potential, the acceptable regime is ¢ < ¢rop < Pv=o,
and a large field region only exists for ¢y p/Mp > 1. From the
above expression, this means that we must be in the regime o < 1.
For¢ < ¢op one can check from Eqgs. (4.55) and (4.62) that the loop
corrections never exceed o /e.

Let us now turn to the slow-roll trajectory. It is given by

1 [¢/Mp
N — Neng = ——
end 2 ,/¢ . 1 — ax? — 4ax? Inx

an integral that cannot be performed analytically and which is
numerically evaluated in ASPIC. For the purpose of this section, we
can nevertheless make an expansion in « to obtain an approximate
expression

x — 2ax3Inx
¢ dx, (4.63)

end

x? x?

N—Nepg = —— |[14+a— (1+4Inx

end 4 |: + 4 ( + )]
xgnd xgnd 2

Inflation stops close to the minimum of the potential whene; = 1.

This last equation cannot be solved analytically but we can also

perform an expansion at first order in o and one gets

@ ~ ! ~ V2 — 22«
Mp el+1/(4oz)]
2a

Xend = (4.65)

ZOlWO [

In the limit @ — 0, we recover the large field result for p = 2,
i.e. Xena — /2. The maximum total number of e-folds one can
realize between ¢ = ¢,p and ¢ = ¢eng can be calculated from the
previous expressions. It reads

5
320Wo ()

e1+1/(40) ]

ANpax = Neng — Ntop =

1420 — 20aW0[ -

1280:2W2 [7‘91%4&)]

_|_

5

~ —m. (4.66)
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Fig. 35. Constant ng A Inflation (CNAI) potential and slow-roll parameters versus the vacuum expectation value of the inflaton field. Top left panel: Constant ns A Inflation
potential for « = 1. Top right panel: logarithm of the potential for the same value of «. Bottom left panel: slow-roll parameter ¢; (same value of «): inflation stops when

€1 = 1in this model. Bottom right panel: slow-roll parameters €, and €3 (¢ = 1).

This is a decreasing function of «, so that « has to be small enough
if one wants a sufficiently high number of e-folds to take place.
Indeed, if one wants at least AN, e-folds to occur, one needs to
work with

5 1

< . (4.67)
32ANmin | (szANmm)
10

o

For example, ANpi, = 50 imposes & < 6 x 10~%. The fact that «
is bounded from above can be directly checked in Fig. 85. The field
¢, value at which the pivot mode crossed the Hubble radius during
inflation is obtained from Eq. (2.47) whereas the corresponding e-
fold number can be obtained from the trajectory.

Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies, and one gets

< M )4 288072 (1—20x] lnx*)3 Q2 ps
Mp, X (1 — ax2 — dax? lnx*)2 T

The reheating consistent slow-roll predictions for the RCMI models
are represented in Fig. 85. As expected, the LFI quadratic model
case is properly recovered for « — 0. From this figure, we see
that all models having & > 10737 lie outside the 2o contour. Let
us emphasize that the value of & cannot be infinitely small due to
Eq. (4.57). At zero order, one has ¢ > ¢end = ~/2Mp such that Eq.
(4.57) can be recast into

(4.68)

M4 m?
o > = .
872My  16m2M3

(4.69)

From the COBE normalization, and in the limit of small ¢, one gets
M/Mp > 1073 and the lower bound reads & > 107",

W(x)
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[
o

Fig.36. Lambert functions W (x) (dashed line) and W_ (x) (solid line). During CNAI
inflation, inflation proceeds along the “0” branch in the direction specified by the
arrow on the figure.

4.5. Radiatively corrected quartic inflation (RCQI)

This model is similar to RCMI discussed in Section 6.1 but
implements radiative corrections due to fermion couplings over
a quartic (p = 4) large field model [245] (see Section 4.2). The
potential is given by

g’ ¢
V = A 4 41 v
AT n(Mm)

() on ()]

(4.70)
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panel: slow-roll parameter ¢ still for « = 0.1. Bottom right panel: slow-roll parameters ¢, and €3 again foro = 0.1.

where

g4

= 16720
Defining x = ¢/Mp,, the Hubble flow functions in the slow-roll
approximation read

8 1—%—o¢1nx 2
eg=——">—),
1T 1—alnx

M* =My, @ (4.71)

(4.72)
81+ %(—1+a(¢—2)Inx+a?ln*x

€ = — s

2T (1— aInx)>

and
8

63:}(*2

o [*3 th o o
(1—§—alnx)(1—z—ozlnx)[]+7+z—a(2+z—alnx)lnx]

x (I—alnx)?[1+%@@-1)—a(2-%—alnx)inx]

(4.73)

The shape of the potential and the Hubble flow functions are very
similar to the ones of the RCMI model and have been represented
in Fig. 13. In particular, the potential is vanishing and maximal at
the field values
Xy—o = Pv=0 _ el/a’ Xtop = ¢top _ el/a—l/4,
Mp Mp

respectively. As the model makes sense only if the corrections are
small compared to the quartic term, one should consider ¢ < 1
and not too large super-Planckian field values.

The slow-roll trajectory can integrated analytically from Egs.
(2.11) and (4.70) and one gets

(4.74)

1 1 2
N—Nepg = —— | 2%* —e V222 g - — Z 4 21Inx
16 2 o

1 2
—2x% 4 + e V/ATE (5 -+ 2lnxend>:|, (4.75)

where the exponential integral function is defined by

+00 e—t
Ei(x) = —/ —dt. (4.76)
x t
The quartic limit « — 0 is recovered by noticing that
o
Ei(—2/a) ~ ——e ¥, (4.77)
a—0 2

Contrary to the RCMI model, the top of the potential is flat enough
to support inflation. Indeed, one sees from Eq. (4.74) that the
argument of the exponential integral function vanishes at x = Xop.
Since fory — 0, one has Ei(y) ~ y + Iny, whatever the value
of Xeng the total number of e-folds is divergent. This means that it
is always possible to realize the required AN, number of e-folds
provided inflation starts close enough to the top of the potential.

As for RCMI, inflation stops at €; = 1 but this equation
can only be solved numerically. For illustrative purpose, one can
nevertheless solve it at first order in « to get

Pend 242 — Qa.
Mp 2
The link between ¢, and AN, is given by the slow-roll trajectory
with ¢, given by Eq. (2.47).
Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies, and one gets

Xend = (4.78)

A= M _ 115207 (1-5- O51“"*)2 Qins—rs
COME X6 (1—alnx,)? T2

The slow-roll predictions for RCQI are represented in Figs. 86 and
87. As expected, the quartic model case is properly recovered in

(4.79)
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Fig. 38. Lambert functions Wy (x) (dashed line) and W_;(x) (solid line). During
Constant ng B Inflation, inflation proceeds along the “—1" branch in the direction
specified by the arrow.

the limit « — 0. From Fig. 86, we see that all the models seem
to lie outside the 20 contour for wy, = 0. As the reheating
phase takes place at the bottom of a quartic-like potential, we have
also represented the prediction for w., = 1/3 in Fig. 87. For a
radiation-dominated reheating, AN, is fixed and for each value of
« one has only a single point. In that situation, all these models are
still disfavored at the two-sigma level.

4.6. Natural inflation (NI)

4.6.1. Theoretical justifications

Natural inflation was first proposed as an attempt to solve
the so-called “fine-tuning” problem of inflation. In particular, in
order to obtain sufficient inflation and the correct normalization
for the microwave background anisotropies, the potential V(¢)
of the inflaton must be sufficiently flat. It is usually argued that,
on general grounds, such a flatness is not robust under radiative
corrections, unless it is protected by some symmetry. This is
the reason that has motivated Refs. [246,247] to put forward
Natural Inflation, in which the inflaton potential is flat due to
shift symmetries. The model makes use of Nambu-Goldstone
bosons [248,249] which arise whenever a global symmetry is
spontaneously broken. The main idea can be very simply illustrated
with the following action

S = —/dx«/—g[g“”aﬂcbfavcb +iwyHe,w

2\ 2

+ ((prq) - %) + g O +ng/RchwL}, (4.80)
where @ is a complex scalar field, ¥ a Dirac spinor and ¥|g =
(1% y5) /2W. The quantity f is the energy scale at which the
symmetry is spontaneously broken, A is a dimensionless coupling
constant and gr a dimensionless Yukawa coupling. This action is
invariant under the U(1) transformation: @ — ¢€“®, ¥ —
e /2y and ¥y — e~ /2y, where « is an arbitrary constant. Due
to the “Mexican hat” potential for the scalar field, this symmetry
is spontaneously broken below the scale f and the scalar field
acquires the vev (@) = f/+/2¢*/f. The field ¢ corresponds to an
“angular variable” and is a Goldstone boson. Below the scale of
broken symmetry, the effective Lagrangian can be expressed as

1 I3 Tt
L= S0,00"¢ +iby"9, ¥

+ gf% (P uRe” + e ). (4.81)

It is now invariant under ¢ — ¢ + 2xnf, ¥, — €92¢; and
Wr — e ®/2yp Then, we assume that an explicit symmetry
breaking takes place, for instance through the appearance of a
fermion condensate for which (¥ W) ~ M2 where My < f is the
scale at which this symmetry breaking occurs. As a consequence,
the effective Lagrangian takes the form

1

L= 5a,ﬁ;sawp + 2ng3% cos (?) : (4.82)
We see that the Nambu-Goldstone boson has acquired a cosine
potential and the overall scale of the potential is given by M* ~
gM3f. Therefore, if one takes f =~ Mp, M slightly below
the GUT scale and a Yukawa coupling of order one, one can
“naturally” generate a small ratio M /f. A last remark is in order
on this model. Suppose that quantum gravity effects generate non-
renormalizable higher order terms in the action (4.80) like

|¢|2m

2m+n—4
MPI

AV = apy, (@"+ ™), (4.83)
where a,, are a priori unknown coefficients. After symmetry
breaking, one would therefore obtain a correction of the form

2m+n
AV = apMp, (ML> cos <n%) :
P

If f > Mp, as favored by current cosmological data (see below)
these terms should dominate unless the coefficients a,;, are fine-
tuned to very small values. Notice that the overall scale of the
potential is now given by aman‘}l, which also demands that a,,, <
10~" in order to have the correct CMB normalization. These
terms are therefore dangerous for the consistency and the natural
character of the model. This model has been studied in more details
in Refs. [250-264].

Many other types of candidates have subsequently been ex-
plored in order to produce scenarios similar to that of Natural Infla-
tion. For example, in Ref. [265], it was suggested to use a pseudo-
Nambu Goldstone boson as the rolling field in double field infla-
tion. Then, NI potentials generated by radiative corrections in mod-
els with explicitly broken Abelian [266] and non-Abelian [267,268]
symmetries were considered, showing that NI models with f =~
Mp; and f « Mp can both be generated. In Refs. [269], the field
¢ is considered to be a Polonyi field [270] and the model predicts
that f = Mp. Refs. [271,272] have examined natural inflation in
the context of extra dimensions and Ref. [273] has used pseudo-
Nambu Goldstone bosons from little Higgs models to drive hybrid
inflation. Also, Refs. [274,275] have used the natural inflation idea
of pseudo-Nambu Goldstone bosons in the context of braneworld
scenarios to drive inflation, Ref. [276] has studied the model in 5-D
warped backgrounds. The same potential has also been obtained
and studied in Ref. [277] when studying instantons in non-linear
sigma models, and in Ref. [278] as providing quintessential infla-
tion. In some of these references the potential is sometimes found
with the minus sign in front of the cosine term, which is, up to a
shiftin the field vev ¢ /f — ¢/f 4+ m, the same potential as already
studied before. This last model has also been derived and studied in
Refs. [271,272,279] in the context of orbifold GUT inflation, where
the potential is given by

(4.84)

_vile (2 9\, FO
V(g) =M [F<¢O)+F<2¢O>+ 5 ] (4.85)
with
Fo=-Y “’Si%’() (4.86)
n=1
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Fig. 39. Top left panel: Open String Tachyonic Inflation (OSTI) potential as a function of ¢/¢,. Top right panel: logarithm of the potential. The arrow indicates in which
direction inflation proceeds. Bottom left panel: slow-roll parameter ¢, rescaled by the quantity Mgl/qbg, such that the corresponding expression becomes universal, i.e.
independent of ¢, . Bottom right panel: slow-roll parameters ¢; (solid line) and €3 (dotted line), rescaled by M2 ¢§ for the same reason as mentioned before.

This potential must be studied in its increasing branch, and in the
small field limit. At leading order, one recovers the cosine potential.

Finally, an important question is whether a situation where
f > Mp; makes sense from the high energy physics and effective
field theory point of view. In fact, it was shown in Refs. [280-282]
thatf < 10" GeV in order for the corresponding energy density
not to exceed the critical energy density. But this constraint applies
to the post inflationary Universe and, during inflation, Ref. [283]
has argued that it is not relevant. However, it remains the question
of whether f > Mp; makes sense or not. To address this issue, an
interesting mechanism has been proposed in Ref. [284] (see also
Ref. [285]) which shows that two axion fields at sub-Planckian
scales can have an effective dynamics similar to the one field
Natural Inflation model with f > Mp,.

Let us consider a model with two axions, 6 and p the effective
Lagrangian of which is given by

1 1 9
£ = 30,00"0+50,p0"p + M} [1 — cos (f + 2 )}

g
0  p
+ M2 |:1 — cos (f + >:|,
2 f &

where M and M», f, g1 and g, are constant, a priori, arbitrary scales.
The same model can be re-written in terms of the fields i and &
defined by

(4.87)

wzgjai<€+ﬂ)
/f2 +g]2 f &1

(4.88)
S =

4£ai<_€+£>
/fz _|_g12 a f

It is easy to show that this leads to

L= 13 Waulﬁ-i—la g9 +M? | 1 — cos
2 123 2 1% 1 fg‘l

2 _
cos f*+ 12 vt 21— & .
fon/f? + g3 82./f* + gt

Moreover, the mass of the two fields v and £ can be expressed as

+My | 1— (4.89)

1 1 (g1 — £2)°
2 4 2 4
m == + —)M Lo omi= 282 4
v <f2 g) ! (Pt

If g1 is very close to g;, then the field £ will be light and, therefore,
will have a non-trivial dynamics. In addition, if the field i is
sufficiently heavy (compared to the Hubble parameter), then its
vev will be frozen at ¢ = 0. In this case, we see that the original
two fields model effectively reduces to a one field NI model with a
scale f¢ given by

o\ /f?+ g}

fe =
¢ 81— &

(4.90)

(4.91)

But, since, g; is close to g, the scale f; will be large even if the
fundamental scales f, g; and/or g, are sub-Planckian. In this way,
one can generate super-Planckian values for the scale f and, at
the same time, have a theory which can be consistent from the
effective field theory point of view.
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Fig. 40. Witten-O'Raifeartaigh Inflation (WRI) potential as a function of ¢/@,. Top right panel: logarithm of the potential. The arrow indicates in which direction inflation
proceeds. Bottom left panel: slow-roll parameter €1, rescaled by the quantity Mgl/(z)g, such that the corresponding expression becomes universal, i.e. independent of ¢, .
Bottom right panel: slow-roll parameters ¢ (solid line) and €3 (dotted line), rescaled by M 4)5 for the same reason as mentioned before.

4.6.2. Slow-roll analysis

Summarizing the above discussion, the model that we consider
in this section makes use of a potential that can be written as

V(p) = M* [1 + cos <?>] .

The scale M is determined by the CMB normalization and the
potential depends on one parameter: the a priori unknown scale f.
The potential of Eq. (4.92) is displayed with its logarithm in Fig. 14.
Sinceitis a periodic and even function of the field vev ¢, it is enough
to study it in the range ¢ € [0, 7 f] where inflation proceeds from
the left to the right. If one lets x = ¢/f, the slow-roll parameters
can be expressed as

(4.92)

M2 sin’x 2M% 1
=2 __— — _ g="_
"7 22 (14 cosx)? 7 f2 1+ cosx (4.93)
€3 = 2€;.

They are displayed in Fig. 14, where one can see that they are
all increasing functions of the field vev, which means that they
all increase during inflation. Inflation stops at the position Xepq
given by €; = 1 (see below), and one can see that €, and €3 are
already greater than one at this point. This means that the slow-roll
approximation stops being valid slightly before the end of inflation,
and the few last e-folds may not be properly described in this frame
of approximations. Another remark to be made is the fact that one
generically has

Mg
This means that in order for the slow-roll approximation to be
valid, one must require f/Mp > 1 which is not necessarily

problematic from a high energy physics point of view (see the
above discussion).

The end of inflation occurs when €; = 1, i.e. at a position given
by

1= 2f2/M§‘) . (4.95)

1+ 2f2/Mj;
From this expression, one can calculate the value of the other slow
roll parameters at the end of inflation, namely €™ = 2 + M2 /f?
and €M = 25", which confirms that the last few e-folds may not

be described properly in the slow-roll approximation.
Let us now calculate the slow-roll trajectory. It is given by

f? 1 — COS Xend
==—=Inl——,

Mg, 1—cosx
where Nepq is the number of e-folds at the end of inflation, and N

is the number of e-folds at some point when the scaled field vev is
x. This trajectory can be inverted and one obtains

Xend = arccos (

Nenga — N (4.96)

{ [ e
x = arccos § 1 — (1 — coS Xeng) €Xp —f—z (Nena — N) | ¢ . (4.97)

Replacing xenq by its value [see Eq. (4.95)] gives

X = arccos {1 —

Af° [—Mg' (N —N“ (4.98)
W@(P fT end )¢ - .

Finally, the amplitude of the CMB anisotropies fixes the
parameter M to

4 .
<£> — 7207[2 Ql'zms—Ps % Sll‘l2 Xy
: T2 f2 (14 cosx,)®

(4.99)
P
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Fig. 41. Lambert functions Wy (x) (dashed line) and W_;(x) (solid line). During
Witten-O'Raifeartaigh inflation, inflation proceeds along the “0” branch in the
direction specified by the arrow.

If f/Mp; = O(1), this expression simplifies to

( M )4 720 fozmsfps €_2M§1/f2AN*
) ~ . |
T2 1+ Zfz/Mlzl

(4.100)
Pl

which gives rise to M/Mp ~ 10~'3. On the contrary, if f /Mp; > 1
one has

(M)“ 3052 Qms-rs (f) i
Mp, T2 Mp ) AN?
and the potential energy scale goes up. For instance, if f /Mp = 10?
one has M/Mp ~ 1072,

The reheating consistent slow-roll predictions for the natural
inflation models are displayed in Fig. 88. The reheating equation
of state parameter w., has been taken to 0 since the potential
is quadratic close to its minimum. In the limit f/Mp; — o0, the
quadratic model predictions (LFI with p = 2, see Section 4.2)
seem to be recovered. Indeed, from the above formula, one can
check that in this limit both x.,q and x, approach 7 and the
potential is, at leading order, a parabola. More precisely, one can
check from Eq. (4.98) that in the limit f/Mp — o0, one has
cosx, >~ —1+ (1+2AN,)Mz/f? from which one deduces
that €, >~ 1/(142AN,) and €3, =~ 2/(1+4+2AN,) =~ 2€y,.
These relations are characteristic of the LFI quadratic models, see
Eq. (4.42). However, one has €3, = 2¢,, which differs from the
LFI quadratic relationship €3, = €54, and therefore quantities
sensitive to €3, such as the running «s, would break the degeneracy
between NI and the LFI quadratic model. As expected, large values
of f /Mp| seem to be favored by the data (as well as high reheating
temperatures), and in practice, f /Mp; < 4 appears to be disfavored
at the 20 level by the Planck data.

(4.101)

4.7. Exponential SUSY Inflation (ESI)

4.7.1. Theoretical justifications

This model has been discussed in Ref. [286] in the context of
spin-driven inflation and derived in Ref. [287] in the context of
supergravity and superstrings. The potential is given by V(¢)
(1 — e 9/Mn)_ The same potential also appears in Ref. [288] in
the context of brane inflation, in Ref. [289] in the context of type
IIB string compactification as fiber inflation and more recently in
Ref. [290] as unitarized Higgs inflation models. This type of models
can be obtained under very general considerations. Suppose that
one has a supergravity model with a Kihler potential depending

on one field ¥ given by K = —B/« In (1 — k), where « and
B are two free parameters. This model leads to a scalar potential
but for a field which is not canonically normalized. The canonically
normalized field 6 is given by

k1?9 ~

— (1 - 2e*m“/2‘”) , (4.102)

o

where we have assumed that inflation takes place at relatively
large ¥ vev's. Then, suppose that the superpotential leads to a given
function V = f(0). One can always expand f such that

V(@) = Vo (1- e VB 4o

where k'2¢ = k20 + \/B/21n ([2f,/(/af)])and Vy is just the
function f evaluated at 1/,/a. We see that one obtains exactly the
ESI potential with ¢ = /2/8. Preferred choices for g are 8 = 1 or
B = 3leadingtoq = v/2orq = +/2/3. In absence of any more
further guidance, it seems reasonable to assume that 8, and hence
g, is just a number of order one.

(4.103)

4.7.2. Slow-roll analysis
Based on the previous considerations, we now study the
following potential

V(g) = M* (1 — e 9/Mn) (4.104)

where g is a positive dimensionless parameter and inflation
proceeds at decreasing field values in the region where ¢/Mp; > 0.
Defining x = ¢/Mp, the Hubble flow functions in the slow-roll
approximation read

q2 e—qu ) e &
=13  ©@=20_—"5,
2 (1—e®) (1—e%)
(4.105)
,e ™ (14 e %)
&= ——————.
(1—e"%)

The potential and the Hubble flow functions with respect to the
field values are represented in Fig. 15.

The slow-roll trajectory can be integrated analytically from Eq.
(2.11) and one finds

e™ — qx
7 7
This equation can also be inverted in terms of the Lambert function
to get the field value in terms of the number of e-folds:

gend — (Xend

N — Nepa = — (4.106)

efend — GXend
q

X = q(N — Neng) —

1
—g W {—exp[¢*(N — Nena) — (€™ — qXena) |} . (4.107)

The fact that one should choose the branch W_; is justified below.
The argument of the Lambert function is always negative as the
exponential is always positive. Moreover, since Xe,q > 0 and N <
Nend, the maximal value of exponential argument is saturated for
Xena — 0, i.e. for a Lambert function argument equals to —1/e.
As the result the Lambert function argument varies, at most, in
[—1/e, 0]. Finally, since x > 0, we see directly from Eq. (4.107) that
the Lambert function values have to be negative thereby ensuring
that inflation proceeds only along the “—1"-branch (see Fig. 16).

With such a potential, inflation ends naturally at €; = 1, i.e. at
the field value

1 q
Xend:qln<1+\/i>.

(4.108)
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From this equation and the trajectory, we have an explicit relation
between the field value ¢, at which the pivot mode crossed
the Hubble radius during inflation and the corresponding e-fold
number AN,.

Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies, and one gets

M\* e~ 2% 2
<—> = 720¢°7° - Q““SZ“’S, (4.109)
M (1—e®)3 T

Pl

where the value of ¢, (or AN,) is obtained from Eq. (2.47). The
reheating consistent slow-roll prediction for the exponential Susy
models are represented in Figs. 89 and 90. In the limit ¢ — 0,
we recover the same prediction as a linear large field model. From
Fig. 89, we see that all the models remains compatible with the
current data. These figures correspond to w, = 0, but one could
argue that wyep, > —1/3 make more sense if a parametric reheating
would feel the linear shape of the potential. This quite extreme
situation is represented in Fig. 90. In that case, the low reheating
temperatures are clearly disfavored.

4.8. Power law inflation (PLI)

These models refer to inflationary potentials of the form

V(p) = Mie™¢/Mp (4.110)

where « is a dimensionless parameter. They have been intensively
studied since they lead to an exact inflationary dynamics, of the
power law form, hence their name. Moreover, the power spectrum
can also be determined exactly in this case. The background
solution reads a (t/to)z/‘)‘2 and ¢ = ¢o + 2Mp/a In (t/ty)
with 2 = 2M3/(@*M*)(6/a* — 1)e*%0/Mr_ We see that we have

inflation provided o € [0, ﬁ]

This scenario was introduced in Ref. [291] where the two
point correlation function of the cosmological fluctuations was
calculated for the first time (see also Refs. [292,293]). The
predictions of this model were recently compared to the Planck
data in Ref. [175]. Soon after Ref. [291], it was also considered in
Refs. [294,295] but in the context of quintessence, i.e. for models
of dark energy in which the energy density of the scalar field
redshifts as a power law of the scale factor p o< a™9. In that case,
one has « = ./q/2. The same potential also arises in the case
where large field inflation is considered (LFI, see Section 4.2) but
with a non-minimal coupling of the inflaton to the gravity sector,
see Refs. [296,297] (the exponential potential appears after the
transformation to the Einstein frame). In Ref. [298], a cosmic no-
hair theorem for Bianchi models was proven assuming that the
potential of the inflaton is of type (4.110). It was shown that one
must have 0 < o < 4/2/3 so that the isotropic power law
solution is the unique attractor for any initially expanding Bianchi
type model (except type IX). In Ref. [299], the potential (4.110) has
been studied in the Kantowski-Sachs metric, and it was found that
the production of particles by the scalar field acts as viscous forces
which enlarges the range of initial conditions leading to successful
inflation. In Ref. [300], the nature of the potential V(¢) relevant
to having inflation in presence of a minimally coupled scalar field
together with a causal viscous fluid was investigated. It was shown
that this leads to an exponential potential. In Refs. [301-303],
the exponential potential was used to describe the dynamics of
a tachyonic matter field (i.e. with a non-minimal kinetic term).
In Ref. [304], the general transformations that leave unchanged
the form of the field equations for Bianchi V cosmologies were
investigated, and it was found that they admit asymptotic stable
points that lead to power law solutions of the type (4.110). In
Ref. [305], inflation was studied in the context of M-theory on
S1/Z; via the non-perturbative dynamics of M5-branes. The open
membrane instanton interactions between the branes give rise
to potentials of the type (4.110). Within the same framework,
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Ref. [306] has dicussed a realization of cascade inflation as assisted
inflation built upon a succession of power law inflationary eras.
Ref. [307] has used the exponential potential (4.110) in the
context of Randall-Sandrum type Il Braneworld model. Finally, the
general dynamics of power law inflation was studied in detail in
Refs.[308-317], where various aspects of its phenomenology were
highlighted.

The potential and its logarithm are displayed in Fig. 17. They are
decreasing functions of the field, hence inflation proceeds from the
left to the right. The slow-roll parameters take a simple form given
by

2

€1 = 2
Since the first slow-roll parameter is constant, inflation cannot
stop by slow-roll violation and one has to assume that, at some
VeV ¢eng, @ tachyonic instability is triggered. A priori, this means
that the model has in fact an additional new free parameter.
However, because the slow-roll parameters do not depend on ¢, as
well as all the other properties of the inflationary dynamics (even
when the slow-roll approximation is not satisfied, see below), the
observational predictions of the model cannot depend on ¢epg and
this parameter turns out to be irrelevant.

The Hubble flow hierarchy being almost trivial, the exact
dynamics of the model can be worked out even if the slow-roll
approximation is violated. Indeed, let us first notice that the slow-
roll trajectory can be explicitly integrated, and gives

i _ ¢end
Mp  Mp

€i=1 = 0. (4.111)

+05(Nend —N). (4.112)

Then, one can remark that this trajectory is also a solution of the
exact Klein-Gordon equation of motion, which reads in terms of

the number of e-folds N,
0%¢ OH\ 9¢ dV
H?>—~= 3H’ 4+ H)— | — 4+ -— =0
aN2+( + BN) 8N+d¢>

Indeed, the first term vanishes, and the second term requires

(4.113)

. H2 %)2 2
vt Vo (aN v+ Ea?M (4114)
Co3ME 3M3 - 3M2 ’ '
Pl Pl Pl
from which one gets
2V 1

From there, one can evaluate all terms in the Klein-Gordon
equation, and verify that Eq. (4.112) is indeed a solution of Eq.
(4.113). Since it is a second order differential equation, other
solutions exist, but it can be shown [294,295] that the exact
solution is an attractor. Let us also notice that combining Eq.
(4.115) with Eq. (4.112) gives rise to

2
a ac/2

H =Hend< e“d) : (4.116)

a
which can be integrated and gives

t 2/0(2

a(t) = Qepd (—) . (4.117)

tend

One recovers the solution mentioned at the beginning of this
section. Finally, the equation of state w = P/p can also be worked
out exactly and one gets
o2
w=-14+—.

3 (4.118)
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Fig. 44. Prior space on Xenq derived from Eq. (5.34) with Neng — Nini = 60,

as a function of B > 9/2 (1 + ﬁ) (black solid line). The black dotted line
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the initial conditions, Xenq can take any values. The dashed area corresponds to
parameters for the model which produce at least the required number of e-folds.

Again, all the previous expressions are valid even if the slow-roll
approximation is not satisfied. One can see that pure de Sitter
corresponds to ¢ = 0. In this case the potential is constant, the
equation of state is —1 and the scale factor expands exponentially.

Another nice feature of power-law inflation is that the spectrum
of the perturbations can be computed exactly without relying on
any approximation. Defining the parameter § < —2 from «?/2 =
(B+2)/(B+ 1), the primordial scalar power spectrum is given by

Hz k 2B+4
P , 4.119
: = ey 8TME) f(ﬁ)( *) ( )
where
a+p™ (1 2
fB) == [21+ﬂ S+HB)| - (4.120)
In particular, f (8 = —2) = 1. The power spectrum of gravitational

waves can also be obtained remarking that we have us = ur for
power law inflation. From

k3 MUs 2’( MT
Pr = — ‘ ‘ 4121
¢ 8x2 a./€1 h= ( )
one gets
P 16n
r=2" =166 = ——, (4.122)
j)( nr — 2

sincenf =ns—1=28+4.
Finally, the overall amplitude of the CMB anisotropies leads to
a determination of the scale M, namely

4 2
ﬂ — 720]T2azeol¢*/Mpl Qrms—PS )
Mp T?

Obviously, this normalization depends on the value of ¢epq4, and it
is more relevant to express it in terms of the potential energy, say,
at the end of inflation:

Vend

(4.123)

Qrms PS

= 7207 2()[2 —a AN,.<
T2

) (4.124)
o

from which one typically gets V./* /Mp ~ 1074,

The reheating consistent slow-roll predictions for the power
law inflation models are displayed in Fig. 91. Because the slow-
roll parameters are constant during inflation, one can check that

the predictions of the models do not depend on the energy scale
at which the power law reheating ends. One has ng = 1 — o?
and r = 8«2, and from the Planck constraints, all the models are
disfavored at more than two-sigma confidence level.

4.9. Kdhler moduli inflation I (KMII)

These models are stringy models and arise when type IIB
string theories via Calabi-Yau flux compactification are used. KMII
scenarios have been derived and studied in Refs. [318-324]. More
specifically, when internal spaces are weighted projective spaces,
one of the Kahler moduli can play the role of an inflaton field and
its potential, in the large field limit, reads

_yh K2 qu/Mp)
Vip) =M (1 C(MPle 1,

« being a positive dimensionless parameter. Actually, since we deal
with a modulus, ¢ usually possesses a non-minimal kinetic term.
Then, once the inflaton field has been canonically normalized, ¢
has to be replaced with o« ¢*3. The corresponding corrected
potential is studied as “Kdhler Moduli Inflation 11" (KMIII) in
Section 5.3. However, sometimes, the potential (4.125) (with ¢
already canonically normalized) is also studied as a toy model
(notably in Ref. [324]), the hope being that it can give a simpler
description of the physics that naturally appears in the context of
moduli inflation. Therefore, in this section, we also consider this
scenario.

The potential in Eq. (4.125) depends on one free parameter, c.
A priori, there does not exist any bound on its value. However,
as explained below, in order for slow-roll inflation to occur, one
must restrict the range of possible values for «. Within this range,
we will show that the predictions of the model turn out to be
almost independent of « (in fact, they logarithmically depend on
«). The potential (4.125) and its logarithm are displayed in Fig. 18.
It decreases from ¢ = 0 (where it blows up), reaches a minimum
at ¢ = My, and then increases to the asymptotic value V = M*
when ¢ — +o0. Therefore, two regimes of inflation may a priori
exist: either inflation proceeds from the left to the right in the
decreasing ¢ < Mp branch of the potential (in this branch the
vev ¢ increases during inflation) or it proceeds from the right to
the left in the increasing ¢ > Mp; branch of the potential (and the
vev decreases during inflation). However, one should keep in mind
that the potential is derived under the large field assumption and,
consequently, only the second regime is in fact meaningful. As a toy
model, one might nevertheless want to study both regimes but it
turns out that, in the first one, inflation could not stop by violation
of the slow-roll conditions. This is why we will mainly focus on
the second regime in the rest of this section. Let us also notice that
the minimum value of the potential is located at ¢ = Mp; and is
Vmin = M* (1 — a/e). Therefore, if one requires the potential to be
positive definite everywhere, then one must have 0 < o < e ~
2.72. However, this condition may also be ignored if one considers
that the potential (4.125) is in any case not valid at ¢ /Mp < 1.

Defining x = ¢/Mp, the three first slow-roll parameters can be
expressed as

o L, (1-x)?

(4.125)

27 (-aemn® (4.126)
2ae7* x
6 =—— (e +x-2),
(1 — ae*x)
and
ae ™ (x—1)
€3 = >
(1 —ae™x)" (e ™*+x—2)
X [x —3+ae (¥ —3x+6) — 205262":|. (4.127)
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Let us now study in more detail how inflation stops in this
model. As can be seen in Fig. 18, the number of solutions of €; = 1
depends on the value of «. We now define the numbers «; and «;
by

7 2
o) = Lel—ﬁ ~0.83,
v2-1 (4.128)
V2 ’
= ——e+v2 >~ 241
V2+1

If0 < o < «a, then there is no solution (this corresponds to
the green line in the bottom left panel in Fig. 18). The inflaton
field eventually oscillates around the minimum of its potential but
remains in a region where inflation continues forever. In this case,
in order to stop inflation, one must add an auxiliary field to the
model such that a tachyonic instability is triggered at some value
Xend- This of course increases the number of parameters of this
model. If &y < o < oy (which corresponds to the blue line in
Fig. 18), then two solutions appear:

1
1 V2 e vz

XG_I:1|X<1 = Xend|x<l = 1 ﬁ - Wy 1 ﬁ o
0.3
~ 24— W, (——) (4.129)
o
1
o 1 V2 erv2
astt T a2 1-v2 @
0.3
~ 24-W, (-2, (4.130)
o

where Wy and W_; denotes the “0-branch” and the “—1-branch”
of the Lambert function respectively. These two solutions are
both smaller than one so that they both lie in the decreasing
branch of the potential. Correspondingly, two regimes of inflation
exist. The first one proceeds from the left to the right and
stops at Xend |x<1. However, using the expression for the slow-roll
parameters (4.126), it is easy to see that € is always larger than
1/2 in this domain. Therefore, the slow-roll approximation breaks
down in this case. The second regime takes place in the ¢/Mp >
1 branch of the potential but inflation cannot stop by slow-roll
violation. Finally, if o, < « (this situation corresponds to the pink
line in the bottom left panel in Fig. 18), then four solutions exist:
two were already given in Eq. (4.129), (4.130) and the two new
ones read

1
- 1 W V2 e
Xecqlxs1 = ——F=—Wo | ——=
a=tr 1+v2 1+v2 @
—-0.9
~04-—-Wy | — ), (4.131)
o
1
1 V2 et
x:::1|x>1 = Xendlx>1 = m —W_ —m o
—-0.9
~ 04—-W_, . (4.132)
o

The two new solutions are greater than one and therefore lie in the
increasing branch of the potential. Thus two regimes exist in this
situation. The first one is the same as before, proceeds again from
the left to right, stops at Xend|x<1 and suffers from the fact that ¢;
is always larger than 1/2. The second one proceeds from the right
to the left and ends at Xepd|x~1. We conclude that this regime is the



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235 117

% 0.01 |

10° 108
v

Fig. 46. Comparison between the exact numerical value of xeq (e, B) (blue solid
line), and the approximated formula given by Eq. (5.55) (red dotted line) for &« =
V5/3 and B = V?/3. The agreement is excellent but a numerical calculation is used
in ASPIC anyway.

regime of interest for the KMII model and that we must therefore
require o > osy.

Let us now study the slow-roll trajectory. It can be integrated
exactly and its expression can be written as

e .
Nend = N = Xend — & Ei(Xeng — 1) +In (Xeng — 1)

—x+§Ei(x—l)—ln(x—1), (4.133)
where Ei is the exponential integral function [216,217]. At this
point, a few remarks are in order. Firstly, let us notice that N
goes to co when x tends to 1. This means that, in the slow-
roll approximation, the field can never cross the minimum of its
potential. In particular, if ¢ < «y, that is to say if one starts from
the ¢ /Mp < 1 branch and rolls down from the left to the right,
then one can never reach the physical ¢ /Mp; > 1 branch of the
potential and inflation can never come to an end. Secondly, when
X > 1, the trajectory can be approximated by

e ex exend
Nea — N~ = [ = — .
o X Xend

(4.134)

Moreover, in this approximation, it can be inverted exactly and one
obtains

(4.135)

X~ —W_1 |:— ! i| s
& (Neng — N) /e + e*end /Xenq
in agreement with what was obtained in Ref. [324]. In the above
expression, W_; is the —1 branch of the Lambert function. Let us
also notice that, in Ref. [324], the branch of the Lambert function
was in fact incorrectly chosen. The fact that the —1 branch of the
Lambert function has to be considered comes from the following
argument. When Nepg — N — 00, the argument of the Lambert
function goes to 0~ and, therefore, since x must tend towards
400 in this limit, the —1 branch must be chosen. In addition, if
Nena — N — 0, then one must have X — Xenq > 1 which
is also the case if the —1 branch is retained. This is represented
in Fig. 19 where the arrow indicates the direction along which
inflation proceeds. In the third place, since, when x — o0, one
has Nena — N — 00, a sufficient number of e-folds can always
be realized in this model. Finally, it is inaccurate to assume that
Xend > 1 and, therefore, the above approximated trajectory is not
so useful. However, if one only assumes that x >> 1 (which can be
checked to be a good approximation, especially at x = x,.) but not
Xend > 1, then one can write
X

e e .
Nend —N~—— + Xend — — Ei (Xend - 1) ) (4136)
o X o

W(x)

Inflation _:
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Fig. 47. Lambert functions Wy(x) (dashed line) and W_;(x) (solid line). During
Kdhler moduli inflation II, inflation proceeds along the “—1” branch in the direction
specified by the arrow.

which, moreover, can be inverted into
W_4 [— - ! :| (4.137)
@ (Nepng — N) e + Ei (Xeng — 1) — @Xena/e

and which is valid whenever x > 1. However, one should keep
in mind that, now, and contrary to the former approximated
trajectory, taking the limit N — Nepq in the above expression is
meaningless.

The energy scale M is, as before, given by the CMB normalization
and one obtains the following expression

<M>4 — 720720 (1-x)? o2 Qins—ps
Mpy (1 — axe=)3 T2
If one uses the x, >> 1 approximation, then Eq. (4.137) tells us that
X, =~ In (@ AN,) and Eq. (4.138) can be re-written as

4 2 02
(M) — 0(1)720 " Jms=rs.
Mp AN2 T2

It is remarkable that this equation does not depend on «. Using a
fiducial value for AN,, one typically gets M /Mp ~ 1073,

The predictions of KMII models are displayed in Fig. 92, for @ >
o,. The reheating equation of state parameter we.n has been taken
to 0 since the potential is quadratic close to its minimum [but,
it should be reminded that, in principle, the potential Eq. (4.125)
cannot be trusted close to its minimum]. One can see that, as
announced at the beginning of this section, the predictions depend
on « in a very mild way, a conclusion which is in agreement with
Refs. [318,324]. This can be understood as follows. If one assumes
that x, > 1, then we have already noticed that Eq. (4.137) implies
that x, ~ In (0 AN,). From this result, one obtains that

X~ —

(4.138)

(4.139)

1
€1e In? (@AN,), €
1 ZANf (o ) 2 AN,

In (wAN,) ,
(4.140)

€3, In (w AN,) .

*
In these expressions, we notice that the slow-roll parameters
(at Hubble crossing) logarithmically depend on «. This explains
the weak « dependence observed in Fig. 92. Of course, one can
also calculate the corresponding expressions of the spectral index,
tensor to scalar ratio and running. One arrives at

5 In (¢ AN,) In? (e AN,)
ng~1—2——-—, ~ 88—,
> AN, AN?
, (4.141)
In? (¢ AN,)
oy >~ —2—— =,
AN?2
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These expressions are in accordance with the estimates derived in
Refs. [318,324]. However, contrary to what is claimed in Refs. [324],
the predicted value of the running is not excluded by the CMB
observations since, according to the Planck results [70], one has
as = —0.013 £ 0.0009.

4.10. Horizon flow inflation at first order (HF1I)

The horizon flow models have been introduced in Ref. [325]
and consist into designing field potentials to exactly produce
a truncated Taylor expansion of the Hubble parameter with
respect to the field. As such they constitute a whole class of
phenomenological inflationary models. Here, we are considering
a potential designed such that H(¢) = Ho(1 4+ A;¢p/Mp), where
Aq is a free dimensionless parameter. The shape of the potential

reads [325]
) 2
V(g) = M* (1+A ¢ ) 12 A (4.142)
= 1— - .
MPI 3 14+ A] Mil’l
Denoting x = ¢/Mp,, the potential admits a global minimum at
Xymin = —1/A1, which is negative
2
Vimin = V (¢ymin) = —§M4A§ <0. (4.143)

As aresult, there are two disconnected field domains in which the
potential remains definite positive, either x > x_, orx < x,_,

where x¢_, are the two roots of V (x}_,) = 0, i.e.
2 1
oo =\3 7 Ay
! (4.144)
- 2 1
Xy—0 = 7/ 3

3 A

An interesting consequence of the horizon flow approach is
that the Hubble flow functions can be calculated exactly, i.e.
without the slow-roll approximation because H(¢) is exactly
known. As discussed in Refs. [17,326], one could compare them
with the other hierarchy of parameters, e,“’ , that are defined by
the successive logarithmic derivatives of the potential. In the slow-
roll approximation, one precisely uses the potential derivatives to
approximate the Hubble flow functions. From H o 1 + A;x, one
gets the exact Hubble flow functions

A\
2 , € = €3 = 2¢q,

1 —+ A]X
whereas the slow-roll functions associated with the potential are

v _ 18A%2(Ax + 1)?
[3+6Ax + A2 (3¢ - 2)*

€1 =

(4.145)

y_ 12A7[3+6A1x + A7 (3¢ + 2)] (4.149)
C [BteAx+A (32 -2)]
and
v 108A2(A1x 4+ 1)? [1+ 2A1x + A (x* + 2)]

[3+6Aix+ A2 (3¢ — 2) " [3+ 6Ax + A2 (3¢ + 2)]
(4.147)

As shown in Ref. [17], the link between the two hierarchies can be
made explicit and one has

1—1/3\°
& = /3" (4.148)
1-— 61/3
The n parameter is defined as
_2dH (4.149)
T=Hae '
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of this article.)

and vanishes in our case. As a result, provided €; <« 1,i.e. we are in
the slow-roll approximation, both hierarchies give the same results
at first order. In order to establish Eq. (4.148), one has to show first
that

4L da (4.150)
=€+ ——, .

n 1 ,—261 dx

and then that®

deq dInV

— = -3 — V2 . 4.151
i (€1 —3) ( ™ v 61) ( )

The potential and the exact Hubble flow functions have been
represented in Fig. 20.

Inflation can take place inside the two positive definite domains
of the potential, i.e. at negative or positive field values. However,
the Hubble parameter has to be positive such that Hy has to be
chosen negative if 1 + A;x < 0 along the field trajectory. Since
the potential is completely symmetric with respect to its minimum
Xymin, we can study in full generality only the x > XLO branch.
In particular, as the Hubble flow functions are exact, we can also
derive the exact field trajectory

1 1, 1,
_TA1 X+ 5A1X — Xend — 5A1Xend .
Let us notice that, in the slow-roll approximation, one would have
derived the trajectory from e¥ . Doing so, one would have obtained

N — Nend = (4.152)

1 1, |
N — Neng = _E x+ iAlX — Xend — EAlxend

5A sign in these two equations differs from the ones typeset in Ref. [17], most
probably due to a misprint.

2
— *A] In

1+Ax
3

1 +A]xend

) . (4.153)

It is amusing to remark that here, the simplest formula is not given
by the slow-roll derived one, but rather by the exact one. From
this remark one should keep in mind that, in order to simplify
trajectories integration, one can always add factors of order @ (¢1).
The exact trajectory (4.152) can be inverted and one finds

1 1
x=—it E\/l + 2A1Xena + A2 [, — AN — Nepg)]- (4.154)
Along both the positive and negative branch of the potential,
inflation ends naturally at €; = 1, that is at

—1+24
X = A. (4.155)
1 Aq

Along the positive branch we are interested in, we therefore have

+ —1+ /24,
e1=1 " A‘l .

Plugging this expression into Eq. (4.154) gives the field value x, at
which the pivot mode crossed the Hubble radius during inflation
in terms of the e-fold number AN, = Nepg — N.. Let us remember
that solving for x, (or AN,) is made through Eq. (2.47). From Eq.
(4.145), one gets

Xend = X (4.156)

1
€y = ———— (4.157)
1+ 2AN,
which, together with e, = 2¢4, yields

ns — 1= 2nr, r =4(1 — ng). (4.158)
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Notice that this relation is different from the power law case and
consistent with Ref. [327]. In that reference, the authors mention
that the horizon flow models predicts r >~ 4.8(1 — ns) as a result
of Monte-Carlo simulations.

Finally, the potential parameter M can be determined from the
CMB normalization

4 2
ﬂ — 9607‘[2 A% Qrms—PS .
Mp (1+Ax)* T2

Itis interesting to notice that the typical energy scale of inflation
in these models does not depend on A;. The previous equation
indeed leads to

V(x)  480m% Qi ps
Mj — 1+2AN, T? 3+ 6AN,

The reheating consistent (exact) predictions for the horizon
flow inflation I models are represented in Fig. 93. As expected, the
relation €; = 2¢1, which is the same as for the LFI quadratic case,
is properly recovered. The predictions do not depend much on the
potential parameter A;.

(4.159)

) ~107°. (4.160)

4.11. Colemann-Weinberg inflation (CWI)

4.11.1. Theoretical justifications

The potential of this model was first introduced by Coleman and
Weinberg in Ref. [328], in the context of spontaneous symmetry
breaking generated by radiative corrections. The starting point
of this work is to calculate the effective potential for a massless
charged meson minimally coupled to the electrodynamic field.

In that reference, the effective action is explicitly constructed
from a Legendre transform of the partition function, and expanded
into one-particle-irreducible Feynman diagrams with n external
lines (and summing up over n). The exact knowledge of the
effective potential requires an infinite summation of all these
Feynman diagrams, which is in practice intractable. It is thus made
use of the one loop expansion method where all diagrams with
no closed loops are first summed, then all diagrams with one
closed loop are added, and all higher loops diagrams neglected.
Starting with a quartic interacting scalar field, and requiring that
the renormalized mass vanishes, one obtains a potential of the
form

4
V() x 14+« (%) In (%)

(4.161)

Let us emphasize that another useful frame of approximation is
the Gaussian effective potential method. The Gaussian effective
potential is a non-perturbative approach to quantum field theory
[329-337], originally developed in the context of quantum
mechanics, and generalized to field theory afterwards. In quantum
mechanics, when studying systems governed by Hamiltonians of
the form H = p?/2 + V(¢), the idea is to calculate en effective
potential Vggp defined as

Voep (#) = inn (YIHIY),

o\ VA X
v (9) = (—) e~ 2(9=90)7/CM (4.162)
hm

i.e. the minimum possible quantum mean energy of a Gaussian
wavefunction centered over ¢,. Such an object turns out to be a
powerful tool to addressing the effects of quantum fluctuations on
the physical behavior of a system in a non-perturbative way. It can
be easily generalized to quantum field theories, expanding the field
operator & only over §2-massive excitations around the classical
value ¢, in d dimensions,

d 'k
24/ k% + 22
« (ake—i«/kz—kfzztﬁk-x + a’f‘ei«/kz—o—(zzt—ikw) . (4.163)

@ (t,x) = ¢, + 2m) "/

where a,t and ay, are the usual creation and annihilation operators,
and minimizing the quantum mean value of the Hamiltonian
density over £2. In Ref. [330], the quartic interacting scalar field
has been worked out with this method, i.e. starting from V(¢) =
m?¢? /2 + L¢*. The Gaussian effective potential V¢gp obtained in
this way can expanded in power of h to show that the first order
terms match with the potential of Coleman and Weinberg. This
is not surprising as this is equivalent of performing a one loop
expansion over the effective action. However, it should be stressed
that the Gaussian effective potential method provides a much
more general expression for the potential, that is valid beyond this
perturbative limit and that can address regimes where quantum
diffusion dominates the dynamics of the scalar field.

The model is defined such that inflation ends by violation of the
slow-roll conditions, and is followed by a preheating stage in which
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Fig. 52. GMSSM Inflation (GMSSMI). Left panel: xfzzo

defined in Eq. (5.108) and xﬁ/:
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o defined in Eq. (5.104) together with Xmin [see Eq. (5.110)] as a function of «. Right

panel: minimal value of the slow-roll parameter ¢; (rescaled by ¢§/M§l) as a function of . When it is greater than unity, inflation cannot occur.

the inflaton field oscillates at the bottom of its potential. Therefore
this potential minimum must be set to zero, which implies

o = 4e. (4.164)

One is thus left with one mass parameter, Q, which sets the typical
vev at which inflation takes place. On the other hand, the value
taken for Q also depends on the underlying high energy model
from which the CW potential emerges.

The CWI potential appears in various other contexts and, in fact,
historically, it was the first model of inflation ever proposed [1]
(also known as “old inflation™). The idea was that inflation occurs
while the field is trapped in a false vacuum state (¢) = 0.
Then, inflation comes to an end when the field tunnels from this
state to the symmetry breaking true minimum. Unfortunately,
this models was quickly realized to be ruled out since the above
mentioned process is accompanied by bubble formation and these

bubbles, while colliding, produce too large inhomogeneities. Then,
this problem was solved by a modification of the old inflation
scenario called “new inflation” [2,3]. The main idea is that inflation
does not occur while the field is trapped but when the field is
rolling down from the origin to its true minimum. Bubbles are also
formed but there are so big that our entire universe is contained
in one of them. As a consequence, we do not observe bubble
collisions and our universe is extremely homogeneous as indicated
by the observations. This new inflationary scenario was explicitly
implemented in Ref. [2] where the SU(5) — SU(3) x SU(2) x U(1)
phase transition in GUTs is investigated. The model makes use of a
CWI potential that can be described by

5625 4| 4 (O o' 9
fen(2)-5-5)

5122

V() = (4.165)
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1

where ¢, ~ 10" — 10" GeV, representing the GUT symmetry
breaking scale, and g2 ~ 1/3 is the SU(5) gauge coupling constant.
However, as noticed afterwards in Refs. [338-342], this model has
also a fatal flaw. Indeed, one sees in Eq. (4.165) that the overall
normalization of the potential reads M* = 5625g“¢?/(20487%)
and that, therefore, the amplitude of the fluctuations is in fact
already fixed. Using the value of the SU(5) coupling constant and
Q/Mp = e4¢ /Mp >~ 5 x 107> — 5 x 104, one arrives at
M* ~ (107" — 10~'7) My,. This turns out to be incompatible with
the CMB normalization [see Eq. (4.173) below]. However, the same
model was re-considered in Refs. [341,343] (see also Ref. [344]),
but with additional fields and couplings. It was then shown that the
scale M acquires a different form and can scale as the inverse of the
coupling constants. Since these ones are small, it becomes possible
to obtain a higher value for M and to correctly CMB normalize the

model. In what follows, we will therefore consider the scale M as a
free parameter fixed by the overall amplitude of the cosmological
fluctuations.

