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Abstract

Golub et al. (Linear Algebra Appl. 88/89 (1987) 317-327), J.Demmel (SIAM J.
Numer. Anal. 24 (1987) 199-206), generalized the Eckart-Young-Mirsky (EYM) theo-
rem, which solves the problem of approximating a matrix by one of lower rank with
only a specific rectangular subset of the matrix allowed to be changed. Based on their
results, this paper presents perturbation analysis for the EYM theorem and the con-
strained total least squares problem (CTLS). © 1998 Elsevier Science Inc. All rights
reserved.
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1. Introduction

Let

Go=D, G, =(C,D) G—<B> G—(A B)
0 = 4 | 3 ) 2 = Da 3= CD’
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be the partitioned rectangular matrices. Eckart, Young and Mirsky (see the
Ref. in [1]) solved the problem of finding the perturbation 8D of D with small-
est Frobenius or two norm which reduces the rank of G, — 6D to a smaller
number. Golub et al. [1] and Demmel [2] generalized the analysis to matrices
G\, G, or G, according to the orthogonal decompositions of G;. Demmel also
obtained some elegant results of determining the range of rank of Gs, and the
condition under which one can obtain a smallest perturbation 6D of D which
reduces the rank of G5 to a specific integer.

In this paper we will restate Demmel’s result in [2] according to the subma-
trices 4, B, C and D in Gj, and then derive a perturbation analysis for the small-
est perturbation 6D for G;, j = 1,2,3 for general case in which the resulting
matrices may be rank deficient.

We will use the following notation. For any matrix R, we will denote by
rank(R) the rank of R, R(R) the range of R, R" the conjugate transpose of
R, R'H = (R")™', R* the Moore-Penrose pseudoinverse of R. || - || denotes
the Frobenius norm and | - || = || - ||, the 2-norm, || - ||, denotes any (normali-
zed) unitarily invariant norm.

The analysis heavily relies on the singuiar value decomposition (SVD)[3].
For any matrices D,,D| € C™", there exist unitary matrices Z, W, Z/, W’
and diagonal matrices

T = diag(s,...,4), T’ = diag(f,,...,t),

with / = min{m,n}, ty > --- >, 2 0and ¢] > --- > ¢, > 0 the singular values
of D), D), respectively, such that
Dy =zZmwH, D\ =ZTWwH", (1.1)

and the difference ¢; — ¢, satisfies
!

= GI<ID = Dhll, =10 Y (=6 <Dy =Dl (1.2)

j=1

The perturbation bounds in Eq. (1.2) can be used to analyze the least squares
(LS) and the total least squares (TLS) problems {3-8].

The paper is arranged as follows. In Section 2 we give an alternative state-
ment of the main result of Demmel ([2] Theorem 3); in Section 3 we present the
perturbation analysis for G; related to the Eckart-Young-Mirsky (EYM) theo-
rem; in Section 4 we derive the perturbation bounds for the constrained total
least squares problem (CTLS); finally, in Section 5 we conclude the paper with
several remarks. We mention the following result for our further discussion.

Lemma 1.1. Suppose that A, A’ € C™" with rank(4) = rank(4') = r. Then

l4d* — 44|, <a@)|44* (U — A4, <a()] |4 — Al ]4°],

1.3
44 — A4, < a4 AU - A 4)), <a()||4 — Al )
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in which a(u) = 1 for the 2-norm, a(u) = \/2 for the F-norm and a(u) = 2 for any
other unitarily invariant norm.

Proof. Let the unitary matrices U = (U, Uy), U’ = (U{, U3) € C™*™ be such
that R(U;) =R(4) and R(U]) =R(4’). Then like the proof of Theorem 2.6.2
in [3].

44" — 447, = |UUY - GUM, = (UM, UF - Doy,
<a(w)|UPUSl, = alw)| U, UR UL,

o )
- _UZHUI/ 0 u

= a(u)||l44" (I — 4'4")||, = a()||(4")" (4 — )" — 447,

proving the first formula of Eq. (1.3). The second one can be obtained in a simi-
lar manner. [J

2. Restatement of Theorem 3 in [2]

In this paper we intend to present a perturbation theory for the problems
related to the EYM theory. For this purpose, in this section we will restate Theo-
rem 3 of [2], according to the submatrices 4, B, C and D in G;.

Let

(A B>m1
Gi=\C D/ m (2.1)

ny, "y

and let Py(y) = I — A4™ and Py, = I — A™ 4 be the orthogonal projections on-
to the orthogonal complements of the range of 4 and 4", respectively, and

M = PN(A)B7 N = CPN(AH). (22)

Now we restate Theorem 3 of [2].

