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INTRODUCTION

The representable functors from a category A to the category of sets S
have the following basic properties:

(1) Let [4, —]: A—S, A €A, be a representable functor and £ : A —S
be an arbitrary functor. Then there exists a bijection

([4, =1, t] == t4

which is natural in 4 and ¢.

(2) Each functor ¢ : A—S is canonically a direct limit of representable
functors. (In general the index category is not small.) In other words, the
Yoneda embedding Y2 : A?? (A, S), 4 ~[4, ~], is dense (cf. [25] 1.3
and [25] 1.10).

In this paper we shall define a concept of “representable functor’” in an
arbitrary functor category (A, B) in such a way that properties similar to (1)
and (2) hold.

For this purpose we first consider the case where B is right complete and
has a small dense ([25] 1.3) subcategory B. Let I:B-— B denote the
inclusion. Then by [25] 1.15 B is a left retract of (B°??, ), i.e., the canonical
embedding S : B — (B°??,8), B ~ [[—, B],hasaleftadjoint T : (B°??,S) — B
and the end adjunction 7'S — idg is an equivalence. Therefore the induced
functor (A, T): (A, (B°7»,S)) — (A, B) is also a left retraction.

Let B be an object of B. Denote by B®:S—>B the functor
M ~+ @rent B, , where B,, = B. One readily verifies that B() is left adjoint
to /B, —] : B—S.

* Part of this work was supported by: Fonds fiir akademische Nachwuchsférderung
des Kantons Ziirich.
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(3) In 1.33 we show that the composition

(A x Borr, S) >~ (A, (B7, 5)) A7), (A, B)

assigns to a representable functor [4 X B, —]: A X B»» 8, Ad€A,
B e B, the composed functor!

@) A, g %%, g

(5) Since the representable functors are dense in (A X B°??, S), the same
holds for their images in (A, B) (cf. [25] 1.13), i.e. each functor t : A— B is
canonically a direct limit of functors of the form B®I[4, —]: A—B,
BeBCB, 4 e A.? As there exists moreover 2 bijection®

(6) [B®[4, ] t] = [B, 4]

which is natural in B, 4 and ¢, we call the functors B ® [4, —], A€ A,
B e B, the (generalized) representable functors. They are in fact a generaliza-
tion of the set valued representable functors. For let B be the category of sets
S, and let {1} denote the dense subcategory of S whose only object (=1) is a
one point set. From the preceeding definition of the tensorproduct, it follows
easily that 1® : S —S coincides with the identity of S. Therefore the
(generalized) representable functors agree in this case with the usual ones
and (6) specializes to the Yoneda lemma (1).

(7) The restrictions made before on B are not essential. Let A and B be
categories and let 4 and B be objects of A and B respectively such that the
functor B[4, —] :A— B, X ~ ®y.4,x By, B; = B, exists. Then for

" each functor ¢ : A — B the generalized Yoneda lemma

[B®[4, —], t] 2~ [B, tA]
holds.

(8) If, moreover, the functors B () [4, —] exist for all pairs 4 € A, Be B,
theneachfunctorz : A — Biscanonicallyadirectlimitof functors B & [4, —].
However, the canonical index category Dy(t) in 2.12 (J = id) is very large

1 These functors have also been used by André [I] p. 6. He showed that they are
a generating family in (A, B), provided A is small.

2 In other words the Yoneda functor Y: A X B»? » (A,B), 4 x B ~ B®[4,—],
is dense. If the inclusion B C B is not dense but each object B € B is in functorially
a direct limit of objects of B (cf. 2. 20), then each functor ¢: A — B is functorially
a direct limit of functors B ® [A —1]: A — B,where 4 € A, B € B(2.21). However,
the Yoneda functor ¥ : A x B°?? — (A, B) need not be dense. .

3 For A small, this was first observed by Mitchell [20].
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and depends on 2. The following is a smaller one and independent of #. Let
the objects of Mor(A) be the morphisms of A. Let the morphism sets [a, ]
of Mor(A) consist of a single element if 8 = idg, or 8 = id;, (d = domain,
r = range), otherwise let them be empty (cf. [25] 2.19). Then?

9 t = li_I)n tdo Q[ro, —]

«€M(A)

holds.

(10) Unlike the usual representable functors (1), the generalized ones can
be dualized. By composing a functor B &) [4, —] : A — B with the dualiza-
tion functors A°?? — A and B — B°??, one obtains a corepresentable functor
in (A°??, B°??) which is denoted by®

[~ 4] [—.B]

s Bore

(11) Aopp

In (11) A and B are regarded as objects of A°?? and B°?? respectively, therefore
[[X, 4], B] =T1l;xs4 B, B; = B holds. By dualizing (7) and (9), one
obtains

(12) t,[— B]-[—, 4]] =~ [t4, B]

and

(13) t= lim [—, ] [—,da]4
«€EM(A)*

If B =S, then the symbolic hom-functor [—, B] : S — 8 coincides with the
hom-functor [—, B] : S — 8. Hence by (13) each functor ¢: A—S§ is an
inverse limit of “‘double” hom-functors [—, B]-[—, 4], A€ A, BeB. If
there are no strongly inaccessible cardinals (in S), then any infinite set By is
codense in S, i.e. each set M €8 is canonically an inverse limit of sets equal
to B, (cf. Ulam). Hence by dualizing (3) — (5), it follows that each functor
t: A—Sis canonically an inverse limit of functors [—, By] - [—, 4] : A —S,
A €A, i.e. the functors [—, By] - [—, A], 4 € A, are codense in (A, S).8

4 Throughout the paper, when Mor(A) and Mor(A)°?® appear in subscripts, we
abbreviate them to M(A) and M(A)* respectively.

5 [—, B] is the symbolic hom-functor of Freyd [5] p. 87.

¢ F. W. Lawvere has remarked that this implies part of a recent result of Isbell [11]:
If A is small, then (A, S) has a small codense subcategory. In particular, a primitive
category of algebras with only unary operations has a small codense (= right adequate,
cf. [25] 1.8) subcategory.
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The functors B ® [4, —]: A— B, A€ A, Be B, are not additive if A
and B are additive categories. This suggests changing the definition in the
additive case. We assume for the moment that B is right complete. Then for
each B € B the hom-functor [B, —] from B to the category Ab.Gr. of abelian
groups has a left adjoint which is denoted by B®; : Ab.Gr. —~ B. The
additive representable functors are defined as compositions

(14) A7 AvGr. 282, B

where A € A and B € B.” Then all aforementioned properties ((3) — (13)) of
the representable functors carry over to the additive ones (14), provided all
functors ¢ : A — B under consideration are additive.

Now let B be an additive category which has cokernels but not necessarily
arbitrary direct limits. Then the additive representable functors can still be
defined (and they keep the same properties), provided that in the domain
category A, all morphism groups [4, 4'], A, A’ € A, are finitely generated.

(15) Assume furthermore that all the groups [4, A}, A, A€ A can be
coherently equipped with a left 1-module structure, in such a way that they
are finitely presentable as A-modules.® (If A is notherian, “finitely present-
able” is equivalent to “finitely generated”’) Then by modifying the definition
of representable functors accordingly, their existence can be proved and the
basic ‘properties established only assuming cokernels in B. The details run
as follows.

Let (B, p) be a right A-object of B, i.e. an object B € B together with a
ring homomorphism 4°?? — [B, B]. Then the functor [B, —] : B— Ab.Gr.
has a canonical lifting 4[B, —] : B— ;M (,M = left /1-modules). Since only
cokernels are assumed in B, the left adjoint of 4[B, —]: B— ,M can be
defined in general only on the subcategory FP(,M) of finitely presentable
A-modules. This partial left adjoint is denoted by (B, p)&®), : FP(,M) — B.
(A detailed study of these partial or relative adjoints is given in [25] §2.)
Representable functors from A to B are now defined as compositions

(16) (B,p) ®4 4, -] : A—>FP(,M)—~B

where 4 € A and (B, p) € B, (= category of the right /A-objects of B). If the
A-modules [4, A'], A, A’ € A are not finitely presentable, but there exist

? For A small, these functors were first introduced by Freyd [4] p. 18. He also
proved (18) and (21) in the case 4 = Z.
8 A is then a A-enriched category in the sense of Kelly (unpublished).
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arbitrary direct limits in B, then the representable functors are defined as
compositions

(17) B,p)®a[4,—-]:A>,M—~>B

where A€ A, (B, p)eB, . Hereafter we mean (B, p) ®,[4, —] to be a
functor (16) or (17). Since A is a A-enriched category, the values t4, A € A,
of each functor # : A — B can be canonically equipped with ring homomor-
phisms 7,4 : A°°? — [t4, tA] (cf. 3.11). The Yoneda lemma then generalizes to

(18) (B, p) ®a [4, =], 1] = [(B, p), (14, 74)]

This isomorphism is natural in (B, p), 4 and 2. The representable functors
(16) or (17) are dense in (A, B) (cf. 2.12). Furthermore, for each functor
t : A — B the equation
(19) t = lim (tde, 7q,) ®4 [re, —]

aéﬁ(A)

holds.

Note that, as before (10}, by passing to the duals of A and B, the represent-
able functors (16) or (17) of (A, B) change over to the corepresentable ones
of (A°r?, B°P?), Viewed as functors from A°?? to B°?%, they are denoted by

(20) AL—, (o B)] - al—, A] : Aw» — Bov?

where A4 € A%?? and (p, B) € ,{B*??) = (B,)°??. By dualizing (18) and (19)
one obtains for each functor ¢ : A°?? — Bor?

