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1. Introduction

In this paper, we consider the nonlinear viscoelastic thin rectangular plate equation (x). For the sake of simplicity,
dividing (x) by p, we get the equation

D N T N T
th+—A2w+8—'uwt— (—]+—/w)2(dxdy>wxx—(—z—f-—/wf,dxdy)wyyzo (1.1)
P P P 2/09 1Y 2/09

subject to the boundary conditions

w(x,0,t) =w(x,1,t) =w(, y,t)=w(l,y,t) =0, (1.2)

Wxx(0, ¥, ) = wxx(1, ¥, 1) = Wyy(x,0,t) = wyy(x,1,t) =0 (1.3)
and the initial conditions

wx,y,00=w’ and wi(x,y,0)=w'. (1.4)
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Here §2 = (0,1) x (0,1) is a boundary domain of RZ. w(x, y,t) is the vertical displacement of the plate. The coefficients

N1,N3,D, p,T,e and p are all positive constants, where the coefficient N; is normal load per unit length in x-direction,
N5 is normal load per unit length in y-direction, D = % is the plate rigidity in which E,h and v are modulus of

elasticity, plate thickness and poisson’s ration, respectively, p is the material density, T is normal load per unit area, ¢ is a
small parameter, and u is the damping coefficient of plate. The sign A denotes % + %

In recent more than 30 years, there have been a lot of works on the stability and the existence of the attractor for
nonlinear elastic infinite-dimensional dynamic system.

In 1950, Woinowsky-Krieger [21] proposed the equation

l
Ut + Unxxx — (a +ﬂ/|ux(s, t)lzdS)uxx =0. (1.5)
0

One of the first stability analysis for Eq. (1.5) is done by Ball [2]. Later Eq. (1.5) is extended to an abstract setting by
Mederios [14]. Putting @ = 8 =0 in (1.5) gives the equation

Ugt + Uxxx = 0.

Feireisl [8] and Feckan [5] study the existence of time-periodic solution for the above equation under the boundary condi-
tions

U (0,1) = uxx(l,t) =0,
Uxxx(0,t) = —f(u(O, t)),
Uxx (L, £) = f(u(lv t))

A rather general equation

l 1
Ut + Uxxxx + UUxxxxt — (Ot +8 / u;2< dx+26 / UxtUyx dx) Uxx =0 (1.6)
0 0

is set up by Ball [3], who presents the existence and uniqueness of the solution under initial data. A larger class of stability
of beam is in papers [9,18,19] and references therein. The existence of the absorbing set and the inertial manifolds for
Eq. (1.6) under the initial-boundary data is obtained by Zhang [24]. You [23] and Fasangova [4] propose the nonlinear damp
beam equation

U —kA%u — <a+/|Vu|2)Au—5u(t):0, (1.7)
22

and prove the existence of the finite-dimensional global attractor. For the nonautonomous viscoelastic beam equation
U — kA%u — (a(t) +/ |Vu|2)Au —su(t) = f(t), (1.8)
Q

Feireisl [6,7] studies the finite-dimensional behavior. As k =0 in (1.7)-(1.8), we get the string equation and refer to the
works [1,11,13,15,16,20].
In the following, we mention some papers on the infinite-dimensional dynamic system determined by plate.
Lu Yang [12] studies the plate equation
Ut +a(x)g(uy) + Au+ru+ fw)=hx), xe (1.9)
where £ C R" is a bounded domain and proves the existence of a global attractor in the space H% (£2) x L2(2).
Haibin Xiao [22] considers the long-time behavior of the plate equation
S + AU+ +BXu=f(x,u), xeR2=R"t>0

on the unbounded domain R". Moreover he shows that there exists a compact global attractor for the above equation under
certain initial-boundary data.
In 2008, Hao [10] discusses the nonlinear thermoelastic plate equations

Uy — Aur + A(Au+0) + f(u) =0,

o0
Gt—Aut+fk(s)[—A9(t—s)]ds:O, XeR
0

(1.10)
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where £ C R? is a bounded domain, and proves the existence and uniqueness of a global solution as well as the existence
of a global attractor.

In this paper, our objective is to prove the existence and uniqueness of the global solution and the existence of the global
attractor for the system (1.1)-(1.4). The outline of this paper is as follows: the definitions and assumption are presented in
Section 2. In Section 3 we give the existence and uniqueness of the global solution. In Section 4 we prove the existence
of the bounded absorbing set for the dynamic system of the Cauchy problem (1.1)-(1.4). Finally in Section 5 we prove the
existence of the global attractor of the system (1.1)-(1.4).

2. Definitions and assumption

In this paper, we use standard notation | - || in LZ(£2). And, in the standard L? space, the scalar product and norm are
denoted by

(w,v):/wvdxdy, ||w||2:/|W|2dxdy.
Q 2

Sometimes, the function w = w(x, y, t) will simply be denoted by w(t) when the x, y-variable is not in consideration. Our
analysis is based on the Sobolev spaces

V={weH)R2)NH* (D)},

H=1%%),

Vi ={w e Hy(2) N H*(2) | wix(0, y) = wie(1, ¥) = wyy (x, 0) = wyy (x, 1) =0},
E=V xH,

E1=VyxV.

3. The existence and uniqueness of the global solution

In this section, using Galerkin method we may easily prove the existence and uniqueness of the global weak solution
and strong solution for the system (1.1)-(1.4). The main results are as follows.

Theorem 1. Let the initial data {w®, w'} belongs to E = V x H, then there exists a function w(t) with
w(t) e L®(0,T; V) and w(t) € L0, T; H)

such that w(t) satisfies the initial conditions (1.4) and Eq. (1.1) in the sense that

D 2D
(Wee, @) + ;(Wxx» Oxx) + F(nyv Oxy)

D en N1 T 2
- = —(Z+=— dxd
+ p(wyy,<ﬂyy)+ ’ (W, ) (p +2p([wx X y)(wxx,(p)

N> T
— <? + ﬂ/wf,dxdy)(wyy,<p) =0, forallpeV. (3.1)
2

In the following we give the proof of the existence of the weak solution.

Proof. This is done with the Galerkin approximations. Let {w(x, y)} be a Galerkin basis of V, and let V,; be the subspace
generated by the first m vectors w!, ..., ®™. We search for a function

WXy, 0= gin(O' (x, y) (32)
i=1

satisfying the approximating equation
) D : 2D )
(Wi, ') + ;(wﬁ( wix) + F(WQ}, wiy)

D . e . N T 2 i
(W) )+7(w?1wf)—(—]+— (wy) dxdy)(W&wf)
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Ny

(— —/ dxdy)( yy,a)j)=0 a<gjgm (3.3)

with the initial conditions
w0 =w" > w® inv, wrO)=w!"-w! inH. (3.4)
By standard methods in differential equations, we prove the existence of solution to the approximating problem
(3.3)-(3.4) on some interval [0, t;;). After the estimates below the approximating solution w™(t) will be extended to the
interval [0, T], for any given T > 0.

The following estimates show among other things that t;, = T. Multiply (3.3) by % and sum for j=1,..., m. After
using Young inequality, we obtain that
1d 2 2D 2 D 2
e LR [ R T R T
Nq 2 T 4 N2 2 T 4
T L R P R % Py % 55)
Integrating (3.5) from 0 to t (< ty;) yields the inequality
2D D
Jwil® + —HWTXHZ + —HWiZ}H2 + —HW’}}H2
Ny 2 T 4
L R T I O S
2 D 2
<[w'™ (" + EHWS?H + 7HWST|| + ;HWB’?H
& om |2 i om |4 & om |2 l om |4
R L R L L LA R LA 36)
Noticing the initial conditions
wm(0) = wo > w® inv, wi'(0) = wl™ > w! inH,
we think that there exists a constant M; > 0 independent of m and t such that
mi2 Dy w2 2Dy 2 Dyoom2 Niyoomg2
[+ 2wl + 2 i P+ 2 oy I S w2
Ny 2 T 4
I+ 2w < 37)

for all t € [0, T] and for all m € N. Then the approximating solution w™(t) can be extended to the whole interval [0, T].
The estimates just derived, together with the Poincaré lemma, show that

{w™} isbounded in L*(0, T; V),
w!l isbounded in L*°(0, T; H)
t
and
wm[2w™ ) is bounded in L*°(0,T; H),
X XX
wm[?w™ } is bounded in L*®(0, T; H).
y yy

In particular, {w™} is bounded in H'(Q), where Q = £ x [0, T]. Thus we may extract a subsequence {w*} of {w™} with
the properties

wt - w inL*®(,T; V) weak*,
wt — w; inL%(0, T; H) weak®,
wt — w in L?(Q) strongly and a.e.

and
| wh [Pwh — llwxPwye in L0, T; H) weak®,

|wy “ why = [wyl?wyy inL(0, T; H) weak*.

Then these convergence properties establish the theorem. O
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Theorem 2. The solution w(x, y, t) of Theorem 1 is unique.

Proof. Let w, v be two solutions of (3.1) with the same initial data. Then writing p = w — v, we can obtain p® = p,‘? = p?, =

p% = pj, =p3, =p' =0. From (3.1) we have
D 2D
(Pet, ) + ;(Pxx, Oxx) + 7(pxy, Oxy)

+ 20y 00+ 0 <N1p L <P>
0 Yy ¥yy P ts P) XX 0 yy»

T
= 2—<</w,2<dxdy>wxx— (/vﬁdxdy)vxx,go)
P 2 2
T
+ 5(</W§,dxdy)wyy— </v§dxdy>vyy,go>.
2 7]

Putting ¢ = p; into (3.8), we have
1d

D 2D D N1 N> EU
——{nptn2 + —lIpsell® + = lIpay 12 + =lIpyylI> + —IIpxl> + —||py||2} + = lIpel?
2dt P P P P P P

T 2 2 T 2 2
= —([|wx|[*Wxx — |Vx|l* Vxx, + —(llwyll“Wyy — [VyII©Vyy, .
20 (|| xI“Wxx — [[Vxl|“Vix Pt) 20 (|| yllFwyy — lvyll“vyy Pt)
Using Cauchy-Schwartz inequality to the first item of the right hand side in (3.9), we get

T
%(nwxnzwm — IVall* Ve, Pt)

T
= %(”Wxnzfpxxptd)(d}"Ffpx(Wx+Vx)dXd.V/Vxxpthd.V)
2 2 2

< C(Ipsl® + Ilpell® + IIpxll® + Ilpell?)

where C is some positive constant in this paper. Similarly,

T
—p(nwynzwyy — IvylI?vyy, pe) < C(Ipyyl2 + Ipell® + Pyl + lIpel?).

2

From (3.9) it is easy checked that for some constant C > 0
1d , D 5 2D » D 2 Nq 2 Ny 2
- + — + — + — + — + —
2dt(llprll p”Pxx” Py Il xy p”Pyy” Py Il pxll P lpyl

D 2D D Ny N>
< c(nptn2 + = pal® + == UIpxy 12 + = lpyy I + —llpxll* + —npynz).
P P P P P
Then an application of the Gronwall’s lemma for (3.10) leads to
D 2D D N1 Ny
IPell® + = 1pacll® + == pay 1> + = Iy 1> + —llpxll* + = lIpyII?
P P P P P
2 Dy o2 2Dy g2 Dy g2, Nijy o2z N2y o2
<clIp"]"+ = 1p%]° + =% "+ = 2%, 1" + —|p2” + = p exp(CT).
(1117 + 2%+ 2210307 + 2 188y 17 + 19207 + 22 53]
And noticing p® = p$ = p9 = p3, =p), =p, =p' =0, from (3.11) we see that w=v. O

Theorem 3. Suppose (W°, wl) € E; = V; x V, then we conclude that there exists a unique strong solution w(t) with
w(t) e L%(0,T; Vy), we(t) € L%(0, T; V), wee (t) € L%°(0, T; H)

such that w(t) satisfies the initial condition (1.4) and the equation

0

D & N T N T
wn+—A2w+—'uwt— (—]+—/W§dxdy>wxx—(—2+—/wf,dxdy>wyy:0 inL*°(0, T; H).
P P 2/)9 0 209

(3.8)

(3.9)

(3.10)

(3.11)
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Proof. The proof closely follows that of Theorem 1. We use the basic w/(x, y) of V1. The approximating solution w™(t) is
of the form

wh(t) =" g’
i=1

and satisfies the equation

D ep Ny T 2 N, T 2
w4+ ZAZwm 4 2w (— — [ (Wl dxdy)wm - (— +— [ (wWT dxdy)wm =0 (312)
tt p p p zp ( X ) XX p 2p ( y) yy
Q Q
in [0, t;,] subject to the initial conditions
w0 =w" - w® inv;, wlrO)=w"->w! inv.

The basic estimates (3.7) hold as before, and show that t;; = T. Now let us obtain an estimate for wf}(0) in the L%-norm.
Taking the scalar product of (3.12) with w{}(0) and t =0 and integrating it by parts, we get

m 2_ _R 2. 0m _ M m Ny l 0m 2 om
wp o = |(-2atwom - Lyim (21 #5504 dxcy )

( —l——f dxdy) yy,wtt(0)>’.

Using Cauchy-Schwartz inequality and taking into account of the initial conditions, we get that there exists a positive
constant My > 0 such that

|wii©)| <M, V¥meN. (3.13)

Differentiating Eq. (3.12) with respect to the time t, and taking the scalar product with w{j(t), using Cauchy-Schwartz
inequality and Gronwall inequality, and considering initial conditions and the estimates (313) we may find a constant
M3 > 0 depending only on T such that

D 2D
[wit* + ;HW%HZ + 7||nyr||2 + 1wl
+%||WZH2+%HW%||2<M3 vme N, Vt [0, T]. (3.14)

Taking the scalar product of (3.12) with —(wp, + w’;yt), taking into account of the estimates (3.7) and (3.14) and using
some inequalities, we conclude that there exists a constant M4 > 0 such that

2 2 D 3D 2 D 2
fwil ™+ Iwye ™+ = w wh, | +—H wi, [ + Wiy |7+ Wiy
Ny 2 Ny N> N, 2
L T Y S A T 315)

Also taking the scalar product of (3.12) with wii, , + Wiy, + Wi, and with a class of reasoning we think that there
exists a constant M5 independent of m and t such that

m |2 m |2 m 2, Dyom g2, 2Dy m
[wise ™+ Iwise |+ Twgye ™+ 2 Wi ™+ == Wiy |

D
+;” Wyyyy I +;H Wixxy I”+ 7”""xxyy I +;H Wiyyy |”+ H xxxH

N1 2 N1 2 N2 2 N2 2 2
w7+ Wiy 7+ = why 7+ = lwi | +;||W'x”yyH
< Ms. (3.16)

Using the estimates (3.7), (3.14), (3.15) and (3.16) just derived, Poincaré inequality and the methods of Theorem 1, it is easy
to show the existence of a subsequence {w*} of {w™} such that
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wt > w inL*®(0,T; Vi) weak®,
wk — w; inL%®(0, T; V) weak*,
Wg — Wy in L%°(0, T; H) weak®,
wt — w in H'(Q) strongly and a.e.,
|wh H whe = [ wyll®>Wyxe in L%(0, T; V) weak”,
[wh 2wk, — llwy 12wy, in L0, T; V) weak*.

These convergence properties establish the theorem. O
Remark 3.1. Theorems 1-3 are sufficient to allow us to define the mapping
S@©: (W w') > (w,w) forallteR™,

where w(t) is the unique generalized solution to problem (1.1)-(1.4) with initial data (w®, w'). It maps from E=V x H
into itself and even E; = V1 x V into itself. Moreover it enjoys the usual semigroup properties

S(t+5s)=S{t)S(s) Vt,s>0,
SO =1.

Hence it organizes a dynamic system. It is easily checked that the semigroup S(t) in E and E; is continuous for all t > 0
To prove the attractor of the system, in the following we will prove the existence of an absorbing set.

4. The existence of the bounded absorbing set in space E=V x H

Theorem 4. Suppose s > 4 and D 2 in (1.1). Then for the dynamic system of the Cauchy problem (1.1)-(1.4) there exists the

17(N3+N3)
6,0T )

boundary absorbing set in space E, that is; the bounded closed ball B¢ (0, R) = {(w, wy) € E, [[(w, wo)|lg < R} (R? >
Usually, proving the existence of absorbing set amounts to proving a priori estimates.

Proof. Take the scalar product of (1.1) with 2w, in H to get
d 5 2D 5, D 5 Ni 2
w —|lw —|lw —|lw —|lw
dt{u el + pn wl + g I w2+ sl

T N T 281
+ —lwell* + = lwy |12 + —||wy||“} + == |wel* =0. (41)
4p P 4p P

For n fixed (arbitrary at the moment), also take the scalar product of (1.1) with nw in H to get

nD
a(n(wt, w)) — nllwel? + 7(||wxx||2 +wyylI? + 2wy 1)

eu d N1 N3 nT
+—p—||w||2+—||wx||2+ ||wx|| - lwyll? + pnwyn“:o (4.2)

where 0 < 1 < 1. Then (4.1) plus (4.2) is as follows
d 5 2D > D 5 Np 2
w —lw —lw —lw —lw
dt{” t|| /O” x|l + P Wiy ll© + /O” yyll” + P lwxll
+—||Wx|| +—||Wy|| +—||Wy|| +77(Wr,W)+ 2p I|W|| }

2
+ 7||wt||2 —nllwell® + 7(||wxx||2 + Iwyy 12 + 2wy I1%)

NNy

T N>
+ g + w4+ 122
P 2p

nT
wyll? + %nwyn“:
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Writing

D
L) = ;(nwxxn2 + I wyy 2 + 2wy 1) + lwel?

N] 2 T 4 Nz 2 T 4 nep 2
—(|W —|[W —|[W —||W We, W —|(|W
Wl ol 4 w4 2wy I+ nwe, w) £+ 2 E w
and
2e nD
Y(t)z7||wt||2—n||wt||2+7(||wxx||2+||Wyy||2+2||wa||2)
NNy nT N> nT
+ Wil + 2= lwxl* + =Wy 2+ —lwy 1%,
P 2p P 2p
we have

2 D Ny Ny
EY(“ — L) = ;(nwxxn2 + Wy 12 + 2 Wiy l1?) + 7||wx||2 + 7||wy||2

7%
— w2
PO

3T 3T 4e 2 neu 2
+ = wxll* + = lw ||4+<——3)||wf|| —n(we, w) — —— [w]|
47" T ap Y np 2p
2 2
D ) , 3T ,  2Ni , 2N,
>;(HWXX” F I wyyll* + 2| wyy |l )+%|:<||Wx|| +W + 1 lwyll +?
n
2

4AN?  4N? dep n n
" 2}+(——3)||wt||2——||wt||2——||w||2—
ne 2

9T2 972 2

Because of w(0, y,t) =w(l,y,t) =w(x,0,t) = w(x, 1,t) =0, there exist points «, 8 such that wy(a, y,t) = wy(x, B,t) =0
from the Roll theorem. By Poincaré inequality we get

1 1
2 2 2 2
IWI® < Zliwadi®, - IWIE S Zlwyy %

Also as wx(x,0,t) = wx(x, 1,t) =0, there exists a point y such that wyy(x, y,t) =0 from the Roll theorem. By Poincaré
inequality we also have

1
2 2
W™ < Zliwayll.

So it follows that

2 16D P 4¢ N? N2
YO -10 > (—— = 2= B w2 (ZE 3 w2 - L - 22
n P2 2p np 2 3Tp  3Tp

As 0 <7 < min(222, /9 + 887“ -3, 25, 1), we have

2 N N3
YO L) > - — ==
n 3Tp 3Tp

Furthermore

d 1 n( N2 N3
Lo+ Mo < IS N2, 43
T 2(3T,0+3Tp (4.3)

On the one hand, using the classical Gronwall inequality, we deduce from (4.3)

L n N{ N3 n
(t) < L(0)exp _Et + m—i-m 1—exp _Et

2 2
<r@exp(=2e) 4 (M4 N2 ) (4.4)
2 3Tp ' 3Tp

On the other hand, considering % >3, < # and ep > §, we have
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D N4
L) = ;(nwxxn2 + ||wyy||2 +2||wxy||2) + lwel® + —||wx||2

+ Dt Y Zwy I+ 5 ||w I+ n(w, w)+’7 w2
- X - - 9
4p y y 20
D 2 % 3 2 8“_411 2
—(lw w 2|lw —= 1-2 w w
p(ll well? + Wy 12 + 2wy 1?) — T T+( omlwell“+n o lwi|
D 2 2 1
> = (Iwal® + wyy 12 + 2l wiy 7)) — =L — =2 + —|lwe||?
] pT pT 2
3 N? N3 O1.
E(IIWXXII + Wy lI? + 2[[ Wy | )—p—T ﬁ+5||WrII
1 N? N3
E(wax” + Wy I + 2wy 12 + lwell?) — oT  pT
8 N} N3
ﬁ(“wxx” + Wyl + way 12+ Iwill® + [wy I + W + [lwell?) — o pT
8 5, N2 N2
=ﬁ”(W,Wt)”E—p—%—p—;- (4.5)
By (4.4) and (4.5) we get
8 N% N2 N? N2
Zow, wo 2= =L — 22 <p©)exp( — 2t ) + oL + — 2.
17 pT pT 2 3pT  3pT
Hence we have
2 17 n 2
H(W,Wt)‘|E<§L(O)exp —5t)+ R (4.6)
2 _ 1IN2+17N3
where RO_T So
lim sup||(w, wf)H2 <R (4.7)

The balls Bg(0, R) of E centered at 0 of radius R > Ry are absorbing in E for the semigroup S(t), t > 0. We choose
R{ > Ro and set Bp = B (0, R). If B is any bounded set of E, S(t)B C B for t > to(B, Rp); the time to is easily computed
from (4.6)

2, HL(O)

to=— (R )2 (4.8)

Thus

BE(0,R) = {

2 2
Ry (2= 17N% 4+ 17N3
6T p

is the bounded absorbing set of S(t) in E. O
Remark 4.1. The existence of an absorbing set of system is an evidence of the dissipative property.
5. The existence of the global attractor of the system
In order to prove the existence of the global attractor, we introduce the following lemma.
Lemma 1. (See [17].) We assume that E’ is a Banach space and that operator S(t) is given and enjoys the following conditions:

(1) The usual semigroup properties
St+s)=S()S(s) Vt,s=>0,
S(0)=1 (identityinE).

(2) S(t) is continuous nonlinear operator from E’ into itself.
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(3) S(t) exists a bounded absorbing set in E’.

(4) The operator S(t) is uniformly compact for t large. By this we mean that for every bounded set B there exists to which may depend
on B such that

L s®n

t>tg

is relatively compact in E’. that is, S(t) is a completely continuous operator.

Then S(t) exists a compact attractor which attracts the bounded sets of E’.

From Lemma 1, we now need to prove the existence of a bounded absorbing set in E1 and the uniform compactness of
the S(t).

Theorem 5. The semigroup S(t) is a completely continuous operator.

Proof. We proceed as in Theorem 4, we begin with the analog of (4.1) which is obtained by taking the scalar product
of (1.1) with 2(Wxxxx + Wyyyye) in H to get

d{nw 1 4 Wy + 2 Wl + 21w ||2+2D||w |12
a ) P2a 2 b 2D
d t XX yy ,0 XXXX p yyyy p XXyy

2D D N1 N>

+ Wy 12+ = 1 Wiyyy 12 + — (W + Wiy [12) + = (Iwyyy 12 + ||wxxy||2)}
P P Iy P
2L T

+ T(HWxxt”z + ||Wyyt||2) - 5||Wx||2(wxm 2Wxxxxt + 2Wyyyye)

T
- EHW)’ ||2(Wyy’2Wxxxxt +2Wyyyy) =0. (5.1)
For 7 fixed, also take the scalar product of (1.1) with n(Wxxxx + Wyyyy) in H to get
new d

% dt(||wxx||2+||wyy||2)

d
E(Wt’ NWiyxxx + NWyyyy) — (Wi, DWaxxxt + DWyyyye) +

nD
+ 7(||wmx||2 + 1WyyyylI® + 2 Wiy I + 2 Wy 12 + 2 Wiyyy [12)

NNy NN, T
+ T(HWWM2 + Wiy 12) + == (IWsxy I* + [ WyyylI?) — anxnz(wxx, MW + NWyyyy)

T
- Euwy 12(Wyy, NWaxxx + W yyyy) = 0. (5.2)

Then (5.1) plus (5.2) is as follows

d

{an 12 4+ 22 1wy 12 4 Z2 1w 12 4+ 22 1wy 12
dt | o XXXX 0 XXyy P XXXY P Xyyy

D N1 N>
+ ;nwymn2 + Wt I? + lwyyell® + +7(||ww||2 + [ WayylI?) + 7(||wxxy||2 + [lwyyyll?)

e

+ ’72—p(||wxx||2 +IWyy %) + (We, W + nwyyyy)} — (Wt W + 11Wyyyye)
nb 2 29 2.9 25 2

+ 0 (||Wxxxx|| F IWyyyy I© + 2[[Waxyy |7 + 2| Wixxy | + ||nyyy||)
Ny NN,

+ T(HWWH2 + [ WayylI?) + T(MWWH2 + [ wyyyll?)

2L T
+ T(HWxxt”z + ||Wyyt||2) - 5||Wx||2(wxm 2Wxxxxt + 2Wyyyye)

T T
- E lwy ||2(WYY7 2Wiyxxxt +2Wyyyye) — E ||Wx||2(Wxx’ NWxxxx + NWyyyy)

T
— 5 lwy ||2(Wyya NWxxxx + NWyyyy) = 0.
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Noting that
11O = 2 Wl + 22 Wiy 2 + 22 [y P + 22 | I
1(0) = — [[Wxxxx Wxxyy Wxxxy Wxyyy
1Y 1Y Y Y

D Nq
+ ;nwyyyyn2 + [IWxe 12+ 1w yyell* + 7(||wm||2 + [[wyyy 1)

Ny nep
+ F(HWxxy“z + lwyyyll ) + ?(”WXX” + [[wyyll ) + (We, NWaxxxx + TWyyyy)
and
i =12 2 249 249 249 2
1(0) = 0 (”Wxxxx” F IWyyyy I© + 2l Wxxyy |7 + 2| Waxxxy |17 + 2| Wxyyy |l )
NNy
— (W, N Wxxxxt + NWyyyye) + —— 0 (”Wxxx” + [Wxyy |l )
NNz 2e L
+ 7(||Wxxy|| + wyyyll ) + T(HWxxt”z + ||Wyyt||2)
T 2 T 2
- Z”WX” (Wix, 2Wxxxxt + 2Wyyyyt) — %”Wy” (Wyy, 2Wxxxxt + 2Wyyyyt)
T 2 T 2
- % [Wxll” (Wxx, N'Waxxxx + DWyyyy) — Z lwWyll*(Wyy, NWxxxx + NWyyyy),
we have
2Y10 = 110 = 2 Wl + 22 [Waagy 12 + 22 [ Wy P + 22 [ Wy |2
=Y1(t) = L1(t) = — — — —
7 0 XXXX P XXyy P XXXy P Xyyy
D de N1
+ —llwyyyy ||2 + <7 - 3) (||Wxxt||2 + ||Wyyt||2) + *(”Wxxx”z + ||nyy||2)
1Y np Y
2 2 new
+ 7(||Wxxy|| + [wyyyll ) - ﬁ(”wxx” + [[wyyll ) — (We, NWxxxx + Wyyyy)
T 2 T 2
+ E _%”Wx” (Wxx, 2Wxxxxt + 2Wyyyyt) — E”Wy” (Wyy, 2Wxxxxt + 2Wyyyyt)
T
- Z”WXHZ(WXIW NWxxxx + NWyyyy) — E lwy ||2(Wyya NWxxxx + nWyyyy)}-
. 2
With —(We, nWxxxx + NWyyyy) 2 _'77(||Wxx“2 + ||Wyy|| (”Wxxt“z + ||Wyyt|| ) and % 3 , we have
2y -L>> 2 242 242 242 2
7 10 1) 2> 2(||Wxxxx|| FIWyyyy 17+ 2 Waxyy 17 + 2| Wxxxy I + 2| Wiyyy |l )
dep 7 N1
+ (n—p - 5)(||wxxf||2 FIwyyel®) + = (Wl £ Iwayy 1)
N> 2 2 new 1’ 2 2
+7(||Wxxy|| + [wyyyll )+ _ﬁ - 7 (”Wxx” + llwyyll )
2 T 5 T 5
+ E _Z Wl (Wxx, 2Wxxxxt + 2Wyyyyt) — Z Wyll“(Wyy, 2Wxxxxt +2Wyyyyt)
T 2 T 2
- %”Wx” (Waxx, MWxxxx + NWyyyy) — % Wyl (Wyy, §Wxxxx +NWyyyy) ¢
Because of

T T
E {_Z ”WX”Z(WXXv 2Wxxxxt + 2Wyyyye) — % ||Wy||2(Wyyv 2Wxxxxt + 2Wyyyyt)

T T
- 5 ||Wx||2(Wxx7 NWxxxx + NWyyyy) — % ||Wy||2(Wyy, NWxxxx + UWyyyy)}

o T p2 2 2.5 2.5 2.5 _ 2 2T 6
> 77/0R (”Wxxxx” FIWyyyy I© + 2| Waxyy I + 2| Waxe | + ||Wyyt||) ||Wxxxx|| ||Wyyyy|| 0 R®
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we have

2 TR? 5 5 )
5Y1(t) A1 (N I W (”Wxxxx” + Wyyyy I© + 2| Wxxyy |l )

dep 7 2TR2> ) )
+|——-z- Wit I“ + W yyell
(np 2" U el
2
nep  m 2 2 2T 6
+<12—$—7>(||Wxx|| + [lwyyll )_FR .
. — 2 2,2
As %Rzgngmm{%,—%—}- /64/’)‘2 + 24,11}, we have
2 2T
=Y1(t) = L1(t) 2 ——R
n 1Y
where 7y = min(pﬁfu,1/9+ 887”“ -3, &, 1). It follows that
dLi(t) 7 n2T ¢
—L1(t) < =—R". 53
T T3 1(®) 25 (5.3)

If {w®, w'} belongs to a bounded R of Eq, since B is also bounded in E, then there exists a time ty given by (4.7) such that
for t > to, S(t)B C Bp, which implies that

v, wo s < (Ro)™.

On the one hand thanks to the classical Gronwall lemma we infer from (5.3) that
2T
Li(6) < L1 (0) exp(—g(t - to)> n 7RG (1 —exp (—g(t — t0)>) (5.4)
for t > tp. On the other hand, considering that at least n < 1, we have

1 1
(W, N Waxx + Wyyyy) > —Z(nwmtn2 + 2l wyyyell®) — 5(||wxxx||2 +2[wyyy l12).

With a class of reasoning, we get
3
Li(t) > 5(||wxm||2 + 2[[Wayy 12+ 21 Wiy I + 2 Wayyy 12 + [WyyyylI?)

N1 N,
+ Wi + W yyell? + 7(||wm||2 + I WayylI?) + 7(||wxxy||2 + [ wyyyll?)

D MWl 4 1wy l?) - (W, W+ W)
> 3 low.woll, 55)
From (5.4) and (5.5) we have
[w. o wo2, <2L1(0) exp(—g(t - ro)> + %TRG [1 - exp(—g(t - t@)] (5.6)
for t > to. Defining Ry by R? = @, we see that
li{rlsolépH(w, wt)H}z31 <R3 (5.7)

It follows that the ball By = Bg, (0, R}) centered at (0) of radius R} > Ry of E; is absorbing in E; for the semigroup S(t),

t > 0. The time t; =t{(B, R}) after which S(t)R is included in By, the time t; =t{(8,R}) >to +1t}, t] = %ln (RZ,L)IZ(OLZ. This
1™

result provides the uniform compactness of S(t). That is, S(t) is completely continuous operator. The proof is complete. O

From Lemma 1 and Theorems 1-5, we may push out the following Theorem 6.

Theorem 6. The dynamic system S(t) associated with boundary-value problem (1.1)-(1.4) possesses a compact attractor R which is
bounded in E;.

Proof. We apply Lemma 1 with E’ replaced by E. The necessary assumptions of Lemma 1 have been proved above, namely
in Theorems 1-5. O
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