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Abstract

We continue the study of the center problem for the ordinary differential equation v’ = Z?i] a; (x)v! +1
started in [A. Brudnyi, An explicit expression for the first return map in the center problem, J. Differen-
tial Equations 206 (2004) 306-314; A. Brudnyi, On the center problem for ordinary differential equations,
Amer. J. Math. 128 (2006) 419-451; A. Brudnyi, An algebraic model for the center problem, Bull. Sci.
Math. 128 (2004) 839-857; A. Brudnyi, On center sets of ODEs determined by moments of their coeffi-
cients, Bull. Sci. Math. 130 (2006) 33-48; A. Brudnyi, Vanishing of higher-order moments on Lipschitz
curves, Bull. Sci. Math. 132 (3) (2008) 165-181]. In this paper we present the highlights of the algebraic
theory of centers.
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1. Introduction

In this paper we describe an algebraic approach to the center problem for the ordinary differ-
ential equation

. [ p— ;
d_”=§:ai(x)v’+l, xelr:=1[0,T], (1.1
X

i=1
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with coefficients @; from the Banach space L*°(I1) of bounded measurable complex-valued
functions on I7 equipped with the supremum norm. Condition

sup  /]ai(x)] < o0 (1.2)

xelr, ieN
guarantees that (1.1) has Lipschitz solutions on I7 for all sufficiently small initial values. By X
we denote the complex Fréchet space of sequences a = (a1, as, .. .) satisfying (1.2). We say that
Eq. (1.1) determines a center if every solution v of (1.1) with a sufficiently small initial value
satisfies v(7T) = v(0). By C C X we denote the set of centers of (1.1). The center problem is:
given a € X to determine whether a € C. It arises naturally in the framework of the geometric
theory of ordinary differential equations created by Poincaré. In particular, there is a relation
between the center problem for (1.1) and the classical Poincaré Center—Focus problem for planar
polynomial vector fields

dx dy

_— = = F N y - = G 3 ) ]'3
ar y+ F(x,y) o X+ G(x,y) (1.3)

where F and G are polynomials of a given degree without constant and linear terms. This prob-
lem asks about conditions on F and G under which all trajectories of (1.3) situated in a small
neighborhood of 0 € R? are closed. Passing to polar coordinates (x,y) = (rcos¢, rsin¢) in
(1.3) and expanding the right-hand side of the resulting equation as a series in r (for F, G with
sufficiently small coefficients) we obtain an equation of the form (1.1) whose coefficients are
trigonometric polynomials depending polynomially on the coefficients of (1.3). This reduces
the Center—Focus problem for (1.3) to the center problem for (1.1) with coefficients depending
polynomially on a parameter.

In this paper we continue the study of the center problem for Eq. (1.1) started in [6-10].
One of the basic objects of our approach is a metrizable topological group G (X) defined by the
coefficients of Egs. (1.1) (the, so-called, group of paths in C*°). Modulo the set of universal
centers U C C of (1.1), described explicitly in [7], the set of centers forms a normal subgroup
Cc G(X). By Gf(X) and (?} we denote the groups of formal paths and of formal centers,
respectively, i.e., the completions of G(X) and C with respect to the metric on G(X). In this
paper we study the algebraic properties of G y(X) and 5 7. In particular, we describe Lie algebras
of these groups and prove that G y(X) is the semidirect product of a naturally defined normal
subgroup of C and the subgroup G y (X 2) of formal paths in G 7 (X) determined by coefficients
of Abel differential equations, i.e., Egs. (1.1) with a; = 0 for all k > 3. Also, we show that (?/
contains a dense subgroup of centers generated by certain piecewise linear paths in C°.

The paper is organized as follows.

Section 2 is devoted to the study of the group G 7(X) of formal paths in C*°.

In Section 2.1 we introduce a natural multiplication on the set X similar to the product of paths
in topology. Then we define the group of paths G(X) as the quotient of X by an equivalence
relation determined in terms of iterated integrals on X. We equip G(X) with a natural metric d
and define the group G y(X) of formal paths in C* as the completion of G (X) with respect to d.

The equivalence class &/ C X corresponding to 1 € G(X) is called the set of universal centers
of Eq. (1.1). In Section 2.2 we present some results of [7] on the characterization of elements
from U.

Next, in Section 2.3 we will show how to embed G y(X) in a group G of invertible formal
power series in ¢ whose coefficients belong to the associative algebra with unit / of complex
non-commutative polynomials in / and free non-commutative variables X;, i € N.
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Identifying G r(X) with its image in G we describe in Section 2.4 the Lie algebra Ly;e of
G 7(X) as the subset of Lie elements of the Lie algebra L¢ of G.

In Section 2.5 we prove some structural theorems for G(X) and G y(X). Namely, we describe
the topological lower central series of these groups and their subgroups corresponding to closed
paths in C* in terms of iterated integrals on G ¢ (X).

Finally, in Section 2.6 we describe some natural subgroups of G (X): the groups G r(X")
generated by paths in C" and G (XF) determined over a field F C C.

Section 3 is devoted to the study of the center problem for Eq. (1.1).

In Section 3.1 we gather some results from [6—8] on the explicit expression for the first return
map of (1.1).