21 (&, al—, (p, B)] - al—> 4]] 2¢ [(74, t4), (p, B)]

and

(22) t= lim y[—, (rr, tre)] - al—, do]
«€M(A)*

The paper is divided into two sections and an appendix. A short summary is
given at the beginning of each section. In order not to make the paper too
long, we only treat the additive representable functors. The non-additive
case, as discussed in the first part of the introduction, is left to the reader. But
once he has understood the additive case, it should not be hard for him to
carry out the non-additive one, whereas the converse would be much more
difficult.

Participants of the Moscow conference told me that a forthcoming paper
of Pokazeeva contains the following:
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Let A be a D-category in the sense of Linton [/7]. Then each strong func-
tort : A— A (cf. [17]) is a direct limit of composite functors Jy - Q¢ : A — A,
where Q5 : A— A is the lifting of the hom-functor [X, —]: A—S and
Zy : A — A the left adjoint of 2.

This suggested the idea of investigating to what extent the results of the
present paper can be generalized to the case of enriched categories (or cate-
gories based on one of Linton’s autonomous categories, cf, [17]). It turns out
that in the special case 4 = Z most of our results can be so generalized.?10
But in the setting of the present paper, where A is an arbitrary ring, it seems
unlikely that this can be done. Apparently there is no concept of a strong
functor, and it is hard to imagine how a Yoneda lemma generalizing 3.17
would look.

The generalized representable functors have many useful properties as
will be shown in subsequent papers ([22] and [23]). For instance, let
K : A — A be a functor. Then the right Kan K-extension (cf. [25] 2.9b) of
B®[A4,—]:A—>Bis B®[KA4, —]: A— B. (For this A need not be
small.) Using (9) and [25] 2.13 we will prove that for each functor ¢ : A — B
the right K-extension Eg(t): A—> B exists iff lim tda ® [Kra, —] exists.
Moreover acM(A)

(23) Ex(t) = lim tda ® [Kra, —]

«eM(A)

is valid. The same holds in the additive case.

Representable functors are used in [23] to prove that right satellites and
derived functors — provided they exist —can be expressed by tensor
products and Ext*(—, —). For this let A and B be abelian categories, A
A-enriched (3.7). Assume Exti(4, A) is a set for all 4, A€ A. Then the
connected sequence of the right satellites of (B, p) ®,4[4, —]: A—B is
(B, p)®4 Ext*(4, —). For each additive functor ¢ : A — B the right satellites
S*t ([25] 2.9¢) exist iff lim (rq,, tda) X, Ext*(ra, —) exists. Moreover

«eM(A)
(24) S*t = lim (7q,,tda) @4 Ext*(ra, —)

«EM(A)
holds. Dually, the left satellites S,¢ agree with

(25) lim A[—, (7o, tre)] - Ext¥(—, do).

«€M(A)*

% The set up of our proofs for 1.33 and 2.12 make it obvious how this can be done.
We shall return to this in [22].
10 In particular this includes the above mentioned result of Pokazeeva.
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We conclude with a few remarks about terminology and foundations. For the
latter we refer the reader to the last section of the introduction of [25]. The
terms “small category” and “left (right) complete category” are used as in
Mitchell [20]. Functor categories are indicated with parentheses (—, —).

We use brackets [—, —] to denote the morphisms between two objects or
the natural transformations between functors. We only consider rings 4, T,
2... which have a unit element. A ring homomorphism is assumed to preserve
the unit element. By ;M we denote the category of unitary left A-modules.
All categories and functors are assumed additive unless otherwise stated or
unless it is clear from the context that they are not additive. All functors are
assumed covariant unless otherwise stated or unless it is clear from the context
that the functor under consideration is contravariant (as for instance the
contravariant hom-functor [—, 4] : A — Ab.Gr.). The category of contra-
variant additive functors from A to B is denoted by (A°??, B). But we do not
adopt the notation ¢ : A°?? — B for a contravariant functor ¢ because it does
not apply to a composition ¢’ - #: A— B — B’ of contravariant functors.
The morphism category of a category B is denoted by B2,

1. Tue TENsOR PrODUCT AND GENERALIZED REPRESENTABLE FUNCTORS

Let 4 be a ring and B, the category of right A-objects of an additive
category B. We define the tensor product as a relative adjoint and construct
the bifunctor

®a4: By X FP((M)—B

only assuming cokernels in B, where FP(,M) is the category of finitely
presentable A-modules. The basic properties are established, in particular the
right continuity in both variables. Our presentation is slightly more general
than Epstein’s {3] p. 5-17 or Mitchell’s [20] p. 143. We only give an outline
and refer the reader for the details to [3] or [20].

If B is right complete and has a small dense subcategory B, we will show
that the functors

B®,[4, —]: A—AbGr.—B,

where B e B and 4 € A, are dense in (A, B) (cf. [25] 1.3, 1.17). If Uc Bis a
dense generator (cf. [25] 1.19), then even the functors

U®z[4, —]1: A— Ab.Gr.— B,
are dense in (A, B), where 4 runs through A.

" (1.1) Let A be a ring and 4M the category of left A-modules, By FP(,M)
we denote the full subcategory of finitely presentable A-modules (cf. Bourbaki
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[2] p. 35). As we remarked in [25] 1.05¢, the inclusion [ : FP(,M)— ;M
is dense. Let L(FP(,M)°??, Ab.Gr.) denote the full subcategory of
(FP(,M)°??, Ab.Gr.) consisting of those functors which take right exact
sequences into left exact ones. Then it is not too hard to verify that the
functor ;M — L(FP(,M)’??, Ab.Gr.), M ~ [J—, M], is an equivalence.
For A noetherian this was first proved by P. Gabriel in his thesis (cf. Bull.
Soc. Math. France 90, p. 356, 1962).

1.2 DerFINITION. Let A be a ring and B an additive category. The objects
of the category B, are pairs (B, pp) consisting of an object B € B and a ring
homomorphism pp : 4°?? — [B, B]. A morphism (B, pp) = (B', pp) in B, is
a morphism B : B— B’ with the property 8 - pg(A) = pp-(A) - B, Ac 4. (The
index B is dropped in pp if this does not give rise to misunderstanding).

The category B, is called the category of right 4-objects of B.

(1.3) The category 4B of the left A-objects of B is defined dually. (The
objects are pairs (pg , B), where B is an object of B and pp: 4 —[B, B] a
ring homomorphism).

If A = Z then both B; and ;B are canonically isomorphic to B. Therefore
we denote any of these categories simply by B.

(1.4) The duality functor B — B?? induces an equivalence B, — ,(B?7?),
(B,p: A°*? - [B, B]) ~(B,p: A—[B, B]??), Hence B, is dual to
A(Bom))‘

1.5 Lemma. Let H: D — B, be a functor and V : B, — B the forgetful
Junctor (B, p) ~ B. Assume that H admits a universal ([25] 2.9a) natural trans-
Jormation @ : VH — consty , where B € B. Then there exists a ring homomor-
phism p: A°*? — [B, B] and a universal natural transformation @ : H —
const(g, ,) with the property V® = @', There is a similar statement if H admits
a co-universal transformation constg — H, B' € B.

1.6 Remark. If B is right (left) complete, this lemma implies that B,
is right (left) complete and that V' : B, — B preserves small direct (inverse)
limits.

However we do not know whether V' is right (left) continuous (cf. [25] 2.15),
unless we further assume that B is complete. Then by 1.29 ¥ has both a right
and a left adjoint. Hence by [25] 2.13 both right and left limits are preserved.

Proof of 1.5. Since the values of H are right A-objects, each A e A°7?
induces a natural transformation y(A) : V' - H — V - H and hence a morphism
lim ¢(A) : B— B. Define p(A) = lim ¢(}). Then one readily checks that

p:A°??— [B,B] is a ring homomorphism and that the morphisms
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®'(D): V-H(D)— B, DeD, are compatible with the A-structures on
V - H(D) and B. Viewed as morphisms H(D)— (B, p) they are denoted by
@(D). Thus V® = @ holds. One easily verifies that the universality of @’
carries over to . Q.E.D.

(1.7) Let (B, p) be a right /-object of B. Then for each B’ € B the abelian
group [B, B’] can be equipped a left A-module structure. An element A e A
acts on a morphism f : B — B’ by composing it with p(A) : B — B. Thus the
functor [B, —]: B—> Ab.Gr. factors through the forgetful functor
U: sM— Ab.Gr. Similarly, if (p, B) is a left A-object of B, the functor
[—, B] : B— Ab.Gr. factors through U.

(1.8) We denote the lifting of [B, —] by 4[B, —] : B — 4M and define the
tensor product (B, p) ®, : FP(;M)— B as its left adjoint relative to the
inclusion J : FP(,M) — ;M (cf. [25] 2.2).

1.9 THEOREM. Let A be a ring and B an additive category with cokernels.
Then there exists a covariant bifunctor (the generalized tensor product)

®4: B,y X FP(,M) — B,

determined up to an equivalence, which has the following properties:

(1.10) For each object (B, p) e B,
(B,p) ®ad =B
holds.
(1.11) For each (B, p) € B, the functor
(B, p)®4 : FP(,M) ~ B

ts J-left adjoint to 4[B, —]: .M — B (cf. 1.8), i.e. for each pair B’ B,
M e FP(,M), there exists an isomorphism

(1.12) Ow.(M, B) : [(B, p) @4 M, B'] 5 [JM, 4[B, B]]
natural in B', M and (B, p).