Theorem 2.1. Let G be defined in Eq. (2.1). Then rank(Gs) must satisfy
rank(4) + rank(M) + rank(V) < rank(Gj)

= rank(4) + rank(M) + rank(N) + rank(D,) (2.3)
where M and N are defined in (2.2) and
Dy = (I — NN*)(D — CA™B)(I — M*M). (2.4)

If r satisfies rank(A4) + rank(M) + rank(N) <r < rank{(Gj), then a smallest
perturbation 0D of D which reduces the rank of
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(¢ p-sn)
C D-6D

to r is given as follows. Let p =r —rank(4) — rank(M) — rank(N) and let
D, = Z diag(t,,...,t;)WH" be the SVD of D, where t, > --- =1, >0 with
I =min{my,n,}. Then 6D =Z diag(0,...,0,t,1,...,t;))WH. This smallest
perturbation has  Frobenius norm ||6D| = Zjl.:p+1 © and 2-norm

10D = t,11. If t, > t,41, then 3D is unique.

Proof. It can be shown ([2], Lemma 2) that there exist unitary matrices U, Us,
71 and P3, such that

Ay 0 0 By Bn
0 0 0 By O
A B Uu 0 vH 0
G; = = 0 0O 0 O 0 ,
C D 0o U 0 vH
Ch Ciu 0 Dy Dp
Ch 0 0 Dy Dyn
(2.5)
where each of 4, By and Cy; is either square and nonsingular, or null. Let
p1 =rank(4;)), p,=rank(By) and p; =rank(Cyp,). (2.6)
Partition U;, V; as follows fori = 1,2:
Ui = (Un, Unz, Uns), Uy = (Un1, Un),
b, Py mi—pr—D> D3, my—p3 2.7)
I/l = (I/llaVn?I/l})v I/2:(1/217[/22)7
b, P, i —p1— 3 P2, h2 — o,

then from Egs. (2.5) and (2.7), one can show that
A=UnduVl, Puay=I1-UnUjl, Py =1-WNW],

11

M =PyoB=UnByVy, [I-M'M=1-VVl="rl, (2.8)

N = CPyymy = Uy CioVys,  1—NN*=1-UnUj = UnU,.
So one carries out from Egs. (2.5)-(2.8) that

B(I — M*M) = U;,Bp ¥y, Bin=UPB(I — M*M)V,

(I — NN*)C = UnCy VH, Cy = UR(I — NN )CVy,

(I = NNYD(I = M™M) = UnDnVy,

Dy = Up(I — NNY)D(I — MTM) V.

(2.9)
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From Egs. (2.5)-(2.9),
Dy = (I —NN*)(D — CA*BYI — M*M) = Upn(Dyn — Cy14;'Bia)Vyy,
Dyy — Cy A7 By = USD: V. (2.10)

Then it follows from Egs. (2.8)-(2.10) that
rank(4) = rank(4,,), rank(M) = rank(Bz),

2.11
rank(N) = rank(Clz), rank(Dl) = rank(D22 - CZ]A]_llBIZ)~ ( )

So by applying Theorem 3 of [2] and the EYM theorem, one obtains the asser-
tions of the theorem. 0O

3. Perturbation theory for the EYM theorem

In this section we will present the perturbation theory for the EYM theorem.
When considering the LS, the TLS and the equality constrained least squares
(LSE) problems, one usually assumes that the coefficient matrices have full
rank to simplify the discussion. However, in the practical computations of ex-
tracting poles from some transient data using the LS, TLS and LSE techniques,
the author found that the results for the rank deficient problems are always bet-
ter than their full rank counterparts (see the numerical examples in [6,7,9]).
Thus one needs to analyze the general cases, including both full rank and rank
deficient cases, with a special care.

We first consider the perturbation theory for G;. Then the perturbation
bounds for G, and G, are just special cases of G3 with some submatrices set
to be zero matrices.

3.1. The perturbation theory for G;

In this subsection we will present a perturbation theory for Gs;. We have the
following theorem.