We also notice that, in Ref. [345], the CWI potential is obtained
in the context of Kaluza-Klein inflation, i.e. in higher dimensions
and with higher derivative terms and logarithmic dependence on
the curvature scalar. Again, the typical value for Q ~ 10" GeV.
The CWI potential appears also in Ref. [346], but the value used
for Q is rather different, Q = 0.223Mp, and is fine-tuned in
order to have two phases of inflation, a “chaotic inflationary”
phase followed by a “new inflationary” phase. Finally, in Ref. [347],
the Coleman-Weinberg potential is studied in the framework of
Einstein-Brans-Dicke gravity, with the same typical value for Q =~
10" GeV and the same typical value for M*/M;, >~ 10~'° as in the
original paper.
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4.11.2. Slow-roll analysis
Considering the previous considerations, we take the potential
to be

ol (2)]

with a parameter Q /Mp, in the range [107°,107%] and o = 4e.
As already mentioned, the mass parameter M will be viewed as
free and fixed by the normalization to the amplitude of the CMB
anisotropies. The potential is displayed Fig. 21. It starts decreasing
with the inflaton vev at ¢ = 0, reaches aminimum at ¢/Q = e~ /4
where it vanishes, and then increases and diverges as ¢ goes to
o0. As mentioned above, inflation proceeds along the decreasing
branch of the potential, in the direction specified by the arrow in
the figure.

Let us now derive the first slow-roll parameters. Defining x =
¢/Q, they are given by

(4.166)

Mao? o ( 1+4Inx 2
eqg=——"X\|——-— 4.167
! Q2 2 1+ ax?lnx ( )
while
M2 —7 —12Inx + ax* + ax*Inx + dax* In x
& =2 Moy toax to - + ,(4.168)
Q (14 ax*Inx)
and finally
M2
€3 = Q—’;‘ (—260x* + 210x® — 20°x'" — 128ax* Inx
+15202x% Inx — 11¢>x'° Inx — 96ax% In® x
+ 368a2x% In? x — 140%™ In? x + 384a%x° In® x
—160’x" In’ x — 32¢°x'% In*x) (1 + ax* lnx)_2
x (7 —ax* + 12Inx — ax* Inx — 4ox* In’ )()71 . (4.169)
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The three of them have the same general behavior. They vanish at
x = 0, increase with x in the decreasing branch of the potential
and diverge at the minimum of the potential. Then they decrease
from infinity in the increasing branch of the potential, and reach
asymptotically vanishing values when the field vev goes to infinity.
Inflation stops by slow-roll violation when €; = 1. The value of
x at which this happens needs to be determined numerically, but
in the limit Q /Mp; <« 1 (remember that Q /Mp =~ 10~*) where
one expects Xeng << 1, one can derive an analytic approximated
formula, namely

342
Xend =~ €4 exp |:W_1 (—[Qe3/4)] ,

(4.170)
4o Mpl
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where W_ is the —1 branch of the Lambert function. A comparison
between this approximated formula and the numerical solution for
Xend 1S displayed in Fig. 22. The agreement is excellent.

Let us now calculate the slow-roll trajectory from Eq. (2.11). It
is given by

Q> Vel [ 1 1
Nena — N = — Y- |Ei( —= — 21 —Ei|—=—21
end Mgl 4o 1 ) nx 1 ) N Xend
Q% 1 (1
+ ———|Ei{ = +2Inx,
M3 16&[ <2 e““)

1 1 Q?
— Fi{-+2Inx — = (*=x)),
(3+2me)]+ 53 € -0

(4.171)

where Ei is the exponential integral function, Nepq is the number
of e-folds at the end of inflation and N is the number of e-folds
corresponding to the scaled field vev x. In the Q /Mp < 1 limit
where X < 1, the first term of this expression dominates. Since
o = 4e, the previous expression can be slightly simplified:

Q* 1

1 1
= — Eil —= —2Inx) —Ei| —= — 2Inx,
M) 16ﬁ[ ( 2 ) ( 2 e"d)
1 1
+ Ei (5 +21nxend> — Ei <5 +21nx)]

Nena — N

(4.172)

After having solved the above equation for x,, the field value at
which the pivot scale crossed the Hubble radius during inflation,
M is fixed by the amplitude of the CMB anisotropies to

M\* M3 -
<7> = 720712052Q—21x2 (1+4Inx)* (14 axtlnx,)”
P

Qrzms—PS
X ?.
The reheating consistent slow-roll predictions of the Cole-
man-Weinberg models are displayed Fig. 94 in the physical range
Q/Mp € [10‘5, 10‘3]. The reheating equation of state parameter
Wren has been taken to O since the potential is quadratic close to its
minimum V (x) ~ 2aM*e™"/? (x — 6*1/4)2. The typical predicted
amount of gravitational waves is extremely small, and a non-
negligible deviation from ng = 1 is noticed. Also, one could choose
to relax the constraint on the parameter Q and study the Cole-
man-Weinberg potential in general. This was done for instance
in Ref. [343] where the Coleman-Weinberg potential predictions
are compared with the WMAP observations on general grounds.
It is found that the potential normalization should be of the order
M ~ 10'® GeV, and that Q ~ 10 Mp, in order to match ng ~ 0.96.
For this reason the reheating consistent slow-roll predictions are
displayed in Fig. 95 in the extended range Q /Mp, € [1, 100]. In the
limit Q /Mp; > 1, the model is well approximated by a quadratic
potential around its minimum, and one asymptotically approaches
the LFI predictions with p = 2 (see Section 4.2).

(4.173)

4.12. Loop inflation (LI)

4.12.1. Theoretical justifications

The flatness of an inflationary potential is in general altered
by radiative corrections. One loop order corrections generically
take the form of a logarithmic function, In(¢/u), where p is a
renormalization scale. Starting from a perfectly flat potential, one
obtains a potential of the form V(¢) = M*[1+ aIn(¢/Mp)]
where « is a dimensionless parameter that tunes the strength of

the radiative effects. Studying such potentials is therefore a simple
way to discuss in which cases the quantum correction “spoil” the
flatness of a potential, and how this happens.

In fact, this type of scenarios were invented in the context of
F and D-term inflation in Refs. [348-351]. The original motivation
was to build an inflationary model in supersymmetry but without
the n-problem that appears in the F-term approach. Indeed, if
one considers a simple superpotential W = f/2X¢? — u’X
where ¢ and X are two superfields, then it is easy to obtain the
supersymmetric potential assuming a minimal Kdhler potential:
V = |f¢?/2 — u?|> +f?|X|?|¢|?. There is a flat direction for ¢ = 0
along the X direction with V = u*. Lifting this direction with a
one loop correction leads to the LI potential which is suitable for
inflation. However, considering non-minimal term in the Kéhler
potential destroys the flatness of V. The D-term approach was
shown to be a viable alternative. The idea is to consider a theory
with a U(1) symmetry and three chiral superfields, X, ¢, and ¢_
with charges 0, +1 and —1 respectively. It then follows that the
superpotential has the form W = AX¢,¢_. If we compute the
corresponding potential in global supersymmetry, one arrives at

V= 221X12 (10— 2 + 19+ 1%) + 22 (g0

2
+ 5 (194 — I +8)’, (4.174)
where the part proportional to g (g being the gauge coupling)
represents the D-part of V. In this expression & is a Fayet-Iliopoulos
term. There is a unique supersymmetric vacuum at X = ¢, = 0
and |¢_| = +/Z and a flat direction along the X direction with
¢, = ¢_ = 0 where the potential V = g2£2/2 can drive
inflation. Since supersymmetry is broken along the flat direction,
this produces one loop corrections and we obtain

2 2 2 2

g ., g ACIX|
V= — 1 In N

25 [ * 1672 ( u?

where p is a renormalization scale. We see that this potential has
exactly the form of an LI potential where the scale M is related
to the Fayet-Iliopoulos term £ and where « is in fact the square
of the gauge coupling. In particular, this implies that « > 0
in this context. One can also reproduce the above calculation in
supergravity (with minimal Kédhler potentials) and show that the
D-part of the theory leads to the same potential which is free of
the n problem.

After these initial works on D-term inflation, many other papers
addressing different issues were published. Observational con-
straints on this type of scenarios were discussed in Refs. [352,353].
Ref. [354] has discussed how to produce D-term inflation and to
stabilize the moduli at the same time. Then, in Refs. [355-357],
it was shown that the stringy implementation of D-term inflation
is problematic. We have seen that the scale M is essentially con-
trolled by the value of the Fayet-Iliopoulos term &. Therefore, the
CMB normalization allows us to calculate the value of £. Anticipat-
ing the calculation at the end of this section, if one uses the equa-
tion after Eq. (4.187) with M* = g?£2/2 and o = g2/(87?) [from
Eq. (4.175)], then one arrives at

90 \"* / Qumsps\ 2 |’
x| (o) (2)

~ (6.9 x 10 GeV)®,

(4.175)

(4.176)

where we have taken the fiducial value AN, =~ 50. As noticed
in Refs. [355-357], in string theory, one typically obtains & =
(TrQ)M2/(1927%) where M; is the string scale and TrQ =~ 100
sums the U(1) charges of all massless states. This leads to § =~
(few x 10" GeV)? and, therefore, does not match the CMB nor-
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end

4 (Nena — N) —x2 [1 - % —11’1()(2

end

W_Ol 4 (Nend - N) e~ (1=2/e) — [1 - % —In (Xgnd)] exp [_1 + % +In (xgnd)]}

(4.184)

Box II.

malization (4.176). Then, Refs.[358,359] studied more complicated
models in the supersymmetric context in order to fix the problem
we have just discussed. Other scenarios were also investigated in
Refs. [360-363]. D-term inflation in the context of string theory
and brane inflation was also discussed in Refs. [244,364-369]. The
same topic was also addressed in Refs. [370,371] but in the context
where the Friedmann equations receives quadratic corrections.
Finally, Ref. [372] studied LI potentials in the case of Wess-Zumino
models. Let us emphasize again that, in all these models, the
constant « is positive and given in terms of the square of a gauge
coupling.

The LI potential was also derived in a different framework in
Ref. [373]. This article uses the O’Raifeartaigh-Witten model that
will be studied in more detail in Section 4.23. Therefore, we do not
give the details here and only quote results that will be reviewed
in that section. In particular, we will see in Eq. (4.338) that the only
difference is that the parameter « is now given in terms of three
coupling constants and has a rather involved form which allows
for negative « values. For this reason we will not fix the sign of «
in the following.

4.12.2. Slow-roll analysis
Let us now turn to the slow-roll study of loop inflation. We recall
that the potential takes the following form

]
V(p) = M* |1 In{—)]|,
@ [ T n(”’m)]

where « is a dimensionless parameter, that can a priori be either
positive or negative (see the above discussion). Let us define the
quantity x = ¢/Mp. The potential Eq. (4.177), as well as its
logarithm, is displayed in Fig. 23. If « > 0, it is an increasing
function of the field vev, and vanishes at

(4.177)

Xy—p = €1/, (4.178)

Hence inflation proceeds from the right to the left at x > xy_g in
that case. If « < 0 however, the potential is a decreasing function
of the field, which vanishes at xy_o, still given by Eq. (4.178), hence
inflation proceeds from the left to the right at x < xy—o.

The three first Hubble flow functions in the slow-roll approxi-
mation are given by

21 11 Inx
el=a—x—2(l+alnx)’2, € =2 tota

=20a—————, (4179
2 X* (14 alnx)? ( )

and

1
63:2072(1-+oz1nx)*2(1-+oz+ozlnx)*1

3 3
x [1 + 701 +a’+ (Za + 50:2) Inx + &? In? x] . (4.180)

If @« > 0, the first slow-roll parameter is a decreasing function of
the field vev, which diverges at x,_o and vanishes when x — oc.
Therefore inflation stops by slow-roll violation, at the point Xenq
satisfying €; = 1 and given by

N

(4.181)

where W is the 0-branch of the Lambert function. One can check
that since Wy(y) < y for any y, one always has Xeng > Xy—og, as
required. When ¢ < 1, one has Xepg =~ a/ﬁ. Ifa < Oon
the other hand, the first slow-roll parameter diverges at x = 0,
decreases with x, reaches a minimum at x.,—o = exp (=1 — 1/a),
then increases with x and diverges at xy—q. The minimum value of
€1 equals € (Xe,—0) = exp(2+2/a)/2 which is smaller than unity
onlyifa > 2/(In2 — 2) >~ —1.53. Otherwise €;(x) > 1 all over
the domain and inflation cannot take place. If ¢ > 2/(In2 —2), the
inflationary domain lies between x;zl and xeng = X7 _, with

=1
B 1 —el/eNT™!
Xey=1 = _ﬁ W_1 7 s

1 _el/a\T7!
+
=i =5 % (7))

and where W_; is the —1-branch of the Lambert function. When
la| < 1, one has Xeng =~ e~ /% — 1/4/2 > 1. Let us notice that the
end of inflation occurs in the region ¢ >> Mp;, where Eq. (4.177)
may not be well defined. Therefore, depending on the underlying
theoretical setting, the end of inflation by slow-roll violation may
not be meaningful.

Let us now turn to the slow-roll trajectory. It can be integrated,
giving rise to

N N x? nx 4 1 1
J— e — nx —_— =
end 2 o 2

2
Xond 1 1
—— InXepa + —— =) -
) ( end o b

When || < 1, it approximately takes the form 2« (Neng — N) =
x* — xgnd. The trajectory Eq. (4.183) can be inverted making use of
the Lambert function, and one obtains see the equation in Box II
where the 0 branch of the Lambert function must be chosen if
a > 0, while the —1 branch must be chosen if « < 0. The Lambert
function is displayed in the left panel of Fig. 24, together with
the regions in which inflation proceeds. Let us now comment and
check that this expression is valid. Firstly, if N = Nepq, the Lambert
function is of the form W(—zepqe %nd) = —zanq, Wherez = (1 —
2/a) — In(x?), and this automatically cancels the numerator such
that one has indeed x = x.nq. Secondly, if @ > 0, the condition
Xend > Xy—o implies that z.,q < 1, and the Lambert function at
Neng is equal to —zenq > —1. Therefore, at the end of inflation,
one should use the zero branch of the Lambert function. Finally,
as inflation is under way, the argument of the Lambert function is
decreasing which implies that the whole inflationary stage takes
place on the zero branch. On the other hand, if @ < 0 using similar
arguments, the whole inflationary stage can be shown to take place
on the —1 branch.

In this later case (@ < 0), it is also interesting to notice that the
total number of e-folds is bounded, since inflation can only proceed
between x_ _; and x! _,. The corresponding maximal number of
e-folds ANpayx is dispiayed, as a function of «, in the right panel
of Fig. 24. One can see that when ¢« < —0.35, not a sufficient
number of e-folds can be realized. For such values of «, one already
has Xenq > 10. Since inflation is supposed to take place at sub-
Planckian vevs, it means that this regime of inflation is a priori

(4.182)

(4.183)
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forbidden. If one allows slightly super-Planckian field vevs, up to
x =~ 100 orx =~ 1000, this implies that < —0.1.Therefore evenin
this case, « must lie in the rather narrow range —0.3 < o < —0.1.

Making use of the approximated trajectories and expressions
for x.ng, some analytic predictions can be derived in the case « > 0.
The observable field value x.,, and its associated number of e-folds
AN, = Neng — N, at which the pivot mode crossed the Hubble
radius during inflation are obtained from the above equations
together with Eq. (2.47). In the limit « < 1, one obtains the
approximate expressions

o 1
€1 X ———, €3y X €3, , 4.185
1x 4AN* 23 3x AN* ( )
hence
o 1 1
~ , ng—1>~———, o > ——. (4.186)
64 AN, AN, AN?

Finally, the parameter M can be determined from the amplitude of
the CMB anisotropies, and one gets

M 4 2 2
<—> = 720m% L Qs s (14 alnx,) 3. (4.187)

2 2
Mp] X5 T

In the small || limit, one obtains M* /My, =~ 3607%a/ AN, Q2 «_ps/
T2 for & > 0, and M*/Mp; >~ 7207%a?e*/*Q2 ;_,s/T? for negative
values of «.

The reheating consistent slow-roll predictions of the loop
inflation models are displayed in Fig. 96 for « > 0, and in Fig. 97
fora < 0.Fora > 0and @ « 1, the approximations in Eq. (4.185)
give a good description of what is numerically obtained, namely
a deviation from scale invariance which almost does not depend
on «, and an amount of gravitational waves which grows linearly
with «. For ¢ < 0, the predictions blow out of the observational

one- and two-sigma contours when « approaches the upper bound
derived above, as expected. Correspondingly, the parameter « does
not seem to be much constrained when it is positive, whereas
close-to-zero values are favored when it is negative.

4.13. (R + R?) inflation (Rpl)

This model is the Einstein frame description of a scalar-tensor
theory equivalent to f(R) = R + €R?’/u*~2, where u is a
mass scale, e = +1,and p > 1/2 (otherwise the expansion is
meaningless). It generalizes the original Starobinsky model [374]
obtained for p = 1. Such theories are quite generic and appear as
limiting cases of more general modified gravity theories [375-379]
(see Ref. [380] for a review).

Following Refs. [377,380], one can introduce the scalar degree
of freedom ¢ defined by

.-
Mo 21ﬂ(|F(R)I),

where F(R) = df /dR. The quantity F = 22 is also the square of
the conformal factor inducing the transformation from the Jordan
frame to the Einstein frame. In the Einstein frame, the field ¢
evolves in a potential given by

(4.188)

V() = Mii IFIRF (4.189)
2 F F?
In the present case, one has
R 2p—1
F(R) =1+ 2ep (ﬁ) , (4.190)

which, for small departures with respect to the Einstein-Hilbert
action R <« w?, implies that F(R) > 0 as needed. Let us notice



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235 129

0.8 T T T

%
x
=z
= .
0.0 0.5 1.0 1.5
/%0
2.0
N
N
§
15 §
N
s N
- §
s 1.0P
“\ L
o
< [
05F
0.0 [ 1 | | !
0 2 4 6 8 10

8/¢o

T T T T
10 -
sk o1 ]
g [ «=0.1
~ L
3 L
= or -
.5 L
s ]
-10 | 1 | L
0 2 4 10
$/%o
1000.0
100.0}
&
= 100 :
>
o
1.0 >\\ )
or
L a=0.1 ]
0.1 1 1 | L
0 2 4 6 8 10
#/%0

Fig. 62. Orientifold Inflation (OI) for « = 0.1. Upper panels: the potential and its logarithm. Bottom left panel: slow-roll parameter €, rescaled by the factor qbg/M,El. The
shaded area indicates where inflation cannot occur (for ¢, = Mp). Bottom right panel: rescaled slow-roll parameter €.

that in the opposite situation, accelerated (and super-accelerated)
solutions have been shown to exist [380]. Defining the quantity y
by

_ |29
S V3My’

and inserting Eq. (4.190) into Eq. (4.189) one obtains the Einstein
frame potential

(4.191)

V=M e — 1P (4.192)

The normalization constant M* is related to the modified gravity
scale u through the following expression

M4 = 2p—1 My
C 4p @pyey

For F(R) > 0, Eq. (4.188) implies that for ¢ = 1, the model is
defined in the domain y > 0, whereas for ¢ = —1 one should
consider the domain y < 0 only. Such a potential has also been
studied in Ref. [381] for p = 1, in Refs. [377,382] forp = 4
and in Ref. [383] for p = 2. Let us notice that the case p = 1
corresponds to the Higgs inflation potential studied in Section 3.1.
The case p = 1/2 is singular since one recovers f(R) c R. Taking
the limit p — oo, the potential asymptotes V — M4%e=% |¢¥ — 1|
and varying p allows us to explore different potential shapes.

Let us first consider the casey > 0 (e = 1).If p > 1, the
potential admits a maximum at

2p—1
Ymax = In s
p—1

such thatinflation can proceed either for0 <y < ¥max 0Ty > Ymax-
We respectively call these regimes Rpl1 and RpI2. If p < 1, the
potential is an increasing function of y, hence inflation proceeds
from the right to the left. We call this regime RplI3. The casep = 1

(4.193)

(4.194)

is singular and again, it corresponds to the Higgs inflation potential
studied in Section 3.1.
The Hubble flow functions in the slow-roll approximation read

. AN+ @-De —2pf
T3 2p- 1) (e —1)

(4.195)
8 pe’
Q=3 o
@p—-D( -1
and
e3=_§(ey—|—l)[l+(p—1)ey—2p]. (4.196)

3 @p-D—1)7

The potential and the Hubble flow functions fory > 0 have been
represented in Fig. 25. As one can check on these figures, inflation
never stops in the Rpl2 regime and one needs to complement the
model with a mechanism that can end inflation, as for instance
with an extra-field and a tachyonic instability. This adds one
additional parameter yenq to the model. When this parameter is
large, all the three Hubble flow functions admit asymptotically
constant values:

. 4(p-1Y° .

lim ¢; = 313 1) lim e, =0,

— 00 — — 00

y p y (4.197)
. 4p—-1

lim €3 = —— .

y—00 32p—1

If pis an integer, except for the special case p = 1 (see Section 3.1),
these values are always smaller that unity, but not particularly
small. As such, all these models predict large deviation from scale
invariance. Indeed, the spectral index at first order is given by

8/ p—1)\°
ng—1x~——- ,
3\2p—1

(4.198)
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which, for p > 2, remains always smaller than —8/27 =~
—0.3. This is strongly disfavored by current CMB measurements.
Therefore, only the models such that p is close enough to 1 are to
be considered (i.e. non integer values of p).

If inflation proceeds in the RplI1 regime, then inflation stops
naturally when €; = 1, i.e. at the field value

l+2p(«/§+1)i|

4.199
8p2—4p—1 ( )

Yend = In |:(2P -1

However, the second Hubble flow function can only take relatively
large value. From Eq. (4.195), since y < Ymax, One gets
8p—1

3 p
For p > 2, we are in a situation where €, > 4/3 and again, the
models are ruled out by a simple slow roll analysis. Therefore, as
already noticed before, p must take (non integer) close enough to
1 values for the models to be viable.

Finally, in the RpI3 regime, inflation stops naturally when €; =
1, with yenq still given by Eq. (4.199). This expression is defined
onlyifp > (1+ ﬁ)/z =~ 0.68 but the first slow roll parameter
continuously decreases with y, and its asymptotic value is again
given by Eq. (4.197). Therefore, this regime is viable only when p is
close enough to unity.

Let us now turn to the slow-roll trajectory. It is given by

3 —1De¥+1-2
N — Nena = — P In d e+ P +¥Y —Yend ( -
4 |p—1 (p— 1)eYend +-1—2p

€ > €(Ymax) = (4.200)

(4.201)

This expression is not properly defined for p = 1 but this case
has already been considered in the section on the Higgs inflation
model. When p > 1, if y = ynax, the argument of the logarithm
vanishes and the total number of e-folds diverges. As a result,

provided inflation starts close enough to the top of the potential,
it is always possible to find a long enough inflationary period. For
p < 1, the number of e-folds diverges when y — oc. The slow-
roll trajectory cannot be analytically inverted, but using the same
reheating model as in Section 3.1, one can solve for the field value
¥, at which the pivot mode crossed out the Hubble radius. The
corresponding number of e-fold AN, = Nepng — N, being given by
Eq. (4.201).

Concerning the case ¢ = —1, i.e. the domainy < 0, all of the
previous formula still apply but the potential is now a monotonic
decreasing function of the field vev which is too steep to support
inflation. In particular, over the whole negative domain, Eq. (4.195)
implies that €;(y < 0) > €;(y - —o0) = 4/3, independently on
whetherp > lorp < 1.

Finally, the constant M can be determined from the amplitude
of the CMB anisotropies. It follows that

Mm* 1+ (p—1)e' —2p) ¥ Q?
— — .19207[2[ + (P ) p(]ﬁpﬁ2 Qrms;l’S .
Mp, Qp—1)2 (e -1 T

(4.202)

The reheating consistent slow-roll predictions of the Rpl models
are displayed in Fig. 98 for the Rpl1 regime, in Fig. 99 for the RpI2
regime, and in Fig. 100 for the RpI3 regime. In the RpI1 regime, the
Higgs inflation model predictions (see Fig. 81) are recovered when
p — 1, and one can see that p < 1.02 is a necessary condition
for the spectral index not to be too red. For RpI2 the limitp — 1
is such that one does not reproduce the Higgs inflation results and
for yeng — 00 the predictions lie on the line €, = 0. Moreover,
one can see that when p > 1.1, the models predict too much
gravity waves to be compatible with the CMB data. Finally for the
RpI3 regimes, the Higgs inflation model predictions (see Fig. 81)
are recovered when p — 1, and they remain compatible with the
data within the two-sigma contours provided p > 0.99.
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4.14. Double-Well inflation (DWI)

In this section, we study the famous “Mexican hat” potential
given by

2 2
V(g) = M* {(;f) - 1] .

Except for the mass M determined by the CMB normalization, it
depends on one parameter, the vev ¢,. Historically, this potential
was first introduced by Goldstone in Ref. [384] as a toy model
for dynamical symmetry breaking. In cosmology, it is of course
utilized to investigate the formation and the microscopic structure
of topological defects [385-391]. In the context of inflation, it
was first used to construct scenarios of topological inflation [392,
393]. In this case, it is made use of the fact that the discrete Z,
symmetry, ¢ — —¢, makes the state ¢ = 0 unstable. Therefore,
the Universe will split into two different regions separated by a
domain wall. One can then show that inflation takes place within
this topological defect. More precisely, the potential is usually

written as V = 1/4 (¢? — 772)2 where 7 represents the position
of the minima of the potential. Then, Refs. [392,393] show that
topological inflation occurs if > Mp;. On the other hand, if one

writes Eq.(4.203)as V = M*/¢* (¢* — ¢>2)2, one sees that one can
identify n with ¢,. And we will precisely S?‘lOW that agreement with
the CMB observations requires ¢, > Mp. The potential (4.203)
was also used in Refs. [394,395] in the context of open inflation. In
a rather different theoretical framework, Eq. (4.203) was studied
in Refs. [396,397] where it was derived in N = 1 supergravity
coupled to matter. It is also interesting to notice that it was
obtained using various stringy constructions as early as the 80’s,
see Refs. [398,399]. More recently, this potential was found to be
relevant in a large number of different physical situations [343,

(4.203)

400-410]. Let us also mention that this model is sometimes viewed
as a realistic version of Small Field Inflation (SFI) with p = 2 (see
Section 5.1), the extra quartic term preventing the potential from
becoming negative. However, as will be shown in the following,
these two classes of models should actually be described separately
since their predictions differ in the relevant range of parameters.

The parameter ¢, sets the typical vev at which inflation
proceeds and depends on the symmetry breaking scale one
considers. In principle, it could vary over a wide range of values,
from ¢, ~ 10" GeV for GUT symmetry breaking schemes to
super-Planckian vev in a stringy or supergravity context. As will
be shown in the following, it is in fact constrained to be large
(super-Planckian) in order for the predictions of the model to be
compatible with the CMB data. The DWI potential is displayed in
Fig. 26 together with its logarithm. One has represented the region
¢ > 0only because the potential is symmetric under ¢ — —¢.We
see that it decreases for ¢ < ¢,, vanishes at ¢, and then increases
for¢ > ¢,.As was already mentioned before, this potential is used
to describe dynamical symmetry breaking and, as a consequence,
inflation should proceed from the left to the right at ¢ < ¢,, in the
direction specified by the arrow in Fig. 26.

Let us now calculate the slow-roll parameters. If one defines
X = ¢/¢, they are given by

Mp\* 8% Mpi\* 8(1+x%)
a=\—r— = ©Q=\—"—) =2
o8 (X2 - ]) N (X2 - 1)
(Mp.>2 8(x* + 3x2)
a=\—| ————.
b/ (x2-— 1)2 (x> +1)
The behavior of these parameters is represented in Fig. 26. The first
slow-roll parameter ¢, is an increasing function of ¢ in the range

x € [0, 1]. It vanishes at x = 0 and blows up at x = 1. Then,
for x > 1, it becomes a decreasing function going to zero when x

(4.204)
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goes to infinity. We see in Fig. 26 that inflation stops by violation of
the slow-roll conditions. The slow roll parameters €, and €3 have
similar behaviors, except that €; does not vanish when x = 0 but is

equaltoe;(x =0) =8 (Mp1/¢0)2. Therefore, in order for slow-roll
to be valid, this last value should be less than one, which amounts
to

&>2ﬁ.

Pl

(4.205)

This constraint on the parameter ¢, shows that the symmetry
breaking scale needs to be super-Planckian. If this last condition is
verified, then €, becomes greater than one during inflation at ¢.,—1
defined by

MP1)2 <¢0 )2
Xe,=1= | 14+4| — 1— )14+ —
@ <¢0 MPI

This happens before the end of inflation (¢; = 1) which occurs at
the following value of the field

(4.206)

2
Xend = 2 + (15)]70) - \/i

Pl

(4.207)

Let us now turn to the slow-roll trajectory. It can be integrated
exactly and yields the following formula

1/ ¢\ Xend\ 1
Nea =N =5 () [1“ (%) - 3 e "‘2)] B

where Nepq is the number of e-folds at the end of inflation. Using
the O-branch of the Lambert function Wy, this trajectory can be

inverted. One obtains

2
M
8 ¢—g‘) (N—=Nena)

X= |—Wp _xgnde—xﬁnde( (4.209)

The fact that the 0-branch of the Lambert function should be
chosen comes from the requirement that x < 1. The corresponding
“trajectory” along the Lambert curve is displayed in Fig. 27,
the arrow indicating in which direction inflation proceeds. This
trajectory is remarkably similar to the one of SFI with p =
2, see Section 5.1 and Eq. (5.6), the only difference being that
the factor 8 in front of N — Ngyq is just 4 in the case of SFIL
Therefore not only these two potentials coincide at small fields,
but they also give rise to the same kind of slow-roll trajectory.
This is why these two models are sometimes identified, DWI being
considered as a realistic realization of SFI. However, as shown
below, the observations favors super-Planckian values of ¢, and,
in this limit, the two models are not equivalent (of course, this
also has something to do with the debate about whether having
super-Planckian vev is meaningful or not). In fact, in the regime
¢,/Mp > 1, one can write

M,
X, ~1— «/5(7"'\/1 T 2AN,
0

2
+1<%) (1+2AN T >+
3\ ¢, 1+ 24N, '

From this expression it is clear that, for super-Planckian values of
@, ¢+ is close to the minimum of the potential where the quartic
term plays an important role and, consequently, where the SFI
potential is not a good approximation. A calculation of the Hubble
flow parameters at Hubble crossing confirms this conclusion. They

(4.210)
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Fig. 66. Spontaneous Symmetry Breaking Inflation (SSBI) potential and the corresponding Hubble flow parameter ¢; for the two cases @« > 0, 8 < 0 (corresponding to
SSBI3 to SSBI4) and @ < 0, 8 > 0 (corresponding to SSBI5 and to SSBI6). In each of these cases, the direction in which inflation proceeds is indicated by the arrow.

are given by

1 2

€y ¥ ——, €y Y ——————

T 11 24N, T 11 24N, (4211)
0 :

€3 X ——mmm.

* T 142AN,

This allows us to establish the corresponding expressions of the
tensor to scalar ratio, spectral index and running. One obtains

16 4
"= 1T 2AN, ns_l:_l—f—ZAN’
o * (4.212)
g~ ——————.
1+ 2AN,

These expressions should be compared with Eq. (5.17). We see
that the first Hubble flow parameter for SFI and DWI differ by a
factor close to 4 and that the €, roughly differ by a factor of 2. As
a consequence, as can be checked in Fig. 101, the DWI predictions
are such that €;, = 2¢, [or equivalently, r = 4(1 — ns)], whereas,
as can be checked in Fig. 112, we have ¢,, = 4e4, for SFI [or
equivalently, r = 8/3(1 — ns)]. This explains why the two models
can in fact lead to quite different predictions and why DWI cannot
be simply viewed as a mere realistic continuation of SFI.

Finally, it is also interesting to constrain the energy scale M. For
this purpose, we use the CMB normalization which gives

M4 2 (Me\® X Qs
Pl 0 (X* — 1)

Then, using the approximated trajectory x, ~ 1 — /2 4+ 4AN,
Mpi/ ¢, in the above formula, one obtains the following expression

M4 2 1 2
—_ ~ 14407 <&> _ Q““SZ“’S.
M Mn) (1+2AN)2 T

(4.213)

(4.214)

Then, requiring that M < Mp, leads to the following upper bound
on the value of ¢, ¢, /Mp < 1.5 x 10°. Combined with the lower
limit (4.205), we see that the possible range of variation of ¢, is
quite large.

The reheating consistent slow-roll predictions for the DWI
models are displayed in Fig. 101. The reheating equation of state
parameter w, has been chosen to be 0 since the potential is

quadratic close to its minimum V (¢) ~ 4M*/¢? (¢ — ¢0)2. As
claimed before, one can check that only super—Ploanckian values
of the symmetry breaking scale ¢, are compatible with the data.
Actually, this is also true for the SFI models, see Section 5.1 and
Fig. 112. As already mentioned before, in this regime, the two
models differ while, as expected, they are very similar for sub-
Planckian values of the field vev.

4.15. Mutated hilltop inflation (MHI)

This model belongs to the class of hilltop models [411,412]. In
this type of scenarios, inflation is supposed to occur at the top of
the potential. In particular, it was shown in Refs. [411,412] that,
by adding the contributions coming from higher order operators,
F or D term inflation can be turned into hilltop models. Here, we
consider mutated hilltop inflation which was first introduced and
discussed in Refs. [413,414]. The potential is phenomenological
only and given by

- fm(()]

with sech x = 1/ coshx. As argued in Refs. [413,414], it can be
viewed as small field inflation (hilltop inflation) completed by an
infinite number of higher order operators, these operators giving
rise to a power series responsible for the appearance of the sech
function. From an effective field theory point of view, reasonable
values of the parameter i seem to be such that 4 < Mp; but in

(4.215)
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Fig. 67. Second slow-roll parameter ¢, (solid line) and third slow-roll parameter €5 (dotted line), for the six SSBI models studied in this section. The free parameters of the
models are chosen to be o, 8 = 1.
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Fig. 68. The black solid line gives the minimum value of |«|, denoted here by anin, as a function of 8 in order for inflation to stop by slow-roll violation for SSBI1 (top left
panel), SSBI5 (bottom left panel) and SSBI6 (bottom right panel). For SSBI3 (top right panel), the green dotted line denotes the minimum value of « for inflation to stop
by slow-roll violation, and the cyan and red dotted line restrict the values of o for which e;’p > 1 (defined only for 8 < —1/64). In the bottom panels, the dotted lines
correspond to o> = 4, see the discussion in the text. In all the panels, the region above the black solid curve (shaded region) represents the allowed region (i.e. the one
where a slow roll regime of inflation stops because €; reaches one). For SSBI1, when 8 % 0.25, this is always the case. For SSBI1 and SSBI3, amin approaches the asymptotic
value api, = 2 when |8| < 1. For SSBI5 and SSBI6, inflation stops by slow-roll violation when & < —|am;n|. (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)
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Fig. 69. Top left panel: Inverse Monomial Inflation (IMI) potential for p = 2. Top right panel: logarithm of the potential for the same value of p. Bottom left panel: slow-roll
parameter €; for p = 2. Bottom right panel: slow-roll parameters ¢, and €3 for p = 2. Only one line appears because €, = €3. On these plots, the shaded region represents

the region where the slow-roll approximation breaks down.

other contexts such a restriction may not be necessary. This is why
although the model is studied for any value of w, approximated
formula will also be derived in the ;& < Mp; approximation.

Defining x = ¢/, the three first Hubble flow functions in the
slow-roll approximation are given by

M? X
€1 = —% coth? (5) sech? x,

2 2
" (4.216)
_Mar 2 (X 2
€=— csch + 2sech®x|,
" 2
M2 coshxcoth? (§) + 2 tanh®x
e = (4.217)

U coshx + sinh? x
where cschx = 1/ sinh x. These three quantities are monotonically
decreasing functions of the field values and inflation proceeds from
large field values towards small field values. Together with the
potential, they are represented as a function of x in Fig. 28.

The slow-roll trajectory can be integrated exactly from Eq.
(2.11) and reads

LZ oln cosh (x/2)
M3 cosh (Xenq/2)

— coshx + cosh xend} .

N — Neng =

(4.218)
It can also be inverted analytically to give the field values in terms
of the number of e-folds using the Lambert function W_;. One
obtains

x = arccosh ( —1-W_ { — (1 4 coshXenq)

MZ
X exp [Zl(N — Nepg) — 1— coshxend] }) . (4.219)
w

Since N — Nepg < 0 and the function ye™ has a global maximum
equals to 1/e, inflation proceeds along the —1 branch of the
Lambert function as represented in Fig. 29. Note that in the
M <K Mp limit, this trajectory simply becomes N — Nepg =~
12/ (M) (e¥nt — €.

For MH], inflation naturally stops when €; = 1, which has an
unique solution given by

N LY PR
Xeng = arcsech | — =+ - (1—6—
end 3 3 M[%l

~1/3
2 4 2
x [ —14365 +3v6-— [al 420 4
Mg, Pl Mp, Pl

1/3
1 2 4 2
+ o[ —14360 +3V6— (a4l 4 ,
3 Mp, Mpy Mg, Mg,

(4.220)

and with arcsechx = arccosh(1/x). One should note that the
previous equation is always well defined, regardless of the sign of
the square root argument by analytic continuation. Let us notice
that from Eq. (4.216) one has

1 5 (X 5 5
€ — €1 = 3 csch (5) + sechx + Esech x> 0. (4.221)
Consequently, the slow-roll approximation may become inaccu-
rate before the end of inflation because €, > 1 occurs just before
€1 = 1. However, one can check that this happens during a neg-
ligible number of e-folds and the observable predictions for MHI
remain mostly unaffected. Also, in the limit 4 < Mp, Eq. (4.220)

gives Xepg =~ In (ﬁMpl / /,L).
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The value x, = ¢,/un at which the pivot mode crossed the
Hubble radius during inflation is obtained by solving Eq. (2.47) for a
given reheating energy. In terms of AN,, and in the limit u < Mp,
one has x, > In (2AN,MZ/u?). This enables to give estimates for
the slow-roll parameters at Hubble crossing, namely

2
L (m 2 v a2
€1 —— | — | , €9 X ——, €3, >~ —, (4.
"7 24N2 \ My AN, * 7 AN,
hence, at first order in slow-roll
8 [\ 2
=ave ) STV T AN
* \VH * (4.223)
2
og X ———.
ST AN2

One can see that for u/Mp <« 1, the typical predicted amount
of gravitational waves is very small, and the deviation from scale
invariance almost does not depend on j.

Finally, the constant M can be determined from the amplitude
of the CMB anisotropies

M4 M? X 2
o= 90772—';1 csch® (5*) sinh x, tanhx*QrL;PS. (4.224)
Pl M
In the u/Mp; < 1 limit, one obtains
M* 72072 p? Q2
~ Ll @ (4.225)

My ANZ2 Mj T2

Typically, for pt/Mp; 2~ 1072, one has M/Mp ~ 1074,
The reheating consistent slow-roll predictions for MHI have

been represented in Fig. 102. As expected, for small values of

1 /Mpy, the predicted amount of gravitational waves is extremely

small and the deviation from scale invariance almost does not

depend on u.
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Fig. 71. Theoretical prior space for the stringy scenario of brane inflation [158]
in the plane of the “universal” coordinates (y, v). The solid blue line is the
frontier above which inflation ends by tachyonic pre-heating triggered by brane
annihilation (light green region). Only in the region enclosed by this curve (light
blue region), inflation ends by slow-roll violation. The upper thick red line is the
volume bound of Eq. (5.343). The lower black straight line is the “UV” limit given
by (5.346) and is relevant only if inflation stops by slow-roll violation. The solid
green curve is given by (5.350) and also represents the “UV” limit but, this time, in
the regime where inflation stops when the two branes collide. As a consequence,
the admissible region is the one shaded in light black. We see that, even in
this allowed region, inflation can either end by tachyonic instability or slow-roll
violation depending on the string parameter values. In principle, the blue, black and
green lines should cross at a single point. Due to the approximations used here, we
see that this is true only approximately. In order to give a more faithful description
of the allowed region, the light black area has been slightly deformed around the
crossing point (see Ref. [158] for an exact determination of these frontiers). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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4.16. Radion gauge inflation (RGI)

This model was studied in Ref. [415]. It is an extension of
the gauge inflation scenario in which the radius modulus field
around which the Wilson loop is wrapped assists inflation as it
shrinks [246]. Assuming that the radion field value is such that the
potential energy is minimal, for each value of the inflaton field ¢,
one can derive an effective potential

(¢/Mp)*
a+ (¢/Mp)*’

where « is a dimensionless positive parameter. In the context of
Ref. [415], the model is natural for « < 1 but larger than unity
values are not forbidden. The same potential has been obtained in
Ref. [416] in the context of S-dual superstring models. In that case,
« represents a typical vev for the inflaton, in Planck units. Defining
X = ¢/Mpy, the first three slow-roll parameters read

V(g) = M* (4.226)

202 a + 3x%

€1 = 727 € = 4(1727
x* (o + x?) x* (o + x?)
a? + 3ax? 4 6x*
{04 .
X (o + x2)2 (o +3x2)

The potential, its logarithm, and the Hubble flow functions are
represented in Fig. 30.

The slow-roll trajectory can be integrated analytically from Eq.
(2.11) to obtain

(4.227)

€3 =

x> X

2 4
X X

N—N — CZend + end z
T4 T 8x 4 8a

Moreover, it can be inverted explicitly to give the field values in

terms of the number of e-folds as

(4.228)

X = \/—O{ + \/—SOé(N — Neng) + (@ + xgnd)z' (4.229)

The end of inflation naturally occurs for €; = 1, i.e., from Eq.
(4.227), at the field value xenq given by

2/3
—oa+ [9a + 3’ Qa + 27)]

Xend = i3 (4.230)
1621/6 [9a + /3022 + 27)]
As for the MHI models, one should pay attention that
6x2
6 —e =207 0, (4231)

o X2 (a + x2)2 =
for any positive values of . As a result, slow-roll violation, i.e. €; >
1, occurs in RGI before inflation ends. However, since the first
Hubble flow function is monotonic, this is not very problematic
as it happens only during a negligible number of e-folds and only
around Neq. The slow-roll observable predictions therefore remain
accurate.

As before, the observable field value x, is obtained by solving Eq.
(2.47) for a given reheating model and allows the determination of
the parameter M from the amplitude of the CMB anisotropies. One
gets
M*  2880m%a? Q2 ps

ML X (x+x2) T2
The reheating consistent slow-roll predictions for these models
are displayed in Fig. 103. Large values of « give back the same

predictions as the large field models with p = 2 (see Section 4.2)
having €;, = 2¢€1,.

(4.232)

4.17. MSSM inflation (MSSMI)

4.17.1. Theoretical justifications

The Minimal Supersymmetric Standard Model (MSSM) is an
extension of the Standard Model of particle physics. Its Lagrangian
is characterized by the following super potential

Wyssu = AJQ; -H,Uf

+A4Q; - HaD§ + AIL; - HaEf + puHy - Ha. (4.233)

The quantity Q; denotes a doublet of left handed quarks super fields
where i is a family index. In practice this means that

a-(). =) o=()

where the components of the doublets are super fields. For
instance, the scalar part of U is the i squark and its fermionic part
is the ordinary u quark. Of course, there is also a color index a =
1, 2, 3 and, in fact, one should write the corresponding doublet as
Qjq- Moreover, one can also introduce a third SU(2), indexa = 1, 2
and write Qjq, With, for instance, Qi;; = U and Qi = D. On
the other hand, the quantities US and Df denotes the right handed
super fields where j is the family index (and the color index has
been ignored in order to simplify the notation): for instance, U5
means the right handed charm quark super field which is a singlet
under SU(2);.

In the same fashion, L; denotes a doublet of left handed lepton
superfields

n=(¥) e=(¥) eo=(F)

where, for instance, N, denotes the electronic neutrino superfield
(the scalar part being the neutralino and the fermionic part the
electronic neutrino itself) while E, denotes the electron superfield.
On the other hand, the quantities ch denote the right handed
superfields that are singlet under SU(2) (for instance, E5 is the
right handed muonic superfield). In the superpotential (4.233),
there are two terms involving the quarks and only one involving
the leptons because, as well-known, there is no right handed
neutrinos in the standard model.

The last term in Eq. (4.233) describes the Higgs sector with two
Higgs doublet H, and Hy. The quantity u is a new dimensionful (of
dimension one) parameter of the model. The dot indicates an SU(2)
invariant product. Finally, A, A4, X are the 3 x 3 Yukawa matrices.

From the superpotential (4.233), one can determine the scalar
potential of the theory by means of the usual supersymmetric
machinery. As is well-known, the scalar potential is made of
two pieces, the F-term part and the D-term part. Clearly, given
the number of fields in the theory, the scalar potential is a
complicated object. For inflation, we are especially interested in
the flat directions of this potential. A flat direction is a direction
such that the F and D-terms vanish, that is to say such that Vr = 0,
Vp = 0 and, therefore, V = V¢ + Vp = 0. It was shown that
the MSSM scalar potential contains nearly 300 gauge invariant flat
directions [57,417,418]. Finding these directions is a non-trivial
task and we now very briefly explain how this can be done. Usually,
it consists in putting all the fields to zero except a few ones, these
few ones being carefully chosen such that cancellations occur in
such a way that the potential exactly vanishes. We now illustrate
this method on a particular case. Let us first recall that the general
formula giving the D-term potential is

1
Vo= > gpp’,
a

(4.234)

(4.235)

(4.236)
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where D¢ = ¢!T9%, T? being the generator of the group and
¢ denoting a generic field (of course, the index a should not be
confused with the color index discussed above). For the standard
model, we have the group SU(2); x U(1)y and, therefore, the
explicit expression of the D-term reads
2
Vp = ‘% (D} + D5 +D3) + ‘%Di, (4.237)
g and gy being the coupling constants of the two groups. For the
SU(2) group, the generators T¢ are nothing but the Pauli matrices
and, therefore, T* = /2. Following Refs. [417,419], let us
consider a situation where all the fields in the MSSM are assumed
to have a vanishing vev except L; and ch where we remind that i

and j are family indices. If we write LIT and Lf as respectively the
upper and lower component of the doublet L;, then one has (i.e. we
put ¢ = L; in the general formula expressing D?)

1 3
b byt
D, = 5Z(Ll. L +L,,*L,.),
’:31 (4.238)
i
D, = EZ(L;T*L} _Lf*L?>7
i=1
13 Np 2
D=5 (‘Li ‘ - ‘Li ’ > . (4.239)
i=1

The quantity E€ being a SU(2) singlet does not participate to the
above expression. On the other hand, the contribution from the
U(1) group reads

3

1 2
o =3 3 (2 -1 -

i=1

i

2
) , (4.240)

where e; denotes the scalar field of the Ef supersymmetric
multiplet. We see that, if we take

L= <g> , L= <g> ) e =9,

then we have Vp = 0.

The next step consists in calculating the F-term for the
choice (4.241). It is easy to check that V; = 0. Therefore, we have
identified a flat direction. It is denoted L;L;ey or LLe to recall that all
family combination are possible. This direction is represented by a
“composite operator X;,” formed by the product of the superfields
making up the flat direction. In our case X3 = LiLjey = ¢> and
m = 3 since we have three operators participating to the definition
of X5. This direction has been proposed in Ref. [420] as a possible
candidate for the inflaton field. Let us also remark that another
choice put forward in that reference was udd.

We have just seen how to identify flat directions in the MSSM
potential. However, this flatness is usually spoiled by the presence
of higher order non-renormalizable operators appearing in the
MSSM (viewed here as a low energy effective field) and by
supersymmetry breaking [57,417,418]. Higher order operators are
described by the following superpotential

(4.241)

I Xk

An , 4242

where A, is a coupling constant,n = mkand k = lork = 2
depending on whether the flat direction is even or odd under R-
parity. Recall that Q, L, US, D° and E€ have R-parity —1 and H,, Hy
have R-parity +1. It follows that LLe (for instance) has odd R-parity
and, therefore, that k = 2. For the directions LLe (this is also true
for uud), this means that

n=mk=6. (4.243)

The above superpotential (4.242) will produce a term [dW /d¢|? o
$>*m=1 in the scalar potential. Then, we have the contributions
originating from supersymmetry breaking. They can be easily
calculated if, for instance, we assume that we have an independent
hidden sector where supersymmetry is broken and that this
breaking is mediated by gravity only. This gives two types of soft
terms, one proportional to ¢ and another, the so-called “A-term”,
proportional to (¢pdW /d¢ + cc) that is to say, given Eq. (4.242),
proportional to ¢™.

More generally, if one starts from a flat direction with a given
n, then the superpotential has the form W = A,/n®"M; ™", where
@ = ¢e is the superfield which contains the flat direction. Then,
the scalar potential takes the form

¢n ¢2(n—1)
n—-3
Pl

1 5., An 2
V(g) = Smy¢” + Acos(nd +6o)— + 22 (4.244)
n

where the the second term involves the angular part of the
superfield via a term cos(né + 6y), which in practice is fixed at —1
to maximize its contribution. As explained below, the fact that the
second term appears with a negative coefficient plays a crucial role
in making this scenario a credible inflationary one.

Together with the global minimum at ¢ = 0, under the
condition A> > 8(n — 1)m3¢, the potential has a secondary

minimum at ¢, ~ (m¢Mgl_3)]/(n_2>. If A > 8(n — 1)m}, this
secondary minimum becomes the deepest one and thus the true
one. The curvature of the potential at this minimum is of the order
m2. If inflation occurs there, one gets H =~ my(mg/Mp)'/ =2,
wﬁich is much smaller than the potential curvature for mg < Mp.
This implies that the potential is too steep for quantum effects
during inflaton to kick ¢ out of the false minimum. Such a situation
is similar to the old inflationary scenario. However, this barrier

disappears if one saturates the previous inequality and takes

A* =8(n— 1ymj. (4.245)

In that case, the potential has a flat inflection point at ¢, and
inflation can proceed between this plateau and ¢ = 0. This is the
case we study in this section. This model (and its generalizations)
has also been studied in Refs. [421-431]. Its generalizations will
be investigated in more details in Sections 5.6 and 5.7. Let also us
notice that when n = 3, the same potential appears in Refs. [432,
433] as “Generalized Chaotic Inflation”, and later in Refs. [434-
436] as “Punctuated Inflation”. In these references, it is shown that
slow-roll inflation is briefly interrupted when the inflaton crosses
the flat inflection point and this can produce step-like features in
the primordial power spectra. These effects are outside the scope
of the following slow-roll analysis as we will be dealing with the
last slow-roll inflationary stage within this scenario.

4.17.2. Slow-roll analysis

We now turn to the slow-roll analysis of MSSM inflation. As
discussed before, we assume that the inflaton is the flat direction
LLe or uud. This implies that n = 6 in Eq. (4.244). Then, rewriting
the potential (4.244) in a more convenient fashion, one arrives at

2 6 10
2 1
owl(2) 3T
?, 3\ ¢, 5\ ¢,
where we have defined new parameters according to
8 Mgl mz 8 Mglmi
= e = 2. (4.247)
44/10%6 0 1042

These definitions and the value of the coefficients ensure that ¢,
is the location of a flat inflection point. Since méq’)z is a soft SUSY
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breaking term, we typically expect that my =~ 1TeV and this is the
reason why, in what follows, typical values of the field are taken to
be

#, ~ 10" GeV, (4.248)

in agreement with the second of Eq. (4.247) (the coupling constant
A is taken to be of order one). An interesting feature of this model
is that it provides inflation at sub-Planckian vev and at low scale
V =~ (10° GeV)*. As noticed in Ref. [420], higher values thann = 6
would produce too small amplitude for the scalar perturbations.
This is why the model is commonly studied with n = 6 (with
n = 3, this is RIPI, see Section 4.18).

The potential in Eq. (4.246) is displayed in Fig. 31, together with
its logarithm. It is an increasing function of the field, the derivative
of which vanishes at ¢ = 0 and at its second inflection point
¢ = ¢,, the position of the first inflection point being given by
Dyr_g = ¢O/ﬁ. Inflation proceeds in the region ¢ € [0, ¢, ], in
the direction specified by the arrow in Fig. 31.

Defining the dimensionless quantity x by

L
¢,
the first three Hubble flow functions in the slow-roll approxima-
tion are given by

X

(4.249)

M2 x—1)*
€ =450—2 ( ) 5
by x? (3x8 — 10x* + 15) (4.250)
601\/15l 3x'6 — 58x% 4 40x* + 15
€) = —_—
# X2 (3x8 — 10x* + 15)2
and
Mg, 60
€3 = —2 — (—225 4 1575x* — 3165x° + 395x™
b5 X

+ 2605x'® — 1275x%° + 81x%* + 9x°®) (3x® — 10x* + 15)

x (=15 — 55x* + 3x® 4+ 3x'2) . (4251)

These two slow-roll parameters diverge when the field vev goes to
0, and vanish when the field vev goes to infinity. The first slow roll
parameter ¢; first decreases, vanishes at the flat inflection point
where ¢, vanishes too, then increases to reach a local maximum
where ¢, vanishes again, and eventually decreases again, to vanish

atinfinity where ¢, also goes to zero. Denoting by szzo the position
of the second extremum, one has
1\ /4 13
X o= <§> [24/3 (ivess—1)
-1/3 1/4
+ 14 x 223 (i 685 — 1) - 1] ~1.41022.  (4252)

In between the two local extrema of €, the second slow-roll
parameter €, is negative whereas it is positive elsewhere. The value
of € at its local maximum is given by

2
e =€ (xfmo) = 34,4500
s
With the typical above-mentioned value for ¢, =~ 10" GeV, one
has M2 /¢? =~ 10® and €™ > 1. This means that if inflation
proceeds foor vev’s larger than that of the flat inflection point, it
can naturally stop by slow-roll violation. However, if this happens,
inflation proceeds at x >> 1 and the potential is effectively very
close to a large field model one (LFI, see Section 4.2) with p = 10.

(4.253)

For this reason, we will be focused to the case in which inflation
occurs for vev's smaller than that of the flat inflection point. In
this case, the value of x.,q at which inflation stops by slow-roll
violation must be determined numerically. In the limit ¢, /Mp; < 1
however, one has X.,q >~ 1 and an approximate analytic formula
can be derived

1 ®,

23/4/15\ Mp~

A comparison between this expression and the numerical solution
of e; = lisdisplayed in Fig. 32. For physical values ¢, >~ 10~*Mp,,
the agreement is excellent.

Let us now turn to the slow-roll trajectory. It can be integrated
from Eq. (2.11) and leads to

2
Nepg — N = d)o X = xgnd + l Xgnd _ X
en Mp 20 15 \ x4 1 x—1

end

(4.254)

Xend = 1

- 12—5 [arctanh (xZ,4) — arctanh (xz)]} :
where Nepq is the number of e-folds at the end of inflation and
N is the number of e-folds at some point when the scaled field
vev is x. A few remarks are in order. Firstly, when x =~ 1, the
second term of the previous expression dominates, and one has
Nent — N 2 1/15 (¢ /Mp)*[1/ (g — 1) — 1/(x* — 1)1, which
can be inverted and gives

-1
1 M M?
x=1—— [279415 |20 4 155 (Neyg = N) | . (4.255)
4 PR

Secondly, one could wonder if a sufficient number of e-folds
can be realized in the regime studied here. When x — 1, the
corresponding number of e-folds diverges, but in practice, the
inflationary dynamics close to the flat inflection point is governed
by the quantum diffusion and the classical equation of motion can
not be trusted in this domain.

If one introduces the ratio n between the quantum kicks
amplitude H/(27) and the classical drift M3V, /V, when x =~ 1,
one has

n o~ Lmz%mﬁ x—172
90+/301
44/10 _
~ H—ﬁMZMp@O ? (Nend — N)?, (4.256)

where the last equality comes from the approximate trajectory. In
order to estimate the value of 1, one needs the value of M which
is fixed by the amplitude of the CMB anisotropies. With x, the
observable field value associated with AN, = Nepg — N, one gets

4 2 1— x4)* 2
(1\7) = 28807” 7 — ( - 4*) " Q’”T‘SZ‘PS. (4.257)
o ¢0 Xs (1 — Xt EX*)
In the x,, >~ 1 approximation, this gives
6
M4 ~ 3 2 QrzmsfPS ¢0 (4 258)
Mi 8" 12 Mo — N '
Pl Mp[ (Nend N*)

and thus

2 2

Neng — N

n /20 Qs ps. (Nena . (4.259)

T2 AN,

It is quite remarkable that this formula does not depend on ¢,
anymore but only on the ratio (Nepg — N)/AN,.. From Qups_ps/T =~
6 x 10~%, one has Neng — Nmin =~ 10* in the classical regime [420].
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For ¢, ~ 10™ GeV, one obtains M =~ 10® GeV, in agreement with
what was announced earlier.

Finally, it can be interesting to write down the approximated
slow-roll parameters at Hubble crossing and in the limit ¢, /Mp; <
1. One obtains

(%) 1 o
€1x = s €24 = ,
Mp ) 7200AN% AN,

(4.260)
1
€3% ,
7 AN,
hence
o \° 1 4
"=\ M) ws0an ST AN
Pl * * (4.261)
4
s > ———.
ST AN2
They are similar with the typical predictions of the RIPl models [see
Eq. (4.277)].

The reheating consistent slow-roll predictions of the MSSMI
models are displayed in Fig. 104. The reheating equation of state
parameter wren has been taken to 0 since the potential is quadratic
in the vicinity of its minimum. One can check that, in the limit
¢,/Mp < 1, the first slow-roll parameter is indeed extremely
small, while the second slow-roll parameter does not depend much
on ¢,. Remembering that ¢, /Mp =~ 1074, one can see that these
models seem to be disfavored by the data since they predict a too
large deviation from scale invariance. In order to better reproduce
the constraints on the spectral index, these models should be such
that ¢,/Mp; > 1, for which they become similar to large field
models (LFI, see Section 4.2). This can be seen from the previous
formulas in the limit x >> 1. Unfortunately, such values for ¢, are
not compatible with the MSSM. Finally, comparing Fig. 104 with
Fig. 105, one can see that the general features of MSSMI are very
similar to the RIPI ones, and that the conclusions drawn here are
rather robust against a change in n appearing in Eq. (4.244).

4.18. Renormalizable inflection point inflation (RIPI)

4.18.1. Theoretical justifications

In Section 4.17 inflation is implemented within the Minimal
Supersymmetric Standard Model (MSSM) around a flat inflection
point. Here, we consider a similar model but with n = 3 instead
of n = 6. Such a scenario can emerge in the following situation,
see Refs. [437,438]. Let us consider the MSSM with three additional
superfields N; representing three right-handed neutrinos. These
fields are singlet under the standard model gauge group but this
one can be extended to SU(3). x SU(2). x U(1)y x U(1)g_. and
the N; are assumed to be charged under the extra U(1)z_;. Then,
we postulate the following superpotential

W = Wyssm + hNH,L, (4.262)

where h < 1072 in order to explain the neutrino mass, m, =~
©(0.1) eV.Itfollows that NH, L is a D-flat direction of the potential
and we parametrize this direction by ¢. As a consequence, if one
now calculates the corresponding potential, one finds that

_ 1m2 pe Ah

277 643
where, as usual, we have included the soft supersymmetry
breaking terms (since W o ¢, the A-term, proportional to

$OW /¢ is, this time, cubic) and have minimized V along the
angular direction. If A is chosen such that A = 4my, then we
have a flat inflection point at ¢, = ~/3m,/h. A discussion on the
fine-tuning required to get a flat inflection point can be found in
Section 5.7.

3 hz 4
v + 59" (4.263)

4.18.2. Slow-roll analysis
We now turn to the slow-roll analysis of the potential given in
Eq. (4.263). For this purpose, it is more convenient to re-write it as

6N\2 4[N\ 1/¢\
V(¢) =M* (—) - = <—) +-1) | (4.264)
[ ¢/  3\8,) " 2\¢,
where we have defined the quantities M and ¢, by
1 m
M* = Em;qf)g, ¢, = ﬁ%' (4.265)

Relevant values of m, range from 100GeV to 10TeV and h =~
10~'2, This means that [437,438]

¢, =~ 10" GeV, (4.266)

a value that turns out to be similar to the one considered in the
MSSMI case (see Section 4.17).
Let us now define the quantity x by the following expression

L
b
The potential is an increasing function of the field vev, hence

inflation proceeds from the right to the left. It has two inflection

points xf,,:o, given by

X

(4.267)

X and xJ,_, =1, (4.268)

V=0 = 3
the second one being a flat inflection point [i.e. V' (x;,_,) = 0l,
close to which inflation takes place. This potential is displayed in
Fig. 33, together with its logarithm.

Let us now turn to the slow-roll parameters. The first three
Hubble flow functions in the slow-roll approximation are given by

M2 x—1)4

= o, .2’
by (3x3 — 8x2 + 6x)
(4.269)
M3 3x3 — 9%+ 10x — 6
€ = 24—2 x—1) 3
@ (3x% — 8x% + 6x)
and

_ % _ _ 2 _ 3 4
€3 =24 52 x—-1) (36 144x + 246x~ — 236x° + 144x
0

— 54 4+ 9°) (6x — 8% + 3x°) " (10x — 9x* + 3x* —6) '

Both €;(x) and €,(x) diverge when the field vev goes to 0, and
vanish when the field vev goes to infinity. The first slow-roll
parameter ¢, first decreases, vanishes at x;",_ where €, vanishes

V//:O
too, x__o = X,_o then increases to reach a local maximum at

sz:O where €, vanishes again, and eventually decreases again. The
value of x;, _ is given by
1 1 1/3
Xpo=1-————5+3 (9 + «/82) ~ 1.75. (4.270)
3 (9 + \/82>

In between these two local extrema of ¢, the second slow roll
parameter €; is negative, and it is positive elsewhere. The value
of €1 at its local maximum, "%, is given by

MZ

€M™ ~ 5.2753—1

s
Therefore, if ¢,/Mp < 2.3, inflation can stop by slow-roll
violation in the region corresponding to vev’s larger than that of

(4.271)
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the second inflection point szzo. Remembering that typically ¢, ~

10" GeV 2~ 4 x 10~°Myp, this condition is easily satisfied In that
case, an expression for the vev at which inflation ends, x} _,, can
be obtained but is does not add much to the discussion since for
reasonable values of ¢, it is extremely far from the flat inflection
point (e.g. for ¢, /Mp = 10*, one hasx =1~ ~ 28, 285). Since the
potential is introduced in order to study inflation in the vicinity of
the flat inflection point, it should be studied in the other regime,
as it is the case for MSSM inflation (see Section 4.17), i.e. when
inflation takes place between x = 0 and the second inflection point

X_,—o- In that situation, it ends at
_ 1My ¢
Xend =X _; = ——| 64/2 482
end = €1=1 9 ¢O |: + Mp,
2
+2(-36+6v2 S 5%
Pl MPI
d) 3
2162 99[— +136-% —432v2
M Pl MPl
—1/3
5 6
+ 27[\/ 72\f—+33(’i—1e;f¢—+12¢6
MPI Pl MPl
3
2162 99f + 1362 — 432v2
MP Pl
1/3
4 5 6
+27V2 72f Tt 33¢— - 16f¢— +12 ¢6 :
MPI MPl MP]
(4.272)
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Fig.75. Dynamical Supersymmetric Inflation. Maximal value of i /Mp with respect

to p, and for different values of g, such that the condition x™8 < xM2 is satisfied.

We have fixed ANpax = 50. The black dotted line show a typical value for j«/Mp >~
10'° GeV [439].

For ¢, /Mp; < 1, one can numerically check that this expression is
very close to the flat inflection point location x_ _,, namely

Xend—l_ /6[¢0

The whole 1nﬂat10nary stage therefore proceeds in the vicinity of
this point.

The slow-roll trajectory is obtained from Eq. (2.11) and reads
¢ [ x X 1 In(1—x)

MZL 6 8  12(0—-x @ 12

(4.273)

Nenda — N =

(4.274)

B 12 (1 = Xend) + 12

Xend Xﬁnd 1 In (1 — Xeng)
6 8 '
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Several remarks are in order. Firstly, from this expression, one can
see that the number of e-folds diverges when the field approaches
the inflection point of the potential. This means that this point
is never crossed and that, if inflation proceeds for vev's larger
than that of this inflection point, then the field approaches it
asymptotically but never actually reaches it. However, an exact
numerical integration of the equations of motion reveals that, if
the field approaches the inflection point in such a way that the
slow-roll conditions are not satisfied, then it can cross it. This is
typically the case if its speed is large enough. On the other hand,
the field dynamics at the exact location of the inflection point is
dominated by quantum diffusion, and a more careful study must be
carried out to describe what exactly happens there. Following the
considerations of Section 4.17, we focus on the inflationary regime
only in the region where the vev of ¢ is smaller than that of the
flat inflection and where deviations from slow-roll and quantum
diffusion plays a negligible role. Since for ¢,/Mp < 1 inflation
takes place relatively close to the inflection point, the two last
terms of Eq. (4.274) dominate over the two first ones. In this limit,
the trajectory can be inverted to get

X, ~1—W; {exp 12(M”>2AN + !
T 0 ¢0 : 1_xend

— In (1 — Xenq)

(4.275)

Making use of Eq. (4.273), and keeping only the dominant terms in
¢,/Mpi, one obtains

1 |
Xe 21— — & .
12 \Mp / AN,

This expression can be useful to determine typical values for the
slow-roll parameters evaluated at Hubble crossing. One obtains

(4.276)

1 1 ¢ 4 1
ot G e > (4277)
288 AN* ME, AN, AN,
hence
11 & 4

"Eiganimg T TaN

, " * (4.278)
g X~ _T[\]f

One can see that these models typically predict a tiny amount
of gravitational waves, but a substantial deviation from scale
invariancens—1 >~ —4/ AN, ~ 0.1.The similarity with Eq. (4.260)
is obvious.

Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies and the observable field value x, = x(N.)
by

4
<ﬂ> _ 622080 M2 e DT Qners
: .

Pl

¢ x(3x2-8x.+3)° T

(4.279)

For ¢,/Mp < 1, one can make use of Eq. (4.276) to get the
approximate expression

4 6
My L 30 s P Qfns—rs
Mp) — = ANA \ My T2

Using the typical value ¢, ~ 10" GeV, one gets M/Mp =~ 5 x

1071,

(4.280)

The reheating consistent slow-roll predictions of the renormal-
izable inflection point models are displayed in Fig. 105. The reheat-
ing equation of state parameter w.., has been taken to 0 since the
potential is quadratic close to its minimum. One can check that in
the limit ¢, /Mp; < 1, the first slow-roll parameter is indeed ex-
tremely small, while the second slow-roll parameter does not de-
pend much on ¢,. Remembering that ¢, /Mp =~ 10~4, one can see
that these models are disfavored by the CMB data since they pre-
dict a too large deviation from scale invariance. In order to remain
inside the two-sigma confidence intervals, these models should be
such that ¢, /Mp, >> 1, for which they are close to the large field
models (LFI, see Section 4.2). However, such values for ¢, are, a pri-
ori, outside the range of validity of the RIPI scenario. Finally, com-
paring Fig. 104 with Fig. 105, one can see that the general features
of RIPI are very close to the MSSMI ones, and that the conclusions
drawn before are therefore robust against the precise value of the
power index n in Eq. (4.244).

4.19. Arctan inflation (Al)

This scenario was originally introduced in Ref. [440] as a toy
model where the equation of state changes rapidly around ¢ = 0.
The potential reads

V (¢) = M* |:1 - E arctan (f)] ,
b4 u

and depends on one free parameter, 1. This model was considered
in order to test the reliability of different computational methods
and schemes of approximation used in the calculations of the
inflationary cosmological perturbations power spectrum, see
Ref. [440]. More precisely, in Ref. [189], it was also used to
study with which accuracy the first and second slow-roll order
power spectra can approximate the actual power spectrum of the
fluctuations in the case where the underlying model has both
quite large tilt and running. This potential was considered again
in Refs. [441,442] in order to study whether it can lead to the
formation of long-lived primordial black holes. In the following
slow-roll analysis, u will be viewed as a free parameter with no
restricted range of variation. Let us notice, however, that since it
characterizes the typical vev at which inflation takes place, it could
also be limited to the sub-Planckian regime if one wants inflaton to
proceed in a small field regime. As a matter of fact, it will be shown
below that this needs to be the case if one wants inflation to end
by slow-roll violation.

The potential (4.281), as well as its logarithm, are displayed
in Fig. 34. They are decreasing functions of the field and, hence,
inflation proceed from the left to the right, in the direction
specified by the arrow in Fig. 34.

Let us now compute the three first slow-roll parameters. If one
defines x = ¢/, their expressions are given by

(4.281)

Mg 2
u? (1+ xz)2 (7 — 2arctanx)?’
(4.282)
M?% 11— mwx+ 2xarctanx

€= 87[; 2 )
K (1+x%)" (r — 2arctanx)?

and
2

€3 = 2M—§' [-4+6mx+ 7% (1-3%%)
"
+ 4 (37x* — 3x — ) arctanx + 4 (1 — 3x*) arctan® x|

-1
X [(l —|—x2)2 (r —2arctanx)? (=1 + 7x — 2xarctanx)] .
(4.283)
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They are displayed in Fig. 34. The first slow-roll parameter ¢,
increases during inflation, reaches a maximum at x.max and then
decreases. Whether inflation can stop by violation of slow-roll or
not depends on the value of €; at its maximum: e]"**. This value is
a solution of the following equation
er?‘“ arctan (ngnaX) +1= T Xcmax, (4.284)
which can only be solved numerically. One gets Xemax 2 0.428978,
from which one deduces that

M3

€™ ~ 0.262531—2.
n

(4.285)
Therefore, in order for inflation to end by slow-roll violation, one
needs to work under the assumption that u/Mp < 0.512378. In
that case, inflation proceeds along the plateau located at values of x
suchthatx < Xemax, in the direction specified by the arrow in Fig. 34
(i.e. from the left to the right). Otherwise, if one wants inflation to
occur in other parts of the potential and/or for values of u such
that u/Mp; > 0.512378, another mechanism needs to be consider
in order to stop it (typically, we imagine a tachyonic instability in
another direction in field space). This means that we also need to
introduce an extra parameter X.,q Which gives the location of the
vev at which the tachyonic instability is triggered. Let us remark
that we could also consider a model where the inflaton starts at
X < Xcmax, then crosses the region where ¢; has its maximum and
then causes the end of inflation by tachyonic instability. This case
would give a bump in the power spectrum and, clearly, cannot be
properly described in the slow-roll framework. In this article, we
restrict ourselves to the first version of the scenario mentioned
above. In this situation xe,q is given by the smallest solution of
the equation €¢; = 1 and needs to be computed numerically.
Before inflation stops, one can see in Fig. 34 that the second slow-
roll parameter ¢, reaches a maximum, the location of which can

be numerically computed to be Xemax —0.28539 < Xemax.

At this point, one has €™ =~ 1.02827MZ/u?> > €M™* As a
consequence, the slow-roll approximation breaks down before the
end of inflation. This conclusion is reinforced by the fact that €3
diverges at Xemax, This means that the last e-folds of inflation cannot
be properly described in the slow-roll framework.

Let us now turn to the slow-roll trajectory. It can be integrated
exactly and yields the following expression

2 2 3
H |:T[X9ﬂd Xend T Xend

Neng — N =
end 2 6 6

2
MPI

$2 1
_ (1 + %‘”) Xeng arctan Xeng + 3 In (14 x25q)

X 1 )
+ 1+§ xarctanx+§ln(l+x) . (4.286)

where Nenq is the number of e-folds at the end of inflation. In
the vacuum dominated approximation where the potential is just
given by V(¢) =~ M?, this trajectory can be approximated by
Nend —N = 2 /M3 (7t Xena +X2,4/6+ X3 /3 —tx—x* /6 — % /3),
which can be inverted exactly if needed. This formula is valid if

u/Mp; < 1, since in that case, Xeng =~ —./Mp/ (,un«/i) < -1

Under this assumption, one has x> ~ —3MZ/ (7 u?) AN,, from
which one can approximate the values of the three first Hubble
flow parameters at Hubble radius crossing

o (u/Mp)?? o _ 4
1« — ) 2k — 9
2 (waN2)*? 3AN, (4.287)
1

€35

)

AN,
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Fig. 77. Logarithmic Potential Inflation (LPI) for p = 4, ¢ = 2. Upper panels: the potential and its logarithm. Bottom left panel: slow-roll parameter €;. Bottom right panel:

slow-roll parameters ¢, (solid line) and €3 (dotted line).

Then, one can calculate the tensor-to-scalar ratio, the spectral
index and the running. One obtains the following expressions

__ 8(u/Mn)*

= — ns—]:— ~ —0.03,
2/3
(w ANZ) AN (4.288)
4 5x107*
g — — >~ —3 X .
* 7T T 3AN2

These formulas are in agreement with the consistency relation
as = —3/4 (ns — 1)? obtained in Ref. [441].

Finally, it is interesting to estimate the energy scale M from the
CMB normalization. This leads to

< M )“ _ 28807° M3/ 14? Qins—rs
Mp (1+ xfﬁ)2 (v —2arctanx,)® T°

Under the vacuum dominated approximation (u/Mp <« 1), the
above equation can be re-expressed as

(M ) N 403/n/< p )”3 Qs

(4.289)

— — (4.290)
Mpy AN, Mpy T2

The requirement M < Mp is always satisfied form sub-Planckian
values of . The typical value M/Mp =~ 1073 corresponds to
w/Mp >~ 1072,

The slow-roll predictions of the Al models are displayed in
Fig. 106, in the range wu/Mp < 0.512378 (so that inflation
can end by slow-roll violation). The reheating equation of state
parameter we, has been taken to be 0 but since there is no
potential minimum around which the inflaton field can oscillate
at the end of inflation, this parameter is a priori unspecified.
One can see that this model typically predicts a small amount of
gravitational waves, and a deviation from scale invariance which is
in accordance with the observations. The predictions in the planes
(ns, r) are qualitatively well described by the vacuum dominated
analysis (4.288) presented before.

4.20. Constant ns A inflation (CNAI)

This class of models is designed in order to produce power
spectra with constant spectral index. It was studied for the first
time in Ref. [443]. The rational behind this approach is that, so
far, no evidence for a significant running has been found in the
cosmological data. Since, from a Bayesian point of view, one should
avoid introducing parameters that are unnecessary in order to
reproduce the observations, it makes sense to consider models
which lead to exact power-law power spectra. This is of course
the case for power-law inflation as discussed in Section 4.8 and we
will see other examples in Sections 4.21, 5.15 and 6.6. In fact, in
Ref. [443], a systematic analysis of potentials that yield constant
spectral index was carried out. It was found that the following
potential belongs to this category of models

_ad e 2 2 ii
Vg)=M [3 (3+ @) tanh (ﬁMm)]’

where « is a positive massless parameter (denoted n(z) in Ref. [443])
and, in this section, we study this case. This potential is represented
in Fig. 35 and, since it is symmetrical under the transformation
¢ — —¢, only the ¢ > 0 part is displayed. The potential
is a decreasing function of the field vev and, therefore, inflation
proceeds from the left to the right. It is positive provided ¢ < ¢,,
where

b,

V2 [ 3
= — arctanh — .
Mp; o 3+ a2

There is no value of « for which the potential is always positive.
Defining x = ¢/Mp, the slow-roll parameters are given by

(4.291)

(4.292)

40? (34 a2)2 tanh? (%)

[6 + a? — a2 cosh (ﬁax)]z ’

€1 =

(4.293)
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20% (34 a?) [12 + a? — 2a% cosh («/iax) + o? cosh (Zﬁax)]

€ = o , (4.294)
[6 +a? — a2 cosh (ﬁax)] cosh? (%)
e = 20 (3+0a?) tanh? (%x) [6(—24 + 20* — o)
+ (120a? +7a*) cosh (V2ax)
— 20 (¢ — 6) cosh (Zﬁax) + o cosh (3«/511)()]
X [6 + a? — a? cosh («/Eax)TZ
x [12 +a? — 2 cosh («/iax) + a2 cosh (2«/500()]71 . (4.295)

These slow-roll parameters are displayed in Fig. 35. They all
increase as inflation proceeds and diverge when the field
approaches ¢,. Hence inflation ends by slow-roll violation. Notice
that the equation €; = 1 can be solved analytically. If we define

y = sinh®(ax/+/2), then one has to solve the following cubic

equation ay® + (@* — 6a?)y? +[9 — 60? —a?(3+a?)]y+9 = 0.

The relevant solution reads

6—a? 1-iV3
3a? 3 x 213

RN
6 x 2134

where we have defined P by

Yend = B+ad)*(1+30*)P 13

, (4.296)

P =—a® (340’ (6— 520 + 9a?)

+ \/ —27a1 (3 4 a2)* (36 — 6002 + 96ar* + 2505 + 4ad). (4.297)

The slow-roll parameters €; and €3 both vanish when the field vev
goes to 0, whereas ¢, has a non-vanishing minimum value, given

by €, — 2a? (3 + o) /3 whenx = 0. Therefore, if « is larger than
some maximum value

1
5 («/1 - 3) ~ 0.66,

then ¢, is larger than 1 in the whole inflationary regime and the
slow-roll approximation does not hold. It is therefore necessary to
work under the assumption @ < amax Which we assume in the
following.

Let now us check that the spectral indexng — 1 = —2¢; — €;
(at first order in slow-roll), can be made constant, as announced
previously. Expanding the slow-roll parameters €; and ¢, in small
values of ¢, and crucially assuming that ax, remains small, one
obtains ¢, = O(e*) and & = 20> 4+ O(a*), so thatng — 1 =
20’ +0 (oc“). Therefore, the corresponding expression is indeed
a constant (i.e. does no depend on ¢, ). Since we have [ns — 1| < 1,
this implies that « should be small which is consistent with the
condition o < omax derived above.

Let us now study the slow-roll trajectory of the system. This one
can be integrated exactly leading to the following formula

N — Nena = 0[2(31_’_0[2) {3ln [sinh (:;ix)]
- a—z sinh? (ix>
2 NG
—3In [sinh (axend>i| + a—z sinh? <axend)} . (4.299)
NG 2 V2

Moreover, this trajectory can be inverted which allows us to
explicitly express the vev of the inflaton field in terms of the e-folds

(4.298)

Omax =
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number. One obtains

2

2 3 2
X = £ arcsinh | — =W - exp { =a? (34 &) (N — Nepa)
o a? 3 3

12
+ 2In [sinh (%’%nd)] - O[3—zsinh2 (%’%nd) }>j| , (4.300)

where W is the 0 branch of the Lambert function as required since
x (N) is an increasing function of N. It is displayed in Fig. 36 where
the CNAI trajectory takes place between ¢p/Mp; = 0 at the origin of
the plot, and x = ¢,/Mp at the junction between the —1 branch
and the 0 branch.

The slow-roll predictions of the CNAI models are displayed
in Fig. 107. When « is small (but not too small), the value of
ns is indeed constant (and compatible with the considerations
presented above) but, unfortunately, too far from scale invariance
to be compatible with CMB data. When o < 10~!, the predictions
become roughly compatible with the data but, clearly, ng is no
longer constant and no longer given by —2a?. At first sight, this
is surprising since we expect the spectral index to tend towards
—2a? when « goes to zero (see above). In order to understand
this point, let us remark that, in the limit where o« vanishes, one
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Fig. 80. Observable predictions in the (ns, r) plane for various models belonging
to region 1 of the Schwarz-Terrero-Escalante classification (see Fig. 79). Despite the
fact that they are in the same broad class, the accuracy of the CMB data allows
us to discriminate among them thereby justifying a detailed navigation within the
inflationary landscape.

can expand Eq. (4.296) to find yeng =~ 3/0? — 3/ + O () (the
term at order «° is absent and this plays an important role in what
follows). This leads to Xena =~ (v/2/c) In (2ﬁ/a>—1 /240 (o).
Notice that this last equation is compatible with the behavior of
the first Hubble-flow parameter (4.293) in the vicinity of ¢,: €; ~

M3 /[2(¢ — ¢,)?]. Therefore, the expression of Xenq found before
corresponds in fact to writing €; = 1 with this approximated €.
Then, using the slow-roll trajectory (4.300), one gets

ax 3 o?
sinh? [ —= | = == Wy [ ——=e3), 4301
(«/5 ) @ ( 3 (430D
where A is given by the following expression
. O Xend
A= a?(3+a?) AN, —3In [smh( = )}
(+) -
o? QXend
+ — sinh? ( > ) (4.302)
2 V2

This quantity can be expanded in « using the equation for Yenq
derived above and, at leading order, one obtains

2 2, 3 o?
— A~ —Za’AN,+In{ = ) —1— —. (4.303)
3 o?

3 2

For simplicity, the last term in the previous expression can be
ignored since 2AN, > 1/2.1tfollows that, introducing the formula
for —2A/3 into Eq. (4.301), one arrives at

ox. 3 1
sinh? < *) =-—W (—fe’z"‘zAN*> .
V2 o e

If we ignore the exponential in the argument of the Lambert
function (since @ < 1) and use the identity arcsinh(x) = In(x +

/X2 + 1), one finally arrives at

24/3
X, NQﬁln( V3
o—

o

(4.304)

(4.305)

We now understand why, in the limit « — 0, the spectral index is
no longer constant. The naive expression ns >~ —2a? is obtained
by expanding the expressions of €; and ¢, in «, including the
hyperbolic function of argument ax,.. But we have just shown that,
when o < 1, ax, is not small and, therefore, the Taylor expansion
of those terms is no longer justified. This is why, in Fig. 107, we see
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a deviation from ns constant at very small values of «. In fact, this
questions the interest of this model since the condition of constant
spectral index is obtained only for values of ng that are already
ruled out by the CMB data. On the other hand, when ¢ < 1, the
model seems compatible with the data and, therefore, represents
a legitimate inflationary scenario even if the spectral index is not
constant in this case.

Finally, it is also interesting to study the energy scale at which
inflation takes place in this model. The CMB normalization gives

. (4.306)

2.2 (2 202 a

<M >4 B 115207 “« (oe +3) sinh (ﬂx*> QénsfPS
- 3 2

Mp, [a2 +6 — a2 cosh (ﬁax*)] T

Since we have established the expression of x,. above, it is sufficient
to use it in the above formula. We have, however, to be careful
about the calculation of the denominator. Indeed, if we neglect
again the exponential in the argument of the Lambert function,
Eq. (4.301), then sinhz(ozx*/ﬁ) ~ 3/a? and the denominator in
Eq. (4.306) vanishes. Therefore, one needs to evaluate the Lambert
function more precisely and to keep the corrections proportional
to AN,. This can be done with the help of Eq. (33) of Ref. [445]
which implies that sinhz(oex*/ﬁ) ~ 3/a® — 65/AN,/a. Using
this expression, one arrives at

M
— ~0.016a~ %4 (AN,) 38

(4.307)
Mp

For an order of magnitude estimate, one can use the fiducial value
AN, ~ 55, This leads to M/Mp =~ 0.0035 &—>/4. Requiring M <
Mp, puts a lower bound on the parameter o, namely o > 5 x 1074,
This roughly corresponds to the range studied in Fig. 107.

4.21. Constant ns B inflation (CNBI)

This model is another representative of the class of scenarios
studied in Ref. [443]. As was already discussed in Section 4.20,
it is designed such that the corresponding power spectrum has a
constant spectral index. The potential is given by

vl a2 (L2
V(p)=M [(3 ) tan (Iszl> 3},

where « is a positive dimensionless parameter [443]. Since the
potential is periodic with period 72 /o and, moreover, invariant
under ¢ — —¢, one can restrict ourselves to the range 0 <
¢/Mp < w/ (ﬁa) without loss of generality. The potential
is an increasing function of the field and, as a consequence,
inflation proceeds from the right to the left. Finally, V (¢) is positive
provided ¢ > ¢,, where

¢, 2 3
—— = —— arctan — 1.
Mpy o 3 —?

Obviously, in order for the potential not to be negative everywhere,
one needs to impose that ¢ < /3 and, as a result, the previous
expression is well defined. The potential (and its logarithm) is
displayed in Fig. 37, in the relevant range ¢,/Mp < ¢/Mp <

w/ (ﬂa).
Then, defining x = ¢/Mp, the slow-roll parameters are given
by

(4.308)

(4.309)

2 o
L 40 (a2 - 3)" tan? (45x) . (4.310)
[az + (6 — a?) cos (ﬁax)]
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Fig.81. Reheating consistent slow-roll predictions for the Higgs model in the plane
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o? (3-a?) [6 +a? +2(6 —a?) cos (ﬁax) + (o - 6) cos (Zﬁax)]

2608 (450) [3+ (o = 3) tan2 (%) ]

€ =
(4.311)

and

€3 = 207 (o? — 3) tan? (%x) [6(—72 + 1402 — o)
+ (o = 6) (70> 4 78) cos (v/2ax)
—2 (@ ~ 18a® + 72) cos (2v/2ax)
+ (@* — 6)" cos (3v/2ax) |
[0 + (6 - o*) cos (ﬁax)]J
x [64a? +2(6 — o?) cos (V2ax)

X

+ (o* — 6) cos (2\/§<>zx)]71 . (4.312)

These slow-roll parameters are displayed in Fig. 37 (bottom
panels). The first slow-roll parameter €, first decreases as the field
vev increases and reaches a minimum value at x.,_o where ¢;
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vanishes and then increases. The value of x,_ is given by

1 a? — 6+ a* — 36a2 + 180
Xey—0 = —= arccos

a2 2 (a2 —6)

The second slow-roll parameter, ¢, always decreases as inflation
proceeds, crossing €; = 0 at X.,—o. The third slow-roll parameter,
€3, is positive for x < X,—¢. In this domain, it decreases to reach
a minimum and then increases and diverges when x approaches
Xe,—0. On the contrary, for x > x.,—g, €3 becomes negative. It first
increases and reaches a local maximum, then decreases and goes

(4.313)

to—ooatx =mw/ (ﬁa). The three slow roll parameters diverge

when ¢ goes to ¢, and to Mp7 / (ﬁa).

The minimum value of €; at X.,—o turns out to be smaller than 1
only if @ < amax =~ 0.2975. A (rather long) analytic expression for
Omax €an be derived, but it does not provide much information to
the present discussion. Therefore, one must require @ < 0.2975 in
order to realize slow-roll inflation in this model. Then, assuming
this is the case, it is clear from Fig. 37 and from the previous
considerations that inflation ends by slow-roll violation. If we
define y = sin? (ax/ﬁ), then the condition €; = 1is equivalent to
4(6—a®)?y}—4(12—a?) (6—a?)y* +4(45+ 30> —6a*4+-ab)y—36 =
0. The relevant solution is given by
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of this article.)

(302 — 1) (18 — 902 + oz“)ZIr]/3

(6 —a2)’
27]/3
- (1 +iﬁ) ﬁpm, (4314)
24(6—a

where we have defined the quantity P by

P =64(—6+0a?) (-3+a?)° <—6 +1100? — 9a* 4 30+/3

x v/—36 + 40802 — 120* — 2506 + 4a8>. (4.315)

Ifa < 1, then yeng >~ 1/2 and Xepg = «/i/a arcsin(l/ﬁ) =
T/ 2V 20).

As for the CNAI model, the spectral index ns — 1 = —2¢; — €3,
at first order in slow-roll, can be made constant in some limit.
Expanding the slow-roll parameters in «, while assuming ax to be
small, gives €1 = x’a*/2 + ©(a®) and &, = 2a® + O(*), so that
ns—1=—-20%+0 (oz“). Therefore, approximate scale-invariance,
Ins — 1] < 1, implies o small.
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Let us now turn to the slow-roll trajectory. This one can be
integrated exactly, leading to the following formula

012(3]—012) {3 In |:sin <2x>}
_5 _2(” sin2 (jix) —3In |:sin (jixend>i|

+ 6o sin? ( 2x
2 ﬁend .

This formula can be inverted and x can be expressed explicitly in
terms of the e-folds number. One obtains

N 3 6 — a?
X = —arcsin | — W | —
o 6 — 2 3

X exp {iaz (3—a?) (N = Nepa) 4+ 21In [sin (%xend)}

2 1/2
- : - Sinz <ixend> })] ’
3 V2

where W_1 is the —1 branch of the Lambert function. It is displayed
in Fig. 38. When x = n/ <ﬁa>, the argument of the Lambert

N — Neng =

(4.316)

(4.317)

functionis («? — 6) exp (?/3 — 2) /3 which is always larger than
—1/e for any value of « (this expression decreases with o« when
o < +/3), whereas whenx = ¢,/Mpi, the argument of the Lambert
function is just given by —1/e. For x > ¢,/Mpy, the value taken by
the Lambert function must be less than —1 which indicates that
the —1 branch is the relevant one. Therefore, inflation proceeds in
the domain displayed in Fig. 38 in which one easily checks that the
above trajectory is always well defined.

The slow-roll predictions of the CNBI models are displayed in
Fig. 108 for the range 10> < o < 10~ !, For very small values of
o, the predictions are in agreement with the data with a value of
ns centered around the constant value ns >~ 0.97 and an amount
of gravitational waves such that r > 0.07. But one also notices that
the spectral index is not really constant. In fact, it does not come as
a surprise that the same phenomenon highlighted in Section 4.20
is at work here. Indeed, using the slow-roll trajectory (4.316), one
has

Pt 3 6 —a?
sin? () = - 2w, (2% w3 (4318)
V2 6 — 2 3
where A is given by the following expression
. [ XXend
A= a?(3-0d?) AN —31n[51n< h )]
( ) N V2
6 —a? X
2 sin2<a e“d>. (4.319)
2 V2

Using the formula for x.,q derived above, one obtains, in the limit
o < 1and at this order of approximation that x, =~ X.,q. Therefore,
as in Section 4.20, ax, is not a small quantity and one cannot
always Taylor expand the trigonometric functions that appear in
the expressions of the slow-roll parameters. This explains why, in
the limit « <« 1, the spectral index is in fact not constant (see
Section 4.20).
Finally, the CMB normalization gives

2.2 N2 2( «
<M>4 11520772 (3 - o) sin (5%) ez, o
= - =,
Mp, [(oz2 — 6) cos (ﬁax*) — a2] T

In the limit @ << 1 we are interested in (since we have seen that, if
o is not small, then the model is ruled out), the above expression

(4.320)
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Fig. 84. Reheating consistent slow-roll predictions for the mixed large field models
in the plane (ns, r) (top panel) and the plane (¢4, €3) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The reheating equation of state parameter Wy has
been taken to O since the potential is quadratic close to its minimum. The black
solid lines represent the locus of the quadratic model (namely LFI with p = 2) and
of the quartic model (namely LFI with p = 4) [for which (14 2/p)r = 8 (1 — ns),
ie. € = (p/4)e2]. The annotations trace the energy scale at which the mixed

large field reheating ends and correspond to log(g,f/ 4T,.eh /GeV). Clearly, these values
are limited from below to stay inside the two-sigma contours and models with
«a > 1073 are excluded at two-sigma confidence level. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

takes the form M /Mp ~ 0.02~'/4 (AN,)~>/%. We obtain almost
exactly the same result as for CNAI, see Eq. (4.306), except that the
power of « is different. Taking the value AN, = 55, it follows that
M/Mp; ~ 0.0044«~'/* and requiring M < Mp,, one obtains the
following lower bound, « > 3.8 x 10717,

4.22. Open string tachyonic inflation (OSTI)

4.22.1. Theoretical justifications

In this section, we consider tachyon inflation. It was shown in
Refs. [446-449] that, in bosonic string theory, the four-dimensional
action for a tachyon field T on a D3-brane can be approximated as
[448,449]

T T
Sp = T3/d4x~/—g |:o/e‘T/T0 0y (—) a* (—)
TO TO
+ (10 L)emm |,
TO

where higher derivative terms have been ignored. In this stringy
setting, T, is of the order of the string scale T, >~ M; = E;1 =
1/+/a’, where £ is the string length. The constant T; is the brane
tension which can be expressed as T3 o« MZ/g;, g; being the
string coupling. The tachyon is assumed to be minimally coupled

(4.321)
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to Einstein gravity and the Planck mass in four dimensions can be
written as M3 = M2v/g2, where v = (Mr)?/x, r being a radius
of compactification and d the number of compactified dimensions.
This four dimensional approximation is valid provided r > ¢ or
v > 1. The action (4.321) can be viewed as a truncated version of
the action

5; = fd4xJTgV(T)\/1 +ad, (%) o (%)

Indeed, following Refs. [301,450,451], redefining the field T by
T/T, = /8(1 + T/T,) with V [T(T)] = Ts(1+T/T,) exp(—T/T,),
it is straightforward to show that the leading terms of Eq. (4.322)
give back Eq. (4.321). Conversely, the full action of tachyonic
inflation, under the assumptions discussed previously, can thus be
described in terms of T by Eq. (4.322) with [450]

(4.322)

TseT? 2612)

V(T) =
(T) 5 12

(4.323)
Because the action (4.322) is a particular case of k-inflation for
which § = [d**/=gP(T,X) with X = —g""9,Td,T/2 and,
here, P(T,X) = 4/1— 2X, tachyonic inflation could produce
observable non-Gaussianities. Therefore, one may wonder how
accurate is the truncated action to describe the observable
features of the model. On the theoretical point of view, knowing
whether the truncated action is a faithful representation of the
actual action is a complicated question since even an exact
derivation of the complete action is still an open problem. On
a more phenomenological point of view, non-Gaussianities are
not observed by Planck [67]. More precisely, the parameter fy.
(equilateral configuration) characterizing the amplitude of the
bispectrum in Fourier space can be written as [126,452]

fo B (51,
M08 \ 2 81 \ ’

where, in our case, ¢ = 1 —2X and 1/c — 1 = 2A so that
the last term in the above equation cancels out [452]. This leads
to far = 35X/[54(1 — 2X)]. In the range of interest X € [0, 1/2],
the Planck constraint [67], fyr = —42 £ 75, yields X < 0.495. As a
result, departures from the leading order (4.321) are, a priori, still
allowed by the CMB data. We will see at the end of this section that
tachyonic inflation has however other problems. For the moment,
given that Eq. (4.321) can always be seen as a phenomenological
model, we can continue to work with this action in order to see if,
at least, this can lead to an inflationary scenario compatible with
the CMB data.

(4.324)

4.22.2. Slow-roll analysis

The inflationary dynamics can be studied directly from Eq.
(4.321) but since it is linear in X, the field can be canonically nor-
malized. Performing the change of variable e~ /%o = (qﬁ/TO)2 /8,
the Lagrangian can be re-written with an ordinary kinetic term, as
a function of the field ¢ and with a potential given by

2 2
V) = -t (¢) In ("’) ,
b, b,
where M* = eT3 and ¢ = 8eT_. We notice that it corresponds
to a particular case of LPI discussed in Section 6.5, with ¢ = 1
and p = 2. Such a potential was also introduced in Ref. [453] as
a toy model of tachyon condensation. Let us also comment on the
parameter ¢,. In the original model ¢, ~ M;s and, as such, it is

a zero-parameter scenario. Here, given the issues discussed before
(see also the end of this section) we consider ¢, as a free parameter.

(4.325)
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Fig. 85. Reheating consistent slow-roll predictions for the radiatively corrected
massive models in the plane (ns, r). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The black solid line represent the locus of the quadratic model [i.e. LFI with p = 2,
for which r = 4(1—ns), i.e. ¢ = €,/2]. The annotations trace the energy
scale at which the radiatively corrected massive reheating ends and correspond
to log(glMTmh/GeV). Clearly, these values are limited from below to stay inside
the two-sigma contours and models with & > 1073 are disfavored at two sigma
confidence level. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

If necessary, one can always recover the situation where ¢, is fixed
to the string scale by assuming the corresponding prior ¢, = M.
The potential (4.325) in represented in Fig. 39, together with
its logarithm (top panels), as a function of x = ¢/¢,. Since it is
invariant under x — —x, and since it is positive definite only if
x*> < 1,itis only displayed in the range 0 < x < 1. The potential
vanishes at x = 0, increases with x, reaches a maximum at xy/—g =
e~1/2 then decreases with x and vanishes at xy,_o = 1. Inflation is
supposed to take place between x,/_g, where the effective mass of
the inflaton is negative mi = —4¢§, and x = 0, where the effective

mass is positive and infinite mé — +400. Hence it proceeds from
the right to the left, at decreasing field values (see Fig. 39).

Let us now calculate the three first slow-roll parameters. They
are given by

(M [ 1+1n(x?) 2
2 2 2(,2
62:4(%) 2+In(x*) +1In (x) (4327)
?, x21n? (x2)

(Mpl)z 1+1In(x*) 4+ 3In (x?) 4+ In® (x?) + In’ (x?)
e&3=4
X2 In® (x2) 2+ In (x?) + In” (x?)
(4.328)
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Fig. 86. Reheating consistent slow-roll predictions for the radiatively corrected
quartic models in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom panel),
with we, = 0. The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The black solid
line represent the locus of the quartic model [i.e. LFI with p = 4, for whichr =

(16/3) (1 — ng), i.e. € = €;]. The annotations trace the energy scale at which the
radiatively corrected quartic reheating ends and correspond to log(g*1 / 4T,eh /GeV).

Clearly, these values are limited from below, and regardless of them, these models
seem to be disfavored at two sigma confidence level. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

They are displayed in the bottom panels of Fig. 39. The first slow-
roll parameter €, diverges when x — 0, decreases with x, vanishes
at xy’—g and then increases with x and diverges when x — xy_q. As
a consequence, inflation stops by slow-roll violation at a point Xeng
where €; = 1 that needs to be determined numerically. The second
slow-roll parameter €, has the same kind of behavior, except that
it has a non-vanishing minimum located at a point Xein, which is
such that0 < Xemin < Xv=0- An analytic expression for Xmin CAN be

derived but it does not add much to the discussion. It yields eJ"" ~
20.65 M§1/¢§. This means that in order for a slow-roll inflationary
regime to take place, e?‘i“ <« 1requires that the parameter ¢, be
sufficiently super-Planckian. Finally, the third slow-roll parameter
has the same behavior as the two previous ones, except that it has a
negative minimum e§"" ~ —0.2733 M, /2, located between Xin
and xy/—o where it vanishes.

Let us now turn to the slow-roll trajectory. It can be integrated,
and gives rise to

1/¢,\° 1
Nena = N = — [ 22 ) |%* — —Ei (1 + Inx?) — x?
end 4 <Mp1> |: B ( + ) end

1 )
+ —Ei(1+1Inx2)|. (4.329)
e

where Ei is the exponential integral function [216,217] and Nepq is
the number of e-folds at the end of inflation. This trajectory can
only be inverted numerically to obtain ¢ (N).

Finally, it is interesting to constrain the value of the scale M with
the CMB normalization. It follows that

<M>4 = 288072 (MPI>2 [] +In (Xi)lz Qrzms—PS.

Mpy ?, x4 |In (x2)] T2

The reheating consistent slow-roll predictions of the open string
tachyonic inflation models are displayed in Fig. 109. It is interesting
to notice that, as expected, these models are compatible with the
CMB data only for super-Planckian values of ¢, ¢, /Mp; > 1.In this

limit, one has Xeng =~ +/2Mpy /@, the quadratic terms in the slow
roll trajectory Eq. (4.329) dominate over the exponential integral

ones, such that one has x,, >~ 2Mp/¢,,/ AN, + % It follows that

(4.330)

1

€16 m, €34 D €34 2 2€14, (4.331)
hence
16 4
re — —ng >~ ———, and
2AN, + 1 2AN, + 1
8 (4.332)
g~ - .
T AN, +1)?

One can check that indeed, in the ¢, /Mp; > 1 limit, the prediction
points lie in the line €, = 2¢4, or equivalently, 1 — ng = r /4.

Finally, let us close this section by some additional considera-
tions on the difficulties that tachyonic inflation faces [450]. Using
the above equations, it is easy to show that

<M>4 28807 Qi s 95 [5 = 2In(@y /M| <1
Vi 164N, T2 M3 [4—21n(¢,/Mn)]

(4.333)

Given that T3 =~ M?, this implies that g2 < v?. On the other
hand, we have seen that the model is compatible with the CMB data
only if ¢,/Mp = (g/v)"/? > 1. This last inequality is consistent
with g2 <« v?only if v « 1.But v <« 1 is in contradiction
with the assumption that r > /¢, which implies that v > 1.
Therefore, it seems that the constraints obtained from the CMB
data invalidates the use of an effective four-dimensional approach
to describe tachyonic inflation [450]. On the other hand, this can
also justify our approach which just considers this scenario as a
phenomenological model.

4.23. Witten-O'Raifeartaigh inflation (WRI)

4.23.1. Theoretical justifications

This model arises in different contexts and we now briefly
review one of its theoretical motivation. The first situation
originates from supersymmetric theories aimed at explaining the
gauge hierarchy problem (that is to say why the GUT scale differs
so much from the weak scale). In the supersymmetric scenario of
Ref. [454], three chiral superfields A, X and Y are considered in a
superpotential of the O’Raifeartaigh type [455],

W = AX(A%2 — m?) + gYA, (4.334)

where m and g are constant of mass dimension. The corresponding
(global) supersymmetric potential can be expressed as

V = 22|A% — m?2 + 22 |A? + |2AXA + gY . (4.335)

The minimum of this potential is given by (Y) = —2A(X)(A)/g
and (A) = O [there is also another minimum at (A) =
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Fig. 87. Reheating consistent slow-roll predictions for the radiatively corrected
quartic models in the plane (ns,r) (top panel) and the plane (€q, €;) (bottom
panel), with Wi, = % This value of w, may be more physically justified if the
reheating phase takes place at the bottom of the potential, which is quartic in a
good approximation, and for which one has we, = 1/3.The two pink solid contours
are the one and two-sigma Planck confidence intervals (marginalized over second
order slow-roll). The black solid line represent the locus of the quartic model [i.e.
LFI with p = 4, for whichr = (16/3) (1 — ns), i.e. €, = €;]. Clearly, these models
are disfavored at two sigma confidence level. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

v/ m? — g2/(222)]. Clearly, the potential is minimized regardless
of (X), that is to say we have a flat direction along X. Along that

direction, V. = A?m* and supersymmetry is broken since Fy =
dW/0X # 0. As a consequence, the mass of the real part and
imaginary parts of A are split and are given by 4A%|X|?>+g24+2m?A2.
The mass of the fermion field v, is 4A%|X|?> + g2. The fact that
supersymmetry is broken implies that the potential will receive
corrections: as is well-known, if supersymmetry is preserved, the
corrections originating from bosons and fermions exactly cancel
out. Here, this is not the case and the amplitude of the corrections
will be determined by the split between the bosonic and fermionic
masses that we have just evaluated before. A simple calculation
leads to

e X|?
V=xm*|1+ —1In X1 ,
872 /'LZ

where p is the renormalization scale. Therefore, one obtains
an increasing function of the field vev and this implies that X
cannot become large because it cannot climb its potential. As
a consequence, one cannot generate a large hierarchy in this
scenario. In fact, as explained in Ref. [454], this is due to the
fact that the one loop correction is positive, as appropriate in a
theory with scalars and fermions. This can also be understood
from the renormalization group perspective where the appearance
of the logarithm in the above expression of V(X) can be viewed
as the renormalization of the coupling constant such that A> —

(4.336)

A2 [1+ A%/(87%) In (1X|?/1?) ] The conclusion of Ref. [454] is that
if m is the small scale (the weak scale) and (X) the large one (the
GUT scale), a large hierarchy cannot be achieved in this approach.

However, it is well-known that asymptotic freedom is possible
in non-Abelian gauge theories. This means that the renormaliza-
tion group equations have to produce negative one loop correc-
tions. In such a situation, the field could run to infinity, in the non-
perturbative regime. For this reason, it is interesting to re-consider
the previous model in the framework of a non-Abelian gauge group
such as in Grand Unified SU(5) theories. Refs. [456,457] consider
two matter fields A2 and Z? in the adjoint representation of SU(5)
and one singlet X in a superpotential given by

W = MTr(ZA%) + AoX [Tr (A%) — m?], (4.337)
which is the non-Abelian generalization of Eq. (4.334). One can
show that supersymmetry is again necessarily broken® and that
the potential exhibits a flat direction with the value V =
A7A3m?* /(3043 + A3). As it was the case in the first simple example
presented above, and since supersymmetry is broken, quantum
corrections modify the potential. At the one loop order, one obtains
the following expression [456]

A2x2m4 22
30A3 + 23 A3+ 23/30

2912 — 50g2
VX) = 18 IXIZ) :

8072
(4.338)

where g is the SU(5) gauge coupling constant. If 2917 < 50g?,
the correction is negative contrary to the case studied before.
Again, this is precisely because we deal with non-Abelian gauge
interaction. The field X will grow and can reach a point where
the perturbative approach is no longer valid. However, asymptotic
freedom tells us that the potential could develop a minimum in
this regime in which X could be stabilized, hence the original
motivation for this scenario: the scale m can be taken to be
relatively small while (X) can now be very large thereby addressing
the gauge hierarchy problem.

This class of model was considered in Ref. [458] in order to build
a new inflationary scenario. The idea is to start from a potential

of the form derived above, namely V (¢) = M* (1 +blIn ¢) with

a negative coefficient b. Therefore, the field is driven towards
a regime where higher corrections must become important.
Typically, one expects b to acquire a logarithmic dependence in
¢ and the potential to develop a minimum at, say ¢ = mgym-
Therefore, this leads to V(¢) = M*[1+ bIn*(¢/mcym)] where
b is a constant. Moreover, if one requires the potential to vanish
at the minimum, we are led to V(¢) o In(¢/mcum) and this is
the potential studied in this section. In Ref. [458], it is argued that
Meum = Mp and that, initially, ¢ ~ p ~ (MweakMcum) /> =~
10'? GeV. We will come back to these conditions in what follows.

Another way to obtain the same potential is based on Refs. [459,
460] in which one consider the following action

§S=— / d*x/—g [gAB (zc, 26) g""auzﬂavii3 -V (zc, 26)] .
(4.339)

6 For this purpose, it is convenient to write that AS = (¢ (T;); and Z§ =
c

(¢2)° (1), where T, a,b = 1,...,5 is a basis of SU(5) generators. Concretely,
one has (T,f); = 8,85 — 8;83/5. As a consequence, the three F-term can be
expressed as Fx = 2 [Tr(¢7) —m?], iz = Aq1[¢} —Tr(¢3)1/5] and Fy =
M (D704 + Papz — 2 Tr (¢pz¢a) 1/5] + 2A,¢xda. These expressions are obtained
by explicitly writing the superpotential in terms of the components (¢,); and
(¢7) and differentiating W with respect to them. From Fx = 0 it follows that
Tr (¢?) = m? and, therefore, F; = 0 implies that ¢ = m*1/5. This last relation
is compatible with Tr (¢3) = m? but not with Tr (¢4) = 0 in five dimensions.
The conditions Fy = 0 and F; = 0 are thus incompatible and supersymmetry is
spontaneously broken in this model.
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Fig. 88. Reheating consistent slow-roll predictions for the natural inflation models
in the plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The reheating equation of state parameter wye, has
been taken to 0 since the potential is quadratic close to its minimum. The black solid
line represent the locus of the quadratic model points [i.e. LFI with p = 2, for which
r = 4(1— ns), i.e. ¢ = €;/2]. The annotations trace the energy scale at which the
natural reheating ends and correspond to log(g,:/ 4T,Eh /GeV). Clearly, high values of
f/Mp seem to be favored by the data, as well as high reheating temperatures. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

The z*’s are complex scalar fields and g, is the Kihler metric. The
corresponding equations of motion can be expressed as
scp IV

gV, V,2° + rlgt,74,2" — g —_ =,

e (4.340)

A

where FA% = ng’a;\gcg. If we restrict ourselves to cosmological
. . =D .B HAxB
spacetimes, the above equation becomes z + 3HzP + 1}%2 z +
§P3v/9z° = 0, where H is the Hubble parameter. Then, for
simplicity, we assume that there is only one field Z and we denote
its real part as u and its imaginary part as v. We also assume that

the potential is flat in the v-direction and take V. = V(z + 2),
8,5 = 8(Z + Z). It follows that

i + 3HU + I'(w) (i° — v*) + 8,V/(28) = 0, (4.341)
¥+ 3H0 + 2 (Witd = 0, (4.342)
with I' = 9,8/(28). The second differential equation can be

integrated and one obtains v = Qa~>/g, where Q is a constant.
The next step consists in defining the field ¢ by qb = /§a. As
a consequence, the first differential equation can be re-written
as ¢ + 3H¢ + 9, [V +Q?/(8a®)] = 0, that is to say ¢ is
now canonically normalized and its evolution is controlled by
the effective potential V(¢) + Q2/(ga®). One can show that
the presence of the additional term proportional to Q? is not
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Fig. 89. Reheating consistent slow-roll predictions for the exponential Susy models
in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel), with Wi, = 0.
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The black solid line represent the
locus obtained from the linear large field model [with p = 1, for which r =

(8/3) (1 —ng), i.e. €4 = €3/4]. The annotations trace the energy scale at which

the exponential Susy reheating ends and correspond to log(gl/ 4Treh /GeV). Clearly,

all these models seem to be consistent with observations. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

crucial [459,460]. Initially, it dominates because a is small but,
quickly, since it is proportional to a~®, it goes to zero as the
universe expands. As a consequence, one is left with V(¢) only.
A specific version of this scenario has been studied in details in
Ref. [459]. In that article, it is assumed that § = e 2/2 and
V = 0. This corresponds to the bosonic action of a model which
is superconformal invariant [461]. Then, this invariance is softly
broken by adding a term m?u?/2 and, through the redefinition of
the field, one can check that this leads to a potential proportional
to m? (In¢)?, that is to say of the type studied in this section.
Moreover, one can also verifies that, in the regime discussed above
where the term Q?/(£a®) dominates, an exact solution can be
found and reads: a = aot'/? and ¢%(t) = E*>(Int+C)* +
4Q?/(aSE?), where E and C are two integration constants. As a
consequence, when the universe expands, Q%/(£a®) goes to zero
and one is left with the logarithmic potential only.

4.23.2, Slow-roll analysis
Based on the previous considerations, we study the WRI
potential

V(g) = M1’ (¢) ,
b,
where ¢, is viewed as a free parameter but we also keep in mind
that a natural prior is ¢, = Mp. The potential Eq. (4.343) is
displayed in Fig. 40, together with its logarithm (top panels). The

(4.343)
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arrow indicates that inflation proceeds from the right to the left.
Let us now calculate the Hubble flow parameters. If one defines
X = ¢/¢,, they are given by

Mg 1 (4.344)
€ =212 , .
! $? x*In’x
M2 1+ Inx
e =4l I X (4.345)
2 x*1In’x
and
MZ% 2 +3Inx+2In’x
€3 =210 + + (4.346)

$? In’x(1+1Inx)

They are displayed in the bottom panels of Fig. 40. One can see
that they all vanish when x — oo, that they increase as inflation
proceed, diverging when x — 1. At this stage, a remark is in order
about Ref. [458]. As already mentioned above, a natural prior is
¢, = Mp. This means that if, initially, one has ¢ >~ u, one is in fact
in the decreasing branch of the potential and, as a matter of fact,
one cannot have inflation since €; > 1 always. Clearly, the only
way to have inflation in this branch is to assume that ¢, >> Mp, a
case which appears to be difficult to justify in this context. Here, we
do not consider this case. In the increasing branch of the potential,
inflation stops by slow-roll violation when €; = 1, at a vev Xenq
given by

Xend = €Xp [Wo («/il\;mﬂ :

0

(4.347)

where W is the 0-branch of the Lambert function, which must be
chosen in order to have x > 1.

Let us now turn to the slow-roll trajectory. It can be integrated
exactly and this leads to the following expression

2

1 ¢ XZ 2
Nepg — N = — -2 <x2 Inx — 5 — %2 g InXeng +

Xend
, (4.348
5 ) ( )

2
Pl

where Ngpq is the number of e-folds at the end of inflation.
Interestingly enough, this trajectory can be inverted, and one
obtains

1 8 Mp, 2 X2
X = exp {ZWO |:e¢:); (Nend — N) + Exgnd lnxend — een

(4.349)

where W, is still the O-branch of the Lambert function. It is
displayed in Fig. 41, together with the region where inflation
proceeds.

Finally, it is interesting to constrain the value of the scale M with
the CMB normalization. It follows that

M\* Mp\® 1 2
<—> = 288072 (—"‘) — Qs rs
Mp) ¢, ) x2Inx, T?

The reheating consistent slow-roll predictions of the Witten-
O’Raifeartaigh inflation models are displayed in Fig. 110. One
should remember that in principle, ¢, ~ Mp, even if a wider
range of values for ¢, is displayed in order to understand how the
predictions depend on this parameter. In particular, when ¢, >
Mpy, the predictions lie along the line €, = 2¢;.Indeed, in this limit,
Eq. (4.347) shows that xe, ¢ — 1 while Eq. (4.349) indicates that
X, — 1. As a consequence, one obtains €,, >~ €1, from Eqs. (4.344)
and (4.345).

(4.350)
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Fig.90. Reheating consistent slow-roll predictions for the exponential Susy models
in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel), with W, =
—1/3.This value of we;, may be more physically justified (although rather extreme)
if a parametric reheating feels the bottom of the potential, which is linear in a
good approximation. The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The black solid
line represent the locus of the linear large field model [with p = 1, for which
r = (8/3) (1 —ng), i.e. ¢ = €,/4]. The annotations trace the energy scale at
which the exponential Susy reheating ends and correspond to log(g,:MTreh/GeV).
Clearly in that case, these values are limited from below. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

5. Two parameters models

5.1. Small field inflation (SFI)

This model is proto-typical of inflation occurring at the top
of a flat-enough potential. As such it appears in very different
contexts. It has been introduced in Refs. [2,397] and derived
in Ref. [3] in the context of radiatively induced symmetry
breaking. It appears within superstring models [462], low scale
symmetry breaking [267,463], supersymmetry [352,464] and
supergravity [246,247,251,266,465-469]. It is also obtained in
non-linear sigma models [277] or using moduli as inflatons [470].
It has been discussed in braneworld cosmology in Refs. [471-473]
and is more recently referred to as “hilltop inflation” from
Refs. [411,412]. The potential is given by

p
V(g) = M* [1 - <f> } , (5.1)
"

and has two parameters in addition to the overall normalization
M: a typical vev u and the power index p. As this potential can be
associated with very different physical frameworks, « can take any
values while p > 0 for being at the top of a potential (in the small
field limit, namely ¢ < ). In particular, we will allow super-
Planckian values for ;& even though, in the supergravity context,
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Fig. 91. Reheating consistent slow-roll predictions for the power law models in
the plane (ns, r) (top panel) and the plane (eq, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The black solid line represents the locus of the points
such that r = —8(ns — 1), i.e. ¢, = 0. The annotations of the energy scale at
which reheating ends are not displayed since the predictions of these models do
not depend on this parameter. Clearly, these models are excluded at more than two
sigma confidence level. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

one would require u < Mp,. Let us stress that Eq. (5.1) is defined
only in the domain ¢ < u as one assumes that the small field
potential describes only the field dynamics during inflation. The
equation of state during reheating is thus not specified by Eq. (5.1).
Defining

x= -, (5.2)
the first three Hubble flow functions read
2 2 2p—2
p <MPI> X
€61 = — - 72s
2\ /) (1-x)

Mp \ 2 — 14+
€ = 2p (J) prz%,
iz (1—2xP)

o <Mm>2xp—2[2x2P+(p—1)(p+4>xﬂ+(p—1)<p—2>]
AN =07 (p—1+x) '
(5.4)

They are monotonic functions of the field value but also decreasing
functions of the vev . The potential, its logarithm and the Hubble
flow functions are represented in Fig. 42.

The slow-roll trajectory is obtained by integrating Eq. (2.11) to
get
1 p? 2 _ _
N — Neng = W [—xz + X2pa + s (x2 P— xﬁnd")] . (5.5)
This equation seems to be well-defined only for p # 2. However,
the particular case p = 2 can be directly obtained from Eqs. (2.11)
and (5.1) to get

1 p? 5 5 X
—— | =X+ X 2In . 5.6
4 Mlzl |: * end * Xend ( )

This expression can also be viewed as the limit of Eq. (5.5) for
p — 2.In general, the trajectory cannot be analytically inverted
to give the field value x(N) but one can find some analytic form for
almost all integer values of p (e.g.forp = 1,p =2,p = 3,p = 4,
p = 6) that we do not write down for the sake of clarity.

From the potential Eq. (5.1), inflation can stop naturally at

N — Neng =

€1(Xena) = 1 with xeng < 1. This condition gives the algebraic
equation

P Mp , 4
Xena + E;"an =1, 5.7)

which cannot be solved analytically in full generality. As for the
trajectory, there are however explicit solutions for almost all
integer values of p, the first two being

»=0 _ 4 _ Mn

end \levt ’

v 2 (5.8)
~ Pl

Together with Eq. (2.47), these equations are enough to allow
the determination of the field value x, at which the observable
modes crossed the Hubble radius during inflation. This fixes the
value of the parameter M to match the observed amplitude of the
CMB anisotropies at

X

M4 M2 x2p72 2 -
= 720n2p2 1;1 * 5 Qrms2 PS (5.9)
Mp) W(1—x)y T

The reheating consistent slow-roll predictions for the small field
models are represented in Figs. 111-113 forp = 1,p = 2 and
p = 4.The p = 1 case is trivial since one then has €, = 4e€y,.
For p = 2 or p = 4, one sees that the reheating temperature is
limited from below to fit in the observable range. For instance, with
p = 2, values of u such that u/Mp < 10 are clearly disfavored.
Let us notice that the relation €,, = 4¢4, is recovered in the limit
u/Mp; > 1 whereas one clearly observes a systematic shift in ng
(or €) when < Mp;. These behaviors can in fact be understood
analytically.

Small field models in the supergravity context are commonly
studied in the limit u < Mp. In this situation it is possible to find
some approximate solution to both the trajectory and Xe,q. Keeping
only the dominant term in Eq. (5.7), one gets

/(=1
N (ﬁ “)

~ (5.10)
end p MPI

the case p < 1 being incompatible with the limit © <« Mp; and
the consistency requirement that x.pqg < 1. The small vev limit can
also be used to invert Eq. (5.5). Assuming @ < Mp; and Xenqg <
1, neglecting the quadratic terms for p > 1, the approximate
trajectory reads

2 ]

N —N, d= —
T ML p2-—p)

(5.11)
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Fig. 92. Reheating consistent slow-roll predictions for the Kahler Moduli I models
in the plane (ns, r) (top panel) and the plane (€1, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The reheating equation of state parameter W, = 0
since the potential is quadratic close to its minimum. The annotations trace the

energy scale at which reheating ends and correspond to log(g*]/‘lTreh/GeV). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

which can be inverted to

X [xil:dp —
Notice that far from the end of inflation, i.e. N < Nepq, the first
term can be neglected (for p > 2) since Xeng < 1and Mp/u0 > 1.
Defining AN, = Nepg — N4, one can now plug this expression for

X, into the Hubble flow functions of Egs. (5.3) and (5.4) to get their
observable values:

2 1/(2—p)
MPI
FP(Z — D) (Nena — N) . (5.12)

_20—1)

2 M 2 M 2 p—2
e (—”) AN.p(p —2) <—”) ,
2\ p 2

2 p—1 1
! €35 x~ .
AN, p —2 AN,

It is crucial to keep in mind that the above formulas are valid only
in the limit 4 << Mp; and p > 2. As before, the limiting casep — 2
has to be taken with care and, starting with Eq. (5.6), one obtains

(5.13)

€ X

_ M2 - M2

e = exp (—4—;“AN*> oo =al

2 1 (5.14)
4 =6el .
Both Egs. (5.13) and (5.14) describes the observed behavior in
Figs. 111-113 when u/Mp — 0 but they do fail in the
intermediate region as we have discussed in the introduction (see
Fig. 3).

If the theoretical motivations underlying the potential Eq. (5.1)
do not require the vev to be small, one can similarly derive
approximate expressions for the observables in the limit p/Mp; >
1 (but still with x < 1). Defining &€ = Mp/ i, one has Xenq(g) and
we can search for a Taylor expanded solution of Eq. (5.7) to get

£ p—1
Xend 1 «/E + 2
Similarly one can search for a Taylor expanded solution for the
trajectory Eq. (5.5), plugging in the previous expression for Xeng.
Doing so yields

x*zl—s,/%JrzAN*Jr@(sz).

From this, one gets the corresponding Hubble flow functions
N 1

T 4AN, +1
This result is quite remarkable since the observable slow-roll
parameters become w and p independent. Performing the same
calculation in the singular case p — 2 yields exactly the same
result. The spectral index, tensor-to-scalar ratio and running are
immediately obtained from Eq. (5.17) with r = 16€,, ns —
1 >~ —3r/8 and @ >~ —r. Again, these expressions match with
Figs. 111-113 when u/Mp — o0.

e +0(?). (5.15)

(5.16)

€14 €3y = 4€qy, €34 2 €. (5.17)

5.2. Intermediate inflation (II)

This model was introduced in Refs. [474-477] as an implemen-
tation of an equation of state of the form

p+p=vyp" (5.18)
where p stands for the energy density and p the pressure. Both
y > 0and A > 1 are dimensionless constants. As will be made
explicit, this equation of state leads to a scale factor which is given
by a(t) o exp (At/) where 0 < f < 1.Insome sense the expansion
is thus faster than power law but slower than de Sitter, hence the
name of the model. The pure de Sitter case corresponds to f = 1.
Inserting the Friedmann-Lemaitre equation, 3M§1H2 = p as well
as the equation of state Eq. (5.18) into the equation of conservation
0 + 3H (p + p) = 0, one obtains a closed equation for p which is
solved by

a \1/0-»
P =p, [31/ (A =1In ((J)] ,
0

where p, and a, are positive constants. Making use of the

Friedmann-Lemaitre equation again, one deduces the behavior for
a,

"(e)

(r - 1)“*”/“*”) ¢\ (-2/(1-23)
— 3A/(l—2k)y1/(1—2k) 2 <7> , (520)

(5.19)

r—1 t

0
i.e. the announced form a(t) o exp (At"), with f = 2(1—2)/(1 —
2A).Since A > 1, this means that 0 < f < 1. Then, one can notice
that it is possible to reinterpret the matter source as that of a scalar
field with the potential V(¢) given by
4(1-1/f)
d) - d)o

V(p) = 3A%f°Mp, | ———=2
Mpi /8A (f~1 — 1)

2-4/f
¢ - ¢0

—MpAf (1 = f) | —F———
Mp /8A(f~1 — 1)

(5.21)
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Fig. 93. Reheating consistent (exact) predictions for the horizon flow inflation at
first order models in the plane (ns, r) (top panel) and the plane (¢1, €;) (bottom
panel). The two pink solid contours trace the two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The black solid line represent the locus
of the quadratic large field model [with p = 2, for which r = 4 (1 — ny), ie.
€1 = €/2]. The annotations trace the energy scale at which reheating ends and
correspond to log(g*1 / 4Treh /GeV). Clearly, a high energy scale reheating is preferred
for these models to remain inside the two-sigma contours. Notice that, up to the
amplitude of the CMB anisotropies, the predictions do not depend much on A; as
they are all superimposed. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Indeed, starting from this potential, the Klein-Gordon equation
with H = Aft/ ~, has an exact non-trivial solution given by

fr2
¢ =¢, +Mp/8A(f! — 1) (;) .

0

(5.22)

It is then straightforward to calculate p = é&z /2+Vandp =
¢?/2 — V, and to show that they satisfy the equation of state Eq.
(5.18). The potential can be recast in the form

(2% 4ﬂ2(¢—¢0>‘ﬂ‘2
vy = (L) el (PR

with 8 = 4(1/f — 1). The constraint 0 < f < 1 means that 8 > 0.
Defining

_¢_¢0
x=—2°
Mp,

it is shown below that the model predictions do not depend on ¢,.
Therefore Intermediate Inflation is a priori a one parameter family
of models, but as explained below, one needs an extra parameter
Xena Specifying the field value at which an unspecified mechanism
is triggered to end of inflation. It is thus a two parameters model.
This potential appears in the earlier work of Ref. [478]
as a solution for a cosmological model containing a string
creation term. It is also discussed in the context of tachyon

(5.23)

(5.24)

fields in Refs. [479,480]. Warm intermediate inflation was
considered in Refs. [481,482], intermediate inflation within a
Gauss-Bonnet braneworld was studied in Ref. [483], and with
Jordan-Brans-Dicke theory in Refs. [484,485].

The potential (5.23), as well as its logarithm, are displayed in
Fig. 43. It is positive definite for x > xy—o = /+/6. Therefore, one
must restrict the inflaton vev to lie beyond this value. The potential
increases with x, reaches a maximum at xy—g = +/8(8 + 2)/6,
then decreases with x to asymptotically vanish when x goes to
infinity. Therefore, a priori, two regimes of inflation exist. Either
inflation proceeds at x < xy/—q from the right to the left, either it
proceeds at x > xy/—o from the left to the right. However, in Eq.
(5.22), one can see that the inflaton vev has to increase with time.
Therefore only the branch x > xy/_g can produce an equation of
state of the form of Eq. (5.18), which is where the model will be
studied in the following.

Let us now turn to the slow-roll parameters. The first three
Hubble flow functions in the slow-roll approximation are given by

_1 [ﬁ2(5 +2) —eﬁxzr

=3 —B2x + 6x3
2 4
A QB46F - (B +2) (5:25)
2= 3 )
)
and

Bl — B2+ P)] [%(2+ﬁ)—ﬁ3 Q4B +68 4+ Bt — 12xﬁ]

€3 =
(v - ﬁ—;x)z [B% (B +2) — 128 (B + 3) 2 + 36x]

(5.26)

They are displayed in Fig. 43. The first slow-roll parameter
diverges where the potential vanishes at xy_o, decreases from
here and vanishes at the maximum of the potential xy'—o. Then it
increases again, reaches a local maximum at Xemax, and decreases
to asymptotically vanish when x goes to infinity. The location x max
is given by

B B 4
Xmx = |— |14+ = 1+—. 5.27
£ A LR AR (5.27)
At this point, the maximum value of €; is
2
1+3/14+48/9
finax = '3 ( ﬂ/ ) (528)

9 (14 T+4B/9)° (1+ B/3+ I+ 4/0)

Ifg < 9/2 (1 + ﬁ) ~ 10.86, this maximum value is smaller

than one. In this case inflation cannot stop by slow-roll violation in
the decreasing branch of the potential and an extra parameter Xepq
must be added to the model to specify the location where another
mechanism such as e.g. tachyonic instability could trigger the end

of inflation. If 8 > 9/2 (1 + ﬁ) ~ 10.86, the local maximum

value of €; is higher than one and in the decreasing branch of
the potential, either inflation takes place between xy/—y and the
first solution of €; = 1, either it takes place between the second
solution of €; = 1 and x = oo. As will be shown below, only the
latter case is consistent with the exact trajectory Eq. (5.22) which
allows for an equation of state of the form of Eq. (5.18).

The slow-roll trajectory of the model can be obtained from Eq.
(2.11). However, as already mentioned, a non-trivial and exact field
evolution is given by Eq. (5.22). Written in terms of the number of
e-folds N — N, = In(a/a,) = A(/ —t/), one obtains

X = \/xgnd + 28 (N — Neng). (5.29)
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Fig. 94. Reheating consistent slow-roll predictions for the Colemann-Weinberg
models in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel), in the
physical domain Q /Mp, € [10~>, 10~3]. The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond to
log(gl/ 4Tmh /GeV). The typical amount of gravitational waves is extremely small.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

This expression is exact and does not involve any approximations.
It can be compared to slow-roll trajectory which reads

! 1 +2
Nena =N = ﬁ (Xgnd _Xz) + 6 In I:Xgnd — %]
- [XZ ) ﬂ(ﬂeﬂ)]’ (530)

where Nepq is the number of e-folds at the end of inflation and N
is the number of e-folds at some point when the scaled field vev is
x. As mentioned above, the slow-roll trajectory should match the
exact one in the decreasing branch of the potential. For x — oo,
one can neglect the logarithmic terms in Eq. (5.30) and one indeed
recovers Eq. (5.29). This is expected since in this limit, the slow-roll
parameters all go to zero and the slow-roll approximation becomes
increasingly accurate. As a result, the domain of validity lies at x >
Xy/—o, i.e. between the second solution of €, = 1 and x = co and
inflation cannot stop by slow-roll violation. This justifies the need
of the extra-parameter X.nq. This parameter is thus constrained to
Xend > Xy’'—o and should be large enough to allow for a sufficient
number of e-folding. In order to get Nepg — Njn; e-folds, making use
of Eq. (5.29), one gets

Xend = Xiznj ~+ 2B(Nend — Nini)- (5.31)

Ifg >9/2 (1 + ﬁ) =~ 10.86, Xiy; is bounded from below by the
highest solution of the equation €; = 1. This equation admits three

solutions which, from the smallest to the biggest, are given by

. :B \/i ﬂ4/3

R =~ ety
1 W2 3 \3/9+2ﬂ+i,/—81—36ﬂ+4ﬂ2
,32/3 3 ]
+ 2 _Jo+28+i/—81— 368+ 482, 5.32
3\5\/ B B+ 4p (5.32)
- ﬂ ]:le/g ,34/3
X =
a=l 3,2

3V2 \3/9+2,8+1}/—81—36/3+4/32
. B3 5 \/—
+ (Hm@) m\/9+2;8+z 81368 + 482 (5.33)

The first solution is located below the maximum of the potential
X¢, =1 < Xy=o, while the two others are located beyond it x _; >
Xy’—g. Using the larger solution as a lower bound for x;,;, one gets

2
Xend > \/(lezl) + 2B(Nend — Ninj). (5.34)

Ifg <9/2 (1 + ﬁ) only one solution to €; = 1 exists,

B, V2 B

_’_7
3V2 3 Yo ap 4 /814 368 — 4p2
2/3
+ %\79 +2B +/81+ 368 — 462,

which is located below the maximum of the potential X} _; <
Xy’—o. In principle X;; is now only bounded from below by xy’_g
and one can check from Eq. (5.30) that the total number of e-folds
diverges close to xy/—g. As a result, provided x;; is fine-tuned to
the top of the potential, there is no bound on x,4. The prior space
described by these relations is displayed in Fig. 44.

According to the previous discussion, the observable field value,
at which the pivot mode crossed the Hubble radius during inflation,
is such that x, > 1. In this limit, it is possible to approximate the
slow-roll parameters at Hubble crossing with

XE]:l =

(5.35)

B 2B
€~ —, € ~el v —— | 5.36
! 2x2 2 3 2x2 ( )
hence
852 2 — 282(8—2
I T AC Iy . Lo A
2 2 4
X* X* *

These estimates match with those of Ref. [477]. Finally, the
parameter M is obtained from the amplitude of the CMB
anisotropies

4 2 -2
(M) — 72072 [ﬁz (p+2) —ﬂxﬁ] <Xi - ﬂzx*>
Mg 6 6

2 2
w (xf = By @. (5.38)
* 6 * T2
In the x,, >> 1 limit, this gives
M4 2
— 7zon252x;2*5@, (5.39)

2
Pl T

which yields M/Mp; < 1072,

The reheating consistent slow-roll predictions for the interme-
diate inflation models are displayed in Fig. 114, for different values
of 8 > 0,and for x.pq describing the prior space displayed in Fig. 44.
The reheating equation of state parameter w,., has been taken to 0
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Fig. 95. Reheating consistent slow-roll predictions for the Colemann-Weinberg
models in the plane (ns, ) (top panel) and the plane (¢4, €;) (bottom panel), in
the domain Q /Mp; € [1, 100]. The two pink solid contours are the one and two-
sigma Planck confidence intervals (marginalized over second order slow-roll). The
annotations trace the energy scale at which reheating ends and correspond to
log(giMTreh/GeV). When Q /Mp; > 1, the model is similar to a quadratic potential
close to its minimum, and the predictions match the LFl €¢; = €,/2 relation (see
Section 4.2) represented by the black lines. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

but since there is no potential minimum around which the inflaton
field can oscillate at the end of inflation, this parameter is a priori
unspecified and can take different values. In any case the reheating
temperature is fully degenerate with the parameter x4, and there-
fore these two parameters cannot be constrained independently.
However one can see that Xenq is clearly limited from below as ex-
pected. The black solid lines represent the locus of the points such
that €] = —pB/4e;, or equivalently, ns — 1 = (1/8 —1/2)1r/4,
these consistency relations arising from Eq. (5.36). One can check
that they provide a good qualitative description of the model pre-
dictions. In particular, they explain why, for 8 < 2, one has a blue
tilt ng > 1.

5.3. Kdhler moduli inflation I (KMIII)

5.3.1. Theoretical justifications

These models are string motivated scenarios. They arise in the
context of type IIB string theory via Calabi-Yau flux compactifica-
tion. They have been derived and studied in Refs. [318-324], and
a two-field generalization of this model has been investigated in
Refs. [319-323]. They can be understood in the context of super-
gravity, viewed as an effective theory. In this framework, one starts
with the following superpotential for the moduli T;

n
W =W, + ZAie_“in, (5.40)

i=2

where a; = 2m/(gsN), N being a positive integer (not to be
confused with the e-fold number), g; the string coupling, and W,
and A; are model dependent constants. The Kdhler potential can be
written as

v &
K=-2MiIn(—+ 2|, 5.41
m (2 5t 2) (5.41)
where the constant £ is givenby £ = —¢ (3)x (M)/[2(27)?], x (M)
being the Euler characteristic of the compactification manifold.
The quantity V represents the overall volume of the Calabi-Yau
manifold and can be taken to be

74 nen) - Sonn)”
V= T1+T1) —ZM(TH'T) )
2V2 i=2 l

where y and A; are positive constants and depend on the details of
the model. From the expression of the Kidhler and superpotentials,
it is then straightforward to calculate the corresponding F-term
potential which is a relatively complex expression that can be
found in Ref. [322]. If, however, one consider the limit Vv > 1
(and T; > T;), then the F-term simplifies a lot and gives rise to
the following equation

3EW2 L [4WoaiAi
V() =~ + ————1;e” % cos (a;6;
(%) 3 ; VEC R (@)

(5.42)

8 (aiA)?

— (5.43)
3MZyAiVs

\/.Ee—Za,-r,-] ,
where we have written T; = t; + i6; and Vs = 'V/E?. We see
that all the constants introduced before, namely a;, A;, Wy, £, ¥ and
A; participate to the expression of the potential. From Eq. (5.43),
solving dV/dt; = 0, one can estimate the value of each 7; at
the global minimum of the potential. In the following, we denote
this quantity by rl."”“. Then, one can also calculate the value of the
potential at this minimum. One finds [where, as usual, we have
taken cos (a;6;) = —1]

3EWS
aMZ V3

3WEy i

2 3/2
2MEVE = ai/

(a' min)3/2 )

Viin = iT; (5.44)

As a consequence, if for one of the fields, say t,, one has
(A,,/aﬁ/2> / [Zf;zl (Ai/a?/z)] <« 1, then the value of Vi, is not

modified even if one displaces 7, from r,f““. In other words, we
have an inflationary valley along the 7, direction and one can use
it to produce inflation. In that case, the potential can be re-written
as

BWZ  4WoanA,

V(ty) — T8
MyVe  MyVe

(5.45)

where the second exponential in Eq. (5.43) has been neglected,
thanks to the condition a,,t, > 1 and B is a constant that includes
the constant term in Eq. (5.43) as well as the contributions of the
other fields at their minimum, i.e. B = 3£ /4 4 - - -. It is important
to notice that the assumption of large volume translates into a
condition on the vev of t,. The above potential is of the form of
the toy model studied as “Kdhler Moduli Inflation I (KMII)” in
Section 4.9. The field is however not canonically normalized since it
is amodulus. It is therefore necessary to first canonically normalize
it and, then, re-derive the corresponding potential. Using the form
of the Kdhler potential given above, denoting by ¢ the canonical
field, one arrives at

< 3V5 )2/3 ( ¢ )4/3
Th=\—"" — .
4y}‘n Mpy

(5.46)
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As a consequence, the final form of the inflaton’s potential is given
by

BWZ  4Woa,A, ( 3V, )2/3< é )4/3

V(p) = — -
Mz v3 M3 V2 \4yin Mp

3y, 2/3 o 4/3
X exp | —an — .
4V)Vn MPI

Let us now see what are the typical values that the parameters
appearing in the above potential can take. As already mentioned,
the quantity V, represents the Calabi-Yau volume and is supposed
to be such that Vs > 1or vV > 5. In Ref. [324] the typical
value Vs ~ 3 x 10° was chosen. The parameter A, depends
on the complex structure moduli and is typically of order @ (Zf)
This is also the case for Wy. One has a, = 27 /N, where N is a
positive integer (for D3-brane instantons, one has N = 1). The
dimensionless parameter A, is model dependent but is considered
to be of order ©(1). The quantity & = ¢(3) x/ [2(27)*], where x is
the Euler number of the internal Calabi-Yau space, is also of order
O (1) as well as the coefficient y. This means that Bis of order @ (1).

(5.47)

5.3.2. Slow-roll analysis
We now study the inflationary scenario based on the potential
derived above. Re-writing V (¢) in a more convenient way, we have

o 4/3 s
V(p) = M* [1—04(%1) g~ P@/Mp) } (5.48)

where we have defined the parameters M, « and 8 by

16V, Ay [ 3V P
- i)

o BW2

= — o
el
M2V3 3 W

5 3V, \ Y3
=da .
"\ 4y i

Making use of the typical orders of magnitude for the various
quantities entering these expression, one sees that

p=o (7).

(5.49)

o« =0 (v,

with Vg > 1.

The potential (5.48) and its logarithm are displayed in Fig. 45.
V(¢) decreases from V/M* = 1at ¢ = 0, reaches a minimum
at ¢/Mp = B73/4, and then increases to the asymptotic value
V/M* = 1 when ¢/Mp — -+oo. However, since the potential
is derived under the large field assumption, only the increasing
branch of the potential is relevant. Inflation proceeds from the right
to the left along this branch. The minimum value of the potential
at ¢ = MpB~3/*is given by Viyin = M*[1 — «/ (Be)]. Therefore,
if one wants the potential to be definite positive everywhere, one
must have o/ < e. However, from Eq. (5.50), we see that this
condition cannot be satisfied since «/8 = ©(Vs) > 1. This
means that the potential necessarily vanishes at some point. In the
increasing branch of the potential, this occurs for a vev given by

v [ 1 BT
=0 =iy -[‘,sw-l (‘a)] '

Anyway, since the potential (5.48) is only valid in the large field
region, this criterion does not play an important role in what
follows.

Let us now calculate the three first Hubble flow parameters.
Defining x = ¢ /Mp,, they are given by

(5.50)

(5.51)

8a? ) 4/3 1— Bx4/3 z
_ /3 ,—2BX
= 9 e 1 — ax4/3e—Bx/3 (5:52)
8a
€ = ?)(’2/3672‘3"4/3
3ax3 4 afxS3 + e (1 9Bx*3 + 428/
X p ( p p ) R (5.53)

(1- o:x“/3e*ﬂ’<4/3)2

and
€ = {Sa (1—Bx*7) [a2X8/3 (9+ Bx*7?)
— 2043 (—4 +198x*3 — 9p%®/3

_’_4133)(4) _ eZﬂx4/3 (1 + 11ﬂx4/3 _ 30ﬁ2X8/3 + 8,33)(4)]}

% {9x2/3 (e,sx4/3 B oex4/3)2 [ax4/3 (3 n ﬂx4/3)

-1
+ M (1 —9Bx*3 4 4ﬂ2x8/3)]} . (5.54)

Inflation stops when €;(xeng) = 1. As can be seen in Fig. 45,
for /B > 1, the first slow-roll parameter €; starts increasing
from €; = 0 atx = 0, diverges at a vev that we do not need to
compute here, and then decreases to vanish at x = g~3/4 Then,
it increases again, blows up at xy—¢ and, finally, asymptotically
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vanishes when x — o0. Since inflation proceeds at x > xy_g it
always stops by violation of the slow-roll conditions. Unfortunately
is not possible to find an analytic expression for x.,q but one can
provide the following approximated formula,

5 4x 95, 3
~ |- _AX I _4/5,41/5
xend—[ 4]3W71< 5><82/5a B )] ,

where W_1 is the Lambert function. It is compared to the numerical
solution for x.,q implemented in the ASPIC code in Fig. 46. The
agreement is excellent.

Let us now turn to the slow-roll trajectory. Unfortunately, KMIII
is one of the rare cases for which it cannot be integrated by
quadrature. As such, in the ASPIC library, the slow-roll trajectory
is numerically integrated. However, in the large field limit x >
B~3/%, one can obtain an approximate analytic formula given by

(5.55)

9 P o
Nepg — N =~ - , (5.56)
160 B2 ( X2 X2 )
from which one deduces that
3 2 eﬁ":r/lg
X~ |——W_11—=58
28 3 X4
160 2 A
9 (Nend - N):| . (5.57)

This approximation is in agreement with what was obtained in
Ref.[324], up to an incorrect choice of the Lambert function branch.
The Lambert function is displayed in Fig. 47 and the part of the
curve where inflation proceeds is indicated by the arrow. The fact
that the —1 branch of the Lambert function has to be chosen comes
from the fact that, when Nepg — N — o0, one must have x — o0.
On the other hand, when Nepg — N — 0, X — Xeng > B >/% and
this is again consistent with the choice of the —1 branch.

Finally, one can use the CMB normalization to calculate the
mass scale M. Without any approximation on top of slow-roll, this
leads to the following expression

M\* 4/3
<7m> = 12807%a%x e 2 (1 — pxt/3)’

-2 2
a3, 2 Qnsps
X (1 ax’ e 7z
Making use of the approximated trajectory and of the expression
for the scale M, one roughly obtains

AN, 1 [4Ba, (Weed)’
B /720 (MPIES)3 3V}‘n

16¢ 82 T
xln—5/4< op AN*> .
9 QrmsfPS

Given that a,, B, y, Ay, Wo£3 are a priori coefficients of order one,
we see that the above expression roughly implies that 'V is of the
order 10%¢,.

The reheating consistent slow-roll predictions for the Kdhler
moduli inflation II models are displayed in Fig. 115, for Vv €
[10°, 107], and taking @ = V°/3 and B = V??. One can check
that even if one adds @ (1) factors in these relations, the slow-
roll predictions do not depend significantly on them. Also, we
notice that €; is typically extremely small and that €, is almost
independent of V. These effects can be analytically understood.
Working out Eq. (5.55) and Egs. (5.52)-(5.54) in the large field limit,
one obtains

1 9
e~ ——— 1?16,/ Zap2AN, | |
Y= 304832(AN,)? g?P AN

(5.58)

(5.59)

2

(5.60)
2 1
€y , €3, 2 ——,
2% AN* 3% AN*
from which one deduces that
2
ng>~1———,
AN,
4 9
r~———_In”? 16,/ —aB'?AN, |, 5.61
8183/2(AN,)? 8 p * (561)
2
g >~ ————.
ST AN2

Firstly, we see that the slow-roll parameters at Hubble crossing
depend on « logarithmically only. This explains the weak
dependence in the @ (1) factors mentioned above. Secondly, we
also notice that €;, and €3, do not depend on g. In a third place,
€7 is a very small number since it is proportional to the inverse
of B3/2. This also means that, when V increases, €; decreases.
All these considerations can be checked in Fig. 115 and the
amount of gravitational waves predicted by this model is very
small. This is in agreement with the rough estimates given in
Refs. [318,321,322,324]. However, contrary to what is claimed in
Ref. [324], the predicted value for the running of the spectral index
is not excluded by observations since, according to the Planck
results [70], s = —0.013 £ 0.009 while, for the fiducial value
AN, >~ 55, one obtains as >~ —0.0006.
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5.4. Logamediate inflation (LMI)

Logamediate inflation has been discussed in Refs. [486,487] and
refers to inflationary scenarios in which the scale factor evolves
according to

t A
a(t) =a, exp |:A <1n —) ]
to

where A and X are two dimensionless parameters and where tg has
the dimension of a cosmic time. This evolution form for the scale
factor is required to occur “at late times”, i.e. whent > tp. If A = 1,
one recovers the power law model (see Section 4.8), and in that
case, to can be absorbed in a rescaling of the scale factor. Otherwise,
these three parameters are relevant and one therefore expects LMI
to be a two parameters models according to our classification.
Following Ref. [486], from Eq. (5.62), one has

a A/ t\"!
H=-=—|In— ,
a t to

from which one deduces that AA > 0 in order to have expansion
(H > 0). From Eq. (5.62), one can also establish that

d _ A In AN A=D1 |(In AN 1
a 2 to to
N
+ Ar|In— s
to

(5.62)

(5.63)

(5.64)

from which one deduces that in order to have inflation at late times
(whent > tg), one must have A > 1,orif A = 1,A > 1. 1If
this inflationary scenario is implemented within a single minimally
coupled scalar field ¢, one can derive the corresponding potential.
From the Friedmann-Lemaitre and Klein-Gordon equations one
can show that [486]

. A—1
t v 2AA t\ 2
A0) = <lr1 —) (5.65)
Mp; t to
This equation can easily be integrated into
(t) VAL [ t\ T
PO _ 9 V2 (ln 7) (5.66)
MPl Mp] A+1 to

Combining the Friedmann-Lemaitre equation 3MaH? = V(¢) +
#?/2 and the relation 2MajH = —¢?, one obtains V(¢) =
3MpH? + MjH, namely

3M2A2)2 £\2*Y M2aAn t\* 2
V() = P (m ?) + % =1 <1n —)

t? 0 to
M2 A t\*!
— = (m 7) . (5.67)
t2 to

Together with Eq. (5.66), this gives a parametric representation of
the field potential in terms of t. It can be further simplified since
the Logamediate regime occurs in the limit t > to. If A > 1, the
first term of this expression dominates at late times and one has
V() = 3M3A*A% (Int/tg)**" /t. Defining x = (¢ — ¢,) /M1,
one makes use of Eq. (5.66) to obtain

V($) = M*x* exp (—px") (5.68)
where the new parameters are defined by

A—1 A1 )\YOD
i o)

/\2+ 1 24/2AM (5.69)
Yy = m,
and
M 34252 ( P )4%1 570
T = s |\ = 5.70
Mg Mty \2v2Ar

The same potential has been studied for« = 2, § = 1/8 and
y = 2 within tachyon inflation models in Ref. [450]. The case
A = 1is particular. At late times, the first term and the last term
must be kept in Eq. (5.67), such that V(¢) = (3A — 1)AM§l t2.In
that situation, one has x = ~/2AInt/ty, and the derived potential
shares the same expressions for «, 8 and y as in Eq. (5.69) but
evaluated at A = 1. There is a difference however because M* now
reads M* = (3A — 1)AM3 /t3. We recover explicitly that . = 1
corresponds to power law inflation and has already been treated
in Section 4.8.

In the following, we will work only with the derived parameters
B,y and M*, noticing that

a=4(1-y). (5.71)

The restrictions AL > 0 and A > 1 translates into the conditions
0 < y < 1and B8 > 0. Following Ref. [487], since there is no
fundamental reasons preventing it, we will generalize this model
to any possible values of these parameters supporting inflation.
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The three first Hubble flow functions in the slow-roll approxi-
mation read

_ 7)2 2
612%, e=lat+By -yl (572)
X X
€= a_éyxy 2o Bly 2y = Dyx (5.73)
X a+ By —1Dyxr

The potential and the Hubble flow functions in the slow-roll
approximation have been represented in Fig. 48.

Inflation can proceed in two regimes: either at decreasing field
values, left to the top of the potential (LMI1), or at increasing field
values, right to the top of the potential (LMI2). Notice that from Eq.
(5.66), ¢ has to increase with time to reproduce the scale factor
expansion Eq. (5.62) and this happens only in the regime LMI2 for
large values of x. As can be seen in Fig. 48, the slow-roll parameter
€1 diverges when x approaches zero, it vanishes at the top of the
potential for x = xymax and it is maximal at x = Xemax with

()" e =lra)
Xymax = _— s Xemax = | ———— .
By ! By (1—=v)

Finally it asymptotes to zero for large values of the field. The value
of the local maximum of €; reads

e _ @ [By (=) 5( y )2
T2 a 1—y )~

(5.74)
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Fig. 100. Reheating consistent slow-roll predictions for the R+R? inflation models
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panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The annotations trace the
energy scale at which reheating ends and correspond to log(g,}/ 4Treh /GeV).

Thus in the regime LMI1, inflation always stops naturally as €,
becomes larger than unity whereas in the regime LMI2, this may

occur only if €™ > 1 and if inflation has started from x,; < Xemax.

Otherwise, if inflation starts with x;;; > Xemax, OF if e < 1,
one needs to add an extra-parameter Xe,q encoding an unspecified
mechanism to end inflation. In that situation, the model becomes
a three parameters one. If one makes use of ¢ = 4(1 — y), one
obtains €M = 8y2 (By /4)*/?. Solving €™ > 1 for f gives

(5.76)

= (8y2)y/2
This condition is therefore required for the model LMI2, if one
wants inflation to end naturally. As we will see below, LMI2
inflating in the domain xymax < x < Xemax is a very fine-tuned
situation which is strongly disfavored by the observations. Notice
that if one assumes 0 < y < 1, this conditions translates into
B> V2.

Finally, let us notice that for the value of ¢, at the top of the
potential to be smaller than some maximal value €, one needs
to impose the condition

vz (1= y)' 2

T (5.77)

g < ﬁmax (y, egggp) — 22-3v/2 (E;?g;(p)
In the LMI1 model, a slow roll regime of inflation can proceed only
if such a condition is verified (with typically eg‘?ﬁg‘p ~107").

The slow-roll trajectory can be integrated thanks to the
hypergeometric function [216,217] ,F;, leading to

X2 2 2 X 4
end 5 Fy [1, — —+1, <id> ]
2a Y v Xymax

N — Neng =



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235 165

e[ () ]
——F |1, -, — 41, . (5.78)

20 4 Xymax
One can notice thatinserting « = 4(1—y), as a function of x/xymax,
this trajectory only involves y. Plugging x = xymax into Eq. (5.78)
one gets an infinite number of e-folds. This means that the required
number of e-folds to solve the problems of the standard Big-Bang
scenario can always be realized, both in the decreasing branch of
the potential and the increasing one, provided that inflation starts
close enough to xymax. However, it can numerically be checked that
in the case of LMI2 with €"** > 1 and inside the xyma: < x < X.max
region, one has to fine-tune x;,; and x, extremely close to Xymax. In
that situation ng = 1, with vanishing r and vanishing running of
the spectral index, can be considered as generic predictions of the
model. For this reason, it is more natural to consider LMI2 in the
large field regime, namely x > max(xymax, Xelmax), together with
the extra-parameter Xepq.

The trajectory in Eq. (5.78) cannot be inverted analytically.
However, one can perform some consistency checks in the limit
X/vaax > 1in which

1 _
NN = g (7 =) 579)
and
_1
X = [Xi;f +By 2—y)(N - Nend)] o (5.80)
These expressions can be compared to Eq. (5.66)
A1
2AML t\ 2
=2g (1 t—) , (5.81)
0

where t in terms of the number of e-folds N can be obtained from
Eq.(5.62). WithN — N, = A (In t/to)*, one gets

(5.82)

V2% (N =N, kS
X=2—"—r .
r+1\ A

The previous calculations are consistent since, making use of Eqs.
(5.69), (5.80) and (5.82) are the same when setting the constants
N, = Niyj and xo = x;; = 0. This means that in the late times limit
x/xymax > 1, the slow-roll trajectory coincides with the exact one,
as expected.

The amplitude of the CMB anisotropies fixes the value of the
parameter M according to

4 2
M74 = 7207 (a — Byx?)’ eﬂxgx;”_ZQrL;PS,
Pl T

where x, is the observable field value obtained by solving Eq. (2.47)
given some assumptions on the reheating. The reheating consistent
slow-roll predictions for the models LMI1 and LMI2 (at x > xegnax)
are displayed in Figs. 116-118 for LMI1, and in Figs. 119-121 for
LMI2. In the case of LMI2, the turning points in the plots precisely
correspond to the case where inflation occurs in the fine-tuned
domain xymax < X, < Xmax and in which the model behaves like a

pure de Sitter era.

(5.83)

5.5. Twisted inflation (TWI)

5.5.1. Theoretical justifications

This model was introduced in Ref. [488] and is based on higher
dimensional supersymmetric gauge theories. The idea is to assume
that, in higher dimensions, we have a flat direction ¢ in the
potential. Since the theory is supersymmetric, this flat direction
will not receive corrections because the bosonic and fermionic
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Fig. 101. Reheating consistent slow-roll predictions for the double well models
in the plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The annotations trace the energy scale at which

reheating ends and correspond to log(gl / 4Treh /GeV). The shape of the zone covered
by the models predictions is similar to the one for Small Field Inflation (SFI, see
Fig. 112), except in the domain ¢, > Mp, which is the one favored by the
observations. The black solid line represents the locus of the points such that
r = 4(1—ng), i.e. &, = 2¢;, on which this model lies for ¢, /Mp > 1. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

contributions exactly cancel out. Then, we compactify the theory
down to 3 + 1 dimensions but with boundary conditions that
break supersymmetry. The typical example given in Ref. [488] is
“twisted” circle compactification, hence the name of the model.
Since supersymmetry is broken, the “Kaluza-Klein” masses of
bosons and fermions will differ. Typically, they can be written as

n2 (n+1/2)2
mb:\,qu-{—ﬁ, mf=\/¢2+R72/,

where R is the radius of compactification and n an integer. Since
my, # my, this time, the potential will receive one loop corrections
which lift the potential. However, it is clear that, when ¢R > n,
one has approximately m, =~ my. Therefore, in this regime, we
expect the corrections to vanish and the flat direction to remain
flat. This is thus particularly well-suited for inflation. In practice,
the higher dimensional model considered to implement the above
discussed mechanism is a maximally supersymmetric 4 + 1 U(N)
Yang-Mills theory compactified on a circle of radius R. A priori, we
have therefore two parameters: ./ and the compactification scale
R.

(5.84)
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5.5.2. Slow-roll analysis
As shown in Ref. [488], the above considerations leads to the
following expression for the inflaton potential

2
Vig)=M*|1—-A <£> e % |, (5.85)
o
where A is a constant parameter given by
32
A= ~ 0.33, (5.86)
93¢ (5)

and where ¢, is related to the compactification scale R through the
following equation

S _ 1
Mp  27RMp

Since the radius R must be larger than the Planck length, i.e. RMp, >
1, this implies that ¢, /Mp < 1. On the other hand, the overall
normalization can be expressed as

4 8N

Am2(2mR)*
We see that the scale M depends on the compactification radius
R but also on the number . In addition, one must have ¢ <
V3/NMp or ¢ <« Mp which guarantees that the higher
order Planck suppressed operators do not alter the potential. The
potential (5.85) is the small coupling limit of the model, while the
strong coupling limit corresponds to a Bl model with p = 3, see
Section 5.19.

The potential Eq. (5.85), as well as its logarithm, is displayed
in Fig. 49. Inflation is supposed to take place for vev’s larger than
the scale ¢, i.e. for ¢ > ¢, in the increasing branch of the
potential. This means that it proceeds from the right to the left in
the direction indicated by the arrow. The minimum of the potential
is located at ¢ /¢, = 2.

Let us now turn to the calculation of the Hubble flow
parameters. If one defines x by x = ¢/¢,, then they are given by

A (Mp\ L [ xx=2) 7P
ei=—\|—) e —
T2 g, 1— Axze

Mp; \ 2 2A%2 + e (X2 —4x + 2
€ =2A (—Pl> e ( X )
(1 — Ax%e)

(5.87)

(5.88)

(5.89)

)

2
e3=A (%) x(2—x)e

0

4A%x3 — e (x* — 6x + 6) — Axe* (x* — 6x% + 18x — 12)

X
(1 — Ax2e=)* [2Ax2 + e (x2 — 4x + 2)]
(5.90)
They are displayed in Fig. 49. The first slow-roll parameter ¢,
vanishes at the minimum of the potential when x = 2, then

increases with x and reaches a maximum at Xemax, and finally
decreases to zero when x goes to infinity. The value of €; at this
local maximum is larger than one if ¢, is smaller than some value
that can only be determined numerically. We find

¢, < 0.04228Mp. (5.91)

Therefore, a priori, inflation could stop by slow-roll violation.
However, by numerically integrating the exact trajectory (i.e. if one
does not make use of the slow-roll approximation), one realizes
that, in fact, the first Hubble flow function, which is defined by

el = —H/H?, remains smaller than one for all field values,
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Fig. 102. Reheating consistent slow-roll predictions for the mutated hilltop models
in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(g,l“T,eh/GeV). For small values of p/Mpj,
this model predicts a very small amount of gravitational waves. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

see Fig. 50. This is due to the fact that while the inflaton rolls
down its potential and approaches its minimum, the slow-roll
parameters continuously increase and the slow-roll approximation
is broken before €; becomes @ (1). Usually, this leads only to small
corrections at the end of inflation. However, in the case of twisted
inflation, this leads to a radically different picture because the
potential does not vanish at its minimum and, therefore, acts as
a cosmological constant. In practice, the numerical calculations
indicate that the field oscillates around its minimum but always
such that e{’ < 1and independently on the value of ¢, see Fig. 50.
In principle, inflation can never stops in this model since the final
stage of the evolution corresponds to an inflaton field sitting for
ever at the bottom of the potential and, as already mentioned,
it acts as a cosmological constant. However, as explained in
Ref. [488], the interactions of the inflaton field with the other
degrees of freedom of the standard model starts to play a role in
this regime. As a consequence, the energy contained in the inflaton
field should quickly be transferred to other fields and a phase of
reheating starts. The details of this process are complicated and
are discussed in Ref. [488]. In order to model the end of inflation,
we therefore introduce the extra parameter X.,q giving the vev
at which inflation stops. As a consequence, TWI is in fact a two
parameter model, ¢, and ¢eng.

Let us now turn to the slow-roll trajectory. It can be integrated
exactly and leads to the following expression

%\ [ 1 .. .
Nena — N = (m) {ZA [Ei (Xena) — Ei (0)]
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et . )
- ﬂ [Ei (Xena —2) — Ei (x — 2)]

-2
+ xend—X+21n<xe“d>},

<2 (5.92)

where Nenq is the number of e-folds at the end of inflation and Ei is
the exponential integral function [216,217]. This expression is the
one used in the ASPIC library. However, if one makes the vacuum
dominated approximation, x > 1, then a simpler formula can be
derived for the trajectory, namely

1 ¢ 2 eX eXend
Nepg — N >~ — [ =% -5
A \ Mp X Xond

This allows us to obtain an approximated expression for the vev of
the field at Hubble radius crossing which reads

o ()]
X, >~ In | 4AAN, | — .
by

It is valid provided ¢,/Mp < 1, i.e. precisely in the regime for
which the TWI potential was derived. Using this formula, one can
estimate the value of the three first Hubble flow parameters at
Hubble crossing. One arrives at

A (Ml’l>2 —2x4 4 1 (¢o )2
e —|—] e X, >~ v
2 ?, 32ANZ \ Mp

2
€ M 1
€y~ X~ 22 S .
b, 2AN,

Finally, we can derive an expression for the tensor-to-scalar ratio,
the spectral index

2 2
r o~ 8A% Mn eyt ~ ! S ,
¢0 * ZANf Mp;

(5.93)

(5.94)

(5.95)

, (5.96)
M, 1
ng—1~ —24(—2 Xle % ~ ,
b, 2AN,
and the running
Mp \* 1
as ~ —2A2 [ =2 Xle ™ ~ — . (5.97)
%, BAN?

These estimates are in agreement with the ones of Ref. [488], up
to a missing factor 4 in Eq. (5.94). However, we have checked that
this does not affect the predictions in a significant way.

It is also interesting to discuss the value of the scale M since
this is important from the model building point of view. The CMB
normalization gives

2 [ ,—xs 2 12
M74 — 72072'2/'\2 <%> [e * X (X* B 2)3] Qrmsz—PS.
b, (1 — Ax2ex) T
In the vacuum dominated approximation, the above expression
simplifies and gives M*/Mp, >~ 457% / AN2? /ME Q2 _ps/T?. This
leads to

(5.98)

2N AN T
MpR = | — —* ~ 1.2 x 10°V N, (5.99)
45A 773 Qrmsfps
where we have taken AN, =~ 60. This also implies that
1.35
P 135 10, (5.100)

Mpy N

Therefore, we have a rough determination of the compactification
radius. The model seems consistent since we obtain that MpR >> 1,
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Fig. 103. Reheating consistent slow-roll predictions for the radion gauge models
in the plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized

over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(g:MTreh/GeV). At large values of «, the

predictions are the same as the large field model with p = 2 (see Fig. 83) for which
€, = 2¢7 (black solid line).

in agreement with the assumptions made at the beginning of this
section.

The predictions for TWI are presented in Fig. 122. The reheating
equation of state parameter w; has been taken to be O since
the potential is quadratic close to its minimum. However, since
the details of reheating depend on the details of the interactions
between the inflaton field and the others degrees of freedom in
the theory, this parameter is a priori unspecified and could very
well take different values. In the ASPIC code, we, can be freely
chosen. Anyway, since the reheating temperature is in fact fully
degenerate with the parameter X.nq, these two parameters can
not be constrained independently. One can check that the rough
description provided by Eq. (5.96) is correct: the model typically
predicts a small amount of gravitational waves which increases
with ¢,, and a deviation from scale invariance which does not
significantly depends on ¢,. When ¢, /Mp = @ (1), however, one
notices a turning point (at fixed values of ¢, ). This corresponds to
the separation between two regimes, one where x,, < Xcmax and
€1 is an increasing function of x (hence €;, increases with Xenq)
and another where x, > Xemax and ¢, is a decreasing function of
x (hence €, decreases with xenq). If a sufficient number of e-folds
can berealizedinthe 2 < x < Xemax part of the potential, then €;,
can become negative. However, this mostly happens for fine-tuned
values of Xepnq > 2.

5.6. Generalized MSSM inflation (GMSSMI)

As for the MSSMI models, see Section 4.17, GMSSMI scenarios
are based on the Minimal Supersymmetric Model (MSSM) in which
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a flat direction direction is lifted by soft supersymmetry breaking
terms and by superpotential corrections. The potential is of the
form

1 A d)n ¢2(n—1)
V(p) = —mip? — A= + A2 . 5.101
@) 2 ¢¢ n M11)1173 n Mlzl(n—3) ( )

The MSSMI model corresponds ton = 6 and A> = 8(n — l)mé.
This last relation is of crucial importance since it implies an exact
flat inflection point. Following Refs. [423,424,427,489-492], one
may wonder whether the model is robust when this relation is not
exactly satisfied. In order to investigate this question, we therefore
relax the condition A> = 8(n— l)mé. In this more general case, the
potential can be reparametrized in the form

2 6 10
V() =M4[((Z)> e (;") +%(§) } (5.102)

where ¢, ~ 10 GeV, this value being the same as the one found in
Section 4.17. The positive dimensionless parameter « encodes any
deviations from the MSSM case for which it equals unity, ayssm =
1.

The potential is displayed in Fig. 51, where four cases can be
distinguished. In the following, we define the quantity x by the
expression

¢
—. 5.103
X Py ( )
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Ifa < 9/25, the second derivative of the potential does not vanish
and the potential is convex everywhere. This corresponds to the
case « = 0.1 case in Fig. 51.1f 9/25 < « < 1, the potential has
two inflection points xﬁ,zo and is concave in between. It remains
an increasing function of the field since its first derivative never
vanishes. This is illustrated with the case « = 0.7 in Fig. 51. If « =
1, this is the MSSM inflation models (see Section 4.17) where the
potential has a flat inflection point. If 1 < « < 9/5, the potential
decreases in between Xi:g but remains positive everywhere. This
is exemplified by the case « = 1.5 in Fig. 51. Finally, if ¢« > 9/5,
the potential becomes negative (hence is not properly defined)
between the two points x$=0 (see « = 2.5 in Fig. 51). The values
of the field vev's appearing in this discussion are given by the

following formulas:

5 9 1/4
+ /
” =[(=-(1%£ 1—— s

s (5.104)
i / 1
XV’:O = (1 +.,/1— a) .
and
5 9 1/4
Xy_o = [3 (1 +./1- 50{)] : (5.105)

Let us now calculate the first three Hubble flow functions in the
slow-roll approximation. They are given by

Mp\> (1 —20x* + ax8)2
€1 = 450 — 2
b0/ x2 (15 — 10ax* + 30x8)

(MP] )2 15 + 40ax* 4+ o (20 — 78) x® + 3a2x'6
X (15 — 10 + 3ax8)’

(5.106)

3

and

oo (MY 4 s
€3 = 60 s [225 — 1800cx* + 60ct (69 + 10a) X
0

—40 (189 — 100c) &°x'* + 10a* (243 — 504 + 4020%) x'°
+ 400 (117 — 20a) x*° + 120 (10 — 123) x*

+720*%* + 90*x°2]

x [3375%* + 4500ax° — 600a (27 + 10e) x'°

+ 100* (261 — 20ar) x™* + 10e® (2000” — 840a — 621) x'®
+ 6003 (69 — 200) x>

-1

+48a (100 — 9) x*® — 1800r*x* + 270*x*] (5.107)
The first two slow-roll parameters diverge when x — 0 and
vanish asymptotically. In between, their shape depends on « as it
isrepresented in Fig. 51. If & < 1, ¢ first decreases, reaches a local
non-zero minimum where ¢, vanishes, then increases to reach a
local maximum where ¢, vanishes again, and eventually decreases
again. Let xfzzo be the position of these two local extrema. From
Ferrari’s solutions for depressed quartic equations one gets

2)]“,

(5.108)

1 /5 39 b 12
=|—/=|VZt2|—a—20>— — — a
|:2a 3( 5 4 J15%
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where
73602 208a° 160*
8= - + ,
25 15 9
4303360 | 6123520  20992a° N 25608
o 625 1125 225 243
(5.109)
12896a°3 N 29440*  416a° N 6408 N 6 JB5A
o =— — = s
125 25 15 27 ¢
520 8a? ) .
_Jex eam 0 /3
FE oy taE Tt

are intermediate quantities introduced solely to reduce the size of
Eq. (5.108). If « > 1, €; has two local minimums located at xﬁ,:o
where it vanishes. In between it reaches a local maximum or may
even diverges for « > 9/5 (see Fig. 51). The slow-roll parameter
€, vanishes when ¢; reaches these local maxima, or diverge when
€1 does (for « > 9/5). As explained in Section 4.17, inflation is
meant to proceed at ¢ < ¢,. Let us assume that inflation can end
for e; > 1 between x = 0 and the position of the first minimum
X min. Following the previous considerations, this latter location is

defined as

X, _
X min = { 52_0
! Xyr=o
and provides an upper bound to Xe,q the solution of €1 (Xeng) = 1.
This one can only be determined numerically. The values of xfzzo

and xf,:o in terms of « are displayed in the left panel in Fig. 52
together with Xmin. The right panel of Fig. 52 represents the value

ifa <1

ifa > 1, (5.110)

min

of the first slow-roll parameter at this minimum, €]™ = ¢; (Xegnin).

For @ < 1, one can see that e'l‘“i“ < 1 only if the parameter o < 1.
This defines a minimum value for «, which depends on ¢, such
that inflation can take place within this domain. When o« =~ 1,
one can derive an approximated version of Eq. (5.108), namely,
X0 1 — (1 — «)/32. Plugging it into the expression for €;
one obtains

o225 M2
M~ T (- 172 (5.111)
32 @
from which one gets
442
_ i& (5.112)

15 My~

For the value suggested in Ref. [420], ¢, /Mp =~ 10, one obtains
a > 1 — 107>, which is in agreement with Ref. [489], and shows
that the model needs to be sufficiently fine-tuned (i.e. sufficiently
close to regular MSSM inflation) in order to be a viable inflationary
model.

On top of that, as shall be seen now, the constraints on « are
even tighter if one wants a sufficient number of e-folds to be
produced. Let us thus turn to the slow-roll trajectory. It can be
integrated, and leads to

_ ¢§ xgnd —x
Nend - == Migl {_20
b
_ 10;/“@ [arctan (/@ x2,4) — arctan ({/a;x*)]
b_
oy [arctan (\/a_x2,4) — arctan (Jafxz)]} . (5.113)
where
ar = —a +vao? —«, by :2M. (5.114)
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Fig. 105. Reheating consistent slow-roll predictions for the renormalizable
inflection point models in the plane (ns,r) (top panel) and the plane (e, €;)
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A few remarks are in order. Firstly, even if the terms appearing
in the previous expression are complex, their imaginary contribu-
tions cancel out and the resulting expression is truly a real quantity.
Then, one can check that formally, when « — 0, one hasa,. — 0
and by — 1,hence N >~ — (x* — x2,) /4, which is precisely the
LFI slow-roll trajectory for p = 2, see Section 4.2. This is just a for-
mal check since « is meant to be tuned close to 1 in the GMSSMI
scenario. Finally, let us notice that, in the case « < 1, and con-
trary to the MSSM models (¢« = 1), the number of e-folds never
diverges at a given point x. Therefore, the total number of e-folds
is bounded from above for the field vev’s considered here. Working
out the limit of Eq. (5.113) when « — 1, one has

2
N N < loR T 1

end ini = MP] 30 m
If one require at least AN = Ngpg — Njp; e-folds during inflation,

then « has to be fine-tuned to

4 2
s
a>1-— & —_—.
Mp /) 900AN?2
Remembering that the small parameter here is ¢,/Mp;, one can
see that it is a much tighter constraint than the one of Eq. (5.112).
Taking ¢, /Mp >~ 10~* and AN =~ 50, one obtains & > 1 — 1072,

This is clearly an extreme fine-tuning which can even make the
numerical investigation of the model challenging.” As explained

(5.115)

(5.116)

7 This exceeds the usual 64 bits precision on floating point numbers (FP64).
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below, the same condition |« — 1| < ¢;/Mp/AN? also applies
to the case @ > 1 in order to maintain an acceptable deviation
from scale invariance. This makes GMSSM inflation a severely fine-
tuned scenario. Let us also notice that our parameter « is related
to the parameter § of Ref. [490] by § = +/a—2 — 1. Ref. [490]
finds that, in order for the model to be compatible with the data,
8 ~ 10720, Therefore, although our method slightly differs from
that of Ref. [490], our results are in broad agreement.

Finally, the amplitude of the CMB anisotropies fixes the
parameter M to

MY My (120 + )t Qh
=) =288022-1 S —metS
Mp Py x4 (1— 2axd +2x8)° T

(5.117)

As explained in Section 4.17, this leads to M /Mp ~ 108 GeV for
Bo/Mp > 1074,

The reheating consistent slow-roll predictions of the GMSSMI
models are displayed in Figs. 123, 124, for¢ > 1 and o <
1, respectively. The reheating equation of state parameter wpep
has been taken to 0 since the potential is quadratic close to its
minimum. In both cases, one can see that in the limit « — 1,
the standard MSSM predictions are recovered, see Fig. 104. The
amount of gravitational waves r seems to be quite independent on
« and, therefore, is similar to its regular MSSM counterpart. On the
other hand, the spectral index ng strongly depends on «. In the case
o > 1, larger values of « — 1 worsens the spectral index problem,
already present in standard MSSMI. These models are therefore
strongly disfavored by the data. In the case @ < 1 however, there
is a very narrow range of acceptable values for «. They are well
inside the |« — 1| < ¢?/Mp;/ AN? condition and the spectral index
is inside the two-sigma confidence intervals. But, as can be seen in
Fig. 124, the spectral index varies so quickly with « that one has to
fine-tune the power of the fine-tuning to remain inside the two-
sigma contours. In Refs. [424,489-492], it is argued that, since the
flat saddle point condition is robust against radiative corrections,
such a fine-tuning may not be a problem. However, as explained
here and in Section 4.17, if the flat saddle point condition is exactly
satisfied, the model is disfavored by the observations because the
spectral index is too red. The only way out is therefore to detune
the condition @ = 1 at an extremely fine-tuned level.

5.7. Generalized renormalizable point inflation (GRIPI)

As for the MSSMI models (see Section 4.17) and for the RIPI
models (see Section 4.18), the GRIPI models have a potential of the
form

1 )"n ¢n 5 ¢2(n—1)

V(@) = omip® —A——— + 4 —. (5.118)
2 n Mz "My

In Section 4.18, the particular example n = 3 is discussed in

the case where the potential has a flat inflection point, i.e. when
A? = 16m2. Then, as studied in Section 5.6 for MSSMI, comes the
question o? what happens when we relax this condition. To address
this issue, it is convenient to reparametrize the potential as

o o 2_4 o 3 a 4
”‘”—M[(%) 3“(%)+2(¢0) ’

where the positive dimensionless parameter « encodes the
deviation from the RIPI case (that is to say agp = 1). This
model was studied in Ref. [493] and in Refs. [494,495]. In the
first reference, the mass my is fixed by the soft supersymmetry
breaking terms and, in Section 4.18, it was shown that this leads
to ¢, =~ 10" GeV. However, in Refs. [494,495], the scale my is no
longer controlled by the soft supersymmetry breaking terms but by

(5.119)
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Fig. 106. Reheating consistent slow-roll predictions for the ArcTan models in the
plane (ns, r) (top panel) and the plane (¢q, €5) (bottom panel), when the reheating
equation of state is wy, = 0. The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(g,lMTreh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

the right-handed neutrino mass in Type [ supersymmetric seesaw
and this leads to a different value for ¢,, namely ¢, ~ 107 GeV.
Therefore, in what follows, we will use both values.

The potential is displayed in Fig. 53, where four cases can
be distinguished. In the following, for convenience, we use the
quantity x defined by

@
b,

If « < 3/4, the second derivative of the potential does not vanish
and the potential is convex everywhere. This corresponds to the
case « = 0.7 case in Fig. 53.1f 3/4 < « < 1, the potential has
two inflection points x‘i,’,/zo and is concave in between. It remains
an increasing function of the field since its first derivative never
vanishes. This is illustrated by the case « = 0.85 in Fig. 53. If
o = 1, then this is the RIPI model (see Section 4.18) where the
potential has a flat inflection point. If 1 < o < 9/8, then the
potential decreases between the two values of x, xﬁ,zo, for which
the derivative is zero, but remains positive everywhere. Typically,
this corresponds to the case @« = 1.094 in Fig. 53. Finally, if @ >
9/8, then the potential becomes negative (hence is not properly
defined everywhere) between xi_, (see the case « = 1.188 in
Fig. 53). The values of the field vev in this discussion are given by
the following formulas:

N 2 3 N a—1
foo=3 (1EY1- ) mp=1%— 121)

X

(5.120)
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and

n 4 9
XV:0=§ 1+ 1—£ .

Let us now calculate the first Hubble flow functions in the slow-
roll approximation. They are given by

2
Mo\ 2 1—20x + ax?
€ =72 (—”) ( )
XZ

(6 — 8ax + 3ax?)”’
M 2
6 = 24 (—"‘)
o

6 — 16ax + (3 + 16a) ax® — 120%%> + 302x
x* (6 — 8ax + 3ax2)

(5.122)

(5.123)

and

2
€3 =24 ( ;‘) [36 — 216ax + 300 (3 + 16a) X

0

— 8 (45 + 64a) &’x® + 2 (27 + 2760 + 128a*) o’x*
—2 (208 + 81) a>x° 4+ 9 (1 + 28a) o°x®
=720 + 9] [ (6 — Bax + 30)”

x (6 — 16ax + 3ax? + 160%¢ — 1222 + 30%x*)] . (5.124)

The first two slow-roll parameters diverge when x — 0 and
asymptotically goes to zero when x — oo. In between, their
behavior depends on « as can be seen in Fig. 53. If @ < o, where

=15 [5 —37(6 ( Zf) 2723 (9 - 3«/§)1/3]

16
~ 0.4671, (5.125)

€1 monotonously decreases with x. If ¢y < o < 1, € first
decreases, reaches a local non-vanishing minimum at a value of
x for which €, vanishes, then increases to reach a local maximum
where €, vanishes again, and eventually decreases for x — oo,
as already mentioned. Let Xi:o be the position of these two
local extrema. Similarly to Eq. (5.108) for the generalized MSSM
inflation models, analytic expressions can be obtained for these
two quantities using Ferrari’s solutions for depressed quartic
equations. They are implemented in ASPIC but are not displayed
here since this does not add much to the discussion. If & > 1, ¢;
has two local minima located at x$,20 where it vanishes. In between
it reaches a local maximum or may even diverge for « > 9/8 (see
Fig. 53). The slow-roll parameter €, vanishes when €; reaches these
local maxima, or diverge when ¢, itself diverges (for « > 9/8).

As explained in Section 4.18, inflation is supposed to proceed
at ¢ < ¢,. Let us assume that inflation ends by violation of
slow-roll between x = 0 and the position of the first minimum
Xemin. Following the previous considerations, this latter value of x is

defined by

X, _
X min = { 5_2_0

“ Xyr=o

ifag <a < 1
ifa > 1, (5.126)

and, moreover, provides an upper bound to determine Xenq [i.e.
the solution of the equation €;(Xenq) = 1]. Let us emphasize that
. . . +
this one can only be determined numerically. The values of x_ _,

and x o in terms of & are displayed in the left panel of Fig. 54
together w1th X min. The right panel of Fig. 54 represents the value

of the first slow- roll parameter at this minimum, em‘“ =e1(x, mln)

Fora < ap,onehasei(x = 1) > 15M /d)2 and, recalling that
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Fig. 107. Reheating consistent slow-roll predictions for the constant ns A models
in the plane (ns, r) (top panel) and the plane (ey, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(g;/ 4Treh /GeV). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

typically ¢, ~ 10 GeV or ¢, =~ 107 GeV, one sees that inflation
cannot proceed in this case. For ¢y < o < 1, one has e"““ <1
only if the parameter @ < 1. This defines a minimum value for «,
which depends on ¢, allowing for inflation to take place. When
o =~ 1, one can derive an approximated formula for X —or namely,
Xeymo = ~ 1 — (1 — «w)/2. Plugging it into the expression for €; one
obtains

2

. M,
et > 72(a — 172, (5.127)
0
from which it follows that
2
_ 24, (5.128)
12 Mp

With ¢, /Mp =~ 107!, one obtains « > 0.99, which shows that
the model needs to be sufficiently fine-tuned such that it becomes
very similar to the regular RIPI scenario. If, on the other hand,
¢y /Mp =~ 1074, the constraint is much tighter. As discussed in
Refs. [494,495], one of the main advantage of the model studied
in those references is that a value ¢, ~ 10" GeV leads to a less
severe fine tuning problem than ¢, >~ 10" GeV.

However, the constraints on « are tighter to get a sufficient
number of e-folds. Let us therefore now turn to the determination
of the slow-roll trajectory. It can be integrated exactly to give

2
54
Nend_N=¢0{ :

x—1
Mg | 12/ (T—0a) arctan («/l/oz - 1)
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x(x 1 1 1 In[1 2]
+2(4_3>+<80l_6>n +OlX(X—)

_ 5 —4a arctan( Xend 1 ) . Xend <Xend _ 1)
12/ (1 — ) J1/a—1 2 4 3
1 1
— [ — — = ) In[1 + aXend Xena — 2)1 ¢ - (5.129)
8o 6

Exactly the same remarks we have made for the GMSSMI model
also applies here (see Section 5.6). In particular, for ¢ < 1, and
contrary to the RIPI models (@« = 1), the number of e-folds never
diverges at a given point x. Therefore, the total number of e-folds
is bounded by some maximal finite value. From Eq. (5.129) when
o — 1,one has

2

end ini = MP[ 24 m
Therefore, if one require at least AN = Nenq — Nip; e-folds, one has
to fine-tune « to

6, \* 72
o > 1 — — E——
Mp ) 576AN2

Remembering that the small parameter here is ¢,/Mp, one can
see that it is a much tighter constraint than the one of Eq. (5.128).
Taking ¢, /Mp >~ 10~ " and AN = 50, one obtainsa > 1 — 107
This makes the fine-tuning quite important and, as explained
below, the same condition |& — 1| < ¢*/Mj,/AN? also applies
to the case @ > 1 to maintain an accepta(f)le deviation from scale
invariance, making the whole class of models fine-tuned. However,
as already mentioned above, the value ¢, ~ 10'"GeV makes the

fine-tuning issue easier to accept than the value ¢, >~ 10'GeV.
Finally, the amplitude of the CMB anisotropies fixes the
parameter M to

M\ ME (11— 2ax, +ax?)’ Q2
<—> = 622080712—51 ( * ) . Qrmsz—Ps.
Pl ¢0 x4 (6 — 8ax, + 30[)(1) T

*

(5.130)

(5.131)

(5.132)

As explained in Section 4.17, this leads to M /Mp ~ 10" GeV for
$y/Mp =~ 1074,

The reheating consistent slow-roll predictions of the GRIPI
models are displayed in Figs. 125 and 126, for¢ > 1and ¢ <
1 respectively, and for values of ¢, such that ¢, =~ 10" GeV:
$y/Mp = 1072,10715,107", 107%5, 1. The reheating equation
of state parameter w.., has been taken to 0 since the potential is
quadratic close to its minimum. In both cases, one can see that in
the limit « — 1, the standard RIPI predictions are recovered, see
Fig. 105. The amount of gravitational waves r seems to be quite
independent on « while the spectral index ns strongly depends on
it. In the case o > 1, the fine-tuning is as important as in the case
o < 1as mentioned above. Considering values of « very different
from 1 worsens the spectral index problem, already present in
standard RIPI. These models are therefore strongly disfavored by
the data. In the case « < 1 however, there is a very narrow range
of acceptable values for «. They are well inside the |o — 1] <
¢ /My, / AN? condition and the spectral index is inside the two-
sigma confidence intervals. But as can be seen in Fig. 126, the
spectral index varies so quickly with « that, even if the fine-tuning
is less problematic than in the GMSSMI case (due to the different
value of ¢, ), it is still very important.

5.8. Brane SUSY breaking inflation (BSUSYBI)
This model has been studied in Ref. [496] in the context of

superstrings models®. The potential is a sum of two exponential

8 see Egs. (1.1) and (2.9) in that reference.
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Fig. 108. Reheating consistent slow-roll predictions for the constant ns B models
in the plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(gl“T;eh/GeV). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

terms

KN ¢
V(g) = M* (e“ng +eV® Mm) , (5.133)

one is a “hard” exponential brought about by a SUSY breaking
mechanism and the other is a “slow-roll term” having 0 < y <
1/«@ and that dominates the eventual inflationary dynamics.
It was shown in Ref. [496] that the inflationary dynamics can
also generate superimposed oscillations in the primordial power
spectrum but we will not focus on this case since, obviously, slow-
roll is not satisfied in this situation [497-499)]. Let us also notice
that if the term in +/6 in the first exponential function is relaxed
to be a free parameter, the potential becomes as in Ref. [500], i.e. a
general exponential brane potential. Defining

¢

X [}
Mp,

(5.134)

the first three Hubble flow functions in the slow-roll approxima-
tion read

=3 eV + Ve\/éyx ’
= e\/éx + e«/é)/)( ’

B+ (5.135)

6=-12(y -1 —,
(e«/gx _}_e\fﬁyx)
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and

(e‘/g" _ e\/g}’x) (e«/éx + yex/@)/X)

(754 o)

e=6(1—1y) (5.136)

These functions together with the potential are displayed in
Fig. 55. The two exponential components are clearly visible on
the plot of the logarithm of the potential. The required flatness of
the potential is realized only along the ¢ branch and for negative
values of x. The first Hubble flow function €; is an increasing
function of x which varies between its asymptotic values:

lim €; = 3y?, lim = 3. (5.137)
X—>—0Q

X—>—+00

For y small enough (y < 1/\/§), there is a regime where it is less
than unity. This regime is given by the condition x < x., -1 with

1 J3-1
=1 = 1 . 138
Xey=1 \/E(y—l)n<l—y«/§) (5.138)

As a result, inflation can only proceed in the domain x < X¢,—
and it never stops. Hence the need for an extra-parameter Xenq
encoding the field value at which some unspecified mechanism
(such as a tachyonic instability) is triggered and stops inflation. Let
us notice that the slow-roll parameter ¢, is always negative and
goes to zero at large |x| with a local minimum in x = 0 equals to
eg‘i“ = —3(y — 1)% Finally, the slow-roll parameter ¢; vanishes
when x = 0 and shares the same sign as x. Its asymptotic values
are

lim e3=6y(y—1), lim e3=6(1—vy). (5.139)
X—>—00 X—+00
The slow-roll trajectory can be integrated and gives
1
N — Neng = _ﬁ (X — Xend)
1 1 eﬁ(y—l)x
LI b A (5.140)
6y 14+ ye\/a(l/—l)xend

This equation cannot be analytically inverted but since inflation
requires X < X, —1, it shows that xe,q should not be too close to
X¢,—1 in order to realize enough e-folds of inflation. This puts some
upper bound on Xeng, that can be computed numerically and that
is displayed in Fig. 56. This value xJ:%‘ defines a prior for the model
parameter Xenq, Which is the region lying under the curves on the
figure.

Integrating Eq. (2.47) finally gives the field value x, at which
the pivot mode crossed the Hubble radius during inflation. The
parameter M being fixed by the amplitude of the CMB anisotropies

2
V6 By
M\ (e + ye ) 2
(—) = 43207 5 Q‘”‘S;I’S.
Mp (eJéx* +e~/3m) T

The reheating consistent slow-roll predictions of the BSUSYBI
models have been plotted in Fig. 127. The parameter Xe,q varies
between 2xgF < Xenda < Xgng With xg¥ < 0, under which
the predictions of the model coincide with those of PLI (see
Section 4.8). Large values for the parameter y are disfavored and it
has to be smaller than < 5 x 1072 to generate a reasonable amount

of gravitational waves.

(5.141)
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Fig. 109. Reheating consistent slow-roll predictions for the open string tachyonic
models in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel). The
two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(g,}MTreh/GeV). The black solid line
represents the locus of the points such that r = 4 (1 — ns), i.e. €, = 2¢7, on which
this model lies for ¢, /Mp >> 1. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

5.9. Tip inflation (TI)

5.9.1. Theoretical justifications

This model is a scenario based on string theory in which the
motion of branes in extra-dimensions causes the four-dimensional
spacetime to inflate, see for instance Refs. [158,225,501-506].
Let us assume string theory with flux compactification. In this
situation, the six-dimensional Calabi-Yau space has generically
the shape of a bulk with warped throat(s) attached to it. The
metric in the bulk is usually not known but, along the throat,
explicit examples are available. A representative case is the
Klebanov-Strassler throat [507] for which one can write the metric
as

ds* = h™ "2 (r)n,,dx*dx” + h'/?(r) (dr? + r’ds?) . (5.142)

The function h(r) describes the warping along the radial coordinate
r of the throat. We see that the throat is in fact a cone with
five-dimensional sections given by the metric ds?}. For a conifold,
these sections are two spheres S, x S3 which shrink to zero at
the tip of the cone [508]. Let us recall that a conifold can also be
defined by the equation 2,4421 (Z»)* = 0, ie. a six-dimensional
(or three complex dimension) surface in C*. However, if one has
a deformed conifold, then, at the tip the S, sphere shrinks to zero
but the S3 remains finite [508]. A deformed conifold can similarly
be defined by the equation Zj\:] (Z4)* = ¢2 and, at the tip, one has

Z::] |Z4 |2 = g2, Usually brane inflation takes place when a brane
is moving along the radial direction of the throat, see Section 5.19.
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Fig. 110. Reheating consistent slow-roll predictions for the Witten-O’Raifeartaigh
models in the plane (ns, r) (top panel) and the plane (€1, €3) (bottom panel). The
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represents the locus of the points such that r = 4 (1 — ns), i.e. €, = 2¢1, on which
this model lies for ¢, /Mp; > 1. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Here, following Ref. [505], we will consider a different situation,
namely the case of a brane moving at the tip of the deformed
conifold. In addition, we will not only consider radial motion only
but also angular motion.

Technically, the above model can be described in the framework
of supergravity (viewed, in this context, as a low energy effective
field theory). Let us assume that there is a D3-brane moving at
the tip and that complex structure moduli and the dilaton are
stabilized, thanks to the presence of fluxes. Furthermore, following
Ref. [505], we suppose that there is only one volume modulus, p,
plus three fields z;,i = 1, ..., 3 describing the D3-brane position.
It follows that the corresponding Kdhler potential is given by

K (,o, zi le) = —3Mj In [,o +pf —yk (z,~, zf)] , (5.143)
where k is a function of the brane coordinates and y is a constant
(of mass dimension —2) related to the brane tension T3, an
approximate expression of which will be given below. In the
vicinity of the deformed conifold tip, the function k takes the form

4
k(a2 ) =ko+ce (D124 — &2 (5.144)
A=1

Here c is a numerical constant ¢ = 2'/6/31/3 ~ 0.77 and k, stands
for the value of the function k at the tip. The quantity £2/3 = ry,
can be viewed as the radius of the tip as illustrated in Figs. 1 and 2
of Ref. [505].
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Fig. 111. Reheating consistent slow-roll predictions for the small field models with
p = 1in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel). The
two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(g,l“Treh/CeV). The black solid line
represent the locus of the points such that r = (8/3) (1 — ns), i.e. €2 = 4€, on
which this model must lie. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

The last ingredient of the model is a stack of n D7-branes
placed far from the tip. Then, the superpotential (Kuperstein
embedding [509]) can be written as

1/n

W= W() +A(Zl)€7ap = W() +A0 (1 — 2) efa”. (5145)
In this expression, 1?/3 represents the distance between the stack
of D7-branes and the tip (see Fig. 2 of Ref. [505] for an illustration).
We always assume that this distance is much larger than the size of
the tip, i.e. € /u < 1.The quantities Wy, Ap and a are constants. It is
interesting to remark that the above superpotential only depends
on z; and therefore breaks the symmetry of the tip.

We are now in a position where the potential and the kinetic
term can be calculated for the fields z; and p. The F-term potential
reads

2ae” %

aU
V(%)) = —— [ —|A]%e™% + |A]%e™% — |W,A
(0,%1) M51U2<6|| Al |WoA|

P PO VUG R RS
3MEyU2 n?u? ¢ &2 m ub’ '

where we have taken, from the definition z; = x; + iy;, z1 = X1
at the tip. Because of our choice of the superpotential, V no longer
depends on x,, x3. In the above expression, we have defined p =
o + it and t is chosen such that V is minimal. The quantity U is
defined by U = p 4+ p' — k = 20 — kg at the tip. Finally, the
last term D/U®?, with D and b constant, is an uplifting term which
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is added in order to avoid having an anti-de Sitter minimum. In
practice, uplifting potentials generically have b = 3 [510].

The calculation of the kinetic term is difficult since the Kdhler
matrix mixes all the fields z. For this reason, it is easier to
use another parametrization such where z; = ecosg, z, =
gsing cosh, z3 = esingsind cosy and z4 = & sing sin6 sin Y,
as appropriate since the tip of the deformed conifold is S3. In
this case, the Kdhler matrix becomes diagonal and expanding
everything in the small parameter € /i < 1, one obtains

V(o,¢) = A(o) +B(o) cosp + C(o) sin ¢ + - - -, (5.147)
where
Aoy = 2T (U e 4 agle ™ — 1wyl
) = —— | —lAole e -
M2U2 \ 6 " ° °
D
+ 55 (5.148)
2a|Agle™ ¢ aUlAo| _ B )
B(o) = — (- e % —2|Aple™™ + Wy ),
(o) MEUI 3 Aol [Wol
(5.149)
An|2e—200 2/3
Cloy = ole™ &7 (5.150)

3MAU2yu?n? ¢

Let us now discuss this result. If one ignores, for the moment, all

terms depending on the brane position, it remains only the term

A(o) which is nothing but the Kachru-Kallosh-Linde-Trivedi

(KKLT) potential for the volume modulus [510]. We see that

in absence of the uplifting term D/U®, its minimum given by

0A/do = 0 would be located at 0 = oy, solution of the implicit
equation

a

Wo = —Aq [1 +3 (00— ko)] e (5.151)

The corresponding value of the potential would actually be
negative (anti-de Sitter) and given by

a’|Ao|”
3MEU

Hence the required uplifting term from which one can find a
new minimum at which V is positive. This is precisely how KKLT
managed to find a de Sitter minimum instead of an anti de Sitter
one for the first time in string theory [510].

If the position of the minimum were not changed by adding the
uplifting term, one would obtain a vanishing value of V for

e 2000 < Q.

Alog) = — (5.152)

a®|Ao P U~ (09) 2000
3M2 ’

This suggests to introduce a new parameter 8, defined by

Do = (5.153)

3ME
a?|Ag|2UP~(09)
such that one can trade D for f in all the uplifting terms. Therefore,
B = 1 represents a situation in which the potential is uplifted
while the position of its minimum is unchanged. In general, as
expected in presence of the brane, the KKLT minimum oy of A(o)

will be shifted. The correction due to the uplifting terms can be
evaluated perturbatively and one obtains the following expression

bp

20200

B=D %170, (5.154)

Omin = 0p + D (5.155)
valid provided bB/(2a%09) <« 1.For B = 0, one recovers that
Omin = 0p as expected without uplifting terms (and with a negative
minimum for V). There are other corrections to the position of
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Fig. 112. Reheating consistent slow-roll predictions for the small field models with
p = 2 in the plane (ns, r) (top panel) and the plane (¢q, €;) (bottom panel). The
two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(glMTmh/GeV). Clearly, if p/Mp is
not too high these values are limited from below to stay inside the two-sigma
contours, and p/Mp < 10 seems to be disfavored by the data. The black solid line
represent the locus of the points such that r = (8/3) (1 — ns), i.e. €, = 4€q, on
which this model lies for «/Mp >> 1. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

the minimum due to the presence of the brane but one can show
that they do not play an important role (they are calculated in
Ref. [505]). The final argument consists in considering that the
modulus is stabilized at this minimum. Then, one obtains a single
field model V(¢) = V(omin, ) where the coefficients in Eq.
(5.147) are now given by

a2 |AO |2672a00

A (Opin) = A = -D+--], 5.156
(Omin) Mo [(B-1 ] ( )
B( ) a|AO|28672aao
Omin) = B> ——————
mn GMI%lnpwg
b
x [(bﬁ —3)+ DB (14 — 3bB) + - - } . (5.157)
4060
|A0 |282/3e—21100
C (Omin) = C = (5.158)

12M3n?p2odyc

The above relations express the parameters of the potential in
terms of the stringy parameters. We see that, if 8 > 1, we have that
the KKLT potential is positive at the minimum that could account
for a cosmological constant today for 8 — 1 = @ (a, ) [505].

Finally, the kinetic term for ¢ remains to be calculated. Using
the explicit form of the Kdhler metric, one obtains

I J 3Mr%l 4/3
Kjjd,z'0"7 ~ 5 vee 33,03 ¢ + -, (5.159)
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where, at the minimum, one has
. 0ol3

Yy = 3751,

T3 being the brane tension. Therefore, in the large volume limit, the

canonical field ¢ is ¢ = +/Tzce*3¢. As a consequence, the final
form of the potential reads

(5.160)

¢ . ¢

V(¢) = A+ Bcos (\/7"3782/3) + Csin (m€2/3> . (5.161)
To end this section, it is interesting to discuss the orders of
magnitude of the parameters appearing in the above potential. For
this purpose, it is useful to recall that oy, being a volume modulus,
is related to the size (or volume) of the extra-dimensions, Vg ~
003/20/3. The brane tension can be written as Ts = (27) g, '’ ™2
while the Planck mass takes the form M3 = 2(27) 7Veg 2a’™*
(g is the string coupling). As already mentioned, the distance p%/3
can be viewed as the distance between the stack of D7-branes and
the tip. It is therefore of the order of the size of the throat which
allows us to write that . ~ (277g;.N o2 /4)%/8 where the positive
integer V is the total background Ramond-Ramond charge.

In order to have a successful slow-roll scenario, we must assume
that the potential vanishes at its minimum. This amounts to take
A = B which can always be achieved by choosing 8 = S such
that (with b = 3, see before)

45¢

=1+——+
P dnpato?

., (5.162)
where we have performed a large volume expansion. Then, at the
top of the potential, one has 32V /3d¢? ~ 2C — A and if one wants
a flat potential 2C — A = 2C — B must be a very small quantity,
i.e. C/B >~ 1/2. Using the equations established above, one can
write

E — TL (rtip>_1/2
B 8s(gm N3/ \ Ls '
where the numerical factor ¥ = (12/15) x(4/27)3/8 /[(2m)*nc] ~
5 x 107> and ry, = £?/3. The string length is given by £; = v/o'.
Let us also recall that we have taken b = 3. We see in the above
expressions, especially Eq. (5.157), that this case is special because
Bs: ~ 1and we have an additional suppression. It is also interesting
to discuss the mass scale which appears in the arguments of the
trigonometric functions. Straightforward calculations lead to

Tsce?/? c _3/4 Ti
Y2 = (2n)? fg:/zao ),
Mp 2 Ks

For fixed g; and , the two inflationary parameters C/B and
Tsce?/3 /Mp are in fact controlled by the radius of the tip and the
volume of the extra-dimensions.
Finally, if one requires C/B = 1/2, as appropriate in a slow-roll
analysis, then the above equations imply that

(5.163)

(5.164)

2/3

Tsce
7~ 2 x 108,

Mp,

This equation is relevant for the question of the priors that should
be put on the model parameters.

(5.165)

5.9.2. Slow-roll analysis

We now turn to the slow-roll analysis of the model. For the
canonically normalized inflaton field, we have just seen that the
potential is given by

(5.166)

V=M <1—i—cos£—|—o¢sin2 2)
2 2
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Fig. 113. Reheating consistent slow-roll predictions for the small field models with
p = 4 in the plane (ns, r) (top panel) and the plane (¢q, €;) (bottom panel). The
two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(g,l“Treh/CeV). Clearly, if p/Mp is
not too high these values are limited from below to stay inside the two-sigma
contours. The black solid line represent the locus of the points such that r =
(8/3) (1 —ng), i.e. € = 4eq, on which this model lies for «/Mp > 1. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

where inflation proceeds in the region 0 < ¢/u < m. Here, we
have written A = M* C/B = o and u = +/T3ce*? (not to
be confused with the scale u introduced above and related to the
distance between the stack of branes and the tip). When o « 1,
the potential reduces to the natural inflation (NI) one. Yet, it was
shown in Section 4.6 that only super-Planckian decay constants
w/Mp; > ©(1) could make the natural inflation models compatible
with observations (see e.g. Fig. 88). As noticed in Ref. [505], this
means that tip inflation models with « < 1 are not viable. On
the other hand, as was discussed in detail in the previous sub-
section, if « is fine-tuned to « =~ 1/2, then the potential of Eq.
(5.166) becomes very flat at the top and a phenomenologically
successful slow-roll inflationary stage could occur. This is why, in
the following, these models are studied with @ >~ 1/2.
Defining

(5.167)

the potential of Eq. (5.166) and its logarithm with respect to x are
displayed in Fig. 57. Its general shape depends on the value of «. If
a < 1/2,itis a decreasing function of the field vev, hence inflation
proceeds from the left to the right, and it has a vanishing minimum
at x = . Its first derivative vanishes at the top of the potential for
x = 0 while its second derivative V" (x = 0) & 2« — 1. It vanishes
there when @« = 1/2 and the potential becomes flat enough to
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support inflation. If« > 1/2, the potential maximum is not located
at x = 0 anymore but at x = arccos [1/(2«)]. Let us thus define

0 ifaa < 1/2,

Xv'=0 =\ arccos (1) ifoa > 1/2. (5.168)
2«

If ¢ > 1/2, the potential decreases with the field vev in the range
Xy’—o < X < m, where inflation proceeds from the left to the right.
Again, the first derivative of the potential vanishes at the top of the
potential while its second derivative V" (x = xy/—g) x 1/2a) —2«
again vanishes when o = 1/2. This is why & must be close enough
to 1/2 in order for a viable slow-roll inflationary regime to take
place.

Let us calculate the Hubble flow functions within the slow-roll
approximation. They read

M2 (1 —2acosx)®sin’x

. F2(1+COSX+asinzx)2’ (5.169)
M3 2cos® §
o (1 +COSX+asin2x)2
x [2 4+ a3+ 4a) — 2a (3 + 2a) cosx — a cos (2x)],  (5.170)
and
e—Mgl{_z_ 2+ 4 5+ 3«
G (1+a —acosx)? 1+ —acosx
1 4(1+a+3a?) — 20 (7 4 4a) cosx }
cos? (%) a [cos (2x) + (6 + da) cosx — 3 — da] — 2 |
(5.171)

They are displayed in Fig. 57 and are increasing functions of the
field vev in the inflationary domain xy/—g < x < . Notice that
they diverge when x — 7. The first and third slow-roll parameters
€1 and €3 vanish at the potential maximum. However, the second
slow-roll parameter ¢, takes a non-vanishing positive value given
by
Mg ,
—2(1 —2a) ifa<1/2,

n
M2 2o — 1
w? 2o +1

€ (X = Xy'=0) = (5.172)

ifo > 1/2.

Requiring |e;| < 1 implies again to adjust « close to 1/2 such that
lo — 1/2] € u? /Mg < 1.
Inflation stops when €; = 1 at the position Xe,q given by

(1 + iﬁ) o
3 x 22/3 (5 n ﬂ)m
(1 — l«/§) o’

1/3
h 6 x 21/3 (8+JZ>

Xend = arccos | X +

(5.173)

In this formula, we have defined

2 2 2
A = —8640° 2a +1)° (”—2 + 2)
MPl MPl

2
x {(2a—1)3+2(2a+1)[(a—10)a—2]A’;2

Pl

(5.174)
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Fig. 114. Reheating consistent slow-roll predictions for the intermediate inflation
models in the plane (ns, ) (top panel) and the plane (¢1, €;) (bottom panel). The
two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). Four different values of 8 are displayed
(namely 8 = 1, 4.1, 17, 70), and for each of them the black solid lines correspond
to the points such that e, = —(8/4)e;, on which the predictions should lie for
Xend > 1, which is very well verified. The annotations of the energy scale at which
reheating ends are not displayed since this parameter is degenerated with Xenq. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

and
2

8 = 8d° |:2(2a—1)3—3(1—1—20:)(5—}—204)(1-1—40()1'[;12

Pl
wt e
—15(1+a) (14 2a)* — — 2(1+ 20 6} . (5.175)
MPl MPI
together with
2
H 2
o0=3+40(1-a)—2— (1+2a)" — >
Mp, 2445
m (5.176)
, 1
o

= 72 .
202 (2 + 1’\;—%)
Let us now turn to the slow-roll trajectory. It can be integrated

explicitly, leading to

w1 1—cosx
Nend —N = vl ll’l
Mp 2 — 1 1 — cos Xend

2 2a+1 1 — 2a cosx
- e : (5.177)
2Mp 2 — 1 1 — 20 cOS Xeng
For o = 1/2, this expression is singular, and one has
2
" 1 1
Nenda — N = sy |: -
Mg [1—cosx 1 —COSXend
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Fig. 115. Reheating consistent slow-roll predictions for the Kadhler moduli III
models in the plane (ns, ) (top panel) and the plane (¢4, €;) (bottom panel), for
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and two-sigma Planck confidence intervals (marginalized over second order slow-
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to log(gl/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

1 1 — cosx
— =In{——}|.
2 1 — COS Xend

Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies and the observable field value x, [see Eq.
(2.47)], and one gets

< M )4 720 ,M% (1 —2acosx,)?sin®x, Q2 _ps
JR— = T — '
W (1+cosx, +asin’x,)’ T?

(5.178)

(5.179)
Mpy

The reheating consistent slow-roll predictions of the TI models
are displayed in Fig. 128 for « < 1/2 and in Fig. 129 for « >
1/2, with u/Mp = 1075, 107* and 1072. In both cases, one
can see that o needs to be sufficiently adjusted to 1/2, namely
|2 — 1] < p?/M3, otherwise the deviation from scale invariance
is too important. The typical amount of gravitational waves is very
small. To see how p/Mp is constrained, the slow-roll predictions
are displayed for « = 1/2 in Fig. 130, and with u varying. One can
see that even if one allows values of w larger than the typical ones
(u/Mp ~ 10~*) these models are disfavored by the observations
since they deviate too much from scale invariance.

5.10. B exponential inflation (BEI)

This model was introduced and studied in Ref. [511] as a
phenomenological generalization of the PLI exponential potential
(see Section 4.8). The potential is given by

V(¢) = M*exp; 4 (—Ai) , (5.180)

Mp

where the generalized exponential function exp;_g is defined by

1/
expyg (f) = {(()] A

As discussed in Ref. [511], for f > 0 and g > 0, this function
satisfies the following identities:

expy_g [In_p (H] =T,
Ini_g (f) +Iny_p (g)
=Ini_p (f2) — B[In1—p () In1_5 (8)].

where Inj_g (f) = (f# —1) /B is the generalized logarithmic
function. In the limit 5 — O, all the above expressions reproduce
the usual exponential and logarithm properties. Therefore, the
limit 8 — 0 reproduces the PLI potential (see Section 4.8).
However, as discussed below, this is not the case for the observable
predictions which remain different. Defining the quantity x by

9
Mp’
the range of field vev for which inflation occurs depends on the sign
of B.For 8 > 0, the field values are such that x < 1/(8)), whereas
if B < 0, the potential is defined for x > 1/(8A). In both cases,
inflation proceeds from the left to the right. The first three Hubble
flow functions in the slow-roll approximation are given by

for14 gf > 0,

otherwise. (5.181)

(5.182)

X (5.183)

22 2822
= 2’ € = 2
2(1—Bxrx) (1 — BArx)
€3 = €).

€1 = 48e,

(5.184)

Together with the potential, they are represented in Fig. 58.

One immediately sees that €7 is an increasing function of x only
for the case where 8 > 0. Therefore inflation can naturally stop
at Xeng such that €;(xenq) = 1. In the opposite situation, namely
B < 0, inflation has to be ended by some additional mechanism
and Xenqg would become an extra-parameter. Since this model is
purely phenomenological, in the following, we restrict ourselves
to the case 8 > 0 for which

1/1 1
Xed=—=—-——=).
end /3 X ﬁ
The next step consists in determining the slow-roll trajectory.
It can be integrated explicitly and the result reads

(5.185)

end

1 B
N = Neng = = (X = Xena) = 5 (¥ —x2q) - (5.186)

It can also be inverted and one obtains the following expression for
x as a function of the e-folds number

x_l_/(x SERTEE P
_)\.ﬂ end )\ﬂ ﬂ end)-

Using these expressions, the observable field value x, can be
related to the number of e-folds AN, = Nepng — N, at which the
pivot scale crossed out the Hubble radius during inflation. Making
use of Eq. (5.185), one gets

(5.187)

= ! ! + 2 AN (5.188)
A \282 T '
Inserting this expression into the slow-roll parameters formulas
yields

Xx

1

=— (5.189)
1+ 4BAN,

€1x €24 = €35 = 4,861*-
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Fig. 116. Reheating consistent slow-roll predictions for the Logamediate Inflation
1 models with 8 = 1073, in the plane (ns, r) (top panel) and the plane (1, €,)
(bottom panel). Inflation proceeds at decreasing field values x < xymax. The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(glMTreh/GeV). For B « 1, the exponential
term in the potential Eq. (5.68) is almost constant so that the model is close to large
field inflation (LFI, see Section 4.2). In that limit, one has €; = ey /4 = (1 — ) €3,
which corresponds to the black solid lines. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Therefore, the slow-roll predictions of these models do not depend
on the parameter A. Moreover, the limit 8 — 0 does not give
the same observable predictions as for the PLI models due to the
singular behavior of x.,4. These models can therefore be viewed as
a completely different class.

Finally, the amplitude of the CMB anisotropies fixes the
parameter M with
4 2
(ﬂ) — 7207232 (1 — Baxy) 27 Q‘LZ‘"S (5.190)
Pl
Notice that, from Eq. (5.188), the above expression can be written
in terms of AN, and that it does not depend on A anymore. The
reheating consistent slow-roll predictions for the BEI models are
displayed in Fig. 131. The parameter 8 must be such that 8 > 0.6
in order for the predictions of the model to remain inside the two-
sigma confidence intervals, while the parameter A remains totally
unconstrained.

5.11. Pseudo natural inflation (PSNI)

5.11.1. Theoretical justifications

Pseudo Natural Inflation (PSNI) was introduced and studied
in Ref. [272]. This model has common points with NI, see
Section 4.6. Indeed, in PSNI, the inflaton field is also a pseudo-
Nambu Goldstone boson which appears after symmetry breaking.

The corresponding potential is nearly flat which is well-suited for
inflation. The main ideas behind this construction are reviewed in
Section 4.6. The main difference with respect to natural inflation,
for which the broken symmetry is a shift symmetry, is that in
pseudo natural inflation the broken symmetry is now a U(1) one.
A concrete implementation of this idea has been proposed in
Ref. [272] and starts with the following supersymmetric hybrid
superpotential

W (S, X, @, 1, ¥2) = A0S (¥} + ¥2 — f?)

A

+ ftlwz + 12X (¢* — v?), (5.191)
with A3f2 > 2A2v?%, where S, X, 1, ¥, and ¢ are scalar fields
and XAg, A1 and X, are coupling constants. We see that the U(1)
symmetry is explicitly broken by the term proportional to A;. The
corresponding potential can be written as

2 PPN
V=g lui v =+ ‘noswl + 5

2
+ 443 ISy 2 + 1@ My + 202X 1% + 23 [@* — 02|

The flat directions of this superpotential can be reparametrized as

Vi+iva=F +0)e, Y —ivn = —o)e 7, (5.193)

where ¢ is the Nambu-Goldstone boson associated to the broken
U(1) symmetry and o is a modulus. One can assume that o is
stabilized and sits at ¢ = 0, the minimum of a potential originating
from supersymmetry breaking. The field ¢ plays the role of the
inflaton. Using the above expressions and the condition ¢ = 0,
one obtains that ¥; = f cos (¢/f) and ¥, = f sin(¢/f). In that
case, a flat direction for ¢ is obtained for ¢ = 0 and S = 0 since
then we have

(5.192)

V =2t (5.194)
Notice that SUSY is broken because Fy = (JW/3X) = A,v? # 0.
As a consequence, the corresponding vacuum energy density is
indeed given by Vo > |Fx|* = A3v™.

This tree level potential is corrected by two kind of contribu-
tions. First, supergravity induces a soft SUSY breaking mass of order
H for every scalar, but since ¢ is a pseudo Nambu-Goldstone boson,
it only receives a potential due to the explicit breaking term pro-
portional to 1. The corresponding contribution is loop suppressed,
mj =~ 3A1H?/(167%), as soon as A1 < 1 which will be assumed.
Second, the potential receives a direct Yukawa mediated contribu-
tion through a ¢ loop and Ref. [272] has shown that it takes the
form

V(o)

[
A
N
Pk
_|_

‘>»
NN
=
s
N—

n
472 "

23 cos(¢/f)

where u is some renormalization scale. The above formula gives
rise to a new type of potential that we study in the next sub-section.

(5.195)

5.11.2. Slow-roll analysis

We now turn to the slow-roll analysis of the PSNI model. Using
more friendly notations, the potential (5.195) can be re-expressed
as

o
v fiem(e)]
+aln cosf

with the following definitions

(5.196)
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Fig. 117. Reheating consistent slow-roll predictions for the Logamediate Inflation
1 models with 8 = 1 in the plane (ns,r) (top panel) and the plane (eq, €;)
(bottom panel). Inflation proceeds as in Fig. 116, at decreasing field values and
with x < xymax. The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The annotations

trace the energy scale at which reheating ends and correspond to log(g*1 / 4T,eh /GeV).
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

2
M* = 22v* [1 + 2, <M>] ,
472 u
1/ (4%
1433/ (47%) In (22

Therefore, one typically has « <« 1, and the scale f should a priori
be such that f < Mp, in order to avoid the usual problems of natural
inflation.

The potential (5.196) as well as its logarithm are displayed in
Fig. 59. Since ¢ is assumed to be such that ¢ =~ 0 initially, the
potential must be studied in the range ¢ /f € [0, 7t /2]. It is positive
definite in the range ¢ /f € [0, arccos (e~/*)]. We see thatitis a
decreasing function of the inflaton vev, which means that inflation
proceeds from the left to the right in the direction specified by the
arrow in Fig. 59.

Let us now turn to the slow-roll parameters. If one defines x =
¢ /f, then the three first Hubble flow parameters are given by

_ M
T 2f2 (1 +alncosx)?’
M2 1+ o+ alncosx — a cos® x

€) = 200 ——
f?2 cos?x(1+ alncosx)?

M2
€3 = oz—m(tanx)2
f2

(5.197)

o?tan? x
€1

(5.198)

2+ 3a + a? — a? cos (2x) + (4 + 3a) a Incos x + 2a2 In? cos x
X .
(1+aIncosx)? (1+ o Incosx + o sin’ x)

(5.199)
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Fig. 118. Reheating consistent slow-roll predictions for the Logamediate Inflation
1 models (x < xymax) with B = 50, in the plane (ns, r) (top panel) and the
plane (€1, €3) (bottom panel). The two pink solid contours are the one and two-
sigma Planck confidence intervals (marginalized over second order slow-roll). The
annotations trace the energy scale at which reheating ends and correspond to
log(gl“Tmh/GeV). For such high values of 8, only small values of y are in agreement
with observations. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

They are displayed in Fig. 59. We see on this plot that the slow-roll
parameters €1 and €3 vanish when x goes to 0 and diverge when x
goes to /2. On the other hand, the slow-roll parameter €, has a
non-zero limit when x goes to 0, namely

. Mp

This quantity should be small in order for slow-roll to be valid.
This means that, at a fixed scale f, the parameter « needs to be
smaller than f2/M3. From the monotonous behavior of €;, one also
notices that inflation naturally stops at €; = 1. Unfortunately, this
equation cannot be solved exactly and the solution needs to be
determined numerically. However, since we are in a regime where
f/Mp < 1and M3 /f? < 1, Xena must be close to 7 /2. One can
derive a better approximation by solving the equation €; = 1using
an expansion in the small quantities of the problem. One arrives at

T o Mp
Xepd X — — — —,
end 2 «/5 f
that is to say the first correction to 7 /2 is linear in «Mp/f and,
as expected, negative. As usual, the ASPIC code makes use of the

complete slow-roll solution.

Let us now turn to the slow-roll trajectory. It can be integrated
exactly in terms of the dilogarithm function Li, (also referred to
as Spence’s function, or Joncquiére function). This function was
already used in this paper, for instance in Section 4.1. The explicit

(5.201)
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expression of the trajectory reads

2
Nenga — N = Lz |:(1 + a In coS Xeng) In Sin Xeng
alM,

Pl

+ %Liz (cos® xend)]

f? o
S [(1 + alncosx)Insinx + ZLiz (cos? )] , (5.202)

ongl
where Ngpq is the number of e-folds at the end of inflation.
Unfortunately, this trajectory cannot be inverted analytically.
However, if one uses the two conditions f/Mp <« 1 and
<xM§l/f2 <« 1, one can simplify a lot its expression. In particular, at
Hubble crossing, one can write

f? T\2 T\2
AN, ~ 1 (x _7) —(x ——) , 5.203
* 205M§1 |: * 2 end 2 ( )
from which one can obtain an explicit formula for x,
v Mp]
Xe ~ — — /20 AN, —. (5.204)
2 f

Then, this also allows us to derive useful approximated equations
for the first three Hubble flow parameters, namely

o 1

€1 X ——— €y X €34, X .
4AN,’ AN,

The expressions of the tensor-to-scalar ratio, spectral index and
running are

(5.205)

4o 1
r~—, ns—1~as >~ ———.
AN, AN,
These formulas are in agreement with the estimates given in
Ref. [272]. Interestingly enough, we see that these predictions are
independent of the scale f and that the spectral index (and the
running) is even independent of c.
The last step consists in using the CMB normalization in order
to extract the mass scale M. Straightforward manipulations lead to

4
M _ 2 Mg tan’ x, Qitns—rs
=) =720n%2 -0 . .

Mp f? QA +alncosx,)® T?

Under the two conditions f /Mp < 1and aMg /f? < 1 and using
the same method as before, this leads to

( M )4 N 360720 Q2 _ps

Mp AN, T2

(5.206)

(5.207)

(5.208)

Requiring M < Mp, is easily achieved since, for the fiducial value
AN, ~ 55, thisis equivalent to @ < 2580 whereas we havea < 1.
Taking the more realistic value @« ~ 107% and AN, ~ 55, one
typically obtains that M /Mp; >~ 1073,

The predictions of the PSNI models are displayed in Fig. 132
for f/Mp = 1073, 107", 10 respectively (although this last value
is considered just for the purpose of illustration since super-
Planckian values of f are not very physical). The reheating equation
of state parameter wy., has been taken to 0 but since there is no
potential minimum around which the inflaton field can oscillate
at the end of inflation, this parameter is a priori unspecified and
can take different values (in the ASPIC code, this parameter can
be freely chosen). One can see that the rough description provided
by Eq. (5.205) is correct: when aMp,/f? < 1, the deviation from
scale invariance does not depend on the model parameters and is
of the order of ng >~ 1 — 1/AN, =~ 0.975, while r >~ 4« /AN, is
typically very small.
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Fig. 119. Reheating consistent slow-roll predictions for the Logamediate Inflation 2
models with 8 = 0.1, in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom
panel). Inflation proceeds at increasing field values and with x > xymax. The color
of the data points encodes the value of y, while different data blocks correspond to
different values of x.nq. Inside a given bock, the annotations trace the energy scale
at which reheating ends and correspond to log(g*]/‘lT,eh/GeV). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

5.12. Non canonical Kdhler inflation (NCKI)

5.12.1. Theoretical justifications

This model was introduced and studied in Ref. [411] as a way to
model hilltop inflation. The idea is to consider F or D term inflation
in which we have a flat direction lifted by one loop corrections.
This gives rise to loop inflation as discussed in Section 4.12. The
LI potential has been obtained, however, under the assumption
of a minimal Kdhler potential. Now, corrections originating from
higher order operators, always present in the Kihler potential,
should typically produce a mass term and, therefore, the scalar
potential gets modified and takes the form

V(p) ~Vo+aln (g) + bo?,

(5.209)
where Q is a renormalization scale. This is the model we study in
this section. Let us notice that the coefficient b can be positive or
negative. The case b > 0 has been investigated in Refs.[512,513] as
“hybrid inflation with quasi-canonical supergravity” and the case
b < 0 was studied in Ref. [411]. For b > 0, the potential (5.209)
can be viewed as a valley hybrid potential [VHI, see Section 6.2
and Eq. (6.29)] plus logarithmic radiative corrections. Therefore,
a consistency check of our calculations will be that, when ¢ —
0, all the formulas derived below must reproduce those derived
in Section 6.2. Finally, let us mention that the potential (5.209)
has also been studied in Ref. [514] for b < 0 under the name
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Fig. 120. Reheating consistent slow-roll predictions for the Logamediate Inflation
2 models (x > xymax) with 8 = 1, in the plane (ns, r) (top panel) and the plane
(€1, €2) (bottom panel). The color of the data points encodes the value of y, while
different data blocks correspond to different values of x.nq. Inside a given bock,
the annotations trace the energy scale at which reheating ends and correspond to
log(g,l“T,eh/GeV). The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). For fixed y, the
turning point in the predictions line occurs when Xpq lies in the fine-tuned region
of LMI2, i.e. xymax < X < X.max. One sees that the predictions become infinitely close
to pure de-Sitter. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

“SUSY breaking potential” and in Ref. [515] in the context of
supersymmetric hybrid inflation.

5.12.2. Slow-roll analysis

In this sub-section, we now turn to the slow-roll analysis of the
NCKI scenario. For this purpose, it is convenient to re-write the
potential (5.209) under the following form

¢ ¢\
V=M1 In{— - ,
|:+Cl n<MPl)+ﬂ(MPI):|

where « is a small positive dimensionless parameter and 8
a dimensionless parameter of order @ (1) which can be either
positive or negative. Notice that the coefficient « has be redefined
and that g is directly related to b.

The potential (5.210), as well as its logarithm, are displayed in
Fig. 60. We now describe its shape. For this purpose, let us first
define the quantity x = ¢/Mp,. If 8 > 0, the potential is definite
positive provided x > x;,_,, where

1/2
g e

and where W is the “0”-branch of the Lambert function. In this
case, the potential is an increasing function of the field vev and,

(5.210)

(5.211)

therefore, inflation proceeds from the right to the left in the
direction indicated by the arrow in Fig. 60. Let us also notice that, in
this case, the potential has an inflection point located at xy»—g =
Ja/ (2B). If B < 0, we must have 28/aexp (1 —2/a) > —1
in order to avoid the situation where the potential is everywhere
negative. This implies that either 8 > —1or 8 < —1 and, in this
last case, « < —2/W_q[1/(ef)]ora > —2/Wy[1/ (eB)]. If one
of these conditions is satisfied (which is generically the case when
o < 1), the potential is positive provided x,_, < X < X,_g, where
Xy_o is defined in Eq. (5.211) and where

5 1/2
e[ (2]

W_; being the —1 branch of the Lambert function. In this case, the
potential is a concave function of the field vev, with a maximum
located at xy'—g = /—a/ (28). Typically, inflation proceeds from
the right to the left at small values of the field vev compared to the
Planck mass.

The Hubble flow functions in the slow-roll approximation are
given by

(5.212)

2
¢ — (o +26%) . (5.213)
2x% (14 alnx + Bx?)
oo (@+ 1)+ 5o — 2) Bx* +28%x* + o ( — 2Bx%) Inx
2 x2 (1+ozlnx+;3x2)2 ’
(5.214)
and
1 2(«+28¢)° o — 2%
63'="2|:(1—{—otlnx—|—/3x2)2 1T+alnx+ px?
n a? + 8apx? — 48%x* i|
a(a+ 1)+ (Ga—2) B2+ 2% + o (0 — 28x) Inx |
(5.215)

The are displayed in the bottom panels in Fig. 60. If 8 > 0, the first
slow-roll parameter €; diverges when x — x;_,. For x > x,,_,
it first decreases, then reaches a minimum, then increases and
reaches a local maximum. Finally, from this maximum, it decreases
again and vanishes at infinity. Therefore, inflation stops at a vev Xenq
solution of €1 (Xeng) = 1, which cannot be solved analytically. It can
be noticed that the value of ¢; as its local maximum increases when
o decreases. In the limit o < 1, one has
e ~ é
2

which is reached at xmax =~ 1/4/B (still in the limit of very small
B). This sets an upper bound on S in order for this local maximum
to satisfy €; < 1. If not, inflation would proceed in the part of
the potential beyond its inflection point, corresponding to “large
values” of the field vev and the model would formally be equivalent
to a quadratic model (LFI,, see Section 4.2).

If B < O, the first slow-roll parameter diverges when x —
Xy_o- For x > x,_,, € decreases, vanishes at the potential local
maximum Xy'—o, and then increases to blow up when x — x;_.
At the same time, the second slow-roll parameter ¢, decreases in
the inflationary range x,_, < X < Xy/=o. Let us also notice that,
since €;(xy'—g)  2a — a? + a?In[—a/(2B)], one has €; > 0,
thanks to the condition 28/« exp (1 — 2/a) > —1. Therefore the
minimum value of ¢, in the increasing branch of the potential is
reached at the potential maximum and is given by

—168

2-a1+m(-22)]

(5.216)

min __
€ =

(5.217)
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Fig. 121. Reheating consistent slow-roll predictions for the Logamediate Inflation
2 models (x > xymax) with 8 = 10, in the plane (ns, r) (top panel) and the plane
(€1, €2) (bottom panel). The color of the data points encodes the value of y, while
different data blocks correspond to different values of xnq. Inside a given bock,
the annotations trace the energy scale at which reheating ends and correspond
to log(g,:MTreh/GeV). The two pink solid contours are the one and two-sigma
Planck confidence intervals (marginalized over second order slow-roll). For fixed
y, the turning point in the predictions line occurs when xymax < x < Xemax. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

For « < —2p/e (which is generically the case since « < 1), this
number is such that eg“i" > —8p, which puts alower bound on § in
order for ¢, to remain small and slow-roll to be satisfied. As it was
the case for § > 0, inflation also ends when €; = 1. Notice that
the exact calculations are implemented in the ASPIC routines.
Let us now turn to the slow-roll trajectory. It can be
analytically integrated using the dilogarithm function Li, and the

corresponding expression reads

News —N = (1= 35 +al )ln(aﬂﬁxz) ML
— = RN nx) ———= —_
end 2 e 48 4
—glnalnx—i—iLiz —Zéx2
48 88 o
In (o + 28x2 2
_ (1 _ g + alnxend) ( ﬁ end) _ Xend
2 48
o o . B,
+ @ Ina lnxend — @L]z —Zaxend , (5218)

where Ngnq is the number of e-folds at the end of inflation. An
approximate and simpler expression can be derived in the limit
o < 1.In that limit, one obtains Nepg — N = x*/4 + In(x)/(28) —
xgnd/4 — In(Xenq)/(28), which is precisely the slow-roll trajectory
for the VHI models with u = Mp/+/B and p = 2, see Eq. (6.35).
For @ # 0, the exact trajectory cannot be inverted analytically.
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Fig. 122. Reheating consistent slow-roll predictions for the twisted models in the
plane (ns, r) (top panel) and the plane (¢4, €,) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The color of the data points encodes the value of ¢,, while
different data blocks correspond to different values of x.nq. Inside a given bock,
the annotations trace the energy scale at which reheating ends and correspond
to log(glMTreh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Finally, the parameter M can be determined from the CMB
normalization. One obtains the following expression

2
M\* _ 2 (O‘ + Zﬂxi) Qurns_ps
=) =720n e

Mg 2(1+alnx, +px2) T

(5.219)

The slow-roll predictions of the NCKI models are displayed in
Figs. 133 and 134 for 8 > O and B8 < 0, respectively. The reheating
equation of state parameter wyen, has been taken to be 0 but, since
there is no potential minimum around which the inflaton field can
oscillate at the end of inflation, this parameter is in fact unspecified.
Some remarks are in order at this point. Firstly, when 8 > 0,
we notice that €, at Hubble crossing is either positive or negative
while, when 8 < 0, it is always positive. This is in agreement
with what we have discussed before. Secondly, when 8 > 0 and
o <« 1, one can check that the predictions of the models are
similar to the VHI ones with p = 2 (compare with Fig. 174). Again,
this is consistent with the previous considerations. Thirdly, when
|B] = @(1), the predictions of the models do not depend much on
B. Finally, as expected, when 8 — 0, one recovers the predictions
of the LI models, see Section 4.12 and Fig. 96. Now, in the regime
Bl = O0(1) and ¢ < 1, Figs. 133 and 134 indicate that the case
B > 0isdisfavored by the observations. The situation is even worst
for B < 0, the deviation from scale invariance being clearly too
important to satisfy the observational constraints.
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5.13. Constant spectrum inflation (CSI)

This potential belongs to the class of models discussed in
Ref. [516] and is constructed in order to produce a power spectrum
P (k) o k° for the primordial density fluctuations, i.e. a power
spectrum with constant spectral index such that ns = 1 (exact
scale invariance). It reads

M4

D EEE—
[
<1 —am)

There is a symmetry for ¢/Mp — 2/ — ¢/Mp and inflation
can proceed indifferently in the branch ¢/Mp < 1/« or in the
branch ¢/Mp > 1/, leading to the same physical predictions. For
this reason, in the following, we will be interested in the branch
¢/Mp < 1/a. Defining the quantity x by

V(p) = (5.220)

, (5.221)

the first three Hubble flow functions in the slow-roll approxima-
tion are given by

202
€1 = PPV €) = €3 = —2€1. (5.222)
(ax —1)
The previous relation €; = —2¢; means that, at first order in slow-

roll, the spectral index is indeed equals to unity, ns — 1 = 0. Recall
that the potential of this model is precisely constructed in order
for this relation to be true. Let us notice, however, that, at second
order in slow-roll, €, = €3 = —2¢; yieldsng — 1 = 4612 > 0.
One should note that another way to realize ns — 1 = 0 at first
order in slow-roll is to take the large field inflation potential LFI
(see Section 4.2) with a negative power index p = —2. In that case
one also has €¢; = €3 = —2¢; and, at second order, ns — 1 = 4ef
is also verified. However, since the explicit expressions of ¢; for
CSIand LFI (p = —2) are different, the actual value of the spectral
index at second order is also different. The potential and the Hubble
flow functions have been represented in Fig. 61.

As can be checked in this figure, €; is a monotonous function
of x in both branches of the potential. It diverges at x = 1/« and
vanishes for x — =o0. Inflation can therefore take place in the
region x < x_ _, for the branch x < 1/« (orx > lez] for the

branchx > 1/«), where X::1 are the field values at which €; = 1:

. 1+

Xq:]

(5.223)
o

Since the field evolution proceeds from the right to the left from
Xi:l' inflation does not stop by slow-roll violation and an extra
mechanism parametrized by x.pq Should be considered in order to
end it. For this reason, CSI is in fact a two parameters model. Let
us also notice that the slow-roll parameters €, = €3 are negative
monotonous functions of x in both branches of the potential and

cross the linee; = €3 = —1 at

_1:i:2a
T

. (5.224)

As a result, there is a small domainx___; < x < x__; where we
have inflation but where the slow-roll approximation is violated
(this is also true for the other branch). This is not problematic since
the system is driven away from this regime towards a situation in
which all the Hubble flow functions become small (see Fig. 61).
The slow-roll trajectory can be integrated explicitly and reads

2 2
P X X Xend
N —Nepg = — — — + —end _ 20,

M= T2 4 2a

(5.225)

10°F T T T 1 -52
) 1.
105k cMssMi ]
a>1 1-87
Frgatsl ;}_u,-:....?"/M':l 1
10_10 5""-"'“ EHOH LT _
= r Hos 1104
ATATAN AT TN $o/Mp=(10 1
10715 ey pnaparansa. $o/Mp=[1O]! w=0 122
b sibedeny $o/Mp=[1ONH 1
o 1-13.9
10-20 L ¥ -
b arane. 9o/ Mp=[10 1
[ . L T157
0.90 0.95 1.00
ng log,o(a—1)

T T T T -52
105  oMssmi
a>1
1070 [
[
10-!5 -_
1072 L w=0
1 1
-0.10 -0.05 0.00 0.05 0.10 0.15

€2 log,p(a—1)

Fig. 123. Reheating consistent slow-roll predictions for the GMSSMI models in
the plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel), for 1 < o <
1+ ¢§/M§17T2/900/(Nend — Nini)%. The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond to
log(giMTreh/GeV). When o — 1, one recovers the standard MSSM predictions, see
Fig. 104. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

It can also be inverted analytically and it follows that

1+ \/ 1 — 20Xend + @2x2 4 + 402 (N — Nend)
X = . (5.226)
o
The sign F depends on whether one works in the x < 1/« branch
or in the x > 1/« branch, respectively. A consequence of this
formula is the fact that, if one requires Nepng — Nini e-folds during

inflation, then Xenq should be smaller than some value x03 given
by

max 1
Xend = o~ 2 + 4 (Nend — Nini), (5.227)

in the x < 1/« branch. Equivalently, taking the minus sign in this
expression would lead to ™ for the branch x > 1/a.

Finally, the observable field value x, is obtained by solving
Eq. (2.47) while the amplitude of the CMB anisotropies fixes the

parameter M to

4 2
(ﬂ) — 2880722 Qms—ps

" = (5.228)
P

Interestingly enough, it only depends on «, and not on x, (i.e.
it has no explicit dependence on the reheating). The reheating
consistent slow-roll predictions for the CSI models are represented
in Figs. 135 and 136 for @ = 1073 and « = 1, respectively.
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5.14. Orientifold inflation (OI)

5.14.1. Theoretical justifications

The model is based on the following considerations. Let us
start with a N = 1 supersymmetric Yang-Mills gauge theory the
Lagrangian of which can be written as

1 i
L = ——F9 Fv 4 EAG /e (5.229)

4 W
with @ = 1,...,N2, N being the number characterizing the
group SU(N,). F/ZV is the field strength, A? a spinor field and D a
covariant derivative. A is a composite scalar field, i.e. a bound state
denoted by ¢ ~ A, can actually appear in the theory if a strongly
interacting regime takes place. The effective Lagrangian aimed at
describing its dynamics has been derived in Ref. [517] and reads

2

N, —2/3
Ly = ——< (po") " 8,00" ¢
[270)]

4agN? 273 ) of
- In (—) In{ — ),
5 (v¢') 3 3

where o is a constant and A a mass scale. This class of theories
are discussed in more detail in Section 6.5. However, in Ref. [518],
it was argued that in “orientifold theories”, the above Lagrangian
can be slightly deformed and now takes the form

(5.230)

Ne +\—2/3 ot
Lo = —— (pp") 7" 8,00"¢

¢
ol
4oiN? $\2/3 0] ot
_ deol? () (4 -],
5 (#¥") o)) 8
where 8 = O (1/N.). Ref. [518] raised the possibility that ¢ (or,
rather, its canonically conjugated version) could be the inflaton.
In fact, in order to study this question, one must also specify

the gravitational coupling. In Ref. [518], the scalar field ¢ is non-
minimally coupled to gravity such that, in the Jordan frame,

(5.231)

M? + N2¢ ((p(p*)”‘g
2

S = /d“x«/—g [— R+ GCOI} , (5.232)

where M is a mass scale. There is a new parameter in the problem,

&, which describes the strength of the non-minimal coupling to

gravity (as it was the case for Higgs inflation, see Section 3.1). Then,

in the Einstein frame, one can write the above model as Ref. [518]
NZ

1
S = /d4xJ?g{—5M§IR— <0
2701

1 aoiN? 2972 n1/3 1235 Lako!
x [14+ =527 (0e) 7 | (v0!) ™ dupde
Pl

— 94v01}. (5.233)

In this expression, Vo, refers to the second term in Eq. (5.231) and

1/3
o2 = M2 H N (¢9')
Mg,

In the following, we consider two situations: the case where & # 0
such that 22 ~ N2£¢*3 /M3, i.e. the second term in the definition
of £2? dominates (the large field limit) and the case £ = 0. In the
first case, taking ¢ = ¢' and canonically normalizing the field one
finds

_ 4ao]M§l © \2
V@) = gnee [(IHF) _’8]

(5.234)

(5.235)
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Fig. 124. Reheating consistent slow-roll predictions for the GMSSMI models
in the plane (ns, r) (top panel) and the plane (eq, €;) (bottom panel), for 1 —
¢(‘]‘/M1‘,‘]712/900/(Nend —Nini)? < a < 1.The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond to
ln(glMTreh/GeV). When @ — 1, one recovers the standard MSSM predictions, see
Fig. 104. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

The canonically normalized field is ¢ /Mp; o In ¢. Since § is a small
number, it can be neglected and this model is in fact a LFI model
with V(¢) o« ¢? which was already studied in Section 4.2. For the
second case, it is sufficient to restart from Eq. (5.231). Then, the
canonically normalized field reads

3
2 (2. (5.236)
A3 b,
with
2\ /3
¢, = 3N, (—) A. (5.237)
ol
It follows that the potential can be written as
4
V = agN? A* ( ¢ ) [mz <¢) — ’3] ) (5.238)
@, N 9

This model is studied in detail in the next subsection. The case
B = 0 will also be investigated in Section 6.5.

5.14.2. Slow-roll analysis
We now turn to the slow-roll study of the potential derived
previously in Eq. (5.238). This one can be re-written as

4 2
()2 -

(5.239)
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where we have defined

B
5"
One should be careful that a; appearing in the first of the two
above equations stems from the Lagrangian used in the previous
subsection while the observable constant « only refers to the
quantity 8/9 = 9(1/N.) < 1.Thescale ¢, is defined in Eq. (5.237)
and will be chosen such that ¢, =~ 10'® GeV. The potential as well
as its logarithm are displayed in Fig. 62.
Defining the quantity x by the following expression

b
thte1 potential remains positive provided x < x,_, orx > x/_,,
where

M* = qoiN2 A%, o= (5.240)
C

X = (5.241)

XE_, = eV, (5.242)

It vanishes at x = 0, then increases to reach a local maximum at
X,_o» decreases again to become negative at x,,_, reaches a local

minimum at x;,_, then increases again to become positive at x;_,
and diverges asymptotically. The values of x,, _, and x;,zo are given
by

(5.243)

A priori three regimes of inflation may exist: x < x,_, and
inflation proceeds from the right to the left, x,,_, < x < x,_, and
inflation proceeds from the left to the right, x;;_, < x and inflation
proceeds from the right to the left in the direction specified by
the arrow in Fig. 62. As explained below, only the third possibility
allows us to have a slow-roll inflationary regime.

Let us now calculate the quantities €,. The first three Hubble
flow functions in the slow-roll approximation are given by

M2 (2In2x +Inx — 2a\’
a=2-0 (""" (5.244)

2 xIn®x — ax

M2 2In*x+ I’ x + (1 — o) In x — @ InX + o + 202
€= 472 2 2 ’

&; (xIn*x — ax)

(5.245)

and

M2
€ = 2¢—gl [8c* + 60 — & (8c + 15) Inx
0

+ 20 (3 — 16a” — 2a) In° x

+8a (3a + 1) I’ x + 2 (240> — 5¢ + 1) In* x
+ (7 —24a) In’ x+ 8 (1 — 4a) In®x

+ 8In’ x+81In°x] (xlnzx—oex)72

x [20* + o —alnx+ (1 —4oc)ln2x+ln3'><+21n4x]_l )
(5.246)

They have been represented in Fig. 62. One can see that the slow-
roll regime can only take place in the x > XLO region, where
€, continuously increase as inflation proceeds from the right to
the left, and diverges at x;_,. In the other domains, €, remains
too large to support slow-roll inflation. Within the x > XLO
domain, inflation naturally ends by slow-roll violation, but the field

value Xe,q at which this occurs has to be determined numerically.

However, since ¢, ~ 10'® GeV, one can derive an approximated
formula for Xenq in the ¢, < Mp; limit, namely

M
Xend = Zﬁl
o
The next step is to derive the slow-roll trajectory. It can be
obtained from Eq. (2.11) and reads

2 2 (A
by | Xana —X° n In (xv’=o) -«
8 2+/1+ 16

(5.247)

(5 0)’

In® (x,_,) —a , 2
— (%)
2414 16« -

x |:Ei (21nx_end> _Ei (21n X )“
Xyr—o Xyr=o

where Ei is the exponential integral function, and where xf,:o have
been defined in Eq. (5.243). In the ¢, < Mp; limit, this trajectory
reduces to AN, = ¢2/(8Mp) (x2 —xZ,4), Where we have introduced
the observable field value x, at which the pivot scale crossed the
Hubble radius during inflation. It can be inverted to give x, in terms

of AN, = Nenqg — N, and one gets

M,
X, :zﬁ(ﬁ—”\/mﬁ 1.
0

Plugging this into Eqgs. (5.244)-(5.246) gives the approximated
expressions

(5.248)

(5.249)

€1 = €y XX €34 X ﬁ, (5.250)
hence
16 3
r~ —, ng—1~———F—,
AN, + 1 AN, + 1 (5.251)

3
g > ——m———————,
T (AN, +1)?

From x,, the parameter M is fixed by the amplitude of the CMB
anisotropies and one obtains

( M )4 288072 (2102 X, + Inx, — 2)” M2 Q2. ps
Mpi X (In?x, — @)’ ¢ T

In the ¢, < Mp limit, the previous expression reduces to the
following formula

. (5.252)

< M >4 N 4572 <¢O )4 1
M, 2 (AN, + 1 3\ M 2 ( M )
Pl ( ) PI/ In Zﬁ—(?)';‘«/AN* +1

QrzmsfPS

T2
With ¢, =~ 10'° GeV, this typically gives M/Mp >~ 5 x 1074,

The reheating consistent slow-roll predictions for the orien-
tifold inflation models are displayed in Fig. 137, for ¢,/Mp =
10741072, and 1. Let us recall that natural values are around b, =
10®GeV and o € [1073, 1]. The reheating equation of state pa-
rameter has been fixed to w.., = 0 since the potential is quadratic
in the vicinity of its minimum. According to the rough picture pro-
vided by Eq. (5.250), the predictions of these models almost do not
depend on its parameters ¢, and «, which is why all the points
in Fig. 137 are superimposed. In particular, one can see that these
models generically predict an important amount of gravitational
waves which is disfavored by the observations.

X (5.253)
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Fig. 125. Reheating consistent slow-roll predictions for the generalized renormal-
izable inflection point models in the plane (ns, r) (top panel) and the plane (¢4, €)
(bottom panel), for 1 < o < 14 ¢;‘/Mff]n2/576/(Nend — Nini = 60)2. The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginal-
ized over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(g*lMTreh/GeV). When o — 1, one recovers
the standard RIPI predictions, see Fig. 105. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

5.15. Constant ns C inflation (CNCI)

This model has been obtained in Ref. [443] and is the third
example of a class of scenarios already studied in Sections 4.20 and
4.21. As explained in those sections, the corresponding potential
is designed in order to produce a power spectrum with constant
spectral index. The potential studied in this section reads

_ M 2) coth? (22 —
V(p)=M [(3+a)coth (szm> 3]

where « is a positive dimensionless parameter (denoted ng in
Ref. [443]). The potential being symmetrical in ¢ — —¢, only the
¢ > 0 part is displayed in Fig. 63. It is a decreasing function of the
field vev, and its asymptotic value when ¢/Mp, goes to infinity is

given by o?M*, hence the potential is always positive.
Defining x = ¢/Mp, the three first slow-roll parameters are
given by

(5.254)

€ = 2 (5.255)

5
[6 + a? + a? cosh (ﬁax)}

40% (3 + a2)2 coth? (ﬂ)

€2
202 (3 + a?) [12 + a? 4 2a% cosh (ﬁax) + a2 cosh (2«/500()]

2
[6 + a? + a2 cosh (ﬁax)] sinh? <°‘—")

V2

)

(5.256)
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colour in this figure legend, the reader is referred to the web version of this article.)

and

€3 = —20% (3+a?) [6 (24 — 202 + o)
+ (1200 + 7a*) cosh (v/2ax)
+2a’ (& — 6) cosh (2\600()

+ a*cosh (Bﬁax)] coth? (%x)

-2
X [6 + o? + «? cosh (ﬁax)]

x [12 + a? + 202 cosh <«/§ax)

+ «?cosh <2«5ax)]7]

These slow-roll parameters are displayed in Fig. 63 (bottom
panels). We see that the first slow-roll parameters monotonously
decreases during inflation. It blows up as the field vev approaches
zero and tends to zero when the field vev goes to infinity. On the
contrary, the second and third slow-roll parameters monotonously
increase from —oo to zero as inflation proceeds.

Given the above described behavior of ¢4, it is clear that inflation
cannot stop by slow-roll violation. Therefore, it should be stopped
by instability which means that an extra parameter x.q should be
added to the model.

(5.257)
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As for CNAI and CNBI, the spectral indexns — 1 = —2¢; — €;
at first order in slow-roll, can be made constant in some limit.
Expanding the slow-roll parameters €; and €, in ¢, assuming that
xa remains small, one obtains €; = 2/x* + 2%/3 + O(*) and
€ = —4/x* +20?/3 + O(a*), so thatns — 1 = =20 + O(a?).
As for the similar calculations performed in Sections 4.20 and 4.21,
one should remark that, if x.pq is such that ax, > 1, the previous
expansion can be inaccurate and some deviations from constant ng
may appear.

Let us now consider the slow-roll trajectory. It can be integrated
analytically and is given by the following formula

0[2(31“{2) {3 In [cosh (%x)]
n “72 cosh? (%x) ~3In |:cosh (%xdﬂ
_ %Zcoshz (\O/lixend>} .

Moreover, this expression can be explicitly inverted. As a
consequence, the function x(N) can be written as

N — Neng =

(5.258)

2

2 3 2
X = £ arccosh | =W i exp { =& (3 + &®) (N — Nenq)
o a? 3 3

o 2o () |+ 5o () )]
n|cos —X — COS —X s
ﬁend 3 ﬁend

(5.259)

where W is the Lambert function. The fact that we deal with the
0-branch is obvious since the argument of this function is positive
definite.

The predictions of the CNCI models are displayed in Fig. 138, for
o = 1073,0.1 and 0.2. The thin black solid lines are the lines such
that ng — 1 = —2a?. We see that, for very small values of «, the
predictions are indeed such that the spectral index is constant. For
« not too small, however, we also notice deviations from this law
and the larger « the stronger these deviations. This is reminiscent
with the phenomenon observed in Sections 4.20 and 4.21 but now
Xend iS a free parameter and, for a given value of «, the deviations
from ng — 1 = —2a? become larger when Xenq increase (i.e.
when the line becomes redder in Fig. 138). In this case, the Taylor
expansion of the trigonometric functions which appear in the
expressions of the slow-roll parameters is no longer valid because
a larger x.ng implies a larger x,.. This has for consequence that CNCI
inflation is only marginally consistent with the data. Indeed, it is
precisely in the region where ns — 1 = —2«? would be compatible
with the observations that the deviations play an important role
and push the predictions away from the allowed contours. In fact,
these properties can be better illustrated by deriving explicitly x,.
Using Eq. (5.258), one gets

ax 3 o?
cosh? [ == ) = =Wy [ —e*/), 5.260
(ﬁ ) a ( 3 (5:260)
where we have defined the quantity A by
O Xend
A= —a?(3+a?) AN +31n|:cosh( bl )]
(3+oc) AN, V2
o? O Xend
+ — cosh? <7) ) (5.261)
2 V2

In the regime where both ¢ <« 1 and axeng < 1, the previous
expression reduces to x2 ~ x, — 4AN,. This last formula is
identical to the slow-roll trajectory for LFI provided p = —2, see

Eq. (4.36). At the beginning of this section, we have show that, at
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Fig. 127. Reheating consistent slow-roll predictions for the BSUSYBI models in the
plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over

H max max
second order slow-roll). The parameter Xenq varies between 2x3% < Xend < Xgng

(3 < 0), under which the predictions of the model coincide with the line

€, = 0 (black solid), i.e. PLI (see Section 4.8). The annotations trace the energy

scale at which reheating ends and correspond to log(g*] / 4Treh /GeV). The parameter
y should be < 5 x 1072 to predict a reasonable amount of gravitational waves. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

leading order ¢; ~ 2/x* and €, ~ —4/x* and, comparing with
Eq. (4.35), we notice that these are also the slow-roll parameters
for LFI with p = —2. In fact, expanding Eq. (5.254), one sees that
V(¢) o ¢ which confirms the previous considerations. In the
regime where ¢ <« 1and axenq < 1, the model is very close to
LFI with p = —2. On the contrary, if aXxenq is not small, then the
above relation does not hold anymore and one does not recover a
constant spectral index.

Finally, we conclude this section by discussing how the mass
scale M can be chosen. The CMB normalization gives

2 2 o
M \* 1152072 (34 &?)" cosh (—x*) 2
< > _ V2 Qrms—PS . (5.262)

Mo 3 2
Mp, [6 + a2 + a2 cosh (ﬁ(xx*)] T

From Eq. (5.260), one deduces that cosh?(ax,/+/2) ~ 1 —
20> AN, + o?x2 4/2 =~ 1. Inserting this formula into Eq. (5.262),
and taking the leading order in «, one obtains M/Mp =~ 0.02./a.
This implies that M < Mp, if « < 2420, which is largely the case
for the predictions displayed in Fig. 138.
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Fig. 128. Reheating consistent slow-roll predictions for the tip inflation models
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legend, the reader is referred to the web version of this article.)

5.16. Supergravity brane inflation (SBI)

5.16.1. Theoretical justifications

This model can emerge in different contexts. Following
Ref. [245], let us consider a model with a scalar field and a massive
fermion interacting through a Yukawa type term (with a coupling
constant g). The corresponding Lagrangian can be written as

1 i 1
— L= 5auqsaf%p + EW"%W + 5m2¢>2

A - 1 _
+Ew+mww+5www, (5.263)

where we have assumed the most general renormalizable scalar
potential. At one loop level, the potential takes the form

1 A
V(@) = Vo + om’¢’ + 4"

1 o h L\ (M2
m°+ — In{ —————
+ 6472 ( + 2¢ ) u?
B (8¢ + mp)’
6472 w? '
where p is a renormalization scale. Then, assuming that, for some

reason, the bosonic and fermionic massive terms are negligible, the
potential can be expressed as

V) ~ Vot | X+ 2o g
o~ — 4+ ——1In(=-) - n
O 41 " 25672 \ 2 1672

(8¢ +mp)*In [ (5.264)
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Fig. 129. Reheating consistent slow-roll predictions for the tip inflation models
with @ > 1/2, and for ;u/Mp = 1076, 1074, 1072 in the plane (ns, r) (top panel)
and the plane (e, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond

to log(gl/ Tren /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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This is the type of potential that we study in this section. Notice
that a change in the renormalization scale w is in fact equivalent
to a change in the coefficient of the terms o< ¢* and o ¢ In(¢/ ).
This potential was also studied in Ref. [519] but the coefficient of
the ¢* term was chosen such that, at its minimum, the potential
exactly vanishes. This particular case will also be treated in what
follows. Finally, it is interesting to remark that this model was
also proposed in Refs. [520,521] in the context of brane cosmology
within a supergravity bulk spacetime.

(5.265)

5.16.2. Slow-roll analysis

Let us now turn to the slow-roll analysis of the potential given
by Eq. (5.265). It is more convenient to write it under the following
form

o A
Vig) =M 1+Lﬂ+ﬁm<%)}gh> ,

where o and B are dimensionless quantities that must be
considered as small quantities since they are typically proportional
to coupling constants, see Eq. (5.265). It is worth noticing that
setting « = 0 in the above expression allows us to recover the
Coleman-Weinberg CWI models already studied in Section 4.11.
Defining the quantity x by the following expression

(5.266)

X= —,

(5.267)
Mpy
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X% (—4a + B + 48 1nx)?

€ = R (5.272)
2(1—ax* + Bx*Inx)
2(12a —7B — 128Inx) x* + (4o — B + B* + B?Inx — 8aBInx + 482 Inx) x°
€ = ,
[1+x*(—a+ B lnx)]2
(5.273)
8 (—4+ px*)’ 1 —52+98x
€3 = — —
T e (1—axt 4 Bxtinx)® ¥ 1—ax + pxtinx
N 144a — 848 + (28a — 11B) Bx* — 4B (36 + 7Bx*) Inx (5.274)
(120 — 78 — 128Inx) x? + (4a> — af + B% — 8afInx + B2 Inx + 482 In* x) X6 '
Box III.
one sees that the potential decreases from x = 0 to reach a 100 ' ' ' ' 1%
minimum located at x = x,/—g, then increases and diverges when Fom s
x goes to infinity. The value of xy/_g is given by 10°F as1/2 1
a 1 sof  weo =30
Xy/—g = eXp <7 - 7> : (5.268) o
p o4 ~ 1o 3 846
Since the logarithm terms in Eq. (5.266) are one loop corrections,
they should not dominate the leading order terms. As a result, 10 Jraet
inflation can take place only in the domain x < xy/—g if one
wants the model to be such that additional corrections to V(¢) are 10 E 578
negligible. The value of the potential at the minimum reads L
! 1 -6.91
B 0.80 0.85 1.00 Loguls/Ms)
Vinin = V(Xy1—g) = M* (1 - Ze““/ﬂ—l) , (5.269) B/ T
0 T T T T X
which is negative or vanishing if the following condition is satisfied 10 . o0
8 8 10°%F M ﬂ . 4-12
o > omin (B) = = [1 —In <—>} . (5.270) f a=1/2
4 4 107" - -23
Inflation proceeds from the left to the right in the range 0 < _ _'55 weo
X < Xy—o < Xy'—o where xy—g is the value at which the potential e 1 q-3°
vanishes. It is given by L
1072 q -48
4 1/4 C
Xy=0 = /P ) (5.271) 107 4-58
W_; (—4/Be4/F) 3
1073 ! ! ! -8.9
where W_; is the —1 branch of the Lambert function. In this -0.10  -0.05  0.00 0.05 0.10 0.15
€2 log,o(k/Mp)

situation, inflation stops by slow-roll violation at x = xy—o.
As noticed above, the case ¢ = apin(B) is also interesting.
It corresponds to tuning the parameters o and 8 such that the
minimum of the potential exactly vanishes. When this condition
is satisfied the previous formula reduces to xy—g = Xy—¢ =
(8/4)~V4. Then, the first slow roll parameter ¢; diverges at this
point (see below) and, as a consequence, inflation also ends by slow
roll violation.

The first three Hubble flow functions in the slow-roll approx-
imation are given by the equation in Box Ill. Together with the
potential, they are represented in Fig. 64 for the physical branch
0 <X < Xy—g.

As already mentioned, inflation stops by violation of the slow-
roll conditions. This happens when x = X.,q¢ Where X.nq is the
solution of €1(Xenq) = 1. We see in Eq. (5.272) that there is no
simple analytic solution for xenq and this equation must in fact be
solved numerically. We have, however, already stressed that, when
o < amin(B), €1 diverges for x — xy_q, and therefore one already
knows that Xenqg < Xy—o.

Fig. 130. Reheating consistent slow-roll predictions for the tip inflation models
with o = 1/2 in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(g*]/ 4Treh /GeV). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Let us now consider the slow-roll trajectory. It can be integrated
analytically and one obtains the following expression

a_ 1
e’F 2 1 o
N — Nepg = Eil-—2— +2Inx

16 2 B

1 o
— Ei 5—25+21nxend

e%_z% . 1 o
— Eil ——+2— —2Inx
4p 2 B
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Fig. 131. Reheating consistent slow-roll predictions for the 8 exponential inflation
models in the plane (ns, r) (top panel) and the plane (e1, €;) (bottom panel). The
parameter A varies in the range 10~ < A < 10> but the predictions almost do not
depend on it (and cannot be distinguished in the figure). The two pink solid contours
are the one and two-sigma Planck confidence intervals (marginalized over second
order slow-roll). The black solid lines represent the locus of the points such that
€3 = 4f¢,. The annotations trace the energy scale at which reheating ends and
correspond to log@l/ 4Treh /GeV). (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Ei 1+2“ 21 K~ Xend (5.275)
— Ei| —= — —2Inx —— (5.
2 B end 8

The field value x, at which the pivot scale crossed the Hubble
radius during inflation is obtained by solving Eq. (2.47). Clearly,
it must also been done numerically and those calculations are
implemented in the corresponding ASPIC routines.

Finally, the parameter M is fixed by the amplitude of the CMB
anisotropies and one obtains

( M )4 7207 (4o — B — 4B Inx,)? Q2 ps
Mp, (1 — ax? + Bxt lnx*)3 T2

The reheating consistent slow-roll predictions for the SBI models
are displayed in Figs. 139 and 140, for § =5x 10~ and 8 = 1073,
respectively, and with & < opin(8). These plots show that the
larger values of 8, the more negligible the amount of gravitational
waves. The predictions for the special case ¢ = ain(8) are also
displayed in Fig. 141, where it is clear that smaller values of 8 are
preferred.

(5.276)

5.17. Spontaneous symmetry breaking inflation (SSBI)

5.17.1. Theoretical justifications
The potential that we study in this section is given by the
following expression

V(¢) = Vo + ag? + bp*, (5.277)

where a and b are constant coefficients the sign of which is not
a priori determined. Before turning to the slow-roll analysis, it is
interesting to study in which context such a potential can arise.

First of all, it is clear that this potential is very general since it is
just made of the three first terms of a general Taylor expansion.
Therefore, it can just be considered as a phenomenological
description of a generic inflaton potential. This view was for
instance adopted in Ref. [342], where this potential was used as
a toy model to implement “new inflation”. In the same fashion, it
was also considered in Ref. [522] (with the assumptions a < 0 and
b > 0) in the framework of models with spontaneous symmetry
breaking where ¢ represents one of the components of a Higgs
field. In Ref. [523], it was also studied in the context of “mixmaster
inflation”.

However, there are also models where this specific shape
explicitly arises and, here, when necessary, we also briefly review
them.

The first example is given by Refs. [524,525]. In these articles,
inflation was investigated in the context of gauge mediated SUSY
breaking scenarios. One of the basic idea of this approach is that the
inflaton field should not be an extra field added to the theory on
purpose but rather a field which is already present in known high
energy theories. In the MSSM, see also Section 4.17, we know that
the Higgs sector superpotential contains the term wH, - Hq4 where
1 should be of the order of the electroweak scale, that is to say far
from the Planck scale. This is the so-called p-problem. One possible
solution is to consider that this term dynamically arises due to the
presence of another superfield (usually a singlet), S, in the theory.
Refs. [524,525] take advantage of this fact and build a model where
S can also play the role of the inflaton. Since the model is also
formulated in the framework of gauge-mediated supersymmetry
breaking scenarios, there is an additional superfield X such that
its scalar component (also denoted X) and auxiliary component
Fx acquire non-vanishing vev. Let us now consider the following
super-potential

xs4 s° 2

—H, -Hg + W,
My, Mlgl Mp

(5.278)
where the function W describes all the other extra terms in W and,
crucially, is assumed to be independent of S. The quantities A and 8
are constant coefficients. As argued in Refs. [524,525], this form of
W can be enforced by discrete symmetries. In particular, we notice
the absence of a term SH, - Hq. Another important ingredient of
the model is the assumption that the vev Fx comes from the extra-
terms in the above superpotential, i.e. iy >~ 0W/dX. Then, the
scalar potential reads

s4\° s 5\
v=(FX—ﬁ—> +< ——4,3—5) )
M3 M?

Taking into account supergrav1ty corrections, which are typically of
the form (0W /3X) /M2, i.e. m? = aFZ /M3, where a is a coefficient
of order one we are led to

(5.279)

54
52 —2BFx— + 16 2—56 408257
F ¢ Mg, P Mg, 'Blel
2 s8

+25+8 )M : .
In addition, making the reasonable assumption that the field X is
stabilized at a vev such that X/Mp <« 1, one can neglect higher
order terms in this expression. Then, we see that S can play the
role of the inflaton with a potential of the form given by Eq. (5.277),
namely

V ~Ff—

(5.280)

2 2 4
S _ 2PMy S ) (5.281)

V:F (l—a—— 7
MPI Fx My,
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Fig. 132. Reheating consistent slow-roll predictions for the pseudo natural
inflation models with /My = 10, 107!, 1073, in the plane (ns, r) (top panel)
and the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond

to log(gi/ 4Tmh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

At the minimum of the potential, S* ~ Mz Fx and this implies a ;1
term for the MSSM of the form u ~ A+/Fx. As explained before,
this model dynamically produces the u term while obtaining a
candidate for the inflaton field. Finally, let us remark that the CMB
normalization will determine the scale Fyx and that the spectrum
of the superparticles depends on the ratio Fx /X. Therefore, given a
value of Fx, one can always choose X in order to obtain reasonable
values for the superparticle masses.

The SSBI potential was also used, as a toy model, in Refs.
[526,527] to study a model of “Spinodal Inflation”. After the
90’s, it was considered again several times: in the context of the
Randall-Sundrum model in Ref. [528] (but within the framework
of Brans-Dicke theories), in the context of the little Higgs model
in Ref. [272] and in the context of induced gravity inflation in
Ref. [529]. In this last reference, a potential of the form (5.277) was
considered but in the Jordan frame. Since the potential is different
in the Einstein frame, in fact, this model does not belong to the
class of scenarios studied here. Finally, it was also considered in
the context of electroweak inflation in Ref. [530].

In Ref. [531], an inflationary scenario was studied in which
the superpartner of the right-handed neutrino plays the role
of the inflaton field. Let us denote by N the singlet neutrino
superfield, ¢ the super waterfall field (that can be put to zero
during inflation) and S another singlet superfield (which can also
be put to zero during inflation). Then, on very general grounds, the

Kahler potential can be written as

2 2 2 Is* INJ* |pI*

K =S|+ 1¢|° + INI” + ks ——= + kn——5 + kg ——5
4Mp, 4Mp, 4Mp,

ISP*INJ? INI?I¢?

IS|%|¢|? ny ny
2 SN 2 N¢ 2
Mp, Mp, Mp,

+K5¢ + ey, (5282)
where the dimensionless coefficients « are a priori of order one.
The superpotential can be expressed as

W =«S —4—1\/12 +LN2¢>2+-~- (5.283)
- M/Z ’ “

M,

where M, M’ and M, are three mass scales and « and A are coupling
constants. Since the three fields introduced before are singlets the
potential does not contain D-term contributions. As a consequence,
for S >~ 0 and ¢ =~ 0, we are left with the F-term potential only
and this one can be written as

NZ
V(N) ~ k?M* [1 +(1—ksy) —

Mgi

b TR
4N P = 4.
2 g VTN g
We see that it has the form of Eq. (5.277). Ref. [531] also discusses
how to stop inflation by tachyonic instability. Since the field ¢ is
viewed as the waterfall field, one has to calculate his mass to see
when the instability is triggered. This can be done by evaluating the
quadratic correction in ¢ to the potential calculated before. This
leads to

2 214 2
mi = <1 +KN¢N72 — Ks¢> % +4L2N4
MPI MPI M*

(5.284)

(5.285)

Neglecting the term N2 /Mﬁl <« 1in this expression, the effective
mass vanishes for

kM2M, N acy—.

25 Mp, ( Ks¢)-

We see that thisrequires 1—ks4 < 0.0n the other hand, this model

also provides an expression for the coefficients a and b in terms of

the fundamental coefficients of the Kdhler potential. Except from

the above mentioned condition, there is no other constraint on the

coefficients x and, as a consequence, the sign of a and b is, a priori,
not fixed in this scenario.

Another context in which Eq. (5.277) arises is “racetrack
inflation” [532,533]. Racetrack inflation is a string inspired
inflationary scenario where the inflaton is a volume modulus.
Therefore, this model belongs to the same class as KMIII, see
Section 5.3. The Kéhler and super potentials are given by standard
formulas, namely

(5.286)

Lo~
car —

3
K=-=In(T+T"), W=W,+Ae " +Be"". (5.287)
K

Writing T = X + iY, it follows that the scalar F-term potential
reduces to

6X2
+ 3aAWpe~* cos (aY) + 3bBWoe > cos (bY) + AB

VX, Y) = — {aA2 (3 + aX) e 2% 4 bB? (3 + bX) e~ 2X

x [2abX + 3 (a + b)] e~ DX cos [(a — b) Y]} + )% (5.288)

where an uplifting term o¢ X~ has been added. Let us mention
that X and Y are not canonically normalized and their kinetic term
reads 3[(9,X)* + (9,Y)*1/(4kX?). The above potential has a very
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Fig. 133. Reheating consistent slow-roll predictions for the non canonical Kdhler
inflation models with 8 > 0 in the plane (ns, r) (top panel) and the plane (¢4, €;)
(bottom panel). The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The annotations
trace the energy scale at which reheating ends and correspond to 10g(g1/4T,eh/GeV).
When 8 > 1, the predictions are almost identical to those displayed here. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

rich structure and for Wy = 0 and a = b, we have a flat direction in
Y. Moreover, for Y = 0, one can find a minimum in the X direction.
If we then combine the two above remarks, then it is clear that
there exists a choice of parameters such that one has a saddle point
around Y = 0 (a specific example was exhibited in Ref. [532]). This
point seems suitable for inflation. Around such a point, it is argued
in Ref. [533] that one can write

V(Y) =V (1 + @yz + y +- ) (5.289)

where y is now the canonically normalized field when X is
stabilized. This is again a potential of the type given by Eq. (5.277).
In order to phenomenologically reproduce racetrack inflation, one
should have ny small and negative and C large and positive.

The potential of Eq. (5.277) was also used, as a toy model, in the
context of minimal left-right symmetric models with spontaneous
D-parity breaking in Ref. [534] and in the context of hilltop
supernatural inflation in Refs. [535-537]. A justification based on
high energy physics was offered and the idea is to assume that the
full potential has a SUSY flat direction. The approach is therefore
similar to what was already investigated in Section 4.17. In that
situation, one can write V(¢) as

¢2p 2

2p—6
MPl

A ke
pMp ’

1
V=V, + 5mquz - + A7 (5.290)

where the term Vj is added by hand. If one chooses p = 4 and
neglects the last term (for instance if ¢ << Mp,), then one arrives at

AaA
4Mp

which is of the form of Eq. (5.277). In this framework, m and A
are SUSY soft terms and, therefore, should be taken of @ (TeV). The
term Vo = M2 where M is the SUSY breaking scale, M >~ 10''GeV.

Finally, let us mention that SSBI was also considered in the
context of a supersymmetric B-L extension of the standard model
in Refs. [538,539] and in the context of Kdhler-driven “tribrid
inflation” in Ref. [540]. In this last case, one obtains a situation
very similar to the one discussed above for sneutrino inflation. In
particular, the coefficients a and b can be expressed in terms of
the coefficients appearing in the Kdhler potential. To end this part,
let us notice that the potential (5.277) also arises in the context of
Higgs inflation in a false vacuum, as shown in Refs. [541-543].

As already mentioned above, these works differ on the signs
of @ and B. Summarizing, Refs. [523,531] requirea > 0,8 > 0
while Refs. [272,342,522,526,527,529,530,533,534] assume « < 0,
B > 0.0n the other hand, Refs. [535-537] consider that @ > 0 and
B < 0and Refs. [524,525,541-543] have @ < 0, 8 < 0. We see
that the four possible combinations have all been studied. Also, in
Refs. [538,539], one has «, 8 < @ (1) and inflation only takes place
in the increasing branches of the potential (see below). Finally, in
Refs. [528,540], B is taken to be positive and the sign of « is left
unspecified.

V(p) >~ Vo + m 2p? — o4, (5.291)

5.17.2. Slow-roll analysis
Let us now turn to the slow-roll analysis of SSBI. For this
purpose, it is more convenient to rewrite the potential (5.277) as

- fa(i) o )
V("’)_M[1+°‘<Mpl 605 ) |

where « and § are two dimensionless parameters. Based on the
previous brief review of the literature, we conclude that it is
necessary to study the model in full generality and, therefore, in
what follows, we investigate all possible situations. As mentioned
above, four cases should be distinguished: « > 0, 8 > 0; @ <
0,8<0;x¢d>08<0anda < 0, 8 > 0, with two possible
domains of inflation in the two latter cases. Therefore we have
six regimes of inflation that we label SSBI1, SSBI2, SSBI3, SSBI4,
SSBI5 and SSBI6. The different potentials and inflationary regimes
are displayed and defined in Figs. 65 and 66. Since the potential
is symmetric under ¢/Mp, — —¢/Mpy, it is only displayed and
studied for ¢ > 0.

Let us now calculate the slow-roll parameters. If one defines x
by x = ¢/Mp, then the three first Hubble parameters are given by
the following expressions

(5.292)

2 (ax+ 2/3)(3)2
61 = —23
1+ ax? + Bx?
(1+x? + pxt) (5.293)
4[—a + (a® — 68) x* + aBx* 4+ 28%x°]
€2 = )
(1+ax?+ ﬁx“)2
and
€3
X? (o +2B8x%) [—3a® + 68 + a (o — 128) x* + 3 (a? — 8B) Bx* + 28°%°]
a (14 ax? + x4)’ [~ + (@2 — 68) X2 + afx* + 22x6] .
(5.294)

The first slow-roll parameter ¢, is displayed in the right panels of
Figs. 65 and 66 while the second and third slow-roll parameters €,
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Fig. 134. Reheating consistent slow-roll predictions for the non canonical Kdhler
inflation models with 8 < 0, in the plane (ns, r) (top panel) and the plane (e, €3)
(bottom panel). The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The annotations
trace the energy scale at which reheating ends and correspond to log(g,: / 4Treh /GeV).
When 8 < —1, the predictions remain almost unchanged. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

and e are displayed in Fig. 67. Let us describe the behavior of these

slow-roll parameters, for the six models under consideration. For
SSBI1, ¢; vanishes at x = 0, reaches a maximum at x3>2§ (where
€, vanishes and €3 diverges) and then decreases to asymptotically

vanish when x goes to infinity. The value of x> is given by

X

SSBI1&3&6 __
€=0

1 1/3
@ + &8 [&;ﬁ + \/64016 + (502 — 36/3)3]

368 — 50 A Ra
Ly [&x-“ + \/64056 + (502 — 368) } .

(5.295)

Whether the maximum of €; at this point is larger or smaller than
1 depends on « and 8. In the following, we restrict ourselves to the
physical regime where «, 8 < ©(1). For each value of g, there is
a minimum value of «, denoted o, above which the maximum
is larger than 1. The line ani,(B) is displayed in Fig. 68 and the
shaded area in this plot represents the region in the parameter
space where inflation stops by slow-roll violation. When 8 « 1,
omin (B) approaches 2 as can be noticed in the figure. In addition,
for 8 > 0.25, the maximum value for €; becomes larger than 1 for
any value of «.

For SSBI2, the three first slow-roll parameters are monotonic
increasing functions of the field vev and diverge when the potential

vanishes at

2 _
ssBiosdss _ | @+ ot —4p

Xy—o0 = 28

Hence inflation ends by slow-roll violation at x.,q. Unfortunately,
the corresponding vev cannot be found exactly and one has to rely
on numerical calculations. Let us also notice that, while the first
and third slow-roll parameters €; and €3 vanish atx = 0, €, is equal
to em‘“ = —4q at this point. Therefore, in order for the slow-roll
approximation to be valid, one needs to work with |a| < 1.

For SSBI3, the first slow-roll parameter €, vanishes at x = 0 and
atx = /—a/ (2B). In between, it reaches a maximum located at

SSBI3 __ SSBIT
Xey=0 = Xey=0

(5.296)

(5.297)

a pomt where ¢, vanishes and €3 diverges. Whether the maximum
of €; at this point is larger or smaller than 1 depends again on «
and B. For each value of 8, there is a minimum value for « above
which inflation stops by slow-roll violation, similarly to the SSBI1
case. This corresponds to the green dotted line in Fig. 68 (top right
panel). One way to estimate whether a slow roll regime of inflation
can occur in the decreasing branch of ¢, is to look at the value of €,
at the top of the potential. It is given by

top —32a8

2T a2 —48"
This number is smaller than one when 8 < —1/64, or when «
lies outside the range with limits given by —168 £ /8(1 + 648),
displayed in Fig. 68 with the red and cyan dotted lines. Therefore,
requiring that €, < 1 and that inflation stops by slow roll
violation leads to the allowed space @ > o, represented by the
shaded region in Fig. 68.

For SSBI4, the three first slow-roll parameters are monotonic
increasing functions of the field vev and diverge when the potential
vanishes at x)>22%4. The first and third slow-roll parameters €; and
€3 vanish when x = /—a/(2p) while €, has a non-zero value
emnin — 8 B/(B% — a? /4) at this point. From the above discussion,
it is clear that, in this version of the scenario, inflation also stops
by violation of the slow-roll condition. As for SSBI2, however, the
corresponding vev can not be determined exactly and a numerical
calculation is needed.

For SSBI5, the behavior of the slow-roll parameters depend
on o?/B. If «®/B > 4, the minimum of the potential at x =
J/—a/(2B) is negative. The potential vanishes at x3 4% and
the three first slow-roll parameters continuously increase between
x = 0 where they vanish (except ¢, for which e"”“ = —4a) and
Xy 228485 where they diverge. Inflation ends by slow-roll violation
at some point Xenq that needs to be determined numerically. On the
other hand, if &® /B < 4, €; vanishes at x = 0, reaches a maximum

at xfs‘ﬂg (where €; vanishes and €3 diverges), then decreases and

finally vanishes at x = /—a/ (2f8). The value of x3>%3 is given by

a  1+iV/3 51"
55 = {_65 ~ 5o a9 |

+ 50[21;;6/3 (1 - iﬁ)

[ s \/ . 5 3]1/3} /2
x | 8a’ + /6408 + (50 — 368) . (5.299)

(5.298)

Whether the maximum of €; at this point is larger or smaller than
1 depends on « and B and is again similar to what has already
been discussed before. The region in the parameter space where
inflation ends by slow-roll violation is displayed in Fig. 68 and
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Fig. 135. Reheating consistent slow-roll predictions for the Constant Spectrum
models in the plane (ns,r) (top panel) and the plane (eq, €;) (bottom panel),
for @ = 1073, The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The black solid
lines correspond to ns = 1, and the annotations trace the energy scale at which
reheating ends and correspond to log(g,:/4Treh/GeV). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

corresponds to the points such that « < —|oms|. In this plot, the
dotted line represents the curve o?> = 4, above which one is sure
that inflation ends by slow-roll violation since the minimum of the
potential is negative in this case. For values of 8 « 1, one can see
that |amin| 2 24/B and the allowed region becomes negligible.
Finally the case SSBI6 remains to be treated. The behavior of the
slow roll parameters depend on «?/8 in the same way as before.
If @®/8 > 4, the minimum of the potential at x = /—a/ (28)
is negative. The potential vanishes at x;°p and the slow-roll
parameters continuously decrease from this value (where they
blow up) and go to zero at infinity. The value of x;>°¢ can be

expressed as

SSBI6 __

—o+/a? — 4B
X = | ———

2

On the other hand, if &?/8 < 4, €; vanishes at x = /—a/ (28),

reaches a maximum at x>>*% and then decreases. At infinity, it goes

SSBIG 1¢ ¢ri
o —0 is given by

(5.300)

to zero. The value of x

S = 5 = o) (5.301)
Whether the maximum of ¢; at this point is larger or smaller than
1 depends on « and B. The corresponding region in the parameter
space is displayed in Fig. 68 and corresponds to the inequality
® < —|0min|. The dotted line represents the law o?> = 4. Above
this line, one is sure that inflation can stop by slow-roll violation
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Fig. 136. Reheating consistent slow-roll predictions for the Constant Spectrum
models in the plane (ns, ) (top panel) and the plane (e, €;) (bottom panel),
for « = 1. The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The black solid
lines correspond to ns = 1, and the annotations trace the energy scale at which
reheating ends and correspond to log(gl/ 4Treh /GeV). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

since, in this case, the potential becomes negative at some point.
It is also interesting to notice that, when 8 > 1.48, the maximum
value of € is larger than 1 for any value of «. On the other hand, if
B < 1, the allowed region shrinks to zero.

Let us now turn to the slow-roll trajectory. This one can be
integrated analytically to get

1 Xend X2g— %
Nend — N = — — ln( ) _ Yena 7%
end 2a x 8
a’—4 14 242
- P in orend | (5.302)
168 14+ Uﬁxz

where Ngnq is the number of e-folds at the end of inflation. It
is important to notice that the argument of the logarithm is
always positive. This trajectory cannot be inverted analytically.
But, numerically, it is easy to use this expression in order to
determine x,, the value of x at Hubble radius crossing.

Finally, it is interesting to constrain the value of the scale M with
the CMB normalization. It follows that

2
( M )4 2880 (o, +28x3)" 72 Q2 _ps
) = 5 )
Mg (1+ ax? + xt) T
We are now in a position where we can discuss the predictions
of the six versions of this model. The reheating consistent slow-

roll predictions for the SSBI1 models are displayed in Figs. 142-
144 for B = 1073, 8 = 107" and B = 10, respectively. SSBI1

(5.303)
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Fig. 137. Reheating consistent slow-roll predictions for the orientifold inflation
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its parameters, they are all superimposed and one cannot distinguish the different
values of ¢, are a. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

seems to be disfavored by the observations. The predictions of
SSBI2 models are displayed in Fig. 145 for different values of 8 and
a. We notice that they depend on the parameter « quite strongly.
The spectral index is clearly red and, for values of 8 of order one,
the contribution of gravity waves becomes very small. For SSBI3,
the predictions are presented in Figs. 146-148 for 8 = —1073,
B = —5x10"3and B = —1072, respectively. As we increase $3, the
points start spreading in the plane (ng, r). For this class of models,
the spectrum is red and the level of gravity waves quite important.
The predictions for the SSBI4 models are displayed in Figs. 149-
151 for B = —1075, 8 = —107%, B = —1073, respectively.
One can notice that the typical predicted values for €; decrease
with the absolute value of S. As before the spread of the points
increases with 8. The tilt is still red and the contribution of gravity
waves is small for small values of «. The predictions for the SSBI5
models are displayed in Figs. 152-154 for 8 = 107%, 8 = 107> and
B = 107*, respectively. Once again, for @ (1) values of 8, one can
see that the model predict a small amount of gravitational waves
but has a deviation from scale invariance strongly disfavored by the
observational constraints. Finally, the reheating consistent slow-
roll predictions for the SSBI6 models are displayed in Figs. 155-157
for § = 1075, 8 = 10" and B = 1, respectively. When 8 <« 1 the
predictions of the model do not depend on 8. Moreover, for values
of B of order one, the predictions become almost independent of
the two parameters of the model.

5.18. Inverse monomial inflation (IMI)

These models are characterized by the inverse monomial
potential given by

-p
V(p)=M* (i> ,

(5.304)
Mp

where p is a positive number. This scenario has been studied in
many different situations: in Refs. [294,544,545] it was considered
in the context of quintessential inflation, in Refs. [546-549] in
the context of tachyon inflation, in Refs. [475,477] in the context
of intermediate inflation and in Ref. [307] in the context of
Randall-Sundrum braneworld models. In all these articles, the
potential was just postulated. An attempt to derive this potential
from high energy considerations was made in Refs. [550,551] in
the context of supersymmetric QCD. Let us, however, notice that
this was done in order to build a model of quintessence and not
of inflation. The model uses the group SU(N.) and has Nt flavors.
The quarks Q), i = 1,..., N are placed in the fundamental
representation of SU(N;) and the anti-quarks Qf in the conjugate
representation [550]. At scales below the gauge breaking scale A,
the relevant degrees of freedom are the pions nji = QinT and
one can show that the corresponding superpotential is given by
[552,553]

A3(Ne—Ng)/(Ne—Np)
(det ) 1/(Ne—Np) -~

The potential (5.304) then follows from the F-term associated to
the above superpotential.

The potential is represented in Fig. 69 for p = 2. It is a
decreasing function of the field vev and, hence, inflation proceeds
from the left to the right, in the direction specified by the arrow in
the figure.

The three Hubble flow functions are straightforwardly obtained
from Eqgs. (2.4)-(2.6). Defining x = ¢/Mpy, one gets

W = (Nc — Nf) (5.305)

2p
-5

p?
€1 = 27)(2’ €) =
These functions are represented in the two bottom panels in
Fig. 69. The first slow-roll parameter is a monotonic decreasing
function of ¢ while €, and €3 are negative increasing functions.
From these expressions, one can also immediately deduce that,
for a given p, the model in the plane (¢4, €;) is represented by
the line e; = —(p/4)e¢,. Since inflation proceeds from the left to
the right, it cannot stop by slow-roll violation. As a consequence,
an extra-mechanism, such as e.g. tachyonic instability, must be
implemented to end inflation. Let us denote x.,q the position at
which such a process occurs. The model has therefore two free
parameters: p and Xepg.

The slow-roll trajectory can be obtained by quadrature from Eq.
(2.11), and one obtains

€3 = €). (5306)

1
N — Neng = » (x* — Xea) - (5.307)
This expression can be inverted and reads
X = \/xgnd +2p (N — Nend). (5.308)

Let us now derive some prior condition on x.p4. One can notice that
when x < x,-1 = p/ﬁ, one has €; > 1 and inflation cannot
take place. This means that inflation can only proceed between
Xe,=1 and Xenq, Where the maximum number of e-folds is, using Eq.

(5.307), ANgax (Xend) = (x2 2 )/(2p). Put it differently, if

end ~ “eg=1
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Fig. 138. Reheating consistent slow-roll predictions for the constant ng C inflation
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reader is referred to the web version of this article.)

one wants to realize at least AN e-folds, then one has to work with

Xend > XMI where

XN (AN) = /p?/2 + 2pAN.

This defines a prior condition on Xepg.
Finally, the parameter M can be determined from the amplitude
of the CMB anisotropies, and it follows that

4 2
My 72072 p*xP 2 Qims—rs.
Mp) T2

(5.309)

(5.310)

The reheating consistent slow-roll predictions for the IMI models
are displayed in Fig. 158. For a given value of p, they lie along the
line (1—-2/p)r = 8(1 —ns), i.e. 67 = —(p/4)e,. As expected,
large values of xenq, or small values of the reheating temperature
(these two parameters being degenerate), are preferred.

5.19. Brane inflation (BI)

5.19.1. Theoretical justifications

This section is devoted to brane inflation, a class of models
widely discussed in the literature [158,351,367,401,554-567]. The
idea is that inflation is caused by branes moving in the extra
dimensions as it was already the case in TI, see Section 5.9.
For this reason, the setup is very similar to the one considered
in that section. One starts from type IIB superstring theory

where six dimensions are compactified. The effective, low energy,
description of the model contains various fields among which
are the dilaton, the axion and the (tensorial) gravitational field.
One also has anti-symmetric fields with their corresponding field
strength. The compact dimensions form a Calabi-Yau space and,
generically, this Calabi-Yau space is made of a bulk plus throats
attached to it. Along a given throat, a solution for the ten-
dimensional metric is given by the conifold already discussed in
Section 5.9 whose metric is given in Eq. (5.142). In this equation,
the metric ds? lives on the five-dimensional section X5 and r is
the “radial” coordinate. In the following, we will denote by ryy the
radial coordinate at which the cone is glued to the bulk and r,, the
coordinate at the tip of the cone. The volume of the cone section is
denoted by Vol(Xs) and will be measured in terms of the volume
of the five-dimensional sphere, namely

VO](ES)

V= ——.
VOl(S5)

(5.311)
The geometry of the section X's depends on the background fluxes,
denoted by M and X, that are quantities related to the values
of the anti-symmetric fields. If these fluxes vanish then the five-
dimensional sections are simply given by S, x Ss. In that case, the
conifold can be written as Zf;l w? = 0 where w; are four complex
coordinates, see also Section 5.9. Moreover, an exact expression for
the warp function h(r) can be found and reads

h(r) =G + C—l, (5.312)
r

C; and G, being constants. On the other hand, if the fluxes are
turned on, then the background geometry responses accordingly
and, as a consequence, the geometry of the cone is modified. It is
now given by a “deformed conifold”, 3", w? = z, where z is a
number which depends on M and K. The warp function acquires
a more complicated form and, obviously, becomes z-dependent,
i.e. h(r, z). The explicit form of this warp function is not needed
here but it is interesting to notice that, far from the tip, one has
h(r,z) =~ h(r). In other words, the modification of the extra-
dimensional geometry due to the fluxes is significant only in the
vicinity of the tip. Notice that, provided the depth of the throat is
comparable to its width, the radial coordinate ryy can be expressed
in terms of the quantity & = M K. One obtains [568]

rd, = 471g50/2%, (5.313)
where g, is the string coupling and o’ = E?, £ being the string
length.

Finally, an anti-D3 brane is placed at the tip of the conifold, i.e.
at the bottom of the throat. This brane is heavy and is supposed
to slightly disturb the geometry of the throat in a way that has
been calculated for instance in Refs. [158,566,569]. Then, in this
geometry, one studies the motion of a light D3 brane with tension

1

I3= —+——. 5.314
* T 2n)iga? (5:314)

This brane is attracted by the anti-D3 brane and as a consequence
moves radially along the throat. In principle it possesses a DBI
kinetic term but one can show that, in the regime considered
here, it always reduces to an ordinary, minimal, kinetic term, see
Ref. [158]. If r represents the distance between the two branes,
then the effective Lagrangian of the system can be expressed as

oo L(eeN 2 nT
2\ ot oy N ¢t

(5.315)
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Fig. 139. Reheating consistent slow-roll predictions for the supergravity brane
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where ¢ = /T3r. The shape of the potential is now completely
fixed and the behavior «« ¢~ is of course due to the particular
scaling o< r—* of the warp function given by Eq. (5.312).

In order to be valid, the effective model described above must
satisfy some conditions that we now discuss in more detail.
Defining ¢, = +/Tsr, and ¢yy = /Tsryy, it is clear that the
presence of the brane in the throat implies that ¢, < ¢ < ¢uyv.
In addition, as discussed for instance in Ref. [158], from the trivial
fact that the volume of the throat, V"™ = 27%g, N &'’ 12, cannot
be bigger than the volume of the total Calabi-Yau manifold V{,
one can derive the bound

m
duv < 7131,
V2 N

where the Planck mass can be expressed as mj = 87wV /k19 and

K10 = (2)7g2a’* /2. Another constraint comes from the fact that
the effective model is valid only if the proper distance between
the two branes is larger than the Planck length. One can show, see
Ref. [158], that this means r > ry, where

W/Tuv.

(5.316)

(5.317)

In particular, as will be seen in the following, the value of ry plays
an important role regarding the mechanism ending inflation. In the
next section, we carry out the slow-roll analysis of this model.

Let us also mention that the same potential arises in the
context of tachyon inflation [570,571], in the context of SQCD
inflation [572] and in the context of the strong coupling limit
of twisted models of SQCD inflation, (see TWI, Section 5.5 and
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Fig. 140. Reheating consistent slow-roll predictions for the supergravity brane
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(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Ref. [488]). It is also worth noticing that the same kind of
inverse power law potential is sometimes used in quintessence
models [294,544,545]. The brane inflation potential can also
receive power law corrections [573] with either positive (UV
models) or negative sign (IR models). The UV case is similar to RIPI
models while the IR corresponds to SFI models.

5.19.2. Slow-roll analysis

We now turn to the slow-roll analysis of BI. For this purpose, it is
more convenient to re-write the potential appearing in Eq. (5.315)
in the following way

—-p
V(p) = M* 1—<f) ,
"

where 1 and p are free parameters. Compared to Eq. (5.315), we
have generalized by hand the expression of V(¢) by considering
an arbitrary p. In such a way, this potential can be viewed as a
generalization of the small field models to negative values of p
(see Section 5.1). In the following, we will also consider the non-
approximated KKLT potential

(5.318)

M4

771,7
(2

from which (5.318) is the u < Mp; limit.

V(p) = (5.319)
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In the context of the brane inflationary scenario, the valuep = 4
is special in the sense that, as explained above, it corresponds to
the motion of a test D3 brane in a warped throat and is, therefore,
a case of physical interest. Let us notice that the parameters of the
potential are related to their stringy counterparts by

s 2Dr)  4nty . I

M4
_ o _ .
- =N % R T o

7 (5.320)

Tov
Moreover, brane inflation proceeds under the condition p/Mp <
1. Indeed, using the formulas established in the previous subsec-
tion, it is easy to show that

4 4 4

L () (o) ey
My N \ Mp N \ Mp, N3
where we have used the condition ¢, < ¢yy and Eq. (5.316).
Finally, let us stress that the brane motion in the throat ends by
a tachyonic instabilities at ¢ = ¢g. As we discuss below, the
observable predictions of the model crucially depends on whether
the universe is still inflating at ¢ > ¢, or not. Therefore, in the
context of string theory, we necessarily have u/Mp < 1,p = 4
and an additional model parameter @sg.

In the following, we will first consider arbitrary values for ;« and
p viewing Eq. (5.318) as a phenomenological potential in which ¢,
has no meaning, and then, the discussion will be focused on the
stringy scenario. Bl is another proto-typical case exemplifying how
two models having exactly the same potential can lead to different
observable predictions. Here this will be due to the mechanism
ending inflation.

The potential (5.318), as well as its logarithm, are displayed
in Fig. 70. It is an increasing function of the field, hence inflation
proceeds from the right to the left. It vanishes for ¢/ = 1 and,
hence, it should be studied in the ¢/ > 1 region only. Let us
calculate the slow-roll parameters. Defining the quantity x by the
following expression

(5.321)

x= "2, (5.322)

one can express the first three Hubble flow functions in the slow-
roll approximation as

<MP1>2 p?
@G =\ 51 o2’
1% 2x%2 (1 — xP)

Mp\? (14p) ¥ — 1
&=2p|— ) —/————
7 x2 (1 —xP)

(5.323)

and

€ —p(N[Pl>22+(p_4)(p+1)xp+(1—|—p)(2+p)x2p
3= 2 xz(l_xp)Z[(1+p)xp_1] .

(5.324)

These functions are displayed in Fig. 70. They become very small
at large fields x > 1, and diverge when the potential vanishes
at x — 1. Therefore inflation can naturally end with slow-roll
violation at a field value Xenq, solution of €1 (xeng) = 1,i.e., verifying

1 p Mp
Xz:d — Xend = 57

Unless p takes integer values, this equation has to be solved
numerically (see also Section 5.1).

However, in the limits u/Mp < 1and u/Mp > 1 we can
find an approximate expression for X.nq. Solving perturbatively the

(5.325)
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Fig. 141. Reheating consistent slow-roll predictions for the supergravity brane
inflation models for ¢ = ain(B) in the plane (ns,r) (top panel) and the
plane (€1, €;) (bottom panel). The two pink solid contours are the one and two-
sigma Planck confidence intervals (marginalized over second order slow-roll). The
annotations trace the energy scale at which reheating ends and correspond to
log(gl/ 4Treh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

equation €; = 1, one obtains

1 1—

PMp \FT 1 (pMp )T

Xend = + B
n<Mpi \ o/24 p+1\V2u

Xend = 1
U>Mpy

(5.326)

It is also interesting to find the solution of €, = 1. As before, this
cannot be done exactly but, perturbatively, one obtains

M\ 2 G
Xep=1 = |2p(1+p)| — ,
UKMpj n
M
1+/228,
"

From the above expressions, we deduce that slow-roll violation
always occurs before the end of inflation, that is to say €, becomes
unity before €. This has not effect on the observable predictions
since only a few e-folds of inflation are spent in this regime (see
Fig. 70).

The slow-roll trajectory can be integrated explicitly from Eq.
(2.11) and one obtains

2
o 2 2 b2 2 2 p+2>
—— X — ——=Xend — X+ ——x ,
ZPMIEI ( end p+2 end p+2
(5.328)

(5.327)

Xey=1 ~
>Mpy

Nend —N =
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an expression which cannot be inverted in general. However, in
the u <« Mp and & > Mp limits, one has x > 1 and x =~
1 respectively and the previous equation can be approximately
inverted leading to the following expressions

1
M; 2
[p(p + Z)M—';IAN* + x‘e’:j] ;

X =
p<Mp (5.329)
My [1
X, ~ 1+ /212N,
w3>Mpj nv2

where use has been made of Eq. (5.326). Also, making use of the

full KKLT potential (5.319), the slow roll trajectory reads
2
K 2 2 2,2 2 e
Nendg— N=—— [ x5y — ——x.g +X + ——X ,
end 2pM131 ( end p+2 end p+2

(5.330)

which coincides with (5.328) in the limit u < Mp,.
The mass scale M is given by the CMB normalization and verifies

M ! _ 2.2 Mp 2 Xﬂ_z Qrzms—PS
— ) =720“p° [ — —_—S
Mpi w) -1’ T

which can be further simplified in the appropriate limits using Egs.
(5.326) and (5.329).

The reheating consistent slow-roll predictions for the phe-
nomenological models are displayed in Figs. 159-161 for p = 2,
p = 3and p = 4, respectively, and with s/Mp € [1073, 10°]. The
reheating equation of state parameter w, = 0 but since the shape
of the potential is unknown at x < 1, this parameter is a priori un-
specified and could take different values. For small values of i, we
see that ng >~ 0.96 and r < 1. In the opposite case, i > Mp,
the model predictions lie around €, >~ 4¢; with ns >~ 0.97 and
r =~ 0.08. These behaviors can be recovered by plugging the ap-
proximated expressions given in Eqs. (5.326) and (5.329) into the
Hubble flow functions. For i << Mp|, one obtains

(5.331)

»
2 2p+2 Ptz

6= p(p+2) AN 72 (i) :
2 Mp (5.332)

2 p+1 1
0, €34 X s
AN, p +2 * 7 AN,

and the spectral index is of the order ns >~ 1—2/AN,(p+1)/(p+
2) ~ 0.96 with r « 1. Similarly, for & > Mp limit, the Hubble
flow parameters at Hubble crossing behave as

1 1 1

€1s X ——, €9y , €35 .
= 4AN, >~ AN, * 7 AN,

Therefore, the predicted level of gravity waves is now of the order
r ~ 4/AN, ~ 0.08 and the spectral indexisns ~ 1—3/(2AN,) ~
0.97, which is again in agreement with the numerical results.

Finally, the predictions for the KKLTI models, i.e. using the
full potential (5.319), are displayed in Figs. 163-165 for the same
parameters. One can see that they deviate from the ones of brane
inflation only when p > Mp,.

~

€24

(5.333)

5.19.3. Slow-roll analysis of the stringy scenario

In the case where the model is interpreted as a stringy scenario,
with p = 4, we have seen before that the low energy description
is valid provided r > g, OT X > X5 With

Tz N\ VA
Xstg = \/E“g = N4 exp |:(47Tg5v> )

If slow-roll violation occurs before the system reaches X, then
the effective string description is always valid and the observable

(5.334)
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Fig. 142. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 1 inflation (o > 0, 8 > 0) models with 8 = 1073, in the plane (ns, r) (top
panel) and the plane (¢4, €2) (bottom panel). The two pink solid contours are the
one and two-sigma Planck confidence intervals (marginalized over second order
slow-roll). The annotations trace the energy scale at which reheating ends and

correspond to log(g,}“Treh/GeV). The parameter « is varied between o, (8) <
@ < 10%0min (B). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

predictions will be exactly the same as those derived in the
previous paragraph (for p = 4 and © <« Mp). However, if,
on the contrary, slow-roll violation occurs after the field crosses
the value xg,, then inflation stops by instability at Xy, instead of
the naively expected X.nq. Indeed, in this case, a tachyon appears
and triggers the process of branes annihilation. Therefore, the
mechanism ending inflation in this model depends on whether
slow-roll violation occurs in a regime where the distance between
the branes is larger or smaller than the string length. And this
question depends on the value of the parameters characterizing BI.
One can determine the two regimes by evaluating the ratio

-1/3
Xey=1 — 401/6 (M> N—1/4(4n2v)1/12
Xstg MPI

|: ( g ) _1/4i|
x exp| — | 4mrgs— s
v

in which we have used Eqs. (5.320), (5.327) and (5.334) (withp = 4
and © < Mp). If this ratio is larger than one, inflation stops by
slow-roll violation and if it is smaller than one by instability. The
complicated part of the analysis lies in the fact that the above
equation depends on the mass scale M. In order to have an explicit
expression of M in terms of the parameters of the model, one
must first CMB normalize the model which, in turn, requires the
knowledge of the mechanism ending inflation. However, we are
interested in calculating the frontier where x.,—1 = X and,
therefore, the two possible mechanisms for stopping inflation

(5.335)
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coincide in that case. Replacing Xeng DY X5t = Xc,—1 in Eq. (5.329)
yields

2 1/6
X~ 24% AN, -4-E ,
* Mz 3

from which one can obtain an explicit formula for the first slow-roll
coefficient (5.323) at Hubble radius crossing

3 4/3
el =8[24(an+3)] 77 ()

Comparing this expression to Eq. (5.332), we see that there is a
very small shift by 5/3 in AN,. It accounts for the difference of e-
folds between the time at which slow-roll violations occur, i.e. for
X = X,—1, and the end of inflation at Xe,q. As argued before, we see
that these effects are too small to be observable and completely
degenerated with the reheating duration. Plugging this expression
into the CMB normalization, and using the relation M* = 472vu?,
one arrives at the following expression for M

(5.336)

(5.337)

M 5\ /8
= C(4m?v)~1/8 <AN* + §) , (5.338)
Pl
where we have defined
Qrz
c=3"%187%Q), Q.= 45“}752“’S =2700P,. (5.339)

We can now insert this expression of M in Eq. (5.335) to get
the equation defining the frontier in the string parameter space,
namely

40 1/6 5 5/24
=1= <E> (AN* + §> (47T2v)1/8eN_1/4
f

[ ( N>_1/4i|
x exp| — | 4mrgs— .
v

Following Ref. [158], if one defines the two following rescaled
stringy parameters

x62=1

Xstg

(5.340)

v
(4 gs)?’

then the frontier (5.340) is defined by the following “universal”
form

1/4,y~ 14 -1/8 40\"° o/ 2\1/8
y'4e Y —<§> (AN*+§> (47%) " =0, (5.342)

which is independent of the string coupling g;. As represented in
Fig. 71, in the plane (y, v), this relation is a curve that separates
the region where inflation stops by slow-roll violation (below the
curve) and the region where inflation stops by instability due to
brane annihilation (above the curve).

The requirement of having the throat contained within the
Calabi-Yau manifold can equally be written in terms of the
universal variables. From Egs. (5.316) and (5.341), one gets

(5.341)

N _
y=4ng—, v
v

y?0 < 8miMEe2, (5.343)
which therefore depends on the string length £, = +/a’ but not on
the string coupling g.

Finally, the last theoretical prior comes from requiring that the
brane motion remains located inside the throat, i.e. X < xyy with

~Targy Mp N 1
Xyy = = — 3 o .
n M \4r3a'“g

Since during inflation x decreases, this condition gives an upper
limit on the admissible initial field values. However, the initial

(5.344)
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Fig. 143. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 1inflation (¢ > 0, 8 > 0) models with 8 = 107!, in the plane (ns, r) (top
panel) and the plane (e1, €;) (bottom panel). The two pink solid contours are the
one and two-sigma Planck confidence intervals (marginalized over second order
slow-roll). The annotations trace the energy scale at which reheating ends and
correspond to log(gl/ 4T,eh /GeV). The parameter « is varied between oy (8) <
@ < 10%xmin (B). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

field values depends on the total number of e-folds of inflation, say
ANy, and on the field value at which inflation ends, i.e. either X,
or X.,—1 depending on if brane annihilation occurs before slow-roll
violations.

Let us first assume that brane annihilation occurs well after the
end of inflation, i.e. we are in lower part of the string parameter
space (y, v) separated by Eq. (5.342). For the relevant limit, u <
Mpy, the initial field value is given by

1/6
M2 5
X2~ [24u2 AN + 3 .

This expression involves p and therefore M through Eq. (5.320).
Again, one has to determine M using the CMB normalization and
we are assuming that inflation ends at x,—1, i.e. exactly Eq. (5.338).
Plugging everything together and making use of the universal
variables, one gets

yu o o>

5 2/3
C¥Pr?MpEed | 24 ( ANeor + =
Xstg <Xey=1 s 3

AN, + 5\
X .+ = .
3

If inflation ends by brane annihilation at x = X, i.e. the
string parameters (y, v) lie above the curve given by Eq. (5.338),
then xjp; and x, are accordingly modified. For © <« Mp, their
new expressions are however still given by Eq. (5.329), up to the

(5.345)

(5.346)
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replacement Xeng —> Xsg, 1.€.

i le 1/6
S
X8~ (24/73 ANt + x_ftg> ,

M2 1/6
X8 ~ (247';' AN, + xftg) :

(5.347)

As before, x; ¢ and X3 depend on j and therefore on M, which

is determined by the CMB normalization. However, since inflation
now ends by tachyonic instability this one has to be re-determined
by plugging xi® into Eq. (5.331). Doing so gives an implicit
expression for M

2 6\
— ~ C(4r?v) B[ AN, + M—Zﬁ
Mpy M2 24

—5/8
5/ x 6
= C(4n?v) 8| AN, + = <ﬂ> ,
3 X62:1

where use has been made of Eq. (5.327), for ©# < Mp,. This equation
cannot be analytically solved for M because p, and X,,—1, depends
on M. However, if brane annihilation occurs well before slow-roll
violation, one has xs;g >> X,—1 such that the term in AN, can be
neglected. In that situation, from u* = M*/(4m?v), one gets the
approximate expression

(5.348)

M _
— > 24318094 y) V12 08, (5.349)
Mpy xstg>xey=1
Requiring x> < xyy finally yields
20
Y1/557/3 exp <—y’1/4) - (8n2£§)3 0
3 Xstg>Xey=1
8 6 AN
x [yz”’f)‘“ exp (w‘”“) + 71/3] : (5.350)
3 Q.

which completes the bounds coming from xyy.

Brane inflation within the string scenario has therefore a rather
involved set of priors. In addition to have p = 4 and u < Mp,
the model parameters should simultaneously verify Eq. (5.343)
and either Eq. (5.346), or Eq. (5.350), according to the sign of
the left hand side of Eq. (5.342). All these equations involve the
amplitude of the CMB anisotropies, which is well measured, the
total number of e-folds ANy, which is an unknown quantity,
and the number of e-folds AN, before the end of inflation at
which the pivot mode crossed the Hubble radius. As discussed in
Section 2.2, AN, can only be obtained by solving Eq. (2.44), i.e.
after having specified the reheating parameter. As the result, the
reheating slow-roll predictions for the string scenario can only be
sorted out numerically, paying attention that for a given reheating
history, all of the previous theoretical constraints are satisfied. As
an illustration, we have plotted in Fig. 71 the bounds for the typical
values AN, = 50 and AN,y = 60 with oz/Ml%l ~ 1/4[158,574].

The reheating consistent slow-roll predictions for the string
models are displayed in Fig. 162 for a set of realistic fundamental
parameters. Also, making use of the full potential (5.319), the
predictions of the corresponding KKLT inflation models are
displayed in Fig. 166. One can check that they match perfectly.

6. Three parameters models
6.1. Running-mass inflation (RMI)
6.1.1. Theoretical justifications

This model has been derived and studied in Refs. [352,575-583].
Following Ref. [578], let us briefly discuss its physical origin.
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Fig. 144. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 1 inflation (« > 0, 8 > 0) models with 8 = 10, in the plane (ns, r) (top
panel) and the plane (¢4, €2) (bottom panel). The two pink solid contours are the
one and two-sigma Planck confidence intervals (marginalized over second order
slow-roll). The annotations trace the energy scale at which reheating ends and
correspond to log(g,}“Treh/GeV). The parameter « is varied between o, (8) <
@ < 10%0min (B). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

At tree level, a potential can always be expanded as V(¢) =~
M* + m?2¢?/2 + A¢*/4 + ---. Since the potential must be flat
to support inflation, quantum corrections may play an important
role. Typically, they modify the potential with a term of the form
(c1 4 20 + ca9*) In (¢/ ), where yu is the renormalization scale.
In a non-supersymmetric framework, the quartic term dominates
and one is led to models similar to RCMI, RCQI or CWI, see
Sections 4.4, 4.5 and 4.11. On the other hand, in a supersymmetric
context, at least if supersymmetry is spontaneously broken, the
quadratic and the quartic terms cancel and one is left with a
model similar to LI, see Section 4.12. If, however, supersymmetry
is explicitly broken by the presence of soft terms, then the most
important term will be the quadratic one.

Concretely, the above reasoning leads to a specific shape for the
inflaton potential. We start from a flat direction in supersymmetry.
Then, we assume that supersymmetry is explicitly broken and, as
a consequence, that the potential receives corrections o< m?¢?,
where m is a soft mass. Higher order terms are supposed to be
negligible since we assume ¢/Mp; < 1. We thus have

1
V:V0+5m2¢2+~--. (6.1)

The one loop corrections to this tree potential will typically
induces a logarithmic dependence of the soft mass through the
renormalization group equation

dm?

m = Brmat. (6.2)
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Fig. 145. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 2 inflation (@« < 0, 8 < 0) models, in the plane (ns, r) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(gl/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

where B¢ is proportional to the inflaton couplings with the other
fields present in the theory. Therefore, by Taylor expanding the
solution of the previous equation aroused ¢ = ¢, we can write

m* = m* (@) + Bmat In (z) e (6.3)

As a consequence, the potential (6.1) can be re-expressed as

V(@) = Vo + 1M @) + s In (2 (6.4)
— Vo P 5 mat d_) . .

As noticed in Refs. [578,581,583], the beta function can typically be
expressed as

-2C

~2 D 2.2
Bmat = TWm + —— Al Migop> (6.5)

1672
if we assume that the inflaton interacts with gauge bosons and
fermions. The quantity « is the coupling constant between ¢ and
the gauge boson, A is a Yukawa coefficient, m is the gaugino mass,
m the fermionic mass and C and D are dimensionless numbers of
order one.

In the next section, we explore the cosmological consequences
of this type of potential. In particular, we will see that it can lead to
four different kind of inflationary scenarios.

6.1.2. Slow-roll analysis
We now perform the slow-roll analysis of the potential
previously derived. In order to carry out this task, it is more
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Fig. 146. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 3 inflation [« > 0, 8 < 0,x* < —a/ (28)] models for 8 = —1073, in the
plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The annotations trace the energy scale at which reheating
ends and correspond to log(gl/ 4Tl.eh /GeV). The parameter « is varied between
Omin (B) @2 <a < 103 otmin (B). (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

convenient to re-write the potential as follows

1 2
vigy=ml1i-S(-1im? ¢—2 , (6.6)
2\ 2 b0/ Mp
where we have defined the two parameters ¢ and ¢, by
Mlg],Bmat 2,7 1 ¢0
= —pmm = —Bma| =+In{ =)]. 6.7
c 2o m*(¢) ﬁat2+n 3 (6.7)

In this expression, M, ¢ and ¢, are free parameters. The
dimensionless parameter ¢ can be positive or negative. With the
form of the beta function given in Eq. (6.5), the coefficient c is given
by am?M3 /V,. If one assumes that the soft masses are of order
m ~ H ~ V> /M2, thenc ~ « ~ 1072 to 10~" or may be
smaller depending on the assumption on the couplings. This also
mean that, in order for the expansion (6.3) to be valid, one has
|In (¢/¢,)| < 1. Also, the model is commonly worked out in the
vacuum dominated regime (otherwise it is equivalent to a large
field model, LFI, see Section 4.2), which means that c¢? /M3 < 1.
The location ¢ = ¢yg is an extremum of V (¢), a maximum if
¢ > 0and a minimum if c < 0. The potential and its logarithm
are represented in Fig. 72.

Running mass inflation can be realized in four different
ways [578], denoted as RMI1, RMI2, RMI3 and RMI4 in what
follows. RMI1 corresponds to the case where ¢ > 0 and ¢ < ¢,,
see Fig. 72 (top panels). In this case, ¢ decreases during inflation
which proceeds from the right to the left. RMI2 also corresponds
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Fig. 147. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 3 inflation [« > 0, 8 < 0,x* < —a/ (28)] models for 8 = —5 x 1073
in the plane (ns, r) (top panel) and the plane (¢q, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The annotations trace the energy scale at which
reheating ends and correspond to log(g,:/ 4T,eh /GeV). The parameter « is varied
between amin () ~2 < o < 103 min (B). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

toc > 0 but with ¢ > ¢, and ¢ increases during inflation which
now proceeds from the left to the right. RMI3 refers to the situation
where ¢ < 0O and ¢ < ¢, all the time. In this case, ¢ increases
during inflation which proceeds from the left to the right. Finally,
RMI4 has ¢ < 0 and ¢ > ¢, decreases as inflation proceeds from
the right to the left.

Using the potential (6.6), one can calculate the three slow-roll
parameters €1, €; and €3. Defining x ¢/¢,, one obtains the
following expressions

2
c2 % xInx
€1 5 P 5 (68)
1
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1+ %04 (1-c%e )1 % 21
+1MT§]X + ZMT% nx+ 2x n°x
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¢ 1
[TTE—
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clnx c ¢
€3 = 2 1+*702X2
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Fig. 148. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 3 inflation [ > 0, 8 < 0, x> < —a/ (28)] models for 8 = —1072, in the
plane (ns, r) (top panel) and the plane (eq, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The annotations trace the energy scale at which reheating
ends and correspond to log(gl/ 4T,-eh /GeV). The parameter « is varied between

Omin (B) @2 <a < 10%&min (B). (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
2 4 2 4
cot, ¢ JPe o O
X 1—1—7— +——x +c —i—f—x Inx
2M2" T 16 M} M 2ME
¢2 4 2 Pt
+ o328 — =21 | I’ x4+ — —%xIn’x (6.10)
Pl 2 MPI MP]

The slow-roll parameters are represented in the bottom panels in
Fig. 72.

Let us now examine how inflation ends in this model. The
slow-roll parameter €; has a maximum in the x < 1 region
and a maximum in the x > 1 region, see Fig. 72. If these
maxima were larger than one, inflation could in principle stop by
violation of the slow-roll conditions. In the vacuum dominated
approximation, however, we see from Eq. (6.8), that ¢; =~
(c? /2)(¢§ /M2)x* In?x. This means that the vev Xen satisfies
Xend INXeng = :I:(ﬁ/c) (Mpi/¢,). But we have established
previously that the vacuum dominated condition precisely implies
that cMp;/¢, > 1 and one would have InXenq >> 1. But for the
model to be valid, we have already mentioned that the condition
|Inx| < 1 should be enforced. We conclude that the value of Xenq
obtained above lies outside the regime of validity of the potential.
The end of inflation either occurs by violation of slow-roll but in
a regime where additional unknown corrections arise and modify
the shape of V(¢), or by tachyonic instability. In this last case,
inflation stops in a regime where our calculations are valid. This
also means that we must consider an additional parameter in the
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model, namely xenq. In this article, this is the assumption made
which implies that RMI is indeed a three parameters model.

We now turn to the calculation of the observable predictions.
The first step is to obtain the slow-roll trajectory. One obtains

2
0

1
N — Nenga = — (In|Inx| — In|Inx, — -0 —x?
end C( | | | end|) 4M131( end)

1o\ :
+7<W> [Ei 2Inx) — Ei 21InXxena)], (6.11)

4 Pl
where the exponential integral function Ei is defined by Ei(x) =
— f_+X°° dte™'/t [216,217]. This expression cannot be inverted
analytically. However, in the limit (c@,/Mp)x < 1 (the vacuum
dominated regime), the above expression can be approximated by

1

N — Nepg =~ — (In|Inx| — In |In Xepql) » (6.12)
c

from which it follows that

X(N) = exp [¢“MNerd) Inxopq ] . (6.13)

The slow-roll predictions of the four models, RMI1, RMI2,
RMI3 and RMI4 are presented in Figs. 167-170 for |c|] = 1072,
¢ /Mp < 1/4/]c], and 1/e < Xenq < e, respectively. In order
to interpret them, it is interesting to use some approximations.
From the trajectory (6.13), it is straightforward to calculate x,.
Recalling that inflation is supposed to stop at Xe,q, One obtains x, =
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Fig. 150. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 4 inflation [ > 0, 8 < 0, x*> > —a/ (28)] models for 8 = —107%, in the
plane (ns, r) (top panel) and the plane (€1, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The annotations trace the energy scale at which reheating

ends and correspond to log(g,f/ 4T,eh /GeV). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

exp (e7“M InXena). Then, using Egs. (6.8)-(6.10) in the vacuum
dominated limit, we find that

2 2

c

€1 > — b exp (267““M InXenq) 72N In® Xepa,  (6.14)
2 \ Mp

€20 2 2¢ (14 €™ InXena) - (6.15)

In fact, in order to compare with the existing literature, it turns out
to be convenient to define the following quantity

s=clnx, = —ce ™ Inxepq. (6.16)

For RMI1 and RMI4, s > 0 while for RMI2 and RMI3 one has s < 0.
In terms of s Egs. (6.14) and (6.15) can be re-written as

2 2

s s
€1s 2 — o e3¢ g, ~2c (1 - 7> )

2 Mp] Cc

These equations imply that the locus of the model predictions
in the plane (eq, €3) are given by €, ~ 2(c — s) + 4e1M§l/¢2.
If we neglect €1, (with respect to €,,) one recovers the formufa
derived in Refs. [578,581,583], namely ng — 1 =~ 2(s — c). The
same route for the third slow-roll parameter gives ;63 >~ —2cs
and neglecting again €; gives the scalar running os =~ 2sc. The
above analytic estimates agree well with the complete slow-roll
predictions represented in Figs. 167-170.

From the CMB normalization, we obtain the following expres-
sion for the mass scale
M gt s
My T2 Mlgl c 9 1 2 3

{ “Im -3 +1“("*)]X*}

(6.17)

X2 In? (x,)

(6.18)
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In the vacuum dominated regime, this expression can be approxi-
mated by

M4 2 ¢)2
— 720n252Q’L2‘"5—°2e3/C. (6.19)
My, T Mp,

One can then easily deduce the mass scale M for a given value of c,
¢, and Xeyq, the three parameters of the model.

6.2. Valley hybrid inflation (VHI)

6.2.1. Theoretical justifications

Hybrid inflation is a two-fields model with the potential given
by the following expression [168,253,352,584-587]

/

Vg9 = S+ (7 - ) 4 Sy,
where ¢ is the inflaton, i the waterfall field, A and A’ are two
coupling constants and A a constant of dimension one. A priori,
given the above potential, inflation can occur in different regimes.
However, the standard lore is that inflation can proceed along the
valley given by ¥ = 0 and, in this case, the potential reduces to an
effective single field potential that can be written as

p
V() = M* [1+(")> ]
“w

(6.20)

(6.21)
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Fig. 152. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 5 inflation [« < 0, 8 > 0,x*> < —a/ (28)] models for B = 107, in the
plane (ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The annotations trace the energy scale at which reheating
ends and correspond to log(gl/ 4Treh /GeV). The parameter « is varied between
lomin(B)] < || < 10|amin (B) |- (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

with p = 2 and where one has used the following parameter
redefinition
A A A
— , Y 6.22
V2 # 2 m ( )

Inflation along the valley has been shown to be a dynamical
attractor of the two-field dynamics in Refs. [588,589]. However, as
recently shown in Ref. [590], the hybrid potential can also support
an inflationary phase along a mixed valley-waterfall trajectory,
which is genuinely a two-fields dynamics. As we use a single field
description here, those effects cannot be described by the potential
of Eq. (6.21). For this reason, we will refer to the single field
approximation as the “valley hybrid regime”. Let us stress that,
if the waterfall inflationary regime occurs, then it will erase any
observable effects coming the valley hybrid regime. As a result,
Eq. (6.21) is a good description of hybrid inflation only if the
model parameters are such that the waterfall regime remains sub-
dominant. According to Ref. [590,591], this is the case provided
A3

ﬁ? < MIEP (6.23)
a condition that will be assumed in the following. The effective
potential (6.21) was also obtained in Ref. [592] in the context
of supergravity brane inflation, and in Ref. [537] in the context
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of hilltop supernatural inflation. It depends on three parameters,
namely M, u and p. In fact, as mentioned before, p = 2 for the
two-field model given in Eq. (6.20) but we will consider the most
general situation with p > 0 unspecified. Let us stress again
that all multifield effects such as the generation of isocurvature
modes or cosmic strings cannot be accounted within the single
field dynamics [156,593-595].