(1.13) For each M € FP( M) the functor Q.M : B, — B preserves those
direct limits which are preserved by V : B, — B (cf. 1.5 and 1.6). Similarly
Jor each (B, p) € B, the functor (B, p)Q, : FP(,M) — B commutes with those
direct limits which are preserved by | : FP(,M)— ,M.
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1.14 Remark. If B has cokernels and arbitrary sums, then there exists a
bifunctor

®A:BA XAM—>B

with the same properties. More precisely, the statements 1.10 — 1.13 remain
valid if FP(,M) and | are replaced by ;M and the identity of ;M respectively.

Our proof of 1.9 carries through directly to 1.14.
Proof of 1.9. Let (B, p) be an object of B, . We define

(1.15) (B,p) ®ad =B

and similarly for a finite sum @;; 4;
(1.16) (B, 5) ®4(D 1) = ®B:

where A; = A and B; = B.

A A-homomorphism f: A4 — /A is determined by f(1) € A. Therefore we
define

(1.17) (B, p)®af = p(f(1))
Similarly a map g : @1 A; = Drex Ax (I, K finite) can be described by the

matrix (g;(1)), where g, is the composition

4, 2 @4, 2 @4, 2 4,

iel keK

(pr = canonical projection, ¢; = canonical injection).
Thus we define

(1.18) (B, p)Rug = (B, p)Ra(gix(1))

For each M € FP(,M) there exists by definition an exact sequence

(1.19) @A - @A, —>M—>0
el

kekK

where I and K are finite sets. We define

(1.20) (B, p)®aM = cok{(B, p)Rag}-

By standard homological algebra this is well defined, (i.e. up to an equivalence)
and in particular compatible with the definitions 1.15 and 1.16. Furthermore
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(B, p)®, : FP(M) > B is a functor and a morphism (B, p)— (B, p’)
induces a mnatural transformation (B, p)®,— (B, p')®,. Hence
®. : B4 X FP(,M)— B is a bifunctor.

We now prove 1.12. Let M € FP(,M), B’ € B and (B, p) € B, . For each
m € M denote by f,, : 4> M the A-homomorphism 1 ~ m. Then the map

(121) @(B,p)(M) B’) : [(By P) ®A M’ BI] - [Mr A[B’ B’]],

which assigns to a morphism B : (B, p) ®4 M — B’ the A-homomorphism

m B =(B,p) @424 (B »)®,ME B, is obviously an isomor-
phism for M = A. Since the functors

(1.22) [(B, p) ®4(—), B] : FP(4M) — Ab.Gr.
and
(1.23) [—, 4[B, B']] : FP(,M) — Ab.Gr.

are additive, we can define in view of 1.16

(1.24) (@ 4;, B') = @ 6(4;, B')
i€l el

for a finite sum @;; A4;, A; = A. (We drop the index (B, p) if this does not
give rise to misunderstanding). Hence &(@,¢; A, , B’) is also an isomorphism
and one readily checks that it is natural in B’, (B, p) and compatible with
morphisms @,y A; — @iex Ar - We abbreviate the functors 1.22 and 1.23
by F and F respectively. Since they are left exact, a resolution 1.19 of
M e FP(,M) gives rise to a commutative diagram

(1.25) F(@A;) <X~ F(@® Ay) «~— FM «—— 0
i€l kekK
(@ 4y, B') o @ A, B)
34 keXK

F@A,) <f~ K@ A) «— FM «— 0
iel kek

in which the vertical morphisms are equivalences. We define (M, B’) to be
the unique morphism FM —» FM which makes the diagram 1.25 commutative.
It is obviously an equivalence. By standard homological algebra 6(M, B’)
is well defined, i.e. independent of the chosen resolution 1.19, and natural in
(B, p), M and B’.
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The second part of 1.13 follows immediately from [25] 2.13 and 1.11. To
prove the first part of 1.13, we need only show by [25] 2.1 and [25] 2.17 that
for each B’eB the functor [(—) ®4 M, B'] : By — Ab.Gr. takes those
direct limits preserved by 7 :B,— B into inverse limits. By 1.12 the
functor [{(—) &, M, B’] is equivalent to the composition

M, —]: 4[V—, B]:B;—> ,M— Ab.Gr.

Since [M, —] is left continuous ([25] 2.15), it is enough to show that
alV—, B’} : By — ;M is left continuous with respect to the above indicated
direct limits, This is obviously equivalent to saying that the same property
holds for the composition U + 4[FF—, B'] : B, — ;M — Ab.Gr., where U is
the forgetful functor. The functors U - ,[V—, B’] and [, B] -V : B, —
B — Ab.Gr. agree. Therefore this property holds because [—, B’] takes
direct limits into inverse limits.

Q.ED.

By dualizing 1.9 and 1.14 with the help of 1.4 we obtain

1.26 ToeEOREM. Let B be an additive category with kernels. Then there
exists a bifunctor (symbolic hom, cf. Freyd [5] p. 87), determined up to an
equivalence,

A[_) —] . FP(AM)OPZ’ x AB —_ B
with the following properties:

(1) It is contravariant in the first and covariant in the second variable.
(2) For each (p, B) e 4B

a4, (p, B)] == B
holds.

(3) For eack (p, B) the functors 4[—, (p, B)]: FP(;M)?» - B and
a[—, B] : Bo?? — M (cf. 1.8) are adjoint on the right'* relative to the inclusion
J : FP(,M) — M, i.e. for each pair M e FP(,M), B’ € B, there exists an
isomorphism

[B', ALM, (p, B)]] = [M, 4[B', B]]

which is natural in B', M and (p, B).

. (4) For each M cFP(M) the functor ,[M, —]: ,B — B preserves those
tnverse limits preserved by V : ,B— B (cf. 1.5 and 1.6). Similarly for each
(p, By (B the functor ,[—, (p, B)] takes those direct limits preserved by
J : FP(,M) — M into inverse limits.

11 This terminology is due to Freyd (cf. [5], p. 81).
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1.27 Remark. Let B be an additive category with kernels and arbitrary
products. Then there exists a bifunctor

A[—, —]:AMXAB—>B

with the same properties. More precisely, the statements 1.26 (1)~(4) remain valid
if FP(,M) and [ are replaced by ,M and the identity of ;M respectively.

(1.28) Replace in 1.9, 1.14, 1.26, and 1.27 the ring 4 by 4°P%. Then one
obtains bifunctors

®,: B x FP(M ) — B, ®,: ,BXM,—B,
A—, —]1: FPM,) x B,—B and ,[—,~-]:M,xB,—B

with properties as in 1.9, 1.14, 1.26 and 1.27, respectively.

1.29 TureoreM. Let A be a ring and B an additive category with cokernels.
Assume either that B has arbitrary sums or that A is finitely generated as an
abelian group. Then there exists a functor B—B,, B ~ B &) 74 (cf. 1.9 or
1.14 respectively) which is left adjoint to V : B, — B. Dually, let B be an
additive category with kernels. Assume either that B has arbitrary products or
that A is finitely generated as an abelian group. Then there exists a functor
B — B, , B ~ 4[4, B], (cf. 1.26 or 1.27 respectively) which is right adjoint to
V:B,—B.

We shall not prove 1.29, since we only make incidental use of it later. But
we give the reader a hint how 1.29 can be established:

For each pair (B',p’)eB,, BeB there exists a commutative diagram

s[B ®z 4, V(B p)] 2220, 64, [B, V(B p)]

v v

BA[B ®Z A7 (B” P’)] —i> MA[A) [B» V(BI’ P,)]A] = [B’ V(B” P,)]A

where [B, V(B', p')] is the abelian group [B, V(B’, p')] equipped with the
right A-module structure induced by (B, p’).

(1.30) Let A and B be additive categories, B right complete. This is equiv-
alent to saying that B has arbitrary sums and cokernels (cf. Grothendieck
[9] p. 133). Hence there exists by 1.14 (4 = Z) for each pair AcA, Be B
the composed functor

B®;,[4,—]: A—> Ab.Gr.—B
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which is said to be a generalized representable functor. Dually, if B is left
complete, then by 1.27 (4 = Z) there exists for each pair Be B, 4 € A the
composite functor

- Bl [— 4]:A—AbGr.>B

which is said to be a corepresentable functor.

(1.31) Let A and B be additive categories. The tensor product B ®; A
of B and A over Z is an additive category, whose objects are symbols B ®, 4,
where B e B and 4 € A. The abelian group of morphisms from B ®; 4 to
B’ ®, A’ is the tensor product [B, B'] ® [4, A']. If B consists of a single
objects U, we use the notation {U} ®; A instead of B ®, A.

Let B be a right complete category and B a subcategory of B. The functor

Y:B ®z AP? — (A, B),B ®z 4 ~ B ®z [4, —]

which assigns to a morphism § ®; « the natural tranformation 8 ®y [«, —]
is called the generalized Yoneda functor.

(1.32) Dually, assume that B is a subcategory of a left complete additive
category B. Then there exists a functor

Y': B ®; A*? — (A, B), B &Rz A4 ~[—, B] - [—, 4],

which assigns toamorphism 8 (9, « the natural transformation ,[—, 8]-[—,a]

1.33 THeOREM. Let A and B be additive categories. Assume that B is right
complete and has small dense subcategory B.1> Then the Yoneda functor

Y:B®y;A?””—>(A,B),BR; 4 ~B®;[4, -]

ts dense ([25] 1.3), i.e. each functor t : A — B is canonically a direct limit of
generalized representable functors B Q4 [A, —). Furthermore it follows imme-
diately from [25] 1.11 and [25] 1.17 that any subcategory of (A, B) is dense
whose objects are the functors B ® [A, —] and whose morphisms include the
natural transformations B ®y [«, —], where A, « and B, B run through Aor»
and B respectively.