Using this we define in Section 3.2 the group é} C G f(X) of formal centers of Eq. (1.1).

Then in Section 3.3 we give an explicit description of the Lie algebra of C,  and show that
C, r s the closure in G ¢(X) of the group of centers C of (1.1). We also prove that G ¢(X) is the
semidirect product of a naturally defined normal subgroup of C, r and the subgroup G (X %) of
formal paths in C? (i.e., determined by coefficients of Abel differential equations). At the end of
this section we briefly discuss the center problem over a field F C C.

Finally, in Section 3.4 we introduce the subgroup PL C G y(X) of piecewise linear paths in
C*. We give a characterization of centers belonging to this group and show that the set of such
centers is dense in Cy.

2. Group of formal paths
2.1. Definition of the group of paths

2.1.1. Let us consider X as a semigroup with the operations given for a = (ay, az, ...) and
b= (by,bs,...) by
axb=(aixbj,ax%by,..)€X and a'=(a;'a;',...)eX,
where fori e N
(a; * bi)(x) = {;Z gi)_ T) 11; (7)"/<2x< xi/i"
and
ai_l(x) =—a;(T —x), 0<x<T.

Let C* be the vector space of sequences of complex numbers (cy, ¢, ...) equipped with the
product topology. For a = (ay, az,...) € X byad = (dy,as,...): It — C*, 5k(x) = fox ai () dt
for all k € N, we denote a path in (CC>o starting at 0. The one-to-one map a > a sends the product
a x b to the product of paths @ o b, that is, the path obtained by translatlng a so that its beginning
meets the end of b and then forming the composite path. Similarly, a a1 is the path obtained by
translating @ so that its end meets 0 and then taking it with the opposite orientation.

2.1.2. For a € X let us consider the basic iterated integrals

Lion(@) = f/ iy (s1) -~ (s1) dsg -~ dsy @.1)
01 << T
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(for k = 0 we assume that this equals 1). By the Ree shuffle formula [18] the linear space gen-
erated by all such functions on X is an algebra. The number k in (2.1) is called the order of the
iterated integral. Also, the basic iterated integrals satisfy the following equations (see, e.g., [15,
Propositions 2.9 and 2.12]):

k—1

Ii..iplaxb)=1; . ik(a)-l-zlil,...,ij(a)'lin ..... i (D) + 1 i (D). (2.2)
j=1

Ly @ =D, @), (2.3)

For a,b € X we write a ~ b if all basic iterated integrals vanish at a = b~!. Eqs. (2.2) and
(2.3) imply that a ~ b if and only if I, ; (a) = I;, . ; (b) for all basic iterated integrals. In
particular, ~ is an equivalence relation on X. By G(X) we denote the set of equivalence classes.
Then G(X) is a group with the product induced by the product * on X. By 7: X — G(X) we
denote the map determined by the equivalence relation. By the definition each iterated integral 1.
is constant on fibres of 7 and therefore it determines a function 7. on G(X) such that I. = lLonm.
The functions 7. will be referred to as iterated integrals on G(X). These functions separate the
points on G(X).

Next, we equip G (X) with the weakest topology t in which all basic iterated integrals Z, ,,,,, i
are continuous. Then (G (X), 1) is a topological group. Moreover, G (X) is metrizable: for g, h €
G (X) the formula

dig,h) e i 1 < 3 Tyt (8) = Tiy i ()] > o4
n=1 4n i\ Fetig=n 1 + |Ii1,‘..,ik (g) - Ii1 ..... l]\(h)l

determines a metric on G(X) compatible with topology t (see [8, Theorem 2.4]). We mention
also that G(X) is contractible, residually torsion free nilpotent (i.e., finite-dimensional unipotent
representations of G (X) separate the points on G (X)) and is the union of an increasing sequence
of compact subsets (see [8]).

By G r(X) we denote the completion of G(X) with respect to the metric d. Then G ¢(X) is a
topological group which will be called the group of formal paths in C*.

2.2. Structure of the set of universal centers

By U C X we denote the set of elements a € X such that all basic iterated integrals vanish
at a. According to (2.2), U is a sub-semigroup of X. It was shown in [7] that &/ C C, the set of
centers of Eq. (1.1). We call U the set of universal centers of (1.1). In this section we formulate
some results on the characterization of elements from I/ established in [7].

Let X* :={a = (a1, az,...) € X: a; =0 for all j > k}. By px:X — X*, (a1,a2,...) >
(ay,...,a,0,0,...), we denote the natural projection. Clearly a € U if and only if py(a) e U
for all k € N. Therefore it suffices to characterize elements from the sets U := U N X*.

For a = (ay,...,ax,0,...) € X* consider the Lipschitz curve Ay : It — Ck determined by
the formula

X X

Ar(x) = (/al(t)dt,...,/ak(t)dt), xelr. (2.5)

0 0
We set I, := Ar(I7).
Next, we require
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Definition 2.1. The polynomially convex hull K ofa compact set K C CF is the set of points
z € CF such that if p is any holomorphic polynomial in k variables

|p(2)] <§1EaI§|p(X)|-

It is well known (see, e.g., [3]) that K is compact, and if K is connected then K is connected.
The following basic result was proved in [7, Theorem 1.10].