It is also worth mentioning that the potential (6.21) withp = 2
can also be obtained in the supergravity context [596-599]. The
main idea is to consider a supergravity model which is not R-
symmetry invariant and described by the following Kahler and
super-potentials:

b 2 c 2
K = XX 4 o (o) —Wxx’f[x2+(xf) |
W =X,

Here X is a superfield, M < Mp a mass scale and b, ¢ two
dimensionless constants, a priori of order one. The quantity
f is a constant of dimension two that can be viewed as the
supersymmetry breaking scale. From these expressions, the scalar
potential reads

(6.24)

(6.25)

2b c 1
— f2 i veval _ (x2? 2 _
V=Ff [1 3 XX + o (X*+x )+(9<M4)], (6.26)
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Fig. 154. Reheating consistent slow-roll predictions for the spontaneous symmetry
breaking 5 inflation [« (0, )0, x> < —a/ (28)] models for 8 = 1074, in the plane
(ns, r) (top panel) and the plane (¢1, €;) (bottom panel). The two pink solid contours
are the one and two-sigma Planck confidence intervals (marginalized over second
order slow-roll). The annotations trace the energy scale at which reheating ends and
correspond to log(gl“Treh/GeV).The parameter « is varied between |omin(8)| <
|| < 10|amin (B) |- (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

or, re-writing X = « + if, it reads

2

v:f2[1+(b—c)a2—2

e (6.27)

e b+ c)ﬂz] )

For a field evolution along the « direction, we recover a potential
of the VHI type with p = 2 (b — ¢ must be positive). In this setup,
o /M < 1isrequired in order for the field « to be approximately
canonically normalized, the Kdhler potential being not minimal. It
isalsointeresting to comment on the n-problem in this model since
this is a generic issue in supergravity. If one calculates the slow-roll
parameter n = M2V, /V, one finds that

aM3
=——(b—-0).
=30 ( )
Therefore, one must take M < Mp; and fine-tune the difference
b — c to a small number.

(6.28)

6.2.2. Slow-roll analysis

We now turn to the slow-roll analysis of the VHI scenario. Recall
that we consider the following potential

p
V(g) = M [1+<"’) }
"

(6.29)
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where the parameter M and p have been expressed in terms
of the parameters of the two-field model in Eq. (6.22). The first
three Hubble flow functions in the slow-roll approximation can be
derived from Eq. (6.29) in a straightforward fashion. Defining the
quantity x by the following expression

x=2, (6.30)
"
they read

p2 (MP1>2 X2p72
a=-\—) ——=
2\ /) 1+

Mp\> %’ —p+1
€ =2p <7p1> e +2 :

2 (1+xP)
and

e3=p <M‘”>2xl’-2 2% — (=P +4¥ +(p-D(P-2)
’ A+ @ —p+ 1) |

(6.31)

(6.32)

A specific feature of hybrid inflation in comparison to large and
small field models is that €; and €3 can be negative (see Fig. 73).
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In particular

M 2
& ~ —2p(p—1) (—"‘) X2 (6.33)
x—0 M

and €3 blows up in the limit X* — p — 1. Together with the
potential, the three Hubble flow functions have been represented
in Fig. 73.

The slow-roll trajectory is obtained by integrating Eq. (2.11)
with the valley hybrid potential and reads

2

_ H 2 2 2 2—p 2-p

N — Nepg = EM—IEI |:—x + xoq + m (xend — X ) , (6.34)
which is, up to a sign, the same as for the SFI models [see Eq.
(5.5)]. The case p = 2 requires special attention, but as for SFI, is
recovered as the limit p — 2 in the previous equation. One obtains

1 pu? y X
N — N = —-—— | =X+ X —2In| — s
end 4 Mlgl |: end Xend

which is again very similar to SFI, up to a sign. The trajectory (6.34)
cannot be inverted analytically in the general case. It is however
possible to perform this inversion for many integer values of p, but
those expressions will be omitted for the sake of clarity. We simply

(6.35)
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give an approximate solution valid only in the limit x < 1 and
p>2

M2 1/2-p)

~ | 2P pr
X~ [xend +p(p—2) e (N — Nend):| . (6.36)

If the waterfall inflation does not take place, i.e. under the
condition (6.23), valley hybrid inflation ends by a tachyonic
instability in the small field regime x < 1, also referred to as “the
vacuum dominated regime”. From the two-fields potential (6.20),
one sees that the transverse direction becomes tachyonic at the
inflaton value
)L/
—A.
A
In the single field approach, x.pq is therefore an extra-parameter
and VHI is a three parameters model according to our classification.
However, as can be seen in Fig. 73, one should pay attention to the
various domains in which inflation can take place. They are given
by the behavior of €1 (x).

If p > 1, the slow-roll parameter €; vanishes when the field
goes to zero and at infinity while it reaches a maximum for

QPend = (6.37)

Xep = (p = D', (6.38)
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equals to

e 1 (Ma\’ 2

eg¥==-1—) @-1 7 . (6.39)
2\ u

Defining
Mp, 1-1/,

He=—F=@—-T1)""P, (6.40)

€ \/i

forall © > we,onehaseq(x) < 1andinflation can proceed all over
the domain x > 0. On the contrary, if u < ., then inflation can, a
priori, proceed in two disconnected domains. Either 0 < x < X1

orx > lez] where xei]:] are the two roots of €; = 1, i.e. the
solutions of

2 M 2
X 42X — % (l‘) X241 1=0. (6.41)

u

This equation cannot be solved explicitly in the general case but, as
for the trajectory, there are explicit analytic expressions for many
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integer values of p. For instance, for p = 2, one gets

(6.42)

The positive sign corresponds to the largest root while the minus
one to the smallest (see Fig. 73). In the limit 4 < Mp;, one has
x;:] ~ pMpl/(ﬁ ) which is also the expression of x.nq for the
large field model LFI (see Section 4.2). This does not come as a
surprise since in that situation Eq. (6.29) is indeed dominated by
the monomial term. In fact, the two above-mentioned domains
precisely corresponds to a large field one for x > x;:] and a
vacuum dominated one for x < x_ _,. It is a common mistake
to assume that the large field domain remains unobservable due
to the existence of the vacuum dominated one. In fact, as shown
in Ref. [588], the large field regime becomes observable provided
U K . In that situation, after having crossed x; _1, the field fast-
rolls in the region €1(x) > 1. Then, it enters the domain x < X1
with a strong initial velocity and, as a consequence, crosses the
whole vacuum dominated region, still in fast-roll, to reach xepq. All
observable predictions in such a situation are therefore similar to
that obtained in the LFI models. Let us notice that, if there exists

a mechanism that can gently put the field without a strong initial
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Fig. 160. Reheating consistent slow-roll predictions for the brane inflation models
with p = 3 in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(giMTreh/GeV). The black solid line
represent the locus of the points such that r = (8/3) (1 —ns), i.e. €2 = 4€, on
which this model must lie for & >> Mp. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

velocity inside the x < x_ _, domain, then inflation can still occur
in the vacuum dominated region, even though u < .. But if the
field is coming from the region x > x:1=1, then this regime does
not exist anymore.

For p = 1, €1(x) is a decreasing function of the field and takes a

finite value M3 /(21%) forx — 0.The behavior is similar to the case
p > landif u > Mp/ /2 inflation can take place all over x > Xenq.
However, if u < Mp/ +/2 then the vacuum dominated region does
not exist anymore and X,,—; = X;:1 = Mpl/(ﬁu) — 1. One
should also notice that if p = 1 the relation €, = 4€; applies.

Finally, for p < 1, €1(x) is a decreasing function of the field
but it blows up when x — 0. In that situation, inflation stops
at x = max(x_ _,, Xeng) but the field will still fast-roll till the
tachyonic instability develops at Xenq. As a result, even if for some
cases X_ _; > Xend, the observable predictions remain mostly the
same.

According to the previous discussion, for p > 1, the VHI
effective potential is therefore adequate to describe the vacuum
dominated regime only, i.e. for xeng < X < X1 where Xepq is the
instability point given by Eq. (6.37). In that situation, solving Eq.
(2.47) together with the trajectory (6.34) gives the observable field
value x,. at which the pivot mode crossed the Hubble radius during
inflation. The potential parameter M is fixed from the amplitude of
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Fig. 161. Reheating consistent slow-roll predictions for the brane inflation models
with p = 4 in the plane (ns, r) (top panel) and the plane (e, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(g*l/ 4Treh /GeV). The black solid line
represent the locus of the points such that r = (8/3) (1 — ns), i.e. € = 4€y, on
which this model must lie for & >> Mp. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

the CMB anisotropies

4 M2 X2p—2 2
— = 720n2p2—';‘*73% (6.43)
Mpi 1 (144)

The reheating consistent slow-roll predictions are displayed in
Figs. 171-175 forp = 0.5,p = 1,p = 1.5,p = 2andp = 3,
respectively. For p > 1 and Xemax > 1, Xenq is varied between 0
and an upper bound such that x;, < Xe 1 One the other hand,
ifxE;nax < 1, then one simply takes Xeng < 10. For p < 1, Xepq iS
varied on a wider range, with no particular constraints. For p = 1,
the predictions lie on the line €, = 4¢; as expected whereas for
p > 1 one recovers a blue spectral index when x.max > 1, while a
red spectral index can be obtained when Xemax < 1and x, > Xemax,
with x, < 1 (that is to say, the large field regime).

6.3. Dynamical supersymmetric inflation (DSI)

6.3.1. Theoretical justifications

This model has been studied in Refs. [439,600]. As for the IMI
scenario, see Section 5.18, the model is based on Ref. [553] which
has shown that inverse power law potentials naturally arise in
supersymmetric theories. The fact that we have an inverse power
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Fig. 162. Reheating consistent slow-roll predictions for the brane inflation models
in the string framework (p = 4, © <« Mp, for the fundamental parameters
displayed in the figures), in the plane (ns, r) (top panel) and the plane (eq, €;)
(bottom panel). The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The annotations
trace the energy scale at which reheating ends and correspond to log(g,z/ 4Treh /GeV).
The green points delimitate the prediction points such that inflation end by slow
roll violation (for ;1/Mp > 0.02, above the green points) from the ones where
inflation end by tachyonic instability (below the green points). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

law behavior, rather than the usual positive power law behavior,
can be traced back to the presence of non-perturbative effects, such
as for instance gaugino condensation, see Section 5.18. Based on
the previous considerations, one can write that

l3’+4 ¢q+4
V=V + + — (6.44)
¢ My

where the last term encodes a correction to V(¢) due to a non-
renormalizable operator. It is Planck suppressed since Mp is the
only explicit scale present in the theory. This term implies that
there is a minimum located at

1
D 4 p+q+4
¢Vmin = (7/11;_._ M;l) .

6.45
q+4 ( )

This means that the extra term can be neglected in the region
¢ < ¢ymin and, in the following, we assume that this is the case.
The difference with the IMI scenario is the presence of the constant
term V which will be assumed to be dominant.
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Fig. 163. Reheating consistent slow-roll predictions for the KKLT inflation models
with p = 2 in the plane (ns, r) (top panel) and the plane (e, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(glMT,eh/GeV). The black solid line
represent the locus of the points such that r = (8/3) (1 — ng), i.e. € = 4€;, on
which BI lies for 4 > Mp and deviates from KKLTI. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

6.3.2. Slow-roll analysis

In this sub-section, we now turn to the slow-roll analysis of the
DSI scenario. For this purpose, we rewrite the potential as

¢ -p
Vig) =M*|1+ (—) : (6.46)
"
where p is a free index parameter and where we defined
AP
Vo = M*, ub = 1\314 . (6.47)

As already mentioned, in order for inflation to take place in the
vacuum dominated regime, we must assume that ¢ > p. In
Refs. [439,600], it was argued that natural values for A3 and M are
10° GeV and 10'° GeV, respectively. This means that a scale of order
w =~ 105+14/P GeV is a reasonable prior for .

The potential (6.46), as well as its logarithm, is displayed in
Fig. 74. It is a decreasing function of the field, hence inflation
proceeds from the left to the right. Defining the quantity

x
Il

, (6.48)
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Fig. 164. Reheating consistent slow-roll predictions for the KKLT inflation models
with p = 3 in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(gi“Tteh/GeV). The black solid line
represent the locus of the points such that r = (8/3) (1 —ns), i.e. €2 = 4€, on
which BI lies for © > Mp, and deviates from KKLTI. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

the first three Hubble flow functions in the slow-roll approxima-
tion read

p? (Mm)z X2
a=5\"") T2
2\ /) (14x7P)

h (6.49)
Mp X P4+p+1
=-2p|— ) x"T ——0g,
M (1+x77)
and
M 2
a=-p(t) v
n
2P+ P+ D P—-DxP+ @+ (Pp+2
><[ (p )(p2 ) p+D )]_ (650)
(1+x7? (P +p+1)
Let us already notice that, from these expressions, one has
— 26] — €
Mp\*  pxP2 —p -p—2
=l—) —|px " +2 + 7P > 0, 6.51
<M> (fop)z[p p(+1) ] (6.51)

which implies a blue spectral index for the scalar power spectrum
since, at first order, ns — 1 = —2€1, — €34 The three slow-
roll parameters become very small at large fields x > 1. There
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Fig. 165. Reheating consistent slow-roll predictions for the KKLT inflation models
with p = 4 in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The annotations trace the energy scale
at which reheating ends and correspond to log(g,l/“Treh/GeV). The black solid line
represent the locus of the points such that r = (8/3) (1 — ns), i.e. € = 4€y, on
which BI lies for 4 > Mp, and deviates from KKLTI. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

is a value x,,—1 such that ¢; = 1. For x such that x < X, _1,
€1 > 1 and inflation cannot take place. This value has to be
determined numerically, but since the natural values for u are such
that u/Mp; < 1, an approximate expression can be derived

( p My )1/(p+1)
Xei=1 =X .
“ V2

Because the potential is decreasing with x, inflation can only take
place in the domain x > x,—1 > 1if u < Mp. It cannot stop by
slow-roll violation and another mechanism such as, e.g. a tachyonic
instability, has to be introduced. We will denote by x.nq the field
value at which this occurs. It represents an extra parameter of the
model. Obviously, it must be such that X, =1 < Xend < Xymin.

Let us now turn to the slow-roll trajectory. It can be integrated
explicitly from Eq. (2.11) and one obtains

(6.52)

2
M P22 2 o2
Nena — N = —x"— ——xF .(6.53
end sz[%l < Xen p+2 Xend p+2 ) ( )
In the p/Mp; < 1 limit, one has x > x,—1 > 1, and the previous
trajectory can be approximated by

2
Neng — N>~ —————— <X£L2 7xp+2)

6.54
p(p + 2)MZ (6:54)
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Fig. 166. Reheating consistent slow-roll predictions for the KKLT inflation models
in the string framework (p = 4, © <« Mp, for the fundamental parameters
displayed in the figures), in the plane (ns, r) (top panel) and the plane (eq, €;)
(bottom panel). The two pink solid contours are the one and two-sigma Planck
confidence intervals (marginalized over second order slow-roll). The annotations
trace the energy scale at which reheating ends and correspond to log(g,z/ 4Treh /GeV).
The green points delimit the prediction points such that inflation end by slow roll
violation (for ;t/Mp > 0.02, above the green points) from the ones where inflation
end by tachyonic instability (below the green points). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

This expression can be analytically inverted to get the observable
field value x,, in terms of AN,, = Nepg — Ny as

+2 2
Xy [x’e’nd — —p (p +2) AN, } . (6.55)
One can notice that the total amount of e-folds is bounded because
Xend << Xymin and cannot take infinitely large values. In order to get
a number of e-folds, AN > ANpin, Xenq Should be sufficiently large

with Xeng > X017 More precisely, setting Xip; = X¢,—1, one has

min
end

12

1
22752
p MPI)

p(+2) P‘ANmm+(f p

)
~ [p b+2)— ANmm] . (6.56)
In practice one wants AN, > 50 to solve the problems of the
standard Big-Bang scenario. Whether this value is compatible, or
not, with the condition Xenq < Xymin depends on the value of M*
appearingin Eq. (6.45), which is itself determined by the amplitude
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Fig. 167. Reheating consistent slow-roll predictions for the running mass inflation
1 models (c > 0,x < 1)withc = 0.01, ¢,/Mp < 1//c, 1/ < Xeng < 1,in the
plane (ns, r) (top panel) and the plane (e, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The energy scale at which reheating ends and the field vev
when inflation Stops Xena = ¢ena/@, are degenerated, which is the reason why
they are not displayed. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

of the CMB anisotropies. This one reads

M \* My \ 2 3 Q2
— ) =720m%p? ([ — ) 7P 2(14xP) T TP (657
(Mm) P ( 12 ) * ( . ) T2 ( )

In the limit #/Mp; < 1, one has x,, > 1 and this expression can be
approximated by

M4 M2 2
— 7zon2p2—§'x;2HQ‘L;f’s. (6.58)
Pl M T
Therefore, from Eq. (6.45), one has
1
3 M 6+q 2 p+q+4
Xymin ° 720nzqi—4 (7"') x;zl’”% ., (6.59)

with x, depending on x.,q through Eq. (6.55). One can see that the
previous expression decreases with x, and the condition xenqg <
Xymin iMposes an upper bound on Xepg < Xoor with

end

6

72072 P’ Qnsps Mp T
qg+4 T? m

1/(3p+4q+6)

max ~_

Xend =~

(6.60)

The prior condition on Xe,q is therefore of the type xg‘nig < Xend K

XM with XM defined by Eq. (6.56) and x™3* defined by Eq. (6.60).

end ’ end end
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Fig. 168. Reheating consistent slow-roll predictions for the running mass inflation
2 models (¢ > 0,x > 1)withc = 0.01,¢,/Mp < 1/4/c, 1 < Xena < e, in the
plane (ns, ) (top panel) and the plane (e1, €;) (bottom panel). The two pink solid
contours are the one and two-sigma Planck confidence intervals (marginalized over
second order slow-roll). The energy scale at which reheating ends and the field vev
when inflation stops Xenq are degenerated and not represented. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

For any ¢ > O, these two equations show that there exists an
upper bound p < pmax under which the condition )} < xgor
is satisfied. It reads

q+4

(p+2)/(p9)
(7207.[2 P3 QrzmsfPS>
2
Mmax T

My [p(p+2)ANmin](3p+q+6)/(pq) ’ (6.61)
and has been represented in Fig. 75. One can see that a typical
value 1/Mp; =~ 10'° GeV (see Ref. [439]) is not allowed for realistic
values of p and q. As such, the prior space for p, w, and Xenq is
constrained and should be handled carefully.

The reheating consistent slow-roll predictions of the dynamical
supersymmetric models are displayed in Figs. 176-178 for p =
2,p = 3and p = 4, respectively, and with 107°Mp <
U < MUmax (Where pmax has been calculated taking ¢ = 8 and
ANpin = 60 to cover a large prior space). The reheating equation
of state parameter w;e, has been taken to 0 but since there is no
potential minimum around which the inflaton field can oscillate
at the end of inflation, this parameter is a priori unspecified and
can take different values. In any case the reheating temperature
is strongly degenerated with the parameter xgﬁg < Xend < Xopg'
preventing their inference. One can check that the spectral index
is blue, as announced earlier, making these models disfavored by
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Fig. 169. Reheating consistent slow-roll predictions for the running mass inflation
3 models (c < 0,x < 1)withc = —0.01, ¢, /Mp < 1/3/—C, 1/e < Xena < 1,
in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The energy scale at which reheating ends and the field
vev when inflation stops x.nq are degenerated and have not been represented. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

the observations. The typical amount of gravitational waves is very
small, in agreement with the results of Ref. [439].

6.4. Generalized mixed inflation (GMLFI)

This model is a generalization of MLFI (see Section 4.3) and is,
by definition, the sum of two monomial functions with arbitrary
power indices. The corresponding potential can be written as

(G o)

where «, p and q are three dimensionless positive parameters. It
can be seen as a generalization of the large field inflation potential
(LFI, see Section 4.2), which is recovered when &« — 0 or @ — o0.
The parameter « therefore controls the relative weight of the two
terms. Since the potential is an increasing function of the inflaton
vev, inflation proceeds from the right to the left and occurs in the
large field regime ¢/Mp; > 1. Defining the quantity x by

(6.62)

(6.63)
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Fig. 170. Reheating consistent slow-roll predictions for the running mass inflation
4 models (¢ < 0,x > 1)withc = —0.01, ¢, /Mp < 1//=C, 1 < Xena < €,
in the plane (ns, r) (top panel) and the plane (¢;, €;) (bottom panel). The two pink
solid contours are the one and two-sigma Planck confidence intervals (marginalized
over second order slow-roll). The energy scale at which reheating ends and the field
VeV Xenq are degenerated and not displayed. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

the first three Hubble flow functions in the slow-roll approxima-
tion can be expressed as

1 177
6 =— pta(+qx ! (6.64)
2x? 1+ axd
2p+? P+ ¥+ (2p+q—¢°)x
Q= . , (6.65)
X (1 4+ ax9)
and

_ 2 2 2 2q
X2 (1 + ax9)? [pq Fer X

+ ad® (20+q— )] {267 [P + a0 + 2]
+o’q* [12p* +6pg 2 — q) + (g —2) (g — 1) ¢*] x*

+¢f@+@ﬁ§+u—wm+m}”

+apq’ [8p+q (44 q* — 3q)] X (6.66)
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Fig. 171. Reheating consistent slow-roll predictions for the valley hybrid inflation
models with p = 0.5, in the plane (ns, r) (top panel) and the plane (¢y, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The color of the data points
encodes the value of 1, while different data blocks correspond to different values of
Xend- Inside a given bock, the annotations trace the energy scale at which reheating
ends and correspond to log(gi/ 4Treh/ GeV). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

They are decreasing functions of the field, vanishing when x — oo
and diverging when x — 0. Together with the potential and its
logarithm, the Hubble flow functions are represented in Fig. 76.

In Fig. 76, one sees that inflation ends by slow-roll violation at
X = Xend, the solution of the equation €1 (Xenqg) = 1. From Eq. (6.64),
one obtains

V20xi + V2xea = £ [p+a (p+ ) xl]. (6.67)

One can check that, for « = 0, one recovers the LFI-p result xepq =
p/ﬁ (see Section 4.2) and that, for @ — 00, one gets Xena =
b+9 /ﬁ, which correspond again to the LFI-p + g solution. The
above equation cannot be solved analytically for arbitrary values
of p, q. This is possible only in some particular cases, namely q =
0,q = lorq = 2.Forq = 0, this is LFI whereas ¢ = 2
corresponds to MLFI, both solutions being given in Sections 4.2 and
4.3, respectively. For ¢ = 1, one obtains

V2 1

Xend = — 1)— —
end 4 (p + ) 20

/4+4¢Zup—n+aa%p+1f
+ 4o ’
but, in general, Xenq has to be determined numerically.

(6.68)
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Fig. 172. Reheating consistent slow-roll predictions for the valley hybrid inflation
models with p = 1, in the plane (ns, r) (top panel) and the plane (e, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The color of the data points
encodes the value of u, while different data blocks correspond to different values of
Xend- Inside a given bock, the annotations trace the energy scale at which reheating
ends and correspond to log(g,l/ Tren /GeV). The black solid line represent the locus
of the points such that €, = 4¢;. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

The slow-roll trajectory can be integrated explicitly using Eq.
(2.11) and this leads to

5 q 2 2
=—— X1+ F 1,5, 147,
2(p+9q P q q

G s
—aq| -+ )X — ——x2,
P q 20 +q) ™

q 2 2 1 1),
X114+ =F |1, =, 14+, —aq| =+ =) Xena | [ - (6.69)
) q q p q

Here, ,F; stands for the Gauss hypergeometric function [216,217].
Since it is equal to unity when its last argument vanishes, one
can check that, in the limit « — 0, one recovers the slow-roll
trajectory for the LFI-p models while the limit @ — oo leads to the
trajectory of the LFI-(p + q) models. Finally, since ,F; (1, 1, 2, x) =
—In (1 — x) /x, one can also check that the MLFI case corresponds
top = q = 2. The previous expression can only be inverted for
q = O(LFI)and g = 2 (MLFI), and they have been already discussed
in Sections 4.2 and 4.3, respectively. The case ¢ = 1 can also be
simplified using ,F; (1, 2, 3, x) = —2/x—2In(1—x)/x%.In general,
one has to inverse this slow-roll trajectory numerically.

Nena — N
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Fig. 173. Reheating consistent slow-roll predictions for the valley hybrid inflation
models with p = 1.5, in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The color of the data points
encodes the value of u, while different data blocks correspond to different values of
Xend- Inside a given bock, the annotations trace the energy scale at which reheating
ends and correspond to log(gl/ Tren /GeV). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

The parameter M can be determined from the amplitude of the
CMB anisotropies and the Hubble crossing vev x,. One obtains

2
Mt 720572 [p+o@+ax] Qi ps

Mg, L (1+ax)’ T

The reheating consistent slow-roll predictions for the general-
ized mixed large field models are displayed in Figs. 179-181 for
(p =2andqg =1),(p =2andq = 3)and (p = 3and q = 2),
respectively. As for MLFI, the predictions lie between the LFI-p and
LFI-(p+q) models, but can actually exit this region for large enough
values of o. This means that, if one starts from a pure V oc ¢?*d
potential and adds a small o ¢? term, then this extra term has
the effect of increasing the “effective value” of the power index of
the potential. Moreover, since for large field inflation models, the
p-model fits the data better than the (p + g)-one, it follows that
small values for the parameter « are favored, together with high
reheating temperatures.

(6.70)

6.5. Logarithmic potential inflation (LPI)

6.5.1. Theoretical justifications
This class of model assumes that inflation is driven by a
composite state in a strongly interacting theory, see Refs. [518,601,
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Fig. 174. Reheating consistent slow-roll predictions for the valley hybrid inflation
models with p = 2, in the plane (ns, ) (top panel) and the plane (¢4, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The color of the data points
encodes the value of u, while different data blocks correspond to different values of
Xend- Inside a given bock, the annotations trace the energy scale at which reheating

ends and correspond to log(g,z / 4Treh /GeV). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

602]. Let us consider the following model, see Section 5.14 for more
details

= 039 0o — L1 (X
La ==~ 9,90"0 — T (=5).
where A is a mass scale. Moreover, let us consider the situation
where the model has a general non-minimal coupling to gravity of
the form

S = /d“x\/jg [—; (M? +&¢"*)R + £Gl] )

The coupling to gravity is characterized by the parameter £. Then,
the action in the Einstein frame reads [518,601,602]

1 3 2..1/2
S = /d4x4/—g|:—2M§1R -7 (1 + g(pfzz)

aM3

(6.71)

(6.72)

X g073/28#<p8"<p - Q4VGI], (6.73)

where Vg refers to the potential in Eq. (6.71) and £2°? =
(M? 4+ &£¢'?) /M3 If & # 0 and if we are in the large field limit,
then 22 ~ £¢'/?/MZ and the canonically normalized field ¢ is
such that ¢ o In @. In that case the potential reduces to £2 4V o
Ingp o ¢. Therefore, we have obtained a LFI model withp = 1,
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Fig. 175. Reheating consistent slow-roll predictions for the valley hybrid inflation
models with p = 3, in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The color of the data points
encodes the value of u, while different data blocks correspond to different values of
Xend- Inside a given bock, the annotations trace the energy scale at which reheating

ends and correspond to log(g,l/ 4Treh /GeV). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

see Section 4.2. On the other hand, if one assumes that £ = 0, then

9 =¢*/(4v/2)* and

4
v =2% (f) In (£> ,
?, ?,
with ¢, = 4/2A. This resembles the potential found in
Section 5.14 which, for 8 = 0 (see the precise definition in that
section), was such that V o ¢*In* (¢/¢, ). These considerations

motivate the next section devoted to the slow-roll analysis of this
class of scenarios.

(6.74)

6.5.2. Slow-roll analysis

Based on the previous discussion, we now turn to the slow-roll
analysis of the models described by the following potential

-t (5) ()
V() =M <¢0 no)

We have just seen that, for p = 4 and q = 2, the model discussed
in Ref. [518] is recovered, see Section 5.14, while for p = 4 and
g = 1, this model matches with the so-called Glueball Inflation
of Ref. [601]. This class of models has also been studied on general
grounds in Ref. [603]. In the following, we keep p and q unspecified.

(6.75)
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Fig. 176. Reheating consistent slow-roll predictions for the dynamical supersym-
metric inflation models with p = 2, 1071 < w/Mp < fimax/Mp, and x00 <
Xend < Xgnq in the plane (ns, r) (top panel) and the plane (1, €;) (bottom panel).
The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The parameter xeng increases along the
direction specified by the arrows, and is degenerate with the energy scale at which
reheating ends. (For interpretation of the references to colour in this figure legend,

the reader is referred to the web version of this article.)

Defining the quantity x by the following relation

9
b,
the potential has a local maximum at x = xymax and a local
minimum (at which the potential vanishes) at x = xy—_o with

X

(6.76)

e VP, (6.77)
For x > xy—g, V(x) increases and finally diverge when x goes to
infinity. The potential is always definite positive in the x > 1
branch, whereas it is definite positive in the x < 1 branch only
if q is an even integer. The first three Hubble flow functions in the
slow-roll approximation are given by

Xymax = Xy—0 = 1.

_ My @+plnn* Mji 4 +qlnx + pln’x

= s € =2 y 6.78
! $?  2x*In’x z @2 x2In%x (678)
and
M? 2+ 3qInx +2gIn®x+ 2pInx
€=~ (q+plny) AT p (6:79)
X xIn’x (g +qlnx + plnx)

Together with the potential, they are displayed in Fig. 77.
As can be checked on this figure, and assuming q is even, the
behavior of €;(x) exhibits three domains in which inflation can



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235 219

10° T T T T T T T -3.4
DSl ]
ﬁ {-44
p=3
107°F .
-5.4

~
r w=0
10701
10—16 -_
I 1 1 1 1 1 1 ] -9.4
0.90 0.92 0.94 0.96 0.98 1.00 1.02 1.04 log,(u/Mp)
ng
T T T -3.4
DsI
L —4.4
107® p=3 -
I -5.4
g ] -64
I w=0
-7.4
107 - -84
] -9.4
-0.10 -0.05 0.00 0.05 0.10
€y log;o(1/Mp)

Fig. 177. Reheating consistent slow-roll predictions for the dynamical supersym-

metric inflation models with p = 3, 107 < u/Mp < [imax/Mp, and xT0 <

Xend < Xona in the plane (ns, r) (top panel) and the plane (1, €;) (bottom panel).

The two pink solid contours are the one and two-sigma Planck confidence intervals
(marginalized over second order slow-roll). The parameter x.nq increases along the
direction specified by the arrows, and is degenerated with the energy scale at which
reheating ends. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

occur and can naturally end. Either x > 1 and inflation proceeds
from the right to the left (LPI1), or xymax < X < 1 and inflation
proceeds from the left to the right (LPI2), or 0 < x < xymax and
inflation proceeds from the right to the left (LPI3), see the three
arrows in Fig. 77. For these three cases, the slow-roll trajectory can
be integrated analytically and one has

2 2 2
N — Nepg = ( ¢0 ) {_X — Xend + ie*ZQ/P
Mpy 2p p?

2 2
X [Ei(—q +21nx> —Ei <—q+21nxend>]}.
p p

Let us remark that for x — +o00 (LPI1), one recovers the large field
inflation (LFI) trajectory of Section 4.2 with p becoming the same
parameter of LFI.

In the three above described regimes, inflation ends at the field
value Xenq solution of €1(Xeng) = 1, i.e. verifying

(6.80)

o)
pIn(Xend) +q F fZM—"xend INXeng = 0. (6.81)

Pl
This is a transcendental equation that cannot be solved analytically
for any values of p and q. It can nevertheless be solved numerically
in each of the three above-mentioned situations. Together with Eq.
(2.47), Eq. (6.80) uniquely determines the observable field value
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Fig. 178. Reheating consistent slow-roll predictions for the dynamical supersym-

metric inflation models with p = 4, 107'° < ©/Mp < pmax/Mpi, and the prior
min max

Xgnd < Xend < Xgng in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The parameter Xenq increases
along the direction specified by the arrows and is degenerated with the energy scale
at which reheating ends. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

X, at which the pivot scale crossed out the Hubble radius during
inflation. Therefore, according to our classification, LPI is a three
parameters model with p, g and ¢,.

Finally, the parameter M is fixed by the amplitude of the CMB
anisotropies to

Mo (M) @+ PInx)? Qs
4 T 24D 142+ 2
My, ¢, ) xXXPp2tay, T

The reheating consistent slow-roll predictions for the LPI1 models
with p = 4 are represented in Figs. 182-184 forq = 2,q = 1
and q = 3, respectively. The predictions for LPI2 are displayed in
Figs. 185-187 for (p = 1,q = 2),(p = 2,q = 2)and (p = 3,
q = 4), respectively. For the LPI3 scenario, the predictions have
been plotted in Figs. 188-190 for (p = 1,q = 2),(p = 2,q = 2)
and (p = 3, q = 4), respectively. One can see that the current
CMB data generically require LPI inflation to take place with super-
Planckian values for ¢, while some combinations of p and q are
already disfavored at more than two-sigma.

(6.82)

6.6. Constant ns D inflation (CNDI)

This model has been studied in Ref. [516]. Its potential is
designed to produce a power law power spectrum o k" (where n is
a constant). In this sense, the approach followed here is similar to
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Fig. 179. Reheating consistent slow-roll predictions for the generalized mixed
inflation models with p = 2 and ¢ = 1, in the plane (ns, r) (top panel) and
the plane (eq, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
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(p + q) models (for which €; = (4/p)e; and €, = 4¢1/(p + q) respectively). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

the one investigated in Sections 4.20, 4.21 and 5.15. The potential
studied in this section is given by

M4

[+ peosfo (5]

where o and B are two dimensionless parameters. Since the
potential is an even function of x = (¢ - ¢>0) /Mp and is 27 -
periodic, it can be studied without loss of generality in the range
x € [0,7/x] only (with @ > 0, 8 > 0). The potential and its
logarithm are displayed in Fig. 78 (top panels) for two different
representative values of B8.1f 8 < 1 (blue curve), it is an increasing
function of the field, hence inflation proceeds from the right to the
left. On the contrary, if 8 > 1 (pink curve), it diverges at xy_, oo =
arccos (—1/8) /a. Then, for x < xy_, « it is an increasing function
of x and inflation proceeds from the right to the left, whereas for
X > Xy_. o it is an decreasing function of x and inflation proceeds
from the left to the right.

The three first slow-roll parameters are given by the following
expressions

. 20% B2 sin? (ax)
T [14 B cos (ax)]z’

V(g) = (6.83)

_ —40%B B + cos (ax)]

[1+ B cos (ax)]? + (684)
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Fig. 180. Reheating consistent slow-roll predictions for the generalized mixed
inflation models with p = 2 and ¢ = 3, in the plane (ns, r) (top panel) and
the plane (€4, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond to
log(giMTreh/GeV). The black solid lines represent the locus of the LFI-p and LFI-
(p + q) models (for which €; = (4/p)e; and €; = 4¢1/(p + q) respectively). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

and
208 [28% — 1+ B cos (ax)] sin® (ax)
“= [B + cos (x)][1 + B cos (ax)]?

They are displayed in Fig. 78 (bottom panels). Let us now study in
more detail the behavior of €; and ¢,. It depends on whether 8 is
larger or smaller than 1. If 8 < 1, the first slow-roll parameter
€7 vanishes at x = 0 and x = = /o, and reaches a maximum
in between at X.,—o. This maximum is larger than one provided
o > Omin (B), where

(6.85)

1— B2

2p2
In that case, inflation can stop by slow-roll violation, at the position
Xend given by

Omin (B) = (6.86)

a\/ZﬂZ (1+20?)—2-1
B +2a%p

n 1
Xend = X¢, 21 = 5 arccos , (6.87)

and proceeds in the range [Xenq, 77 /o] (from the right to the left). On
the other hand, the second slow-roll parameter ¢, is a monotonous
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Fig. 181. Reheating consistent slow-roll predictions for the generalized mixed
inflation models with p = 3 and ¢ = 2, in the plane (ns, r) (top panel) and
the plane (€4, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond to
log(glMTreh/GeV). The black solid lines represent the locus of the LFI-p and LFI-
(p + q) models (for which €; = (4/p)e; and €, = 4¢1/(p + q) respectively). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

increasing function of x, which vanishes atx.,_o = arccos (—8) /a.
If 8 > 1, as can be seen in Fig. 78, the first slow-roll parameter ¢;
diverges atxy_, oo = arccos(—1/8)/«, so that inflation cannot stop
by slow-roll violation in that case. This means that inflation must
end by another mechanism and, therefore, that the model depends
on an additional parameter. The second slow-roll parameter ¢, is
always negative and also diverges at Xy_, ». Let us notice that, for
B < land o > ami (B), and for B > 1 (for any «), we will need
below the other solution of €; = 1, namely

a\/Zﬂz (14+2e?) —2+1
a=1"" 4 B+ 2028

(6.88)

We are now in a position where the slow-roll trajectory can be
determined. It turns out that this one can be integrated analytically

and reads
% {— In [sin (ax)] — % In [tan (a%)]

N — Nepg = 2a

+ In[sin (aXena)] + % In [tan (oz x?d)]] . (6.89)

Because of the logarithmic functions, a sufficient number of e-folds
can be realized only if the initial conditions are fine-tuned and x;y;
is chosen to be extremely close to 7 /c.
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Fig. 182. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 1 models for p = 4 and ¢ = 2 in the plane (ns, ) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(giMTreh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Indeed, inserting Eq. (6.87) into Eq. (6.89), the total number of
e-folds during inflation becomes a function of x;,; and of the two
parameters « and . For given values of those parameters, one can
check that (Nena — Nini) (Xin;) Temains always small compared to
unity, unless xj;; — 7/« where it blows up. Let us write xjp; as
/o + SXin With 8xin; < 1 and defining A = In[sin (Xenq)] +
In[tan (oexenq/2)] /B, one arrives at

. BB
Sy [a (% ) Ve e—A] e~ 2BNena M)/ 1-B) (6.90)

The coefficient between the squared brackets only depends on «
and B which are, a priori, coefficients of order one. On the other
hand, the argument of the exponential is 2(Neng — Nin)) > 120,
times a negative term of order one. This means that §x;;; must be
exponentially small to obtain a significant number of e-folds and
one can question the physical relevance of such a fine-tuning. The
typical predictions of the model (taking x, =~ 7 /«) actually are
€ >~ 0,6 ~ 4a’B/(1— ), and €3 =~ 0. It follows that the
condition & > oy (B) impliese; > 2 (1 + B) /B > 4, whichisis
completely ruled out by the observations. Therefore, we conclude
that the case 8 < 1is not of cosmological interest.

The only remaining possibility is 8 > 1. Inflation cannot end
by slow-roll violation and X4 is an additional parameter, making
the model a three parameters one. In the range axeng << 1, one has
€1 < land € ~ —4a?B/(1 + B) such that the spectral index is
givenby ng >~ 14+4a®B/ (B + 1). Therefore, itisindeed a constant.
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Fig. 183. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 1 models for p = 4 and ¢ = 1 in the plane (ns, r) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(g,:/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

The CMB normalization gives the mass scale M as

M 4 2
(1\7) = 28800’ B%7? sin? (axs) @,

1 = (6.91)
P

which has to be numerically evaluated when if ax, is not small.
The predictions of CNDI inflation are displayed in Figs. 191 and
192. We see that, in the regime axeng < 1, the spectral index is
constant, as expected. However, this occurs in a regime where the
predictions are not consistent with the observations (the spectrum
is too blue). On the other hand, when aX.,q is no longer small,
we observe strong deviations from ng >~ 1+ 4a?8/ (8 + 1) but,
for intermediate values of « >~ 0.3, this renders the predictions
compatible with the data. Obviously, these considerations bear
some resemblance with the findings of Sections 4.20,4.21 and 5.15.

7. Conclusions

Let us very briefly recap our main findings and present some
directions for future works.

In this article, we have discussed the question of how the
inflationary theory can be constrained given that we now have
at our disposal high accuracy cosmological data. We have argued
that this can be done by means of the slow-roll approximation
which has the advantage of being relatively model independent.
Although this approximation cannot be used if one has to deal
with more complicated models, it produces interesting but limited
information on inflation. Concretely, it leads to the Hubble flow
posterior distributions P (en |Cg“eas). This is interesting since it gives
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Fig. 184. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 1 models for p = 4 and ¢ = 3 in the plane (ns, ) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(gi/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

a general constraint on the derivatives of the inflaton potential.
But, at the same time, this does not answer some legitimate
fundamental questions one might have about the plethora of
inflationary scenarios studied so far. For instance, it does not tell
us rigorously which constraints exist on the parameters of a given
model. Indeed, suppose that we are interested in LFI, V(¢) oc ¢P.
It is obvious that we would like to know for which values of p this
class of models is compatible with the data and for which values it
is not.

In order to complement the slow-roll approximation and to
address the above mentioned issues, we have argued that it is
interesting to scan the inflationary landscape model by model and
have provided the public code ASPIC to do so. Such a strategy
has to be done for all the inflationary scenarios since it would
be arbitrary to consider only a restricted class while ignoring the
others. In fact, this question deserves to be discussed in more detail.
One could indeed imagine that it is not necessary to consider all the
models one by one and that considering a representative for each
class is sufficient. Indeed, to simplify the discussion, it is common
to distinguish three broad types of scenarios: large field models
(LFI), small field models (SFI) and Hybrid models (VHI). Such a
classification is not very precise and biased because it pushes to the
front line these three models. It could be reasonably argued that a
better classification is the one of Schwarz and Terrero-Escalante
introduced in Ref. [444]. For a scalar field, the ratio of the kinetic
energy to the total energy density is given by €1/3 = ¢?/(2p).
Because ¢, is, by definition, the logarithmic derivative of ¢; with
respect to the e-fold number, the kinetic contribution to the total
energy density increases if €, > 0 and decreases if ; < 0. On the
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Fig. 185. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 2 models for p = 4 and ¢ = 2 in the plane (ns, r) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(gl“T;eh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

other hand, we also have

d(¢?/2 b2
$=H%(62—261)7

and, therefore, the absolute value of the kinetic energy increases if
€, > 2¢y whereasitdecreasesife; < 2¢¢.This allows us to identify
three different regions: €; > 0 and 2¢; < €; (region 1), €; < 2¢;
(region 2), €5 < 0 < 2¢; (region 3).

These three regions are identified in Fig. 79 together with
Planck and WMAP9 bounds®. If we use the first order slow-roll
expressions, the condition €, > 0 is equivalent tor < 8(1 — ns)
while € > 2¢€; amounts to r < 4(1 — ng). These two lines
are also represented in Fig. 79 (solid black lines). We have also
superimposed the predictions of LFI, SFI and VHI (upper panel).
We see that the three regions defined above roughly correspond
to the cases large field, small field and hybrid. However, the
correspondence is not perfect and we notice, for instance, that the
predictions of VHI can penetrate region 2.

Having identified three broad classes of scenarios, the question
is whether testing only a representative model for each class could
be sufficient. In Fig. 80, we have considered the predictions of six
different models that all belong to region 1. This plot clearly shows
that inside this region, these six models span different domains

(7.1)

9 The slight shift visible on the one- and two-sigma contours between the two
plots come from the different priors used, either flat on €; or flat on log €; (Jeffreys’
prior).
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Fig. 186. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 2 models for p = 4 and ¢ = 1 in the plane (ns, ) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(giMTreh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

that are separated enough to be distinguishable within current
and future data. Given the quality of the current data, working
only with broad classes of models seems to be no longer justified.
Therefore, if one really wants to scan the inflationary landscape,
the approach advocated in this paper is well-suited.

With ASPIC, we have provided a new tool to treat any model
of inflation and this has led us to derive observational predictions
for 74 models. ASPIC is an evolutive project and therefore the next
steps will be to complete and upgrade it with new models. Finally,
the ultimate goal is to identify which ASPIC model is performing
the best for explaining cosmological data. In order to carry out this
task, an appropriate method is to use Bayesian evidence and model
comparison. Then, we should be able to identify, in a statistically
well-defined manner, what might be called “the best model of
inflation” [178-180].
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Appendix. Reheating consistent slow-roll predictions

A.1. Higgs Inflation (HI)

See Fig. 81.



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235

224

T T T T T T T 1.9
1.7

0.100F P2 o
‘ p=3.q=4 1.5
~ 0.010F 4 13
1.1
0.001 3 ERY

o w=0
L L L L L L L 0.7
0.90 0.92 0.94 0.96 r?.98 1.00 1.02 1.04 10810(60/M5)
S

107! 3 T T T T 1.9
L 1.7

1072 - LPI2 -
F p=3.q= 1.5
5107 LA
L 1.1

1074k u
g w=0 09
107° 1 1 1 1 0.7

-0.10 -0.05 0.00 0.05 0.10 0.15
€ logso(¢a/Me)

T T T T T T T 3.0
2.6

0.100} i3 -
P=19=2; 23
= 0.010F 4 10
= 1.5
0.001F 1 e

- w=0
1 1 1 1 1 1 ] 0.8
0.90 0.92 0.94 0.96 I:).98 1.00 1.02 1.04 10810(B0/Me)
S

107! T T T T 3.0
26

1072} LPI3 B
p=1,q=2 23
5 107°F 3 19
1.5

107*F E
w=0 1 12
107° 1 1 1 0.8

-0.10 -0.05 0.00 0.05 0.10 0.15
€ logio(#0/Mp)

Fig. 187. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 2 models for p = 4 and ¢ = 3 in the plane (ns, r) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(g,:/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

A.2. Radiatively corrected higgs inflation (RCHI)
See Fig. 82.

A.3. Large field inflation (LFI)
See Fig. 83.

A.4. Mixed large field inflation (MLFI)

See Fig. 84.

A.5. Radiatively corrected massive inflation (RCMI)
See Fig. 85.

A.6. Radiatively corrected quartic inflation (RCQI)
See Figs. 86 and 87.

A.7. Natural inflation (NI)
See Fig. 88.

A.8. Exponential SUSY inflation (ESI)

See Figs. 89 and 90.

Fig. 188. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 3 models for p = 4 and ¢ = 2 in the plane (ns, ) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(gl/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

A.9. Power law inflation (PLI)
See Fig. 91.
A.10. Kdhler moduli inflation I (KMII)

See Fig. 92.
A.11. Horizon Flow Inflation at first order (HF1I)
See Fig. 92.
A.12. Colemann-Weinberg inflation (CWI)
See Figs. 94 and 95.
A.13. Loop inflation (LI)
See Figs. 96 and 96.
A.14. R + R? inflation (Rpl)
See Figs. 98-100.
A.15. Double well inflation (DWI)

See Fig. 101.



J. Martin et al. / Physics of the Dark Universe 5-6 (2014) 75-235

T T T T T T T 3.0
26
0.100F P13 o
: P=2.9=2; 23
“ 0.010F 1 1e
15
0.001 F E
o w=0
L L L L L L L 0.8
0.90 0.92 0.94 0.96 I:).98 1.00 1.02 1.04 10810(B0/M5)
S
107! 3 T T T T 3.0
L 26
102} LPI3 B
E p=2,9=2 23
> 1072 5 19
L 15
10-4 E -2, =
Fow=0 PR AP
107° 1 1 1 ! ] o8
-0.10 -0.05 0.00 0.05 0.10 0.15
€ logyo(®o/Mp)

Fig. 189. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 3 models for p = 4 and ¢ = 1 in the plane (ns, r) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(g,}/ 4Treh /GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

A.16. Mutated hilltop inflation (MHI)
See Fig. 102.

A.17. Radion gauge inflation (RGI)
See Fig. 103.

A.18. MSSM inflation (MSSMI)
See Fig. 104.

A.19. Renormalizable inflection point inflation (RIPI)
See Fig. 105.

A.20. Arctan inflation (Al)
See Fig. 106.

A.21. Constant ns A inflation (CNAI)
See Fig. 107.

A.22. Constant ns B inflation (CNBI)

See Fig. 108.
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Fig. 190. Reheating consistent slow-roll predictions for the logarithmic potential
inflation 3 models for p = 4 and ¢ = 3 in the plane (ns, ) (top panel) and
the plane (€1, €;) (bottom panel). The two pink solid contours are the one and
two-sigma Planck confidence intervals (marginalized over second order slow-roll).
The annotations trace the energy scale at which reheating ends and correspond
to log(giMTreh/GeV). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

A.23. Open string tachyonic inflation (OSTI)
See Fig. 109.

A.24. Witten-O'Raifeartaigh inflation (WRI)
See Fig. 109.

A.25. Small field inflation (SFI)
See Figs. 111-113.

A.26. Intermediate inflation (II)
See Fig. 114.

A.27. Kdhler moduli inflation II (KMIII)
See Fig. 115.

A.28. Logamediate inflation (LMI)
See Figs. 116-121 and 121.

A.29. Twisted inflation (TWI)

See Fig. 122
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Fig. 191. Reheating consistent slow-roll predictions for the constant ns D inflation
models for 8 = 0.1 in the plane (ns, r) (top panel) and the plane (¢4, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The energy scale at which
reheating ends is not annotated since it is degenerated with the parameter Xepq.
The black solid lines stand for the points such that ng = 1+ 4a?8/ (8 + 1). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

A.30. GMSSM Inflation (GMSSMI)
See Figs. 123 and 124.

A.31. Generalized renormalizable inflection point inflation (GRIPI)
See Figs. 125 and 126.

A.32. Brane SUSY breaking Inflation (BSUSYBI)
See Fig. 127.

A.33. Tip inflation (TI)
See Figs. 128-130.

A.34. B exponential inflation (BEI)
See Fig. 131.

A.35. Pseudo natural inflation (PSNI)
See Fig. 132.

A.36. Non canonical Kéhler inflation (NCKI)

See Figs. 133 and 134.
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Fig. 192. Reheating consistent slow-roll predictions for the constant ns D inflation
models for B = 5 in the plane (ns, r) (top panel) and the plane (¢, €;) (bottom
panel). The two pink solid contours are the one and two-sigma Planck confidence
intervals (marginalized over second order slow-roll). The energy scale at which
reheating ends is not annotated since it is degenerated with the parameter Xepq.
The black solid lines stand for the points such that ng = 1+ 4?8/ (8 + 1). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

A.37. Constant spectrum inflation (CSI)
See Figs. 135 and 136.

A.38. Orientifold inflation (OI)
See Fig. 137.

A.39. Constant ns C inflation (CNCI)
See Fig. 138.

A.40. Supergravity brane inflation (SBI)
See Figs. 139-141.

A.41. Spontaneous symmetry breaking inflation 1 (SSBII)
See Figs. 142-144

A.42. Spontaneous symmetry breaking inflation 2 (SSBI2)
See Fig. 145.

A.43. Spontaneous symmetry breaking inflation 3 (SSBI3)

See Figs. 146-148.
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A.44. Spontaneous symmetry breaking inflation 4 (SSBI4)
See Figs. 149-151.

A.45. Spontaneous symmetry breaking inflation 5 (SSBI5)
See Figs. 152-154.

A.46. Spontaneous symmetry breaking inflation 6 (SSBI6)
See Figs. 155-157.

A.47. Inverse monomial inflation (IMI)
See Fig. 158.

A.48. Brane inflation (BI)
See Figs. 159-162.

A.49. KKLT inflation (KKLTI)
See Figs. 163-166.

A.50. Running mass inflation 1 (RMI1)
See Fig. 167.

A.51. Running mass inflation 2 (RMI2)
See Fig. 168.

A.52. Running mass inflation 3 (RMI3)
See Fig. 169.

A.53. Running mass inflation 4 (RMI4)
See Fig. 170.

A.54. Valley hybrid inflation (VHI)
See Figs. 171-175.

A.55. Dynamical supersymmetric inflation (DSI)
See Figs. 176-178.

A.56. Generalized mixed inflation (GMLFI)
See Figs. 179-181.

A.57. Logarithmic potential inflation 1 (LPI1)
See Figs. 182-184.

A.58. Logarithmic potential inflation 2 (LPI2)
See Figs. 185-187.

A.59. Logarithmic potential inflation 3 (LPI3)

See Figs. 188-190.

A.60. Constant ns D inflation (CNDI)

See Figs. 191 and 192.
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