Theorem 3.1. Let G; be defined in Eq. (2.2) and Gy = G3 + AG; its counterpart,
withd =A+AA, B =B+AB, C'=C+AC,D =D+ AD. Let

M= (I—A4")B, M' = (I - A4*)B, 51)
N=C(—A*4),N' =C(I - 4*4), '

and

Dy = (I = NN*)(D — CA*B)(I - M™M),
D, = (I —N'N*) (D' — C'4"*B)(I - M"*M"). (3.2)
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Iy
rank(4) =rank(4'), rank(M) = rank(M’),
rank(N) = rank(N'), (3.3)
then
1Dy = Dy, < [|AD|, + |AC]|, |4 B(I — M M)
+|AB||[I(I - N'NT)C'4™|
+ A4 I = N'NT)CAT||4TB(I — M M)
+a(u)|MT|(|AB], + a(u)|AA|L|IB| |47 DI — N'NT)D' — C'4™B)|
+a(@) [N [(ACY, + a(@)|AA]ICINATIDID — CA*B)(I ~ M M),
(3.4)
where a(u) is defined in Lemma 1.1. If |AA||, <&, |AB||, < ¢ and ||AC||, <&,
then to the first order,
1Dy = Dy, <& + |47B(I = MTM)|)(1 + |(I - NN)CA™]))
+ Ea(u)(1 + a(u)|B{|47IDIM I — NNT)(D — C4*B)|
+ a(u)(1 + a()|[CINA* DIN* (D ~ CA*B)I — M*M)|| + O(&%).
(3.9)
Remarks 3.1. (1) We enforce the conditions in Eq. (3.3) in order to make A'",
M'" and N'* change continuously with respect to the small perturbations in Gs.
In the case that some of 4, M and N are not of full ranks, the conditions in
Eq. (3.3) are too restrictive. But if one has known the ranks of 4, M and N,
then one can use efficient algorithms such as column pivoting QR factorization
(CPQR) [3], rank revealing QR factorization (RRQR) [10] or SVD [3], to keep
the computed 4’, M’ and N’ (which we also denote, resp., by 4’, M’ and N')
having the same ranks as their original counterparts.

(2) The first four terms of the right-hand side in Eq. (3.4) are due to the per-
turbations AD, AC, AB and AA, respectively, while the fifth and sixth terms
are due to the perturbations in the orthogonal projections 7 — MM and
I —NN* with M = (I — A4")B and N = C(I — A" 4), respectively, as can be
shown in Eq. (3.6).

Proof. From Eq. (3.2),
1D, = Dill, < (I = NN")[D' =D = C'4*(B' = B) = C'(4"* — 4*)B
—(C'=C)4"B|(I - M M)],
+ (I =N'NT)D' = CA"B) (I - M"M') - (I - M M)
+ |[{({ =N'N*) = (I = NN*)|(D — CA*B)(I — M*M)||,.
(3.6)

u
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Notice that ([11], Theorem 4.1)
AT — AT = —ATAAAT + AT (I — A4Y) — (I — A AH)AT,
SO
(I = N'N'YC' (A" — A")B(I - M*M)
= (I - N'N)C[-A"A44" + A" (1 — 447)
— (I —A"ANATIBI -M*M)
= —(I = N'N"")C'A*AAA"B(I — M M), (3.7)

because (I — 447)B =M and C'(I — A"A") = N’. On the other hand, one has
from Eq. (3.1) and Lemma 1.1 that

IM = M|, = (I - 447)B — (I — 44" B,
< = A'A)AB|, + ||44" — A", |1B]|
< ||AB|, + a(u)|BIl|A4]],]l47]].

Also one obtains from Lemma 1.1 that

MM — MM, < a(u)|MT|||M — M|,
<a(u)|M7||(|AB]|, + aw)|A4]|BII47)-  (3.8a)

Similarly, one has

IN'N"" = NNl <a(w)INTI(NACI|, + a(w) | A4{l,[ICITI47ID. (3.8b)

By substituting Egs. (3.7), (3.8a) and (3.8b) into Eq. (3.6) we obtain the desired
estimates in Eqgs. (3.4) and (3.5). O

Before making remarks on Theorem 3.1, we first provide an example.

Example 3.1. Let 0 < ¢ € ¢’ <a < 1 and

a 0 0 1 0 0
A= , B=C= , D= ,
<0 0) <1 0) (0 d)

A= <"_‘;)<a— & a6 -0,

r=e-a-ora@-a( 7 f)



274 M. Wei | Linear Algebra and its Applications 280 (1998) 267-287

0 0 0 0
I —M"M = ,
10 0 1

0 1 00
N = ) I—NN*:( ,
0 0 0 1

SO

¢

1
(@-P+& (a— e)(“‘@f(“ 1= &) - MM

- ! —Cat 1=\
_<a—¢>2+52<a+1—5>2< et )< Ea+1-¢),a-9),
,_; a_é a— — nH
N‘Xa—o?+f(aa+1—®>“’ &) =)

I—-NN*'=I-M'M.

Notice that all rank conditions in Eq. (3.3) hold. After some calculation we
obtain

(@-&d-8—(a—¢)
(@a= &+ &@+1-¢?’
. (éz(aﬂ—é)—é(a—i)(aﬂ—i))
~Ea-&(a+1-8(a~¢)

D)=

_ 0 &l +aYd—-alt) ,
=Dt (—C(I—Fal)(d—a’) —¢(14+a™?) > +O(&).

Remarks 3.2. (1) The perturbation bound drawn in Eq. (3.5) is a generalization
of (%) in p. 206 of [2] where Demmel just considered the simplest case that both
G; and Gj can be transformed into the standard forms as in Eq. (2.5) by the
same pairs of unitary matrices

(u w) and (m %)

In this case MTM = M'""M’ and NN* = N'N'*, see Eq. (2.8), and the estimate
in Eq. (3.5) reduces to that obtained in p. 206 of [2]. In general case, the in-
equality (x) of p. 206 in [2] is not true. For example, if in Example 3.1 we take
d = —a, then ||G;]| = V1 + a? and
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l+a
l+a -1
L4 +a) +1
=¢1+4+a)

2 )
while the upper bound in (x) of p. 206 in [2] is

1Dy — Dy = &(1+a7?)

1D, — D || <E(+ ||Gslla™)? = E(1 + V1 +a2)?,

which is not true in Example 3.1 for 0 < ¢ € a* < 1.

(2) In [12], Zha proposed the following problem: Given matrices G € C™*",
W, € C™9 and W, € C™", and an integer r < rank(G), find a matrix £ € C**,
such that

rank(G - MEW) =, |[Elp = min  |E], (3.9)
EcCI™¢
he then obtained the restricted singular value decomposition (RSVD). In [13],
Van Huffel and Zha then proposed the restricted total least squares problem
(RTLS). The problem proposed by Demmel [2] is a special case of the RSVD
problem with

0, 0,,
G=G;, W= , W= :
Imz I”Z

For general matrices W, and W, the RSVD problem is more complicated.
3.2. The perturbation theory for G; and G,
We now consider the perturbation theory for G, = (B¥,D")" and

G, = (BH,D")", where B, B =B+ABeC™"™ and D, ) =D+ADE¢€
C™*™  with rank(B) = rank(B') =s. Define

D =D(I-B'B) and D|,=D(I-B"HF). (3.10)
Let the SVD for D; and D] be
=2ZwH" and D|=Z'TWwWH, (3.11)

where Z, Z', W, W' are unitary matrices, 7 and T’ are diagonal matrices with
the diagonal elements the singular values ¢ and £ of Dy, D), respectively, for
J=1,...,1=min{m,,n,}, and both ¢; and tj are arranged in decreasing orders.
Golub et al. [1] found that for any positive integer p with 0 < p < rank{D,) and
0 < p < rank(D)), the matrices

oD =2Z,LWY, oD =Z,T, WM (3.12)

satisfy
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oD||. = min ||D, —E | = min ||D — 1
” ”u l‘anrkr(lé?gpll 1 Hu’”5D ”u ranrl{(lﬁl'r)lgpil 1 EHu? (3 3)

where Z,, Z; are, respectively, the last m, — p columns of Z and Z’, W5, W/ are,
respectively, the last n, — p columns of W and W', T> = diag(ty.1,...,%) and
T, = diag(z, 1;). We have

SR PIII

Corollary 3.1. Suppose that B, B' = B+ AB € C™"" D, D' =D+ AD € C™*™
and rank(B) = rank(B’') = s. Let Dy and D, be defined in (3.10) and the SVD of
them be in (3.11). Then

IT2 = Dll, < 1Dy = Dil, < |AD]], + a(u)||AB]||1B"[[|1D]. (3.14)

Proof. In the matrices G3 and G considered in Theorem 3.1, set A = 4" =
Oy scmys € = C' = 0pyxn,- Then

AT =4" :Onlxmp A4 :Omlxnla ACZOmzxnp M:B
M =B, N=N =0,
Then the estimates in Eq. (3.14) are direct consequences of Eqs. (3.4) and
(12). O
Notice that if rank(D;) = p, then from Corollary 3.1, for j = p+ 1,
t; < [[oD'|| < [|AD| + [|ABI|IB™|||D]].

One can also derive the perturbation bound for #; according to the modified CS
decomposition [14]. Let rank(G,) = k and the SVD for G, be

G, = YFPY, (3.15)

with F = diag(F,0), F, = diag(fi,....fi). 1 =f= - =2fi>0and ¥, P
unitary matrices. Partition Y as

(Yn le) m
Y= \ry ¥/)m (3.16)
k, m+m;—k.

Then rank(¥,;) =rank(B)=s with dy=---=d,=1>d, 2 --- 2d, >0
the nonzero singular values of Y. Let C, = diag(d,.,...,d;) and S, =

diag (, [l—dly,...,/1~ df) Then it is well known [14] that there exist uni-

tary matrices U, U, ¥] and V, with appropriate sizes, such that ¥ has a mod-
ified CS decomposition

Yu Y U D, D yH
(A BTG T A S
) Y Uy /\Da D 2
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where
Dy = diag(lqv Clv@(ml—b‘)x(k*s))’
Dy, = diag(@qx(mg+q—k)7Slalml—S)v
D21 = diag(ﬁ(mﬁqu)xq, Sl ; Ik—s)v
Dzz = diag(]mﬁq,k, —Cl s m(k——s)x(ml—s))'

(3.18)

Now we have the following theorem.
Theorem 3.2. Suppose that rank(B) = rank(B') =s, |G, — Gy||||BY|| <} and
G2 — Gy IG5 || < ds/2V/2. Then rank(G,) = ki > rank(G,) = k. Let Dy and D,

be defined in Eq. (3.10) and suppose that rank(Dy) = p =k — 5. Let 6D, 3D’ be
defined in Eq. (3.12), then 6D = 0, and

/ 1 !
oDl < 711G, — Gll(1 +¢), (3.19)
with ¢ = 0(|G> — GG ).
Proof. In Lemma 3.2 of [9], set L=B, K =D, n=n;. [
For G, = (C,D), noting that G} = (C,D)", one can apply the results in

Corollary 3.1 and Theorem 3.2 to derive the perturbation bounds. We omit
the detail.

Remarks 3.3. The upper bounds derived in Corollary 3.1 and Theorem 3.2 are
realistic in the sense that one can find an example such that the true error in
|t; — t}] is close to the bound in Eq. (3.14) or Eq. (3.19).

Example 3.2. Let

B=(a,0), B =/(a(l+e) ae), D=<a 0>,

—a 0
]
D - < a(l +e) ae>’
—a(l +e) ae
in whicha > 0and 0 < e <« 1. Then m; = 1, m; = 2, rank(B) = rank(B’) = 1.
Further more, one can easily derive that

I-B'B= (0 0),
0 1

. 1 ( & —e(1+e)>
|- BB =— .
(1+e)2—+-e2 —e(l+e) (l—l—e)2 ’



278 M. Wei | Linear Algebra and its Applications 280 (1998} 267-287

Dy=D(I - B'B) = (0 0),

0 0
/ / / / 2e1+e)a O 0
D]:D(I—B*B)z—(—z—( )
(1+e) +e2\—-e l+e

Then one hasrank(D,) =0, rank(D|)=1,4y=1=0, =2¢(l+e)a/
((1+e)* +€?)"/* and £ = 0. That is,

2e(l1+e)a
(1+e) +e) ™
On the other hand, it turns out that
ae ae
( —ae ae) ‘

ID| = V2a, |B*||=a",

h—4|=1 = 2ea, | —-15]=0. (3.20)

1D = \ — Vae, | AB| = |(ae, ae)] = v3ae,

$0
IAD] + [AB[|B*IID]] = (2 + V2)ae. (3.21)
Also note that
a 0 a(l+e) ae
B B
G2:( ): a 01, G’2=< ): a(l+e) ae |,
D D
—a 0 —a{l +e) ae
ae ae
|G — Gyl = ae ae ||| = 2ae,
—ae ae
the SVD for G, is G, = YFPH, where
1/vV3  1/V2 16 V3a 0 .
Y=1 13 -1/v2 1/v6|, F=| 0 0| P= (o 1).
-1/v3 0 2/V/6 0 0

Notice that k=m; =1, my=2 and m +m —k=2. So according to
Eq. (3.16),

v _ [ ~UV2 1/VE
S W R YV

>, o(Ta) = 1, oa(T) = —=.

>

Then
V511G = Gyl = 2V3ae. (3.22)
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Comparing Egs. (3.20)«3.22), one observes that the perturbation bounds in
Eqs. (3.14) and (3.19) are realistic.

(2) The perturbation bounds obtained in Theorem 3.2 and Corollary 3.1 can
be used to analyze the generalized TLS (GTLS or LS-TLS) problems
[5,15,16,19] and the (LSE) problems [17,9].

3.3. Perturbation bound for ||6D — éD'||,

In this subsection we will provide a bound for ||6D — éD'||,. Let # = ||D;—
Dy, np = ||D1 — Dl and n, = ||D; — D]|,. It has been observed that when
N ~t, — ty:1, then || 0D — 8D/||, could be large even when # is small. For exam-
ple, 2 if D; =diag(l,1 —¢), D) =diag(l —¢,1) with 0 < e « 1, then ||D,—
D)||, = a(u)e. However, for p=1, 0D=diag(0,1—-¢) and &D =
diag (1 - ¢,0). Therefore,

|6D — oD'||, = a{u)(1 — €).