Theorem 2.2. Suppose that a € UX. Then for any domain U C CF containing I the path
Ag : It — U is closed and represents the unit element of the fundamental group 71(U) of U.

Since Ay is Lipschitz, Iy is of a finite linear measure. Then according to the result of Alexan-
der [1], fk \ I} is a (possibly empty) pure one-dimensional complex analytic subset of C \ IF.
In particular, since the covering dimension of I} is 1, the covering dimension of I is 2. There-
fore according to the Freudenthal expansion theorem [14], T} can be presented as an inverse
limit of a sequence of compact polyhedra {Qy;}jen with dim Qy; < 2. Let m; : fk — Qy;j be
the continuous projections generated by the inverse limit construction. It is easy to check that
Theorem 2.2 is equivalent to the following statement: if a € U, then for all j the continuous
paths wij o Ay : It — Qi are closed and represent unit elements of w1 (Qx;)-

Let us formulate two corollaries of Theorem 2.2. In the first one we use the notion of a bor-
dered Riemann surface. This is a compact connected set which consists of a (possibly singular)
one-dimensional complex analytic space with a C%-boundary.

Corollary 2.3. Suppose that a € X* is such that the corresponding set Tk belongs to a bordered
Riemann surface S C CX. Then a € U* if and only if the path Ay : It — S is closed and represents
the unit element of the fundamental group 71 (S) of S.

The proof of Corollary 2.3 repeats literally the arguments of the proofs of [7, Corollary 1.17]
and [10, Corollary 3.7]. Using the covering homotopy theorem one obtains the following refor-
mulation of the above result.

Let 77 : S — S be the universal covering of S. Under the hypotheses of Corollary 2.3, a € U*
if and only if there is a closed Lipschitz path Ap:Ir — S such that Ay = 7 o Ag.

Example 2.4. (1) Suppose that I; C CF is the image of the unit circle under a holomorphic
embedding of its neighborhood. Then by the result of Wermer [19], Tk belongs to a bordered
Riemann surface.

(2) The assumptions of Corollary 2.3 are also fulfilled if I'; belongs to a one-dimensional
complex analytic subset of a domain U C C* such that U = | J jKj with K; CC K41 and

K j=Kjforall j €N, cf. [7, Corollary 1.17]. In particular, this is valid for a convex U.

To formulate the second corollary of Theorem 2.2 we recall the definition of a Lipschitz
triangulable curve, see, e.g., [7].

Definition 2.5. A compact curve C C R¥ is called Lipschitz triangulable if

1. C= Uj‘:l C; and for i # j the intersection C; N C; consists of at most one point;
2. There are Lipschitz embeddings f;:[0, 1] — R such that fi(0, 1) =Cy;
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3. The inverse maps fj_1 :Cj — Rare locally Lipschitz on C; \ { f;(0) U f;(1)}.
The following corollary extends one of the main results of Chen [13].

Corollary 2.6. Suppose that a € X* is such that Ty, is a Lipschitz triangulable curve and ﬁ( = I}.
Then a € U* if and only if the path Ay : It — I is closed and represents the unit element of
1 (Ik).

Using the covering homotopy theorem one reformulates this corollary as follows:

Under the hypotheses of Corollary 2.6, a € U* if and only if there are a Lipschitz triangulable
curve T homeomorphic to a finite tree, a locally bi-Lipschitz map w:T — I and a closed
Lipschitz path Ay : It — T such that Ay = 7 o Ay.

Example 2.7. (1) The condition T} = I is fulfilled if, e.g., I'; belongs to a compact set K in a
C!-manifold M with no complex tangents such that K=K (for the proof see, e.g., [3, Theorem
17.1]). For instance, one can take as such K any compact subset of M = RX.

(2) I is a Lipschitz triangulable curve if, e.g., Az : Ir — C¥ is non-constant analytic.

Corollaries 2.3 and 2.6 reveal a connection of the center problem for Eq. (1.1) with the so-
called composition condition whose role and importance was studied in [2,4,5,20] for the special
case of Abel differential equations.

2.3. Representation of paths by non-commutative formal power series

2.3.1. LetC(Xy, X»,...)be the associative algebra with unit / of complex non-commutative
polynomials in / and free non-commutative variables X1, X», ... (i.e., there are no nontrivial
relations between these variables). By C(X1, X5, ...)[[¢]] we denote the associative algebra of
formal power series in ¢ with coefficients from C(X1, X»,...). Also, by A C C(X1, X7, .. .)[[t]]
we denote the subalgebra of series f of the form

o0
f=CoI+Z< Z Ciponn, ikXil"'Xik)tn (2.6)

n=1 “ij+--+ig=n

Withco,cil ikE(CfOI‘allil,...,ik,kGN.

.....

