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Abstract

In this paper we study spectral estimates of the p-Laplace Neumann operator in conformal regular domains {2 C R2. This study
is based on (weighted) Poincaré—Sobolev inequalities. The main technical tool is the theory of composition operators in relation
with the Brennan’s conjecture. We prove that if the Brennan’s conjecture holds for any p € (4/3,2) and r € (1, p/(2 — p))
then the weighted (r, p)-Poincare—Sobolev inequality holds with the constant depending on the conformal geometry of (2. As
a consequence we obtain classical Poincare—Sobolev inequalities and spectral estimates for the first nontrivial eigenvalue of the
p-Laplace Neumann operator for conformal regular domains.
© 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and methodology

Let 2 C R? be a simply connected planar domain with a smooth boundary 92. We consider the Neumann
eigenvalue problem for the p-Laplace operator (1 < p < 2):

— div (|W|P—2w) = pplulP2u in 2
d (1.1)
& 0 on 9{2.
on
The weak statement of this spectral problem is as follows: a function u solves the previous problem if and only if
ue Whr(2)and

//Q <|Vu(x, y)|p_2Vu(x, y)) -Vu(x,y)dxdy = pup //Q || P2 u(x, yv(x,y) dxdy

forall v e WP (02).
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The first nontrivial Neumann eigenvalue 1, can be characterized as

[ |Vu(x, )P dxdy . L )
[fq luGx, )P dxdy we Wi\ {0} //Q [l u dxdy = ()} .

wp(f2) = min {

1
Moreover, ,(f2)" 7 is the best constant B, ,({2) (see, for example, [1,2]) in the following Poincaré—Sobolev
inequality

inf || f —c | LY@ < By p(DIVF | L@, f € W),

We prove, that 11, ({2) depends on the conformal geometry of {2 and can be estimated in terms of Sobolev norms
of a conformal mapping of the unit disc D onto {2 (Theorem A).
The main technical tool is existence of universal weighted Poincaré—Sobolev inequalities

1
inf(// (s y) = el h(x, y) dxdy)'
ceR 0N

1
< B, (2, h)(// IV f ()P dxdy)", Few'r), (12)
2

in any simply connected planar domain {2 # R? for conformal weights A (x, y) = Jo(x,y) = ¢ (x, y)|? induced by
conformal homeomorphisms ¢ : 2 — D.

Main results of this article can be divided onto two parts. The first part is the technical one and concerns
weighted Poincaré—Sobolev inequalities in arbitrary simply connected planar domains with nonempty bound-
aries (Theorem C and its consequences). Results of the first part will be used for (non weighted) Poincaré—Sobolev
inequalities in so-called conformal regular domains (Theorem B) that lead to lower estimates for the first nontriv-
ial eigenvalue |1, (Theorem A). To the best of our knowledge lower estimates were known before for convex domains
only. The class of conformal regular domains is much larger. It includes, for example, bounded domains with Lipschitz
boundaries and quasidiscs, i.e images of discs under quasiconformal homeomorphisms of whole plane.

Brennan’s conjecture [3] is that for a conformal mapping ¢ : 2 — D

4
// lo'(x, V)P dxdy < +o0, forall 3 < B < 4. (1.3)
(2

1

For the inverse conformal mapping ¥ = ¢~ : D — (2 Brennan’s conjecture [3] states

2
f/ [ (u, v)|¥ dudv < +o00, forall —2 <a < 3 (1.4)
D

A connection between Brennan’s Conjecture and composition operators on Sobolev spaces was established in [4]:
Equivalence Theorem. Brennan’s Conjecture (1.3) holds for a number B € (4/3;4) if and only if a conformal
mapping ¢ : §2 — D induces a bounded composition operator

¢* LY (D) — L14PP ()

Jorany p € (2; +00) and q(p, B) = pB/(p + B = 2).

The inverse Brennan’s Conjecture states that for any conformal mapping ¥ : D — {2, the derivative ' belongs
to the Lebesgue space L* (D), for —2 < « < 2/3. The integrability of the derivative in the power greater than 2/3
requires some restrictions on the geometry of £2. If £2 C R? is a simply connected planar domain of finite area, then

// 1Y (u, v)|* dudv = // Jy (u, v) dudv = || < oco.
D D

Integrability of the derivative in the power & > 2 is impossible without additional assumptions on the geometry of (2.
For example, for any o > 2 the domain {2 necessarily has a finite geodesic diameter [5].
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Let 2 C R? be a simply connected planar domain. Then 12 is called a conformal a-regular domain if there exists
a conformal mapping ¢ : 2 — D such that

// ‘((p_l)/(u, v)‘a dudv < oo for some o > 2. (1.5)
D

If 12 is a conformal a-regular domain for some a > 2 we call {2 a conformal regular domain.

The property of a-regularity does not depend on choice of a conformal mapping ¢ and depends on the hyperbolic
geometry of {2 only [6]. For connection between conformal mapping and hyperbolic geometry see, for example, [7].

Note that a boundary 92 of a conformal regular domain can have any Hausdorff dimension between one and two,
but cannot be equal two [8].

The next theorem gives lower estimates of the first nontrivial p-Laplace Neumann eigenvalue:

Theorem A. Let ¢ : 2 — D be a conformal homeomorphism from a conformal a-regular domain {2 to the unit disc
D and Brennan’s Conjecture holds. Then for every p € (max{4/3, (o + 2)/a}, 2) the following inequality holds

1 /
inf —1y/ Lot D 2(// ‘ —1
=i fqeu,z‘p“/m—p»{”(“’ ieeor( [ [ (v7)

Here B, (D) is the best constant in the corresponding (r, q)-Poincare—Sobolev inequality in the unit disc D for
r=ap/(a —2).

(p=2)q r=q

P—q g
dudv) -B%, (D)}
@24

In the limit case « = oo and p = g we have

Corollary A. Suppose that 2 is a smooth bounded Jordan domain with a boundary 352 of a class C' with a Dini
continuous normal. Let ¢ : 2 — D be a conformal homeomorphism from (2 onto the unit disc D. Then for every
p € (1, 2) the following inequality holds

“I|L>®)||? .
(@) <@ ) ILT D) )

Remark 1.1. The constant B, ,; (D) satisfies [9,10]:

B (1D>)<2 =5\ §=1/qg—1)
— = —1/r
raV =5 \12=s) a

Remark 1.2. The Brennan’s conjecture was proved for o € [«, 2/3) when og = —1.752 [11].

In the Introduction we formulate main results under the assumptions that the Brennan’s conjecture holds true for
all =2 < a < 2/3. In the main part of the paper we prove main results for ¢p = —1.752 < o < 2/3 that was proved
recently.

This difference is related to our belief that the Brennan’s conjecture is correct.

Remark 1.3. The estimates for the 11, (2) were known before only for convex domains. For example, in [12] it was
proved that

7, \’
Mp(Q) = <d(ﬂ)>

where

e[ oo
? 0 A—1tP)(p— 1))% pGsin(/p))’

Theorem A has a direct connection with the spectral stability problem for the p-Laplace operator. See, the recent
papers, [13—16], where one can found the history of the problem, main results in this area and appropriate references.
Theorem A is a corollary (after simple calculations) of the following version of the Poincaré—Sobolev inequality.
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Theorem B. Suppose that 2 C R? is a conformal a-regular domain and Brennan’s Conjecture holds. Then for every
p € (max{4/3,a/(a — 1)},2), everys € (1, “a;zﬁ) and every function f € WP (), the inequality

: 5
inf(// |f<x,y>—c|3dxdy)A sBS,pm)(// |Vf<x,y)|f’dxdy) (1.6)
ceR I?) 0

holds with the constant

2 . - 2
Bop(@) = @ I DB, (2. 0 = inf B @) 7Y ILDI Ky )]
qell,2p/G—pn L ¢

Here B, ,(§2, h), r = as/(a — 2), is the best constant of the following weighted Poincaré—Sobolev inequality:

Theorem C. Suppose 2 C R? is a simply connected domain with non empty boundary, Brennan’s Conjecture holds
and h(z) = J(z, @) is the conformal weight defined by a conformal homeomorphism ¢ : {2 — . Then for every
p € (4/3,2) and every function f € WP (12), the inequality

1
in£<// |f<x,y)—c|fh<x,y>dxdy)’ fBr,pm,h)(// |Vf<x,y>|pdxdy)" (1.7)
ce N i0)

holds for any r € [1, p/(2 — p)) with the constant

Br,p(g, h) < {Kp,q(D) ’ Br,q(D)} :

inf
q€ll.2p/(4=p))

Here B, 4 (D) is the best constant in the (non-weighted) (r.g)-Poincaré-Sobolev inequality in the unit disc D C R?
and K, ,({2) is the norm of composition operator

(w‘)* CLYP(Q) > LM(D)

generated by the inverse conformal mapping ¢! : D — 2:

= ([

Remark 1.4. Theorem C holds (without referring the Brennan’s Conjecture) for

(P=2)q

P—q
dudv)

r
pq

2
P R | B (1.8)
2—p 24wl 2-—p
and p € ((laol +2)/(lao| + 1), 2), where og = —1.752 represents the best result for which Brennan’s conjecture was
proved.

Remark 1.5. Let 2 C R? be a simply connected smooth domain. Then ¢! € L¥(D) for all @ € R and we have the
weighted Poincaré—Sobolev inequality (1.2) forall p € [1,2) and all r € [1,2p/(2 — p)].

In the case, when we have an embedding of a weighted Lebesgue space into a non-weighted one, the weighted
Poincaré—Sobolev inequality (1.7) implies the standard Poincaré-Sobolev inequality (1.6).

Let us give some historical remarks about the notion of conformal regular domains. This notion was introduced
in [16] and was applied to the stability problem for eigenvalues of the Dirichlet-Laplace operator. In [10] the lower
estimates for the first non-trivial eigenvalues of the Neumann—Laplace operator in conformal regular domains were
obtained. In [5] we proved but did not formulated the following important fact about conformal regular domains and
the Poincaré—Sobolev inequality:
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Theorem 1.6. Ler 2 C R? be a simply connected domain of finite area such that the (s, 2)-Poincaré-Sobolev
inequality

1 1

inf(/ f G y) —cf dxdy)s SBs,2(9)</ IVf(x,y)|2dxdy>2
ceR ) 0}

does not hold for some s > 2. Then {2 is not a conformal regular domain.

In the present work we suggest for the conformal regular domains a new method based on the theory of composition
operators [17,18] and its applications to the Sobolev type embedding theorems [19,20].
The following diagram illustrates this idea:

wiry 5 wlam
J J
@) L Lrm.

Here the operator ¢* defined by the composition rule ¢*(f) = f o ¢ is a bounded composition operator on
Sobolev spaces induced by a homeomorphism ¢ of 2 and D and the operator (¢~ !)* defined by the composition
rule (9 ~1)*(f) = f o ¢! is a bounded composition operator on Lebesgue spaces. This method allows to transfer
Poincaré-Sobolev inequalities from regular domains (for example, from the unit disc D) to (2.

In recent works we studied composition operators on Sobolev spaces in connection with the conformal mappings
theory [21]. This connection leads to weighted Sobolev embeddings [22,4] with the universal conformal weights.
Another application of conformal composition operators was given in [16] where the spectral stability problem for
conformal regular domains was considered.

2. Composition operators

Since all composition operators that will be used in this paper are induced by conformal homeomorphisms we
formulate results about composition operators for diffeomorphisms only.

2.1. Composition operators on Lebesgue spaces

For any domain 2 ¢ R? and any 1 < p < oo we consider the Lebesgue space L”(£2) of measurable functions
f : 2 > R equipped with the following norm:

1/p
If I L) = </ o Lf (e, )17 dxdy) < 00.

The following theorem about composition operators on Lebesgue spaces is well known (see, for example [18]):

Theorem 2.1. Let ¢ : 2 — §2' be a diffeomorphism between two planar domains {2 and 2. Then the composition
operator

" L") —> L*(2), 1<s=<r<oo,
is bounded, if and only if

r—s

([/ 1(uv)”dudv)”:K<oo, 1<s<r <o,

sup  (J,-1(u, v))*
(u,v)ef’

o=

=K <00, 1<s=r<oo.