(1.34) Dually assume that B is left complete and has a small codense subcategory
B. Then the functor

Y. E ®Z Aor? — (A) B)r B ®Z 4 WZ[_’ B] ’ [-’ A]’

12 The smallness of B is not essential. Using different mel:hods one can show
that for any dense functor J: B — B the Yoneda functor B ®z A°?? — (A, B),
B®z A~ JB ®z1[4, ], is dense (cf. 2.12).
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is codense, i.e. each functor t: A — B is canonically an inverse limit of core-
presentable functors ;[ —, B] - [—, Al. Furthermore, any subcategory of (A, B)
1s codense whose objects are the functors z;[—, B] - [—, A] and whose morphisms
include the natural transformations ;[ —, B] - [—, o], where A, « and B, B run
through A°?? and B respectively.

Proof. We give a proof for 1.33; the statement 1.34 then follows by duality.

Let J:B — B denote the dense inclusion. According to [25] 1.15 and
[25] 1.17 the functor S :B— (B??, Ab.Gr.), B ~ [J—, B], has a left
adjoint T': (B°??, Ab.Gr.) > B which is a retraction. By [25] 2.22 and
[25] 2.1 the induced functors (A, S): (A, B)— (A, (B??, Ab.Gr.)),
t~S-t, and (A, T): (A, (B*?, Ab.Gr.)) > (A,B), r ~ T -7, are also
adjoint and (A, T') is a left retraction. Since the functor

R: (B? ®; A, Ab.Gr.)— (A, (B°*?, Ab.Gr.)),

{R(F)(A)} (B) = F(B ®y A), is an equivalence, (A, T) - R is left adjoint to
R1-(A, S) and (A, T) - R is a retraction. By [25] 1.10 and [25] 1.17 the
Yoneda embedding (B°?* ®, A)?» — (B*»* ®, A, Ab.Gr.), BR; 4 ~
[B ®z A4, —], is dense. Therefore by [25] 1.13 and [25] 1.17 the same holds
for the composite of B ®, AoP? = (Bor? ®, A)»» — (B** ®; A, Ab.Gr.)
and (A, T) - R : (B°*» ®, A, Ab.Gr.) — (A, B). Hence to prove 1.33 it is
enough to show that this composite is equivalent to ¥ : B ®, A°?? — (A, B),
B®; A~ B ®z[A4, —]. To establish this we need some preparation
(1.35—1.38).

(1.35) For each abelian group G and object Be B the functors
[G,[J—, B]] : B»» > Ab.Gr. and []—,,[G, B]] : B** > Ab.Gr. are
equivalent by 1.27 (cf. 1.26 3)). Hence the diagram

(1.36) (Borr, Ab.Gr.) —&26-D | (Forr AD.Gr.)
S I S
B 2l -~ B

is commutative up to an equivalence. The left adjoints of the functors S,
(Bor?, [G, —])and 4[G, —] are T, (B°??, G®) (cf. [25] 2.22)and ®; G : B —
B respectively [for the latter combine 1.14 (1.12) and 1.27 (1.26 2)]. Since
the diagram 1.36 is commutative up to an equivalence, it follows that

(1.37) T - (B, GR) =~ ®; G - T.
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Since T : (B°??, Ab.Gr.) — B is left adjoint to S, the groups [7[—, B], B]
and [[—, B], SB] = [[—, B], [J—, B]] = [JB, B] are equivalent for all
BB, BeB. Therefore it follows from the Yoneda lemma that there is an
equivalence between B and T[—, B] which is natural in B. By 1.37 we obtain

(138) (T - (B, GR))[—, B] = T{G® - [, B}
>~ (®;G - T)—, Bl=B®;G.

The value of R : (B°?? ®, A, Ab.Gr.) — (A, (B°??, Ab.Gr.)) at [B ®; 4, —]
is the functor A — (B°??, Ab.Gr.), 4’ ~ [4, A'] ® [—, B]. By 1.38 (with
G = [4, 4']) the functor T : (B°*?, Ab.Gr.) — B assigns to [4, 4'] ® [, B]
an object which is equivalent to B ®) 2[4, 4']. Hence we obtain

(1.39) {(A,T) RIB®z 4, —1}(4) = B®7[4, 4]

Let o : A" — A" be a morphism. Then one readily checks that the morphisms
{(A, T) - R[B ®7 4, —]} (=) and

B®;[4,0]: B®;[4, 41> B ®;[4,4']

and the two equivalences (1.39) for 4" and A" respectively form a commutative
diagram in an obvious way. This proves that the image of [B ®; 4, —] under
(A, T)-R:{B** ®, A, Ab.Gr.} — (A, B) is equivalent to the functor
B ®z[4, —] : A— B. Weleave it to the reader to check that this equivalence
is natural in B ®; A. Thus the composite of the Yoneda embedding

B ®; Aorr = (Borr @, Ayr? — (B?? ®, A, Ab.Gr.)
and (A, T) - R : (B»*» ®; A, Ab.Gr.) — (A, B) is equivalent to
Y:B®,A%—~(A,B), B®,4~B®;[4, -]

This proves that Y is dense.
Q.E.D.

1.40 THeOREM. Let A and B be additive categories. Assume that B is
right complete and has a dense generator U (cf. [25] 1.19). Then the functor
(cf. 1.31)

V:{U} @A~ (A,B), U®z A4 ~U®z[4, -]

is dense; i.e. each functor t : A — B is canonically a direct limit of generalized
representable functors U R4 [4, —), A € A°P2. Furthermore, it follows imme-
diately from [25] 1.11 and [25] 1.17 that any subcategory of (A, B) is dense
whose objects are the functors U Qg [A, —] and whose morphisms include the
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natural transformations y K [o, —), where A, o and y run through A°?’ and
{U} respectively.

(1.41) Dually, assume that B is left complete and has a codense cogenerator
O (cf. [25] 1.19). Then the functor

Y {0} ®z A7 —~ (A, B), Q ®z A ~2[—, 0] [ 4],

is codense, i.e., each functor #: A— B is canonically an inverse limit of
corepresentable functors ;,[—, O] - [—, 4]. Furthermore, any subcategory of
(A, B) is codense whose objects are the functors ;[ —, O] - [—, 4] and whose
morphisms include the natural transformations ;[-, y][—, a], where 4, «
and y run through A°?? and {Q} respectively.

Proof. 'The statements 1.40 and 1.41 are actually special cases of 1.33 and
1.34 respectively. We show this for 1.40 and 1.33. For 1.41 and 1.34 this
follows by duality. ,

Let {®r U} denote the full subcategory of B whose objects are U, U @ U,
U U®U, ... In the proof of [25] 1.23 (ii)— (i) it was shown that
the inclusion {@y U}— B is dense. Hence by 1.33 the Yoneda functor
Yy : {@r U} @z A”?— (A, B), (DL, Uy) ®z 4 ~ (DL Ui) @z [4, -},
is dense (U; = U). Let I : {U}— {@Pr U} be the inclusion. Then it follows
readily from the definition of the tensor product of categories (1.31) that the
functors I Rz A°?? : {U} ®z A%?? — {Pr U} X7 A%P? and

{©®r U} ®z A% > {U} @z A, (D Uy) @z 4 ~ U ®z (Diy A1),

where A; = A, establish an equivalence between {U} Xy A%? and
{®r U} ®z A°?». The Yoneda functor Y :{U}®; A??— (A, B) is the
composite of Y, with the equivalence I Q7 A°P?, Since Y, is dense, the same
holds for Y.

Q.E.D.

2. 'THE Basic PROPERTIES OF GENERALIZED REPRESENTABLE FUNCTORS

The essential theorems of this section have been stated in the introduction

(16) — (22).
2.1 AssumpTIONS. In this section, we adopt some notations and make
certain assumptions which are collected here for convenience.

(2.2) A category denoted by A will be assumed to be A-enriched (3.7),
where /1 is a ring.
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(2.3) A category denoted by B is assumed to have cokernels.

(2.4) A pair of categories denoted by A and B will be assumed to satisfy
one of the following conditions:

(i) The category B has infinite sums. Then the symbol 4 denotes any
object of A. :

(ii) For each pair X, Y € A the A-module ,[X, Y] is finitely presentable.
Then the symbol A denotes any object of A. The only exception is 2.8
where A is restricted because (ii} is replaced by the weaker condition:

(ii)’ There exists an object 4 € A for which the functor 4[4, —] : A — ;M
factors through the inclusion ] : FP(,M)— /M (cf. 1.1)
The duals of the assumptions 2.2 — 2.4 are denoted by 2.2* — 2.4*.

(2.5) Let A and B be additive categories satisfying 2.2 — 2.4, Then by 1.9
and 1.14 there exists for each (B, p) € B, a generalized representable functor

(B,p) ®a[4, —]: A—>FP(;M)—~B
or

B,p)®4u[4,—-]1:A—> M—->B

(2.6) Dually, if A and B satisfy 2.2* — 2.4*, then by 1.26 and 1.27 there
exists for each (p, B) € 4B a generalized corepresentable functor

A= (0 B a[—, 4]:A—>B

(2.7) Since A is A-enriched, there exists by (3.8¢) for each 4 € A ring
homomorphisms o, : 4°?? — [A4, A] and =, : A— [4, A] with the property
7 4(A) = 0,4(A), where 4 5 A € A°7?, Thus the values t4 of a functor ¢ : A—B
together with the ring homomorphisms 477 — [4, A] — [t4, tA] and
A—[A, A] — [tA, tA] are both right and left A-objects. Since the values
of these composed ring homomorphisms agree at each A, where 435 A € 4°77,
we denote them both by 7.

2.8 LemMaA (Yoneda).® Let A and B be additive categories satisfying 2.2,
2.3 and either 2.4(i) or 2.4(ii). Let t : A— B be a functor. Then for each
(B, p) € B, the homomorphism

(29) .Q((B, P)’ 4, t) : [(B) P) ®a [A’ _]s t] g [B’ tA]

13 For small categories A and 4 = Z this was first observed by Freyd [4], p. 18.
Using different methods he proved that there exists an isomorphism between the
groups [B ®z [4, —), t] and [B, t4].

481/8/1-8
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which assigns to i : (B, p) ® 4[4, —]— t the composed morphism

— (B, p) @44 2244 (B o) @414, A Y 14,

where f,(1) = id,, establishes a 1-1 correspondence between the natural
transformations from (B, p) ®4[A, —] to t and the A-morphisms from (B, p)
to (tA, t,).14

(2.10)'® Dually, assume that A and B satisfy 2.2%, 2.3* and either 2.4(i)* or

2403 *, Then for each functor t : A— B and (p, B\ ;B there exists an
_T\ } L L N e o

x 0 JUr Calre junliOr e . A Gt (O, 25) T &5 v G

isomorphism

stmilar to 2.9.

Proof. We prove 2.8 if A and B satisfy 2.2, 2.3 and 2.4(ii)’. Then by 2.5
(B, p) ®4[4, —] is the composition A — FP(,M) — B. The proof for the
other case is similar but simpler. The statement 2.10 then follows by duality.
By 1.12 the functor (B, p) ®,:FP(;M) — B is left adjoint to 4[B,-]:B— M
(cf. 1.7) relative to the inclusion J: FP(,M)— ,M (cf. [25] 2.2). Then by
[251 2.22 and [25] 2.1 the induced functor (A, (B, p) ®,) : (A, FP(,M)) —
(A, B) is left adjoint to (A, 4,[B, —]): (A, B)—~ (A, ;M) relative to
(A, ]): (A FP(AM)) — (A, ;M). Hence for 4[4, —]e(A, FP(,M)) and

tada nnm o tomen

~/A I PREIEY ey
[ \ﬂ, D) lllClC €XiSts an lbUlllULPlllblll

Q@I [(B,p) a4, =1, 115 (s[4, =1, alB, =1 - 1] = [4[4, —], (B, 2 —]}.

Let £€ 4[4, X] and f; : A 4[4, X] be the A-homomorphism 1 ~ £,
From 1.21 and the proof of [25] 2.22 one can easily deduce that the isomor-
phism 2.11 assigns to ¢ : (B, p) ® 4[4, —] — ¢ the natural transformation
' 2 4[A, —]— 4[B,t—], where ¥'(X)(£) is the composed morphism
#(X)

14 ,f
B=(Bp)Qu4 AL, (B, p) ®4[4, X] = tX. Thus the Yoneda map

3.18 (for the functor 4[B,t—1) Y(4):[4[4, —], 4B, t—]] — 4[B, t4]
assigns to ¢’ : 4[4, —] — 4[B, t—] the composite morphism

B = (B, p) @4 A 244, (B, ) ®,[4, 4] 25 14,

14 Actually the Yoneda Lemma 2.8 is also valid, if A is not /A-enriched. It suffices
that for the object A of A the functor [4, —] can be decomposed into U - 4[4, —]:
A — 4M — Ab.Gr. (cf. the remark after the proof of 3.17).
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The composition of Y(A4) with the isomorphism 2.11 therefore yields
(B, p), 4,t) (cf.2.9). From the Yoneda lemma 3.17 it follows that
(B, p), 4, t) establishes a 1-1 correspondence between the natural trans-
formation from (B, p) ®,[4, —] to ¢ and the morphisms f: B — t4 with
the property Af = fA, AeA. According to 1.7 Af is the composition
f-p(A): B—B—tA. By 321 fA is equal to 4[B, to,(A)](f) and since
ta(A) = 74A) (cf. 2.7), we obtain fA = 7,4(A) -f. Thus the morphisms
f: B—tA with the property Af = fA, Ae 4, are the A-morphisms from
(B, p) to (t4, 74). This proves the Yoneda lemma 2.8 for generalized repre-
sentable functors. Q.E.D.

2.12 THEOREM. Let A and B be additive categories satisfying 2.2 — 2.4 and
J: C — B, an additive functor which is dense (cf. [25] 1.3, for instance
J = idg ). Then the generalized Yoneda functor

Y:C®ZA"”—’(A) B)» C®ZA "”]C®A [A, "]’

is dense (for C ®5 A°P? cf. 1.31), i.e. each functor t : A — B is canonically a
direct limit of representable functors JC Q4 [A, —), where CeC and A€ A.
Furthermore it follows from [25] 1.11 and [25] 1.17 that a subcategory of (A, B)
is dense, provided its objects are the functors JC Q4 [A, —] and its morphisms
tnclude the natural transformations Jy @4 [o, —), where A, o and C, y run
through A°?? and C respectively. In particular if A and C are small, then (A, B)
has a small dense subcategory.

(2-13) Dually, assume that A and B satisfy 2.2* — 2.4* and that | : C — ,B
is a codense functor (e.g. | = ids). Then the functor

Y:C®:A"—-(A,B),CRz4 ~ A ]C] “al— 4],

is codense, i.e. each functor is canonically an inverse limit of corepresentable
Sunctors J[—, JC1 - A[—, A). Furthermore any subcategory of (A, B) is codense
whose objects are the functors ,[—, JC] - A[—, A] and whose morphisms include
the natural transformations [—, Jy]- Jf—, «], where A, o« and C, y run
through A°?? and C respectively. In particular if A and C are small, then
(A, B) has a small codense subcategory.

Proof. We prove 2.12. The assertion 2.13 then follows by duality. To
establish that ¥ is dense we need some preparation.

Since A is A-enriched (3.7), there is a functor F : A — A, (cf. 3.8). By
3.11 and 3.12 every functor ¢ : A— B can be canonically decomposed into
A £ A, 4, 8 A 5 B. (For the notation, see 3.11, 3.12. The A-structure

on td is given by A°%? s[4, A]—t> [t4, t4], where (A4,0) =FA.)) The
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composition ¢, -F: A— A, — B, is called the canonical lifting of z. Call
a functor s : A — B, strong if it is the canonical lifting of a functor A — B,
The full subcategory of (A, B,) generated by the strong functors is denoted
by Str(A, B,). From 3.11 and 3.14 it follows that the forgetful functor
V:B,— B induces an isomorphism Sir(A, B,) rd (A,B), s~ T-s
Thus the Yoneda functor Y : C ®; A%?? — (A, B), C ®; A ~ JC ®4[4, —]
gives rise to a composite

(2.14) Str(A,B,) S (A, B)—> (C°?* ®; A, Ab.Gr.), t,F ~t ~ [V —, 1].

To prove the density of Y, it suffices by [25] 1.7, 1.17 to show that the compo-
site 2.14 is full and faithful.

Since [:C— B, is dense, the functor B, — (C°??, Ab.Gr.), (B, p) ~
[J—, (B, p)] is full and faithful, Thus the induced functor

Q: Str(A, B,) — (A, (C°??, Ab.Gr.)), s ~ (4 ~ [J—, sA]),

is also full and faithful. Recall that the functor R : (C°?? ®, A, Ab.Gr.) —
(A, (C°r?, Ab.Gr.)), where {R(E)(A)} (C) = E(C ®z A), is an equivalence
(cf. proof of 1.33). Hence the composite

R-1-Q: Str(A, B,)— (A, (C***, Ab.Gr.)) — (C°** ®, A, Ab.Gr.)

is full and faithful.

We now are in a position to show that the composite functors 2.14 and
R-1-Q are equivalent. This clearly implies that 2.14 is full and faithful.
Hence Y is dense.

Lett, -F: A— B, be the canonical lifting of a functor . By definition
of R and Q the value of the functor R~ - Q(t, - F}) : C°?? ®; A — Ab.Gr.
at C @z 4 is [JC, (t4,1,)], where (t4,7,) = (t,*F) A cf. 2.7. On the
other hand the value of the functor [V —, ] e(C°?? ®; A, Ab.Gr.) at
C®zA is [JCR®4[4, —], 1] (cf. 2.14). Since there is an isomorphism
[JC®4[4, =], ] 22 [JC, (t4, 7,)], which is natural in C and 4 and ¢,
the composite functors 2.14 and R-1 - Q are equivalent (cf. 2.9).

Q.E.D.

If B, does not admit a dense functor [ : C — B, with a small domain,
then the canonical index category in the representation of a functor¢ : A— B
as direct limit of generalized representable functors is very large. The
following theorem shows that in this case there is a smaller index category.
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2.15 THEOREM.'® Let A and B be additive categories satisfying 2.2 - 2.4,
Then for each functor t: A — B, each object X €A and each morphism
(XX

(2.16) tX = lim (tde, ra,) @4 [re, X]

«€EM(A)

and

t¢ = lim (tdo, 7q,) Q4 [re, €]
«EI\Z(A)

hold (for M(A) and M(A)* cf. [25] 2.19).
Dually, assume that A and B satisfy 2.2*% ~ 2.4*, Then for each functor
t: A— B, each object X € A and each morphism { : X — X'

.17) tX = lim [,[X, do], (e, tre)]

«EM(A)*

and
tf = li(f—n A[A[g’ dOC], (Tl‘a > tra)]

«EM(A)*

are valid.

Proof. We give an outline for the first half of 2.16. From this the second
part can be readily deduced. The assertion (2.17) then follows by duality.

From 1.12 it follows for each Y€A that the functors G:Mor(A)—Ab.Gr.,
o ~ [(tde, 7q,) R4 [re, X], Y], and G' : Mor(A) — Ab.Gr., o ~ [4[ra, X],
4ftda, Y]], are equivalent. There is a lemma similar to [25] 2.20 for
contravariant functors. (One only has to replace N in [25] 2.20 by Nerz,)
Thereforelim G’ =[4[—, X], o[t—, Y]] is valid. Since 41—, Y]: A*** — .M
is the canonical lifting of [t—, Y] : A%?? — Ab.Gr. (cf. 3.11 and 3.12), it
follows from 3.14 that [,[—, X], J[t—, Y]] == [[—, X], [t—, Y]] == [tX, Y].
Hence

(2.18) ‘ lim G =2 lim G’ ~ [tX, Y]

holds. By [25] 2.10 and [25] 2.1 lim G is isomorphic to the group of natural
transformations from Mor(A) —» B, a ~ (tda, 74,) ®4 [ra, X], to the constant

BIfA = Z, B = Ab.Gr. and A is small, then it can be shown that 2.16 is equivalent
to the following assertion of Yoneda (cf. [26], 4.31%)

f tY ® Hom(Y, X) = tX
YeA

481/8/1-8%
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functor const(Y) : Mor(A) — B. Since this isomorphism and those in 2.18
are natural in Y, the object tX is the direct limit of Mor(A) — B,
o~ (tda, Tdu) ®A [roc, X]. Q.E.D.

(2.19) We now sketch a useful generalization of 2.12 and1.33.Let A and B
be as in 2.1 and ] : C— B, an additive functor such that each (B, p) € B, is
functorially a direct limit of objects JC, where C € C. This is made precise
in 2.20. Examples are dense functors J. However density is a much stronger
condition than 2.20; from this weaker condition we will show that each

functor ¢ : A — B is functorially a direct limit of functors of the form
JC®4[4, —]: A— B, where CeC.

(2.20) Let J : C— B, be a functor with the following properties:

(@) For each (B,p)e B, there is a category D(B, p) and a functor
F(B, p) : D(B, p) — C such that (B, p) = lim J - F(B, p).

() For each morphism f: (B, p) — (B’, p’) there is a functor
H(f): D(B, p) >D(B', ¢)

and a natural transformation (f):F(B,p)—F(B',p’)- H(F), such that
f= li_r;n JH(f). If f = id, then H(f) = id and (f) = id.

2.21 THEOREM.'® Let A and B be additive categories as in 2.1 and
J : C— B, an additive functor satisfying 2.20. Then the property 2.20 carries
over to the functor

Z:CRzA??—~(A,B),C®R; 4~ JCR,[A4, —]
The dual statement is left to the reader.

Proof. (Sketch). In 2.15 we showed that each functor ¢z : A — B can be
represented as a direct limit of functors (tdw, 74,) ®, [re, —] : A—B.
Roughly speaking it therefore suffices to prove that such a functor is a direct
limit of functors JC @, [re, —] : A— B, where CeC.

. Let (B,p) ®4[A4,—]:[A— B be a generalized representable functor 2.5. By
220(B,p) = li_r)n JC, is valid, where « e D(B, p). (We prefer this notation to

(B, p) = lim J - F(B, p).) The following calculation based on 2.8 and [25]

2.10 shows that (B, p) ® 4[4, —] is a direct limit of functors JC, ®, [4, —],
where « runs through D(B, p).

18 The proof that 2.21 is actually a generalization of 2.12 requires a rather elaborate
cofinality argument.
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(222) [[B,p] ®al4, =], 2] =< [(B, p), (¢4, 74)] = [lim JC,, (14, 7,)]
o im[]C,, (24, 7] = im[JC, ®4[4, =]} 1]

(2 [lim JC, @44, =], 1))

(2.23) For a functor ¢: A — B define a category D(z) as follows: The
objects are pairs (i, a), where « is an object of Mor(A) (i.e., a morphism of A,
cf. [25], 2.19) and « an object of D(tdw, 74,). Let « : idg, — idy, be 2 morphism
in A. A morphism (¢, &) — (k, idg,) in D(¢) is a morphism f: C,— C,in C
such that the diagram

JC, = lim JC, = (tdw, ra,)

oy |

JC. —*> lim JC, = (tdw, 7a,)

is commutative, where u, and u, are the canonical morphisms into the direct
limit. Similarly a morphism (¢, ) — (v, idy,) is a morphism g:C,— C,
such that v, - J¢ = ta - u,, where v, : JC, — (tra, 71,) is the canonical mor-
phism into the direct limit. These are the only morphisms in D(¢). Composi-
tion is defined in the obvious way. The category D(¢) has all properties of a
cofibre category except for one. [The base would be Mor(A), cf. [25] 2.19,
and the cofibre at « € Mor(A) would be D(tda, 74,).]

Define F(t) : D(t) - C ®z A7 to be the functor (¢, o) ~ C, @ re. With
the notation as before (2.23) the value of F(¢) at a morphism (i, &) — (k, ida,)
or (i, ) — (v, idy,) is f ®z « or g ®z id respectively. For each (i, «) € D(¢t)
there is a composite

®a

224)  JC. @l —] —22240, (1da, 7a,) @ [ra, —] —2» 2

where #, is the canonical morphism into the direct limit and w, is the natural
tranformation which corresponds to fo under the Yoneda isomorphism
[(¢de, 7q,) ®4 [T, —], 2] 22 [(tde, 74,), (tra, 7r,)], cf. 2.8. Using 2.22 and 2.16
it is not difficult to check that ¢ together with the natural transformations 2.24
is the direct limit of Z - F(z) : D(t) — (A, B), (¢, @) » JC, ®4 [ra, —]. We
leave it to the reader to show that this representation of ¢ as a direct limit is
functorial in ¢, i.e., that 2.20(b) is valid. Q.E.D.

2.25 Remark. Let A’ be the ring A made commutative. As mentioned in
3.10, the canonical projection p : 4 — A’ induces a 1-1 correspondence
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between the A-enrichments of A and the A’-enrichments of A. Further-
more the functors (tde, 74,) X4 [re, —] : A — B and

al— (oo, tr)] - 4[—, do] : A—>B

considered in 2.16 and 2.17 have the property that rq, and 7, factor through
poPP AP A’ and p : A — A’ respectively (cf. 2.7). Therefore it is not a
restriction to assume /1 commutative in 2.16 and 2.17. This is in contrast to
2.12, because the representable functors considered there do not have the
property mentioned above.

(2.26) For the following consequence of 2.16 assume A commutative. From 1.5
it easily follows that 2.16 remains valid if t : A — B and

(tde, 7q,) ®4 [te, —] : A—B
are replaced by their canonical liftings t, - F,: A— B, and
((tdar Tdu) ®A [I'OL, —'])A 'FA :A— BA

{cf. 3.11). A similar remark holds for 2.1'1. However this presentation of t, - F 4
as a direct limit of functors ((tda, 7a.) ®a [re, —])a*Fa, a € A, is of little use
in applications unless the latter are representable functors in (A, B,). We now
prove that this is actually the case.

(2.27) Let B be right complete and (B,p) ®4[4, —]:A—> M—>B a
representable functor, where 4 € A and (B, p) € B, . (The case 2.4(ji) can be
treated similarly.) Since /4 is commutative, p : 4 — [B, B] factors through
the inclusion I : [(B, p), (B, p)] — [B, B]. We denote the factorization also
by p. Hence ((B, p), p) is an object of (B,), . We will show that

((B,p), p) @a[4, =] : A— By

and the canonical lifting of (B, p) ®,4[4, —] : A— B coincide (cf. 3.11).
From the construction of the tensor product (cf. 1.14 and 1.15-1.20) it
easily follows that the diagram

B,p).p)®
M ((B.0).P)® 4 B,

| b

(B,p)® 4

M4 .

is commutative, Furthermore the endomorphism of V {((B, p), p) X4 M},
M e ;M, corresponding to A € A coincides with p() ®,id : (B, p} X4 M —
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(B, p) ®4 M. By 3.11 the canonical lifting of (B, p) ®,[4, —]:A—Bis
given by the morphisms id ®4 ax(}) : (B, p) ®4[4, X]— (B, p) ¥4 [4, X],
where X € A and A € /. Using 3.1 one readily checks that ox(}) : 4[4, X]—
4[4, X] agrees with the action XM(—) : 4[4, X]— 4[4, X], € ~ X(£), of A on
4[4, X]. Therefore we need only show that the morphisms

P()‘) ®A id : (B’ P) ®A [A: X] - (B: P) ®A [A’ X]

and id ®,A(—) : (B, p) Q4 [4, X]— (B, p) ®,[4, X] coincide. From its
construction (cf. 1.14 and 1.15- 1.20), one easily deduces that the tensor
product is bilinear. Hence p(A) ®, id and id 4 A(—) are equal, A € 4. This
proves that ((B, p), p) @a[4, —]: A—>B, and (B, p) ®4[4, —]aFa:
A — B, agree. Q.E.D.

AppEnDIX. THE YonNEDA LEMMA ror NonstrRONG Funcromrs 2: A — ,M

By a A-enriched category we mean an additive category A with the follow-
ing properties!’: Each hom-functor [4, —]: A— Ab.Gr., 4 € A, factors
through the forgetful functor U: ,M— Ab.Gr., and each morphism
a: A— A’ induces a natural transformation ,[x, —] between the liftings
A4, —] and 4[4, —] with the property Uy [«, —] = [«, —]. We show in
3.8 that this is equivalent to saying that there exist functors F : A— A, and
F’: A— ,A which, composed with the forgetful functors V' : A, — A and
V. ,A— A, vyield the identity of A. Thus a functor ¢ : A — B can be factored
into A-%>A, %4 B,-%Band AT A4, B-% B, where £, and 4
denote the canonically induced functors (cf. 3.11). A functor s : A— ;M is
said to be strong if s = 4(U - 5) - F'. If A is commutative, this is equivalent
to requiring the map 4[4, A] — [s4, sA], @ ~ sa, to be a A-homomorphism
for each pair 4, 4 € A.

Let £: A— ,M be an additive functor, not necessarily strong. Since
(M), = M, it follows from the above that the values of # can be equipped
with a 4-4 bimodule structure,

The Yoneda lemma (3.17) for a A-enriched category A then states that the
map Y(4) : [4[4, =], ] = t4, § ~$(A)id,, establishes a 1-1 correspond-
ence between the natural transformations ¢ from 4[4, —] to ¢ and the ele-
ments a € t4 with the property Aa = aA, A € A. The map Y(4) is an isomor-
phism iff # is strong (3.23). Each functor ¢ : A — ;M has a maximal strong
subfunctor Y# which assigns to 4 € A the submodule{a € t4 | Aa = aA, A € 4}
of t4. The functor G : (A, ;M) — (A, Ab.Gr.), t ~ U - Y1 is right adjoint

17 This terminology is due to Kelly (unpublished, cf. 3.8b) and 3.8c)).
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to (A, Ab.Gr.) > (A, M), s ~ 45 - F'. Furthermore G is a right retraction
(3.24).

3.1 LemmMma (Eilenberg). Let A be a ring and A an additive category. The
right A-structures on an object A € A (i.e. the ring homomorphisms A°7? — [A, A]
cf. 1.2) are in 1-1 correspondence to the factorizations of [4, —] : A— Ab.Gr.
through U : ;M — Ab.Gr. Dually there exists a 1-1 correspondence between
the left A-structures on A € A and the factorizations of [—, A] : A— Ab.Gr.
through U.

Proof. Since this lemma is well known, we merely give an outline of the
first half. The second half follows by duality.

Let p,: Aov? —~[4, 4], A€ A, be a ring homomorphism and let X € A.
We define the left A-module structure, corresponding to p,, on the group

[4, X] by
(3.2) M§) = £ - pa),
where A € A8 and ¢ € [4, X]. The group [4, X] equipped with this 4-module

structure is denoted by 4[4, X]. One easily checks that 4[4, —] is a functor
from A to ,M with the property [4, —] = U - 4[4, —].

(3.3) To establish the converse, we define for a lifting 4[4, —] : A— /M
of [4, —], A€A,

G4 P4) = Aid ).

A morphism §¢: 44— X induces a A-homomorphism ,[4, £} : 4[4, A]—
4[4, X]; hence we obtain for each A 4

(-5 A§) = Mal4, £1idy) = 4[4, £]1Xid,) = £ - p.(N)-
Using this, one readily checks that p,: 497 — [4, A] (cf. 3.4) is a ring
homomorphism.

The processes 3.2 and 3.3 obviously yield the 1-1 correspondence stated
in 3.1

3.6 DeFiNiTiON. Let 4 and I' be rings and A an additive category. The
objects of the category pA, are triples (7, A, p) consisting of an object 4 € A
and ring homomorphisms = : I'— [4, 4] and p : A°?? — [4, A] with the
property p(A) - m{y) = w(y) - p(A), where Aed, yel. A morphism
(m, A, p) = (7', A, p’) in pA, is a morphism « : A — A’ with the properties
a - p(d) = p'(A) -« and « * w(y) = #'(y) - o, where Ac A°%?, y e I

18 Throughout this paper we write A € 4 instead of 4 5 A € 4% if it does not
give rise to misunderstanding.
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3.7 DerINITION. Let A be a ring. An additive category A is said to be
A-enriched if it has the property 3.8(b). Sometimes we also say that A is equipped
with a A-structure.

3.8 THEOREM. Let A be an additive category and A a ring. The following
are equivalent:

(a) There exists a functor F : A — A, which, composed with V : A, — A,
yields the identity of A.

(b) For each functor [A, —] : A— Ab.Gr., 4 € A, there exists a decomposi-
tion U- 4[4, —]:A— M—>Ab.Gr., and each morphism «: A— A’
tnduces a natural transformation jfo, —]: A, —]— 4[4, —] which, com-
posed with U, yields [a, —].

(c) For each functor [—, A] : A — Ab.Gr., A € A, there exists a decomposi-
tion U-y[—,4]:A— M~ Ab.Gr. and each morphism o:A— A’
induces a natural transformation A{—, o] : J[—, A} — 4[—, A'] with the
property U - j[—, o] = [—, a].

(d) There exists a functor F' : A — ,A which, composed with the forgetful
Sunctor V : JA — A, yields the identity of A.

(€) There exists a functor F" : A — ,A , with the following properties:

(1) The composition V - F" : A — ,A, — A is theidentity of A (V denores
the forgetful functor JA,— A).

(2) Let F"A = (m, A,p). Then the images of m:A—[A, A} and
p: A°%? [ A, A] are commutative rings and they coincide, i.e. m(A) = p(A) for
A3 Xe Aore,

Proof. In view of 1.4 the proof of (a) < (b) is dual to that of (c) <> (d).
The implications (e) — (a) and (e) — (d) are trivial. Moreover (b) and (c)
are equivalent because they both essentially assert that the hom-functor
[—, —]: A?? X A — Ab.Gr. factors through U : ,M — Ab.Gr. Thus we
need only show (a) — (b) — (e).

(a) — (b): Let A € A. ThenFA4 = (A4, o ,) holds, where o4 is a ring homo-
morphism A4°?? — [A4, A]. By 3.1 o, gives rise to a decomposition of
[4, —]: A— Ab.Gr. into U - 4[4, —]: A—~ ;M — Ab.Gr. According to
3.2 an element A € A4 acts on ¢ € 4[4, X] by composing ¢ with o (). Since F
is a functor, each morphism «: 4 — A’ is also a A-morphism (4, o) —
(4’, o4). Therefore a - 0,(A) = o,4(}) - « holds for all A € A. Using this and
3.2, oneeasily checks that [, —]isa natural transformation 4[4', —]—4[4, —].

(b) — (e) Let 4 and X be objects of A. By 3.1 and 3.5 the lifting 4[4, —]
of [4, —] gives rise to a ring homomorphism p, : 4°?? — [4, A] and an
element A€ A4 acts on £ € 4[4, X] by composing ¢ with p(}). Since-each
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a: A— A induces a natural transformation ,[a, —]: 4[4’, —] — 4[4, —],

we obtain for £ € 4[4’, X]and Ae 4

(3.9) £ o pad) = A - 0) = N[, X] &) = [« XI(9)
— () w= £ p ) e

Let X =4 =24, § =id, and a = p,(u), where p € A°°?. Then by 3.9
the image of p, : A°?? — [A4, A] is a commutative ring. Therefore p 4 defines
also a ring homomorphism /4 — [4, A], A ~ p(A), which we denote by =, .
Thus we define F’A = (=, 4, p,) and using 3.9 one readily verifies that F*
is a functor from A to 4A, with the properties stated in 3.8(e).

3.10 Remark. The property 3.8(e) of a A-enriched category shows that it
would not be an essential restriction to assume / commutative. For let A’ be the
ring A made commutative and p : 4 — A’ the canonical projection. Then p
establishes in an obvious way a 1-1 correspondence between the A’-structures
(3.7) on A and the A-structures on A. But (A, ;M) is in general only a
subcategory of (A, ;M). Stnce we can establish the Yoneda Lemma (3.17) for
all functors t : A — ,M, we would restrict 3.17 if we only consider commutative
rings A. In view of this we did not assume 4 commutative in 3.8.

The following is an immediate consequence of 3.8:

3.11 CoroLLARY. Let A be a A-enriched category and t : A — B a funcior.
Denote by 4t,: JAj— By, t4: Ay~ Byand it : JA— 4B the canonically
tnduced functors (e.g. t (4, p) = (4, (A4, A) - p), where t(A4, 4) : [4, A] —
[tA, tA], a ~ ta). Then there exists a commutative diagram

(31.2)

where V denotes the forgetful functors and F', F and F" are as in 3.8.
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3.13 DerFINITION. Let A be a A-enriched category. A functor t : A — ;M
is called strong if it agrees with canonical lifting J(U -t)-F' of U-t: A—
Ab.Gr. (cf. 3.11).

The canonical projection p: A — A" (cf. 3.10) induces an embedding
I: M — ,M which is one-one on objects. Then it readily follows from 3.8(e)
and 3.11 that a strong functor t : A — ;M factors through I. Furthermore one
eastly checks that the factorization t' : A —> 4M is a strong functor in the sense
of Linton [17] p. 323, i.e. for each pair A, A€ A, the map 4[4, A]—[t'A,t' 4],
a ~ t'a, 15 @ A'-homomorphism (Since A’ is commutative, [#'4, ¢’ A] can be
viewed as a A’-module). Conversely, any functor s: A — ,-M with this
property induces a strong functor I-s:A — ,M. Instances of strong
functors are the hom-functors 4[4, —]: A— M, A€ A.

3.14 TueoreM. Let A be a ring and A a A-enriched category and t,
f: A — B functors. Then 3.12 gives rise to a commutative diagram

(3.15) [ata F", gig F'1 —> [ty F,1,-F]

NG

[At 'F’, At- -11"] —> [t7 i]
in which all maps are isomorphisms.

Proof. We show that © (3.15) is an isomorphism. The proof for the other
maps in 3.15 is similar. Since the forgetful functor ¥ : B, — B is faithful, o
is injective. To prove that v is surjective, we show that each natural transfor-
mation ¢ : t— 7 is also a natural transformation ¢, -F— 2, - F. For this
we need only verify that for each 4 €A the morphism ¢(4): t4 —i4
is compatible with the canonical A-structures on ¢4 and 4, in other words
that y(A4) is a morphism ¢, - FA — £, - FA. By 3.8(a) F4 is equal to (4, o),
where o4 is a ring homomorphism A4°?? — [4, 4]. By 3.1, 3.5 and 3.11, an
element A e A acts on y(4) € [t4, 4] by composing y(A4) with to,(A), i.e.
Ap(A)) = Y(A) - ta,(A). Since g ,(}) is a morphism 4 — 4, it follows from
the naturality of ¢ that

W(A) - to A) = to,(A) - $(A)

Thus y(4) is a morphism ¢, - FA — £, - FA.
Q.E.D.

3.16 CoroLLary, (Yoneda lemma for strong functors, cf. Linton [I7]
Theorem 3.3) Let A be a ring, A a A-enriched category and t : A— ;M a
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strong functor. Then for each A € A the group [,[A, —], t] can be equipped with
a left A-module structure and the Yoneda assignment

Y(A): 4[4, =], t] >4, ¥ ~¢(4)id,,
is an isomorphism of A-modules.

Proof. According to the definition of strong (cf. 3.10) £ = (U -¢) - F’
holds. The map UY(A4)is obviously the composition of [,[4, —], (U -2)- F'] —
(4, —1, U - 1], ¢ ~ Uy, with the Yoneda isomorphism [[4, —], U -] =~
UtA. Since 4[4, —] = 4(U - 4[4, —]) - F' it follows from 3.14 (with B =
Ab.Gr.) that ¢ ~ Uy is an isomorphism. Thus the left 4A-module structure
on U - ¢4 induces a canonical left A-module structure on [,f4, —], #] and
Y(A) is a A-isomorphism.

In 3.23 we will prove the converse of 3.16, i.e. any functor £ : A — ;M
is strong for which the Yoneda maps Y(4), 4 € A, are isomorphisms. For 4
commutative this was first observed by Linton [17], theorem 3.12. However,
an additive functor ¢: A— ,M is in general not strong, even if 4 is com-
mutative. For instance let 7 : 4°P? — [A4, 4], A € A, be a ring homomorphism
which is different from the canonical one given by 3.7 and 3.1. Then by 3.1
= induces a lifting 4[4, —] : A— ;M of [4, —] : A — Ab.Gr. which does
not agree with 4[4, —]: A — ;M (cf. 3.7 and 3.8(b)). Since 4[4, —]is strong
and U - 4[4, —] = U - 4{4, —] holds, the functor 4[4, —] is not strong.

3.17 Lemma (Yoneda) (for nonstrong functors). Let A be a ring and A a
A-enriched category (3.7). By 3.11 (with B = M) there exists for each additive
functor t: A— ;M a canonical decomposition into V -t,-F:A—A,—
AM,— M. Thus, for each A€ A, tA can be equipped with a A-A bimodule
structure.

Then [4[A, —), t] is a left A-module and the Yoneda assignment
(3-18) Y(4): (4, =L 8] >4, § ~ §(4) id,,

is a A-homomorphism which maps [ s[4, —), t] isomorphically on the submodule
of tA consisting of the elements a € tA with the property \a = a}, A € A.

Proof. The group [,[4, —], t] can be equipped with a left A-module
structure as follows: Let 4 : 4[4, —] —> ¢ be a natural transformation and
A€ A Define A at X € A as

(3.19) a[4, X]— X, & ~ Y(X)(AL).

We have to show that (M) = (i * A) ¢, p € A. According to 3.1 and 3.5 the
lifting 4[4, —] of [4, —] givesrise to a ring homomorphismo ,: A°P?—[4, 4],
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and an element A € A acts on £ € 4J[4, X] by composing £ with o,(A). In 3.9
let @ = o,(u), where p € A. Then it follows from 3.9 that

(3:20)  HAE) = € o N) - ou(w) = & of() - ou() = A(£)-

From this one readily deduces that u(A¥) = (uA) ¢. The other properties of
a A-module structure are evident. Hence by 3.19 a left /1-module structure is
defined on [4[4, —], t]. Furthermore it follows easily from 3.19 that the
Yoneda map Y(4) (3.18) is a A-homomorphism. We now show that the ele-
ments a € im Y(A4) have the property Aa = @}, A € 4. According to 3.11 the
right A-module structure on t4 is given by the composite A°?? — [4, A] —
[t4, tA], A ~ to (7). Hence we have

(3.21) aA = ta,(\)(a)

for each a € tA4. Since ¢ : 4[4, —] — ¢ is natural and A(id ;) = o ,(}) - id, =
a4, o N)]id,, it follows that

NY(4) §) = AM(4) id,) = $(4) Nid,) = ¥(4) - 4[4, o)) (id,)
= 104A) - (A)id,) = to,ANY(4) §) = (Y(A) ) A

Conversly, let 2€tA4 be an element with the property Aa = aX, Ae 4. We
prove that

Yot al4, —]1— ¢, Po(X)(§) = t£(a),

where £ € 4[4, X], is a natural transformation. The compatibility of ¢, with
morphisms X — X’ is standard. Therefore we need only verify that
Yo X) : 4[4, X]—tX is a A-homomorphism. Since for A€ 4, a€t4, and
£e 4[4, X], ak = to (A)(a) and A(§) = £ - 0,(A) hold, we obtain

P X)AE) = t(Af)(a) = ¢ - 0,,A))(@) = # - to(N)(a)
= té(ad) = t&(Aa) = A(t§(a)) = Aa(X) §).

The partially defined map t4—[4[4, —],t], @ ~,, is left inverse to
Y(4) : [4[4, —1, t] > tA. Hence Y(4) is injective, and the elements a € £4
with the property Aa = aA, A€ 4, constitute a submodule of 24 which is
isomorphic to [4[4, —], t].

Q.E.D.

Remark: The Yoneda lemma 3.17 can be generalized as follows: The category
A need not be A-enriched. It suffices that for the given object A of A, the functor
[4, —] can be decomposed into U - 4[4, —] : A~ ;M — Ab.Gr. The com-
position A°7? — [A, A] — [tA, tA], A ~ ta ,(A), makes tA into a A-A bimodule,
where o, : A°?? — [A, A) is the ring homomorphism associated with ,[A, —]
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(cf. 3.1). Then the map Y(A) (3.18) establishes a 1-1 correspondence
between [ [A, —], t] and the set of elements a € tA with the property Aa = a,
A€ A. In general the group [,[A, —1, t] can be equipped with a left A-module
structure only if the image of to 4 is a commutative ring. In this case the Yoneda
map Y(A) is also a A-homomorphism.

We shall make only incidental use of this generalization later.

From 3.17 and 3.18 it follows that the image of ¥Y(A) (cf. 3.18) is a sub-
module of 4. This leads to the following

3.22 DerFINITION. Let A be aring, A a A-enriched category and t : A — ;M
a functor. The Yoneda part Yt : A — M of t is the subfunctor which assigns to
A € A the submodule {a € tA | da = aA, A e A} = im Y(4) of t4.

(3.23) From 3.21 and 3.11 it follows easily that Yt : A — ,M is a strong
Jfunctor and that Yt contains every strong subfunctor of t. Hence t is strong iff
Yt = t. This implies that the Yoneda map Y(A): 4[4, —],t] > 14 is an
isomorphism tff t is strong.

3.24 THeOREM. Let A be a ring and A a A-enriched category. Then the
functor E : (A, Ab.Gr.) > (A, ;M), s ~ 45 - F' (cf. 3.11), is left adjoint to
G: (A, M)— (A, Ab.Gr.), £ ~ U+ Yt (Recall that U: ;M — Ab.Gr. is
the forgetful functor). Furthermore for each se (A, Ab.Gr.) the functors
U - Y(s - F')(ctf. 3.11) and s coincide and the front adjunction at s is the identity
of s. Hence G is a right retraction.

Proof. Lett: A— ,M be a functor and 4 an object of A. Then by 3.17
there exists an isomorphism between the underlying group of [4[4, —], 7]
and U - Y#4) = [[4, —], U - Yt] which is natural in 4 and ¢. Hence
E-Y*:A??— (A, Ab.Gr.)— (A, M), 4 ~ 4[4, —], is left adjoint to
G: (A, ,M)— (A, Ab.Gr.), t ~ U - Y, relative to the Yoneda embedding
YA : Aov? > (A, Ab.Gr.), A ~ [4, —], (cf. [25], 2.2). Since Y* is dense
(cf. [25], 1.10, 1.17) and E right continuous, it follows from [25], 2.1, 2.24
that E is left adjoint to G. The rest of 3.24 is an immediate consequence of

3.22 and 3.23.
Q.E.D.
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