Remark 2.8. Let S C C(X1, X», ...) be the multiplicative semigroup generated by 7, X1, X», ....
Consider a grading function w : S — Z. determined by the conditions

w(l)=0, w(X;)=i, ieN, and wkx- -y):=wkx)+w(y) forallx,yeS.
This splits S in a disjoint union S =| |2, S,, where S, = {s € S: w(s) =n}. Now, each f € A

is written as

o0
f=)_fat" where f, €V :=spanc(S,), n € Zy. 2.7)
n=0

We equip .4 with the weakest topology in which all coefficients c;,, _;, in (2.6) considered as
functions in f € A are continuous. Since the set of these functions is countable, A is metrizable,
cf. (2.4). Moreover, if d is a metric on A compatible with the topology, then (A, d) is a complete
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metric space. Also, by the definition the multiplication -: A x A — A is continuous in this
topology.

Remark 2.9. A sequence {fi = > oo fukt": fak € Va, n € Zilken converges to f =
Yoneo fat"s fu € Vi, n € Z, in the topology of A if and only if each { fi,}xen converges to
fn in V,, naturally identified with the hermitian space C4™ where d(n) :=#S,,.

By G C A we denote the closed subset of elements f of form (2.6) with ¢g = 1. Then (G, -)
is a topological group. Its Lie algebra L C A consists of elements f of form (2.6) with ¢ = 0.
(For f, g € L their product is defined by the formula [f, g] := f - g — g - f.) Also, the map

exp: L — G, exp(f):=el = Yol ;, , is a homeomorphism.

2.3.2. For an element a = (ay, az, ...) € X let us consider the equation

o0
F'(x)= (Zai (x) z"xi) F(x), xe€ly. (2.8)
i=1
This can be solved by Picard iteration to obtain a solution F, : It — G, F,(0) = I, whose
coefficients in expansion in X1, X7, ... and ¢ are Lipschitz functions on I7. We set
E(a) :=F,(T), acX. (2.9
By the definition, see Section 2.1.1, we have, cf. [11, Theorem 6.1],
E(a*b)=E(a)- E(b), a,beX. (2.10)

Also, an explicit calculation leads to the formula

E(a)_I+Z< Yoo Ly ik(a)X,~1~-~X,~k)t". 2.11)

i+-+ig=n
The last formula implies that the kernel of the homomorphism E: X — G is the set of univer-
sal centers U. In particular, there is a homomorphism E : G(X) — G such that E = E o, that
is,

E(g>=1+2( > T ik(g)xil--~xik)r", geG(X). (2.12)

n=1 “ij+-+ig=n

Formula (2.12) shows that E: G(X) — G is a continuous embedding. Moreover, one can
determine a metric d; on A compatible with topology such that E: (G(X),d) — (G,dy) is an
isometric embedding, cf. (2.4). Therefore E is naturally extended to a continuous embedding
G r(X) — G (denoted also by E ) By the definition, E:G £(X) = G is an injective homomor-
phism of topological groups and E (G s (X)) is the closure of E(G (X)) in the topology of G.

In what follows we identify G (X) and G y(X) with their images under E.

2.4. Lie algebra of the group of formal paths

2.4.1. Recall that each element g € L can be written as g = Y oo | g,1", gn € Vy, n € N.
We say that such g is a Lie element if each g, belongs to the free Lie algebra generated by
X1, ..., Xn. In this case each g, has the form

&n = Z Ciy, it [ Xy, [ X, [+ [ Xy X -+ 110 (2.13)
i1+ tig=n
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with all ¢;,,.._;, € C. (Here the term with iy =n is ¢, X,,.)
Let L, C V, be the subspace of elements g,, of form (2.13). It follows from [17, Theorem 3.2]
that

dimc L, = 1 Z(zn/d — 1) ud) (2.14)
n d|n

where the sum is taken over all numbers d € N that divide n, and u:N — {—1,0, 1} is the
Mobius function defined as follows. If d has a prime factorization

ny _njz

n
d=p; p, "quv n; >0,

then
1 ford =1,
u(d) =1 (=7 ifalln; =1,
0 otherwise.

By L1 we denote the subset of Lie elements of L. Then Ly e is a closed (in the topology
of A) Lie subalgebra of Lg.

Theorem 2.10. The exponential map exp: LG — G maps Lyie homeomorphically onto G r(X).
Thus Ly can be considered as the Lie algebra of G 7 (X).

2.4.2. Proof of Theorem 2.10

Let log:G — Lg, log(f) =—> oo, %, be the logarithmic map. By the definition it is
continuous and inverse to the exponential map exp. From [12, Theorem 4.2] and [18] follow
that log maps G(X) into L. Since L e is a closed subspace of L and log is continuous, it
maps G 7(X) into Ly, as well. In particular, G y(X) C exp(Lrie). Let us prove the converse
implication.

Let J C A be the two-sided ideal of elements f of form (2.6) with co = 0. By J ! we denote the
Ith power of J. Letq;: A — A/J' =: A; be the quotient homomorphism. We set X; = ¢;(X; -1%),
1 <s<!—1.Thenfor f € A of form (2.6) we have

-1
qi(f) :=col +Z< Z Ciyoin Xiy "’)_(ik)~ (2.15)

n=1 “ij+--+ig=n

(Here I is the unit of A;.) We naturally identify A; with the hermitian space C*"®), n(k) =
dimc Ay, so that ¢; is a continuous map. Then Gy := ¢;(G) C A; is a complex nilpotent Lie
group.