The norm ||¢*|| of the composition operator ¢* equals K.
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2.2. Composition operators on Sobolev spaces

We define the Sobolev space W7 (£2), 1 < p < oo as a Banach space of locally integrable weakly differentiable
functions f : {2 — R equipped with the following norm:

Lf 1 WhP @)l —</ |f(x, y)lpdxdy> (/ IV fx, y)lpdxdy>

We define also the homogeneous seminormed Sobolev space L7 (£2) of locally integrable weakly differentiable
functions f : {2 — R equipped with the following seminorm:

IF 1L =(f IVf(x,y)I”dxdy>p

Recall that the embedding operator i : L'P () — LIOC(Q) is bounded.
Let 2 and 2’ be domains in R?. We say that a diffeomorphism ¢ : 2 — 2’ induces a bounded composition
operator

¢  LVP(@Q) - L), 1=g=<p=oo
by the composition rule ¢*(f) = f o ¢ if ¢*(f) € L19(12) and there exists a constant K < 0o such that
le* () I LY@ < KIf I LYP @) forall f e LMP(4).
The main result of [17] gives the analytic description of composition operators on Sobolev spaces (see also [18])
and asserts (in the case of diffeomorphisms) that
Theorem 2.2 ([17]). A diffeomorphism ¢ : {2 — (2 between two domains (2 and 2" induces a bounded composition
operator
e LYP(2) > LY(D), 1<qg<p < oo,
if and only if

9/ (x, )| T
Kpq() = (f/(mx y)|> ddy) =

Definition 2.3. We call a bounded domain 2 C R? as a (r, g)-embedding domain, 1 < g, r < oo, if the embedding
operator

ig:Whi(Q)— L' ()
is bounded. The unit disc D C R? is an example of the (r, 2)-embedding domain for all » > 1.

The following theorem gives a characterization of composition operators in the normed Sobolev spaces [10]. For
readers convenience we reproduce here the proof of the theorem.

Theorem 2.4. Let (2 be an (r, g)-embedding domain for some 1 < q < r < oo and |{2'| < oo. Suppose that a
diffeomorphism ¢ : 2 — (2 induces a bounded composition operator

e LYP(Q2) > LY(D), 1<qg<p<oo,

Vs ' — 2 induces a bounded composition operator

and the inverse diffeomorphism ¢~
() L) - L)
forsome p <s <r.
Then ¢ : 2 — (2 induces a bounded composition operator

e WPy > whi), 1<g<p<oo.
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Proof. Because the composition operator (¢~ !)* : L"(£2) — L*(£2') is bounded, then the following inequality
I g | L ()] < Ars(Dlig | L ()]

holds. Here A, ;({2) is a positive constant.
If a domain {2 is an embedding domain and the composition operators

(@D L) = L), ¢t L) - LM
are bounded, then for a function f = g o ¢! the following inequalities
Clgﬂg If =cl LY < Ars(2) Clgﬂg llg —c | L (Dl
< Ars(DMg | LY WD) < Ars (DK g (DM f | LMP(2)]

hold. Here M and K, ,({2) are positive constants.
The Holder inequality implies the following estimate

_1 _1
lel = 121 7lle | LPEOI < 12T 7 (ILf | LPE@OI 4+ 11f — ¢ | LP(2)])
_1 _1
<21 PIfLLPEON+H 121751 f —e | LYW
Since g < r we have
1 r—q
g [ LY < lle | LY + g — ¢ | LIS < lel|2[7 + 127 g — ¢ | L"(Q)l]
_1 _1 L r—q
< (IQ'I PIFTLPEO+ 121750 f —c | Ls(Q')H) 127 + 1217 g —c | L (2)].
From previous inequalities we obtain for ¢*(f) = g finally
1 1 1 1
g [ LY@ < 21912171 f | LY@ + Ars (DK p o (DM|2]412' |77 || f | LYP(2)]
+ Kpg(DOMI2IT £ | L7 (@]
Therefore the composition operator
g Whr () — whi(2)
is bounded. [

3. Poincaré-Sobolev inequalities

3.1. Weighted Poincare—Sobolev inequalities

143

Let 2 C R? be a planar domain and let v : 2 — R be a smooth positive real valued function in £2. For 1 < p < 00

consider the weighted Lebesgue space L” ({2, v) of measurable functions f : {2 — R with the finite norm

1/p
If I LP(2,v)] = (//Q |f (c, mIPulx, y) dxdy) < o0.

It is a Banach space for the norm || f | LP (£2, v)]|.

Applications of the conformal mappings theory to the Poincaré—Sobolev inequalities in planar domains are based
on the following result (Theorem 3.3, Proposition 3.4 [4]) which connected the classical mappings theory and the

Sobolev spaces theory.

Theorem 3.1. Ler 2 C R? be a simply connected domain with non-empty boundary and ¢ : 2 — D be a conformal
homeomorphism. Suppose that the (Inverse) Brennan’s Conjecture holds for the interval [ag, 2/3) where o € (—2, 0)

Jap|+2 )
leg|+1° </*

Then the inverse mapping ¢~ induces a bounded composition operator

(™" 1 L,(2) > Ly (D)

andpe(
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for any g such that

l<g< P logl - 2p
T T 24 al—p 4-p

and for any function f € L}U(Q) the inequality
)’

vk g —1y, 224 ra 1,p
@™ )" ILDM) < ID)l(fﬂ )| P=¢ dudv If 1 L2

holds.

Jap|+2

Remark 3.2. Let us remark that 2ol 1

> % for any g € (—2, 0).

Using this theorem we prove
Theorem C'. Suppose that 2 C C is a simply connected domain with non empty boundary, the Brennan’s Conjecture
holds for the interval [«g, 2/3), where ag € (—2, O) and h(z) = Jy(z) is the conformal weight defined by a conformal

homeomorphism ¢ : 2 — D. Then for every p € ((Jao| +2)/(|ao| + 1), 2) and every function f € WHP (), the
inequality

1 1
inf(/ / |f<x,y>—c|rh<z>dxdy>’ sBr,pm,h)( /] |Vf<x,y>|dedy)”
ceR I?) i)

holds for any r such that

2p el _p
2—p 24|l 2—-p

1<r<

with the constant

B, (0. h) < inf  {K,oD)-B,D).
rp(£2, ) q€[1,2p/(4_p)){ p.q(D) - B4 (D)}

Here B, ,(ID) is the best constant in the (non-weighted) Poincaré—Sobolev inequality in the unit disc D C C and
K, 4(£2) is the norm of composition operator

(w‘)* CLYP(Q) - LM(D)

generated by the inverse conformal mapping ¢! : D — £2:

= ([

Proof. By the Riemann Mapping Theorem, there exists a conformal mapping ¢ : 2 — D, and by the (Inverse)
Brennan’s Conjecture,

(r=2)q

P—q
rP—q rq
dudv .

/ (@™ (u, v)|* dudv < 400, forall —2 <ag < a < 2/3.
D

Hence, by Theorem 3.1, the inequality
IV(fog™) [ LIM)| < Kp gDV f | LP(D)]
holds for every function f € L7 (£2) and for any g such that

j<ge_ Pl 20 G.1)
T T 2+4agl—p 4-p
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Choose arbitrarily f € C'(£2). Then g = f o ¢! € C' (D) and, by the classical Poincaré—Sobolev inequality,
inf[|fog™ —c | L'M)]| < By V([ 09~ | LYD)] (3.2)

for any r such that

1<r< .
=r=9y
By elementary calculations from the inequality (3.1), it follows that
29 _ 2p |l P
< . < .
2—q  2—p 2+agl 2-p
Combining inequalities for 2¢ /(2 — ¢) and r we conclude that the inequality (3.2) holds for any r such that

2p el _p
2—p 24wl 2-p

Using the change of variable formula, the classical Poincaré—Sobolev inequality for the unit disc

1 1
inf <// lg(u, v) — ¢ dudv) "< B, D) (// Ve, v)|? dudv)q
ceR D D

and Theorem 3.1, we finally infer

in </f £ G ) — el R, y) dxdy)'
ceR 0
1 1
:inf(// 1F G y) — el Jp(x. y) dxdy)r :inf(// lg(u, v) —c|" dudv)r
ceR [?) ceR D

1
< Br,q@»( / /D Vg, ) dudv)" < Kpa(D)- Br.,qaf»)( / /Q |Vf<x,y>|"dxdy>p.

Approximating an arbitrary function f € W17 (£2) by smooth functions we obtain

1<r<

inf(// | f(x,y) —c| h(z) dxdy)r < B, (12, h)(// IV f(x, )P dxdy)p
ceR ) 0

with the constant

B, ,(2,h) < inf K,,D)-B.,(ID){. O
. ) q:q€[1,2p/(4—p)){ pa @) Brq )}

The property of the conformal «-regularity implies the integrability of a Jacobian of conformal mappings
(conformal weights) and therefore for any conformal «-regular domain we have the embedding of weighted Lebesgue

spaces L" ({2, h) into non-weighted Lebesgue spaces L*({2) for s = “T*Zr.

Lemma 3.3. Let (2 be a conformal a-regular domain. Then for any function f € L" ({2, h), a/(a —2) <r < 00, the
inequality

7@ (f[ oty
D

holds for s = O‘a;zr.

2.1
a s

¢ dudv) If | L2, )|

Proof. Since (2 is a conformal «-regular domain then there exists a conformal mapping ¢ : {2 — ID such that

J —1(u,
<//}D|(p (u, v)

r—

= dudv)m = (// ‘(w_l)/(u,v)’a dudv) ’ < 00,
D

Rt
o=
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for s = “%r. Then

: s _s 5

//Qlf(x,y)lsdxdy> =(//Qlf(x,y)l"'lé(x,y)Jw’(x,y)dxdy)
1 r=s
// |f(X,y)|rJ¢(x,y)dxdy) (// J;H(x,y)dxdy) ’
[ 2
/f f G )P hx, y) dxdy)'(// J’f;‘w,v)dudv>”
0 D¢
1

l ¢
= (//Q L f O, I h(x, y) dxdy) <//]D> ‘(goil)/(u, v)‘ dudv) . 3.3)

The Lemma is proved. [J

If LD =

IA

(
(
(

S

From Theorem C" and Lemma 3.3 follows Theorem B’:

Theorem B'. Suppose that 2 C C is a simply connected domain with non empty boundary, the Brennan’s Conjecture
holds for the interval [ag, 2/3), where o € (—2, 0).
Then for every

( {4 2a(lag| +2) })
p € | max § -, .20 ),
3" Qua + 3a|ag] — 4|agl)

everys € [1, %;2%2‘4‘?"20] and every function f € WP (), the inequality

1 1

1 i
inf(f / |f<x,y)—c|5dxdy)S sBs,p(m( / / |Vf(x,y)|l’dxdy)” (3.4)
ceR I?) I?)

holds with the constant

B, () < (0= YILEMD)||% B, (2. h) < inf Bos (D)@Y |LED) K, D)}
@ =IO B2 < ol B @) 167 1L @)Ky @)]

Proof. The inequality (3.4) immediately follows from the main inequality of Theorem C" and the main inequality of
Lemma 3.3. The last part of this inequality used known estimates for the constant of the Poincaré—Sobolev inequality
in the unit disc.

It is necessary to clarify the restrictions for parameters p, r, s, because these restrictions do not follow directly from
Theorem A’ and Lemma 3.3.

By Lemma3.3 s = "‘a;zr. By Theorem C’

l<r< 2p el P
2—p 24wl 2-p
Hence
1§s§a_2 2p || a—2' p

. . < .
o 2—p 2+ ool o 2—p
Since 1 < s we have from this inequality that

o 2p levol p
< . < .
a—2 " 2—p 24|l 2—p
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By elementary calculations

20(2 + |aol) o
P = > .
200 + 3a|og| — 4lag] a—1

The last inequality is correct by factor that Brennan’s conjecture is correct foralle : =2 <« <2/3. O

Theorem A’ follows from Theorem B’, using s = p, that is necessary for coincidence of the first nontrivial
Neumann-Laplace eigenvalue and the constant in the Poincaré—Sobolev inequality of Theorem B’.

Theorem A'. Let ¢ : 2 — D be a conformal homeomorphism from a conformal o-regular domain 2 to the unit disc
D and the Brennan’s Conjecture holds for the interval [ag, 2/3), where ag € (—2, O).
Then for every

4(r + |eol)
p € | max {4 3,—},2)
< { / a(2+ |aol)
the following inequality holds

(p=2)q pP—q

= T
dudv) }

1
inf Bpo(p D) - 71/Loz]D) 2(//' —1
np(£2) Sqe[l,zlpn/(zt—p»{ a—zﬂ( )l I D (¢ )

Proof. By Lemma 3.3 p = O‘T_zr. By Theorem C’

2p ol
2—p 24wl 2-p°

1<r<

Hence
@ _ 1 .2|a0|‘
a—2"2—p 2+ |ag]

By elementary calculations
2 || a—2_4(a+|oto|)>a+2
2+ leol o a2 + |aol) a

The last inequality holds provided that the Brennan’s conjecture holds true all @ : —2 < @ < 2/3. O

Corollary A’. Suppose that (2 is smoothly bounded Jordan domain with a boundary 312 of a class C' with a Dini
continuous normal. Let ¢ : 2 — D be a conformal homeomorphism from {2 onto the unit disc D. Then for every
p € (1, 2) the following inequality is correct

1L m)|” .
Mp(mfllﬂp ) IL™ (D) )

Proof. If {2 is smoothly bounded Jordan domain with a boundary 942 of a class C' with a Dini continuous normal,
then for a conformal mapping ¢ : 2 — D, the derivative ¢’ is bounded away from 0 and oo [23]. Hence. we can
apply Theorem A’ in the limit case @ = oo and p = ¢. Then

= B (D) - 1@~ Y LM@Y IL® M) 1”72 = [|(~ 1Y IL® (D)1
p

The corollary is proved.

Mp(D) ’

As an application we obtain the lower estimate of the first non-trivial eigenvalue on the Neumann eigenvalue
problem for the p-Laplace operator in the interior of the cardioid (which is a non-convex domain with a non-smooth
boundary).
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Example 3.4. Let (2. be the interior of the cardioid p = 2(1 + cos ). The diffeomorphism
z=Y(w) =(w+1)2, w=u-+Iiv,

is conformal and maps the unit disc D onto (2. Then by Theorem A’:

1 2/ 1-5 \'%\’ z
< af (=== (2w+1)°‘dudv>
() = g i (z=3) ) ([Lew+n

P—q

(P=2)q q
X <f/ Qlw +1|) 4 dudv) . 3.5)
D

Here§ =1/q — (¢ — 2)/ap.
Acknowledgements

The first author was supported by the United States—Israel Binational Science Foundation (BSF Grant No.
2014055).
The authors thank the reviewer for careful reading of the paper and useful comments.

References

[1] B. Brandolini, F. Chiacchio, C. Trombetti, Optimal lower bounds for eigenvalues of linear and nonlinear Neumann problems, Proc. Roy. Soc.
Edinburgh Sect, A 145 (1) (2015) 31-45.
[2] V. Maz’ya, Sobolev Spaces: With Applications to Elliptic Partial Differential Equations, Springer, Berlin/Heidelberg, 2010.
[3] J. Brennan, The integrability of the derivative in conformal mapping, J. Lond. Math. Soc. (2) 18 (2) (1978) 261-272.
[4] V. Gol’dshtein, A. Ukhlov, Brennan’s conjecture and universal Sobolev inequalities, Bull. Sci. Math. 138 (2) (2014) 253-269.
[5] V. Gol’dshtein, A. Ukhlov, Sobolev homeomorphisms and Brennan’s conjecture, Comput. Methods Funct. Theory 14 (2-3) (2014) 247-256.
[6] J. Becker, C. Pommerenke, Holder continuity of conformal maps with quasiconformal extension, Complex Variables Theory Appl. 10 (4)
(1988) 267-272.
[71 A.F. Beardon, D. Minda, The hyperbolic metric and geometric function theory. Quasiconformal mappings and their applications, Narosa, New
Delhi, 2007, pp. 9-56.
[8] S. Hencl, P. Koskela, T. Nieminen, Dimension gap under conformal mappings, Adv. Math. 230 (3) (2012) 1423-1441.
[9] D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of second order, in: Grundlehren der Mathematischen Wissenschaften, vol.
224, Springer-Verlag, Berlin-New York, 1977.
[10] V. Gol’dshtein, A. Ukhlov, On the first eigenvalues of free vibrating membranes in conformal regular domains, Arch. Rational Mech. Anal.
http://dx.doi.org/10.1007/s00205-016-0988-9.
[11] H. Hedenmalm, S. Shimorin, Weighted Bergman spaces and the integral means spectrum of conformal mappings, Duke Math. J. 127 (2)
(2005) 341-393.
[12] L. Esposito, C. Nitsch, C. Trombetti, Best constants in Poincaré inequalities for convex domains, J. Convex Anal. 20 (1) (2013) 253-264.
[13] V.I. Burenkov, P.D. Lamberti, Spectral stability of the p-Laplacian, Nonlinear Anal. 71 (5-6) (2009) 2227-2235.
[14] V.I. Burenkov, P.D. Lamberti, M. Lanza de Cristoforis, Spectral stability of nonnegative selfadjoint operators, Sovrem. Mat. Fundam. Napravl.
15 (2006) 76-111 (in Russian); J. Math. Sci. (N. Y.) 149 (4) (2008) 1417-1452. (transl.).
[15] P.D. Lamberti, A differentiability result for the first eigenvalue of the p-Laplacian upon domain perturbation, in: Nonlinear Analysis and
Applications: to V. Lakshmikantham on his 80th birthday, Vol. 1, 2, Kluwer Acad. Publ., Dordrecht, 2003, pp. 741-754.
[16] V.I. Burenkov, V. Gol’dshtein, A. Ukhlov, Conformal spectral stability estimates for the Dirichlet Laplacian, Math. Nachr. 288 (16) (2015)
1822-1833.
[17] A. Ukhlov, On mappings, which induce embeddings of Sobolev spaces, Siberian Math. J. 34 (1993) 185-192.
[18] S.K. Vodop’yanov, A.D. Ukhlov, Superposition operators in Sobolev spaces, Izv. Vyssh. Uchebn. Zaved. Mat. (10) (2002) 11-33 (in Russian);
Math. (Iz. VUZ) 46 (10) (2002) 9-31. (transl. Russian) 2003.
[19] V. Gol'dshtein, L. Gurov, Applications of change of variables operators for exact embedding theorems, Integral Equations Operator Theory
19 (1) (1994) 1-24.
[20] V. Gol’dshtein, A. Ukhlov, Weighted Sobolev spaces and embedding theorems, Trans. Amer. Math. Soc. 361 (7) (2009) 3829-3850.
[21] V. Gol’dshtein, A. Ukhlov, Brennan’s conjecture for composition operators on Sobolev spaces, Eurasian Math. J. 3 (4) (2012) 35-43.
[22] V. Gol’dshtein, A. Ukhlov, Conformal weights and Sobolev embeddings, in: Problems in Mathematical Analysis. no. 71, J. Math. Sci. (N. Y.)
193 (2) (2013) 202-210.
[23] C. Pommerenke, Univalent functions. With a chapter on quadratic differentials by Gerd Jensen, in: Studia Mathematica/Mathematische
Lehrbiicher, Band XXV, Vandenhoeck & Ruprecht, Géttingen, 1975.


http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref1
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref2
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref3
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref4
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref5
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref6
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref8
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref9
http://dx.doi.org/10.1007/s00205-016-0988-9
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref11
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref12
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref13
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref14
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref14
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref14
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref14
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref15
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref16
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref17
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref18
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref18
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref18
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref18
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref19
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref20
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref21
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref22
http://refhub.elsevier.com/S2346-8092(16)00016-7/sbref23

	Spectral estimates of the  p -Laplace Neumann operator in conformal regular domains
	Introduction and methodology
	Composition operators
	Composition operators on Lebesgue spaces
	Composition operators on Sobolev spaces

	Poincare--Sobolev inequalities
	Weighted Poincare--Sobolev inequalities

	Acknowledgements
	References