In the following theorem we will show that if n < (¢, — ,,1)/2, then the quan-
tity ||6D — 6D/'||, should be of order O(x,).

Theorem 3.3. Suppose that D\, D) € C™", and the SVD for D, and D be given
in (1.1). For some integer p with 0 <p < I = min{m,n}, let
zZ= (ZhZZ)a Z = (Z;aZ;)a W= (VViv VVz),
p m—p p m—p pn-p
W= (Wlla VVZ/)v (323)
pa—p
Ty = diag(ty,...,t,), T»=diag(t,.1,...,t), T, =diag(s,...,7

) and T, =
diag (7, ). If 6D = Z, LW, 8D = ZyT, W8 | then

ARTIPS
18D — D), < 1, + a(u) max{| T, T3]} (3.2
Furthermore, if t, > t,.1 and 1 < (t, — t,41)/2, then
t
jo0 - 60/, <, 1+ atw St (3.25)
tp - tp+1 - "

in which we define t, = oc for p = 0.

Proof. If p =0, then 6D = Dy and 6D’ = D) so Eq. (3.25) holds. For p > 0,
Notice that

2 This example was provided by one referee.
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n, = IIDy — Dy, = 1|12"(Dy — D)W,

_ H(EVK“VK’—ZF'ZiT{ Tlm“%'—ZFZ;T;) (.26)
CI\nwtw-Zizn nwtw, -2z )|, '
and
16D — oD/, = |1Z"(6D — sDYW'|,
_ 0 -ZRZ T
= . " " (3.27)
LWy W LW, - 22T/,
It is obvious that,
n, = max{|\TWW - ZEZ T\ TWEW, - ZPZ T <n. - (3.28)
One then has from Eqgs. (3.27) and (3.28),
0 -Ziz T
oD — oD, < |wHw, — Z82Z.T, +H< 12 2)
|| N L [ ||

<1, + a(w) max{| LW WL, 127 2 15, )
<, + a(u) max{|| 1o, | 1511}

This is the inequality in Eq. (3.24).

Furthermore, if n < (t, — #,:1)/2, then from Eq. (1.2), ¢, —¢,., = 1, — 11—

2n >0, t; — b1 21, — ) — 1 >0, and from Eq. (3.28),
ILWA W T = 22, < IBWW = ZZ T T < 4/,
and so

1Z82Z)), < A2, + WINPT = B+ e [, /2, (3.29)

.
Similarly, one can derive

I WL, < (1 + 4 122231, /1, (3.29b)
Substituting Eq. (3.29a) into Eq. (3.29b) one obtains

07—, .08+ t1)
H u P+
TP ), <
P P

Because t; >ty 2 0, 50

n n 1
R < T u < u . (3.30a)
17 < b=t ty—l— N0 b~ — 1
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Similarly, one has

128z, < —— P (3.30b)

=
b=l — 1 by —1tp1 — 1

Then from (3.27)-(3.30), one obtains

H s 7
16D - oD'||, < | W W, — Z8Z Ty, + “aah
LWHW! 0 )
<7, + a{uy max{| W, W/ ||, | 2/ Z, T3 |, }
_ 7,
<7, + a(u) ————max{||T:|, | ||}
tp - tp+l -n
gﬁu<1.+a(u)ﬂ—>
tp - tp+1 -n
t
<n,,(1 +a(u)—f’—+‘—ﬂ—>.
tp - tp+] -1

One then obtains the desired estimate in Eq. (3.25). O

Remark. From the discussion of this section, we see that when ||D; — D/ ||, = #,
is small, then the quantity |¢; — £| <n forj=1,...,/, that is, the perturbations
of the singular values of D; are also small. Notice that the quantity
|6D — 6D'||, could be large. However, if ¢, — #,,1, the gap between the singular
values, is large enough such that n < (t, — t,41)/2, then ||6D — oY, is also
small. The above observations can be used to study perturbation analysis of the
TLS, LSE and GTLS problems.

Wedin [18] first obtained the estimates (3.30a) and (3.30b). Derivation in this
paper is simpler.

4. Perturbation analysis for the CTLS problem

In this section we will derive perturbation analysis for the constrained TLS
problem (CTLS). For given matrices

<A By )ml <302>m1
L=\C Dy /)m’ F=\Dyp/)m’ (4.1)
n n d
with m = m; + m, and n = n; + n,, consider a system of linear equations
ILX =~ F, (4.2)

in which L and F are approximations of the unobservable data matrices L, and
Fy, respectively, which satisfy the exact relation
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L()X() = F(), (43)
with (A Boi ) m ( By ) m,
L=\C DY /)m’  F=\DY/)m (4.4)
no m d

that is, all errors in L and F are contained in Dy, and Dy;. Denote B = (By;, Bo,)
D= (D01,D02) and

(e o)

G; = .

C D

Then the CTLS problem is: Find integer » which satisfies

u = rank(4) + rank(M) + rank(N) < r < rank(Gs), (4.5)
and an estimate D = (Dm , Doz) = D — 8D, such that

1 may x{ny A B
16D, = min {HEHF: E € Crextnta) rank<c D_E> :r},

s.t. FeR(L), (4.6)
where M and N are defined in Eq. (3.1), and

. /A By [/ Buy L
[= ), F= (0", 6= (LR
C Dy Dy,

Here we would like to point out that the CTLS problem defined in this way is
always solvable for » = u. In fact, because Eq. (4.3) is exact, By = (4, Bgy)
(A,Bol)+Boz and so

rank(M) = rank(PN(A)B) = rank(PN(A)Bm).

Notice that for » = u, rank(G;) = u. Then from Theorem 3 of [2] and Theorem
2.1,

A B
u = rank(A4) + rank(PyBo1) + rank(N) < rank(( o ))
C Dy
= rank(L) < rank(G;) = u,

so for r = u,

X =F (4.7)
is consistent, and according to Theorem 2.1, dD satisfies the first constraint of
Eq. (4.6).

In general a given problem will have solutions with different ». The solution
with the maximum such » will often be the most useful, but not always, as this
may for example have unacceptably large ||X||, and a solution corresponding to
a smaller » may be physically more meaningful.
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Now we turn to study the perturbation theory of the CTLS problem.

When formulating the CTLS problem, one assumes that the matrices 4, B
and C are known exactly, and so therefore are their structures and ranks.
We are then interested in how perturbation in D affects the solutions. In the
practical computations, because of finite precision computation, even using a
numerically stable algorithm in the computation will produce computed errors
corresponding to slightly different initial data [3]. Notice that in general this ef-
fective error in the initial matrices due to round off is much smaller than the
error caused by uncertainty in the data. To simplify the analysis, we therefore
make the following assumptions, which allow any perturbations in D, but only
relatively small perturbations in 4, B and C. When considering the perturbed
CTLS problem, we suppose that our perturbed data 4’ =4 + A4, B =B+
AB, ' =C+ AC and D' = D + AD satisfy

A4]| < oure, ||AB| Sapze, [|AC|| < oare, [|AD] <€, (4.8)
and

rank(4') = rank(4), rank(M’) = rank(M),

rank(N’') = rank(N), rank(4', B;) = rank(4',B'), (4.9)

where M, M', N, N' are defined in Eq. (3.1), «; are constants depending on
the dimensions and the submatrices of Gs, € is the machine precision unit
and ¢, can be large. Then the perturbed CTLS problem is: Find an integer r
with

u = rank(4") + rank(M") + rank(N') < r < rank(G}), (4.5

and an estimate D' = (D, D},,) = D' — 8D/, such that

. A B
”(SD,HF — min {“EHF Ec szx(anrd)’ rank(C, o E> = r}’
st. F' eR(L),

where (4.6

., (A B ., (B N
L/:( AO])’ F/:<A?2>, G,:(L,,F,).
¢ Dy Dy, }
If for an r, Eq. (4.6') is solvable, then a CTLS solution X is a solution of the
consistent system
L'x =F'. (4.7)
We now have the following theorem.

Theorem 4.1. Let the matrices L, F be given in Eq. (4.1) and L', F' be their
perturbed versions, respectively, and perturbations satisfy Egs. (4.8) and (4.9).
Let Dy and D), be defined in Eq. (3.2) and the SVD of them be as in Eq. (1.1). Let
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e =|IL-L

, e =G=Gill, n=I[D—Di,
and
I = €2+ elom |4 B — MEM)| + )| (1 = NN )T )
+ eoyy ||( = N'N™YC' AN ATB(I — MTM)||
M+ o BIIATINI — NN (D = Ca* B
+elNT (o2 +onl[CIIATINID = CATBY(I = MTM)|l.  (4.10)
If for some integer r satisfying u < r < rank(Gs) and for p=r — u,
o.(L) >ty +e +np and t, > 6, + 20, (4.11)

where ¢,.(L) is the rth largest singular value of L, then for this r both the original
and the perturbed CTLS problems are solvable. Furthermore, in this case, for the
original and the perturbed minimum F-norm (and so 2-norm) CTLS solutions
Xeris and X(q 5 we have the following estimates:

(1y When r=n, then

Xers — X, ol +i575) VIXeris |2+ b(u) 4.12
i 4 < P ip- Z ) .
[ Xcris — Xl P VA PR — [ Xcrusll, + &(u) (4.12)

(2) When r<n, then

e(;+’7(1+—_,p1";ﬂlj’1,,) X 2,y
e ] ensl 4 b

HXCTLS - XéTLS”u <

6L+n(1 +_I””+’i)

p—lpr1 70

O',.(L) — fp+l

+ lXerusll, ; (4.13)

in which b(u) = d for the F-norm and b(u)= 1 for the 2-norm. Furthermore, when
r < n, for any solution X of the original CTLS problem, there exists a solution X'
of the perturbed CTLS problem, such that

€G+’7(1 +flfjl+1’1v) 2
— X[, + b(u), 4.14
0, (L) —ty1 —er — 1 \/” Il (u) ( )

X —X'|l, < V2

and vice versa.

Proof, First we have from Egs. (3.4) and (4.10) that < #;. we then obtain
from

P (0 o> &g (o o>
T N0 o) T N0 e
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and Eq. (1.2) that

6,(£) 2 0,(L) = D] = 6,(L) ~ tpe1 > 0 (4.15)
and

o)) > 0, (L') = |3 = 0,(L) = e, — ty1 — 0 > 0. (4.15b)

So r > rank(G;) > rank(L) > r and Eq. (4.7) is consistent. With the same ar-
gument Eq. (4.7') is also consistent. We now have

Xerss = Xiqr = L°F = D4F = D (F — )

(I = DE + (- D E)ENE

o Xetis

=[G, - Gy) _] > + (I = L)L LXemis

and so

| Xeres — Xerpslly < UL 1G5 = Ga)* (I Xeruslly + b(w))

+ (I = LELHLA ML = L[| Xerusl,) (4.16)
Also we have
- it ' / tp+l + n
1G: = Gyl <16 - G4l + oD~ a0 < cq 401+ 221 )
tp — tp+l -

by applying Theorem 3.3.

1. When r=n, I — L'’ = 0. By substituting Eqgs. (4.15a) and (4.17) into
Eq. (4.16) we obtain the desired estimate in Eq. (4.12).
2. When r < n, we also have

N ~ . 11
IL— L) <||L—L| +||6D — oD'|| < e + n(l +_ﬁi‘f—’7—>. (4.18)
by =l — 1

By substituting Eqs. (4.15a), (4.17) and (4.18) into Eq. (4.16) we obtain the de-
sired estimate in Eq. (4.13).
Furthermore, for » < n, any CTLS solution X of Eq. (4.7) is of the form

X=L'F+(-L"L)Z (4.19)
where Z is an arbitrary n x d matrix. Define X’ as

X =I["F + (I -L"LYWLF+ (- L*L)2), (4.20)
then X’ is a CTLS solution of Eq. (4.7}, and we have

X, N .
CTILS ) — I -0 - LDz

X —X =[G, - 63)(
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Then by applying (4.15)—(4.18) and the Cauchy-Schwartz inequality we obtain
the estimate in Eq. (4.14). O

Remark 4.1. (1) We use the conditions in Eq. (4.11) with the following
consideration. Suppose that Eq. (4.3) is consistent and rank(Lg) = rank(Ly,
Fy) = r, and that Eq. (4.2) is slightly inconsistent, then we can expect ¢, > 0
and ¢, ~ 0 and 6,(L) — t,+1 > 0. Furthermore, if |G} — G3|| is very small such
that conditions in Eq. (4.11) hold, then both the original and the perturbed
CTLS problems are solvable for this number r, as shown in Egs. (4.15a) and
(4.15b).
(2) If € < €, we can assume that

€6~ 6,6, = 6 and n <y = 6,

and we can further simplify the estimates in Eqs. (4.12)—(4.14).

5. Concluding remarks

Golub et al. [1], Demmel [2] generalized the EYM theorem, which solves the
problem of approximating a matrix by one of lower rank with only a specific
rectangular subset of the matrix allowed to be changed. Based on an alternative
statement of a main result of Demmel ([2], Theorem 3), in this paper the per-
turbation bounds for the EYM theorem for G,, j=1,2,3 and ||dD — éD'||,
have been deduced which generalizes the result of Demmel in [2]. Based on
these perturbation bounds a perturbation analysis for the CTLS problem has
also been presented.
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