Further, let X e C X be the sub-semigroup of rectangular paths, i.e., elements a € X whose
first integrals @ : It — C®° are paths consisting of segments each going in the direction of some
particular coordinate. By G (Xiect) C G(X) we denote the subgroup generated by Xiec. Identi-
fying G(X) with its image in G by E we obtain from (2.11) that G (Xgeer) is a subgroup of G
generated by elements enXnt" ¢y € C, n € N. (In particular, G(Xiect) is isomorphic to the free
product of countably many copies of C.)

Proposition 2.11. The images of G(Xrect), G(X) and G y(X) in G; coincide and form a complex
Lie subgroup of Gj.
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Proof. We set for brevity
01 =q(GXeew),  Qr=aq(GX),  Or:=q(Gr(X)). (2.16)

For any ¢ € C, a = (ay, az, ...) € X by ca we denote the element (cal,czaz, ...) € X. Sup-
pose that S C X is a sub-semigroup such that for each s € § and any ¢ € C elements s, ¢s
belong to S. Let S; := (g; o E o )(S) be the image of S in G;. By the definition §; is a subgroup

of G;. We will use the following
Lemma 2.12. §; is a complex Lie subgroup of G;.

Proof. Let g € G(X) C A be the image of an element @ € X. For any ¢ € C by cg € G(X) we
denote the image of ca € X. If g = ZZO:O gnt", gn € Vy, see (2.7), then

-1 -1
a(@) =1+ gu(gat") and qi(cg):=1+ ) c"-qu(gnt"). 2.17)

n=1 n=1

We will naturally identify G; with CV where N := dim¢ G;.
Let K ={g1,..., gk} C 7 (S) C G(X) be a finite set. We define a holomorphic polynomial
map Fg : CKk — CV by the formula

Fr@io..o z) = qi((@ig1) - - (zkg&r)). (2.18)

Let Zg be the Zariski closure of Fg ((Ck ) in CN. Then Zg is an irreducible complex algebraic
subvariety of CV and Fx (CK) contains an open dense subset of Zg (see, e.g., the book of Mum-
ford [16] for the basic facts of Algebraic Geometry). By the definition we have

Fk, (C*1) € Fg,(C*2) and Zg, C Zk, for K1 C Ka. (2.19)

Let Z := g Zk where K runs over all finite subsets of G;. Since dim¢ Zx < N and all Zg are
irreducible, (2.19) implies that there is a finite set K C 7 (S) such that Zx = Z. Observe that by
the definition the group S is dense in Z = Zg . Hence Z is the Zariski closure of ;. In particular,
Z is a complex Lie subgroup of G;. Also, from the identity Z = Z it follows that S; contains
an open dense subset of Z. Since the topologies of the groups S; and Z are induced from that of
G, the latter implies that S; = Z completing the proof of the lemma. O

Continuing the proof of the proposition we choose as the S in Lemma 2.12 semigroups Xrect
and X. Then we conclude that Q; C Q; are complex Lie subgroups of G; (in particular, they are
closed subsets of G;). Since Q; is dense in él, see Section 2.1.2, the latter implies that Q; = Ql.

Let Lg, be the Lie algebra of G;. By the definition it consists of all elements of form (2.15)
with co = 0. Let exp: Lg, = Gy, exp(f) = e/, be the corresponding exponential map. Clearly
we have the following commutative diagram:

Lo exp

qzl lqz (2.20)

€x
Lg, Hp-Gl.
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This implies that for each f € Q, the element log(f) := — Zi_:l[ % belongs to the free
nilpotent Lie algebra ELIe C Lg, generated by elements Xi,...,X;_1, i.e., each element g of

this algebra has the form

-1
g=Z( S i X X L K X ] m) (2:21)

n=1 “ij4--+if=n
with all ¢;,,.;, € C, iy,...,ix € {1,...,] — 1}. Thus the Lie algebra Lo, ==10g(Q;) of Qy
is a subset of LZLIC Next, the Lie algebra L— :=log(Q;) of Q; is a subset of /.ZlLie, as well.
Moreover, since Q; is generated by elements e‘?x s,cs€C, 1 <s <1 —1,its Lie algebra is

generated by elements X, 1 <s </ — 1, and therefore coincides w1th £ .- This implies that

LQ! = EQ, ELle’ and Ql Q].
The proof of the proposition is complete. O

Let us finish the proof of the theorem. Let g € L1 ;.. Consider the elements g; := ¢;(g) € ELle,
[ > 2. According to Proposition 2.11 there are elements f; € G(Xyect) such that g;(f;) = e8'.
Now, for m > [ we have

A £ =am) - (@(D) ™ = qi(gn(f) -e8 = qi(esm) -e™8 =8 .78 = 1.

Thus f,, — f; € J'. By the definition of the topology of G this implies that the sequence { Sihi2
converges in G to an element f € G y(X), so that ¢;(f) = e®, | > 2. Taking here the limit as /
tends to oo we get f = ef. This shows that exp(LLie) C G y(X) and completes the proof of the
theorem. O

Remark 2.13. We also established in the proof that G (Xrect) is a dense subgroup of G y(X).

2.4.3. Shuffles
Definition 2.14. A permutation o of {1, 2, ..., r + s} is a shuffle of type (r, s) if
c ' <o '@ < <07 )
and
071(r+ 1) <ail(r+2) < .- <071(r—|-s).
(The term “shuffle” is used because such permutations arise in riffle shuffling a deck of » + s

cards cut into one pile of r cards and a second pile of s cards.)
The following result is a corollary of Theorem 2.10.

Theorem 2.15. An element

(X ki) e
n=

i1 ++ig=n

belongs to G y(X) if and only if its coefficients satisfy the system of Ree shuffle relations:
Cip,..., [ Cl,+1 ..... irys — Z Cl,,(]) ..... lo(,Jrj) ) il PR ir-&-s € Nv (222)

where the sum is taken over the set of shuffles of type (r, s).
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Proof. According to the main result of Ree [18], log(f) € L1ie for f € G if and only if the
coefficients of f satisfy Egs. (2.22). This and Theorem 2.10 imply the required result. O

2.5. Topological lower central series of some groups of paths

2.5.1. 1In the section we describe the topological lower central series of groups G(X) and
Gr(X).

Let G be a topological group.. We set G, :=[G, G,—1] and G| =[G, G] (the commutator
subgroup of G). For H C G by H C G we denote the closure of H.

Definition 2.16. The sequence
GD>G DGO

is called the topological lower central series of G.

Next, consider the family {7;1 ,,,,, i } of all basic integrals on G (X), see Section 2.1.2. By the de-
finition each function of this family admits a continuous extension to G ¢ (X). We retain the same
symbols for the extended functions and call them the basic iterated integrals on G y(X). Observe
that if ¢; _;, : A — C is the function whose value at f € A is the coefficient correspondmg to
the monomial X;, - -- X;, in the series expansion (2.6) of f, then I,l =Ciy,...ix © E.

Theorem 2.17. (1) An element g € G r(X) belongs to G ¢ (X), if and only if all basic iterated
integrals of order < n vanish at g.

2
G(X)n =G r(X)n NG(X).

Let us recall that the order of a basic iterated integral is the number of its indices.

Proof. We use the notation of Section 2.4.2. Since the map ¢;: G(X) — Qy, see (2.16), is sur-
jective, q;(G(X),) = (Q1)n. Moreover, since Q; is a complex nilpotent Lie group, (Q;), is a
complex nilpotent Lie subgroup of Q;. In particular, ¢;(G(X),) = (Q;), (because q;(G(X),)
is dense in q;(G(X),)). Similarly, g;(G ¢ (X)) = qi(G y (X)) = (Q1)n. Further, the Lie algebra
ﬁlLle of Q is the free nilpotent Lie subalgebra of Lg, generated by elements Xi,...,Xi_1, see
(2.21). Then the nth term (£} Lie)n Of the lower central series of ELle consists of the elements
of form (2.21) with all ¢;;,...;, =0 for kK < n (i.e., the number of brackets in each term of this
formula must be > n). Since the exponential map exp maps (ﬁiie)” surjectively onto (Q;),, an
explicit computation shows that (Q;), C Q; consists of elements of form (2.15) with cp = 1 and
all ¢;,,...;, =0for k <n.
Now, suppose that g € G £(X) £(X). Identifying G y(X) with its image under E we have

g=1+2( > e lk(g)xll---x,-k)r". (2.23)
n=1

i1+ Fig=n

Since ¢q;(g) € (Qy), for any I, formula (2.15) and the above description of (Q;), imply that

Ciy,....i, (8) = 0 for all k < n. Equivalently, all basic iterated integrals of order < n vanish at g.
Conversely, assume that g € G ¢(X) is of form (2.23) with ¢;,,.. ;(g) =0 for all k < n.

Then from the description of (Q;), and (2.15) we obtain that g;(g) € (Q;), for any [ > 2.
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Since(Q)), = q1(G(X),), there are elements g; € G(X),, [ > 2, such that g;(g"'g;) = I. As
in the proof of Theorem 2.10 this implies that {g;};>2 converges to g in the topology of G 7 (X),
thatis, g € G y(X),. This proves (1).

Further, if g € G r(X), N G(X), then as above there is a sequence {g;};>> with g; € G(X),
such that lim;_, o, g = g. Thus g € G(X),. Since the implication G(X), C Gr(X)y NG(X) is
obvious, we obtain the proof of (2). O

2.5.2. By X, C X we denote the set of elements a € X such that I;(a) =0 forall s € N, i.e.,
a € X, if and only if its first integral @ : I — C*° is a closed path. We call the image G (X,) :=
7(X4) C G(X) the subgroup of closed paths and its closure G ¢ (Xy) in G r(X) the subgroup of
formal closed paths. According to Theorem 2.17, G(X,) = G(X); and Gr(Xy) =Gr(X)1.In
this section we describe the topological lower central series of G(X) and G ¢ (X,).

Givena = (ay, ap, ...) € X we define

X

a;(x) := /ai(s) ds, xelr. (2.24)
0
By P(X) we denote the set of functions on X x I7 of the form

(@, ()" - (@ )™ @i (), dr. ik €N, nyL L g € 2y (2.25)
Definition 2.18. A moment of order k on X is an iterated integral of the form

m(a) := // prla; si) - p1(a; s1)dsg---dsy (2.26)
0<s1 <Kk T

where each p; € P(X), 1 < j <k.

Moments of the first order play an important role in the study of the center problem for Abel
differential equations (see, e.g., [2,4,5,20]). Also, it was proved in [9, Theorem 2.1] that such
moments determine centers of Egs. (1.1) whose coefficients are either polynomials in e*27*/T
or in x, a result on complexity of the set of centers for these equations. (E.g., this class contains
equations obtained from the Poincaré Center—Focus problem, see the Introduction.)

According to the Ree shuffle formula (2.22) each moment m is a linear combination with
natural coefficients of some basic iterated integrals. In particular, there is a continuous function
m on G(X) from the vector space generated by all basic iterated integrals on G(X) such that
m =i o . Thus, every such 7 admits a continuous extension (denoted by the same symbol) to
G r(X). The extended function will be called a moment on G y(X). By the definition the order
of m is the order of the moment m on X representing .

Theorem 2.19. (1) An element g € G r(Xy) belongs to G (X)), if and only if all moments of
order < n vanish at g.
Q) G( X))y = Gf(X*)n NG(Xy).

Proof. We first prove the particular case of (1) for g € G(X,). Namely we will prove

Proposition 2.20. An element g € G(X4) belongs to G(X,), if and only if all moments of order
< n vanish at g.
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Proof. This result was stated in [10, Theorem 3.2]. In its proof given in [10] some details were
omitted. Here we will give the complete proof of this fact.

First, assume that g € G(X,),. Since g represents a closed path in C* all moments of order
< n vanish at g (see, e.g., [15] for properties of iterated integrals over closed paths). Since each
moment is a continuous function on G (X), by continuity we obtain also that for g € G(X), all
moments of order < n vanish at g. Thus we must prove a converse statement.

So assume that g € G(X) is such that all moments of order < n vanish at g. We will prove

that g € G(X)n.
For an element p = ZZ:’I‘ -~~Eigf - aj,,, € P(X) the number ijny + - -- + ixng + ig+1 will be
called the degree of p. Next, for a moment m on X its degree deg(m) is the maximum of degrees
of elements p; € P(X) in its definition, see (2.26). In turn, the degree of the moment m on G(X)
representing m is defined as deg(in) := deg(m).

We retain the notation of Section 2.4.2. Also, for Q; := q;(G (X)) C G; weset R; :=[Qy, O].
Our proof is based on the following

Lemma 2.21. Suppose that g € G(X,) is such that all moments of order < n and of degree
<! — 1 vanish at g. Then q1(g) € (R)n.

Proof. Let a = (aj,az,...) € X be such that w(a) = g. By the definitions of E, see Section
2.3.2, and of ¢qy, see (2.15), g;(g) is the monodromy of the equation

-1
H'(x) = (Zai(x))_(,)H(x), xelr. (2.27)

i=1

This equation can be solved by Pica_rd iterati_on to obtain a solution H,:I7 — G;, H,(0) =1,
whose coefficients in expansion in X1, ..., X;_ are Lipschitz functions on I7. Then ¢;(g) :=
H,(T). We write

H,=H;---H_,-H where H:=e%¥i 1<i<i—1, (2.28)

see (2.24). Since g € G(X4), H;(T) =1 for 1 <i <[ — 1. This implies that ¢;(g) = H,(T) =
H;(T). From (2.28) follows that H; satisfies the equation

H/=w-H; where

-1
w:=F". (Zai )_(I-> .F—F'.F, F:=Hy---H_,. (2.29)
i=1

Claim 2.22. w is a function on It with values in the Lie algebra Lg, of R;.

Indeed, the first term in the definition of w is the logarithm of

-1

Fl(x)- exp(Zai (x))‘(,) -F(x), xelr.

i=1
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By the definition of F for any x € It each term of this product belongs to Q; (see Section 2.4.2
after formula (2.21)). Thus its logarithm belongs to the Lie algebra Lo, of Q;. Next, the second
term in the definition of w is equal to

-1
(Z HZ G H () - Gy (0) Xy -H11(X)“'Hs(X)> +a-1(0)X—1, xelr.
s=2

By the same reason as above, for any x € I7 each term of this sum belongs to Lg,. Thus @ (x) €
Lo, for any x € IT. Observe also that from (2.29) follows that w(x) considered as a polynomial
in X;, 1 <i<!I—1,does not contain linear terms. Then by the definition of R;, see also the
proof of Theorem 2.17, w(x) € L.

This completes the proof of the Claim.

An explicit computation of w based on the Campbell-Hausdorff formula shows that

-1
w(x)=Z< Yo . ,-k(x)[Y,»l,[)?iz,[--~,[)?,-k1,Yik]---]]]) (2.30)

n=1 “ij+-+ix=n

where each ¢;, .., € spang(P(X)). Moreover, each term of P(X) in the definition of ¢;,
of degree iy + - - - + ix.
We set

Si={1Xi,, [Xip, [+ Xy Xig - - M F#0: iy +---+ig=n, 1<n <1 -1},

.....

and arrange S into a sequence {v;}1<i<n, N :=#S. Then w can be written as

N
o) =) fitv, xelr,
i=1
where f; € spang (P (X)) and each term of P(X) in the definition of f; is of degree </ — 1.
Let C[[X1, ..., Xn]] be the associative algebra with unit / of non-commutative formal power
series in free variables X1, ..., X. Then there is a homomorphism ¢ : C[[ X1, ..., Xn]] = A,
where A is the associative complex subalgebra of 4; (see Section 2.4.2) generated by / and
V1, ..., Uy, determined by ¢ (X;) =v;, I <i <N, o) =1.
Next, consider the equation

N
G'(x) = (Zfi(x)Xi)G(x), xelr.

i=1

Solving this equation by Picard iteration we get a solution G : It — C[[X{,..., Xn]], G(0) =
I, whose coefficients in expansion in X1, ..., X are Lipschitz functions on I7. Also, by the
definition we have ¢ (G(T)) = H;(T) = q;(g). Observe now that

G(T)=1+ Z( o Ly i(HX; X)

k=1 *1<iy,..., ir<N

cf. (2.11), where f = (f1,..., fn,0,...) € X. By the definition, each basic iterated integral
I ....i, (f) in this formula is a linear combination of moments of order k and of degree </ — 1
on X. In particular, by the hypothesis of the lemma, I;, _ ;, (f) =0forall k <n,i.e., the first sum
in the definition of G(T') can be considered for k > n + 1 only. Further, by the Ree theorem [18]
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log(G(T)) is a Lie element in C[[ X1, ..., Xn]]. Since the degree of each monomial in G(T) is
greater than n,

]

log(G(1)) = 3 ( 2.

k=n+1 *1<iy,..., ir<N

gi],...,ik[Xl'lv[Xiza["'v[ ik—1> lk] ]]])

This implies that

¢(log(G(T))) =log(¢(G(T))) =log(4:(g))

Z( Z i lk[v,l,[vlz,r--,[v,-kl,v,-k]-~~]]]>,

k=n+1 “1<iy, ..., i<

that is, log(q;(g)) € (Lg,)x- Since the exponential map exp maps (Lg, ), surjectively onto (R;),,

q1(8) € (Rp)n.
The proof of the lemma is complete. O

Let us finish the proof of the proposition.

For an element g € G(X,) such that all moments of order < n vanish at g by Lemma 2.21
we have g;(g) € (R;), for all [ > 2. Since ¢; maps G (X) surjectively onto R; (see the proof of
Theorem 2.10), there are elements g; € G(X),, [ > 2, such that ¢;(g~! - g/) =1 forall [. As in
the proof of Theorem 2.17 this implies that lim;_, - g = g. Thus g € G(X4),. This completes
the proof of the proposition. O

Using Proposition 2.20 we prove now Theorem 2.19.

Assume that g € G ¢(X,),. Since G y(X,) is the closure in G ¢ (X) of G(X4), Gf(Xx), is
the closure in G y(X) of G(X4),. In particular, all moments of order < n vanish at g (see the
beginning of the proof of Proposition 2.20).

Conversely, suppose that g € G y(X,) is such that all moments of order < n vanish at g. We
will prove first that g;(g) € (R)n, forall [ > 2.

By the Ree shuffle formula, given [ > 2 each moment 71 of order < n and of degree <[ — 1
on G y(X) can be presented as a linear combination with natural coefficients of basic iterated
integrals I;; . ; (on G7(X)) of order k <! +n —1 with 1 <iy,..., i </ —1. We set 5 :=
(+n—1)-(—1)+1 and consider Q; := g;(G (X)) = q5(G y (X)) (cf. the proof of Proposition
2.11). By the definitions of E and qs, see (2.12) and (2.15), we have

s—1
Cls(g)=1+2( Z Z’l ,,,,, ik(g))_(il"')_(ik>-

m=1 “ij4-Fig=m

Since Ry := [0y, Os] = ¢5(G(X%)) = qs(G(X4)) and g € G ¢(X,), there is g € G(X,) such
that ¢, (g) = ¢g5(2). In particular,

L@ =Ty ® foralliy+--+ig=m, 1<m<s—1.

From this by the above description of moments of order < n and of degree < / — 1 we obtain that
for each such a moment 711 on G ¢ (X)), m(g) = m(g). Since m(g) = 0 by our hypothesis, 7 (g) =
0, as well. Hence g satisfies the conditions of Lemma 2.21. According to this lemma, ¢;(g) €
(R;)». But by our construction ¢;(g) = ¢;(g). That is, g;(g) € (R;),. Using this and arguing as
in the proof of Proposition 2.20 we find a sequence {g;};>2 C G(X4), such that lim;_, . g/ = g.
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In particular, g € G y(X4),. This completes the proof of part (1) of Theorem 2.19. The second
statement of this theorem follows from the first one and from Proposition 2.20. 0O

In conclusion let us mention that in [10, Section 3.3] a topological characterization of paths
representing elements of G(X,), is given, similar to that for elements of the set of universal
centers U, cf. Section 2.2.

2.6. Subgroups of the group of formal paths

2.6.1. By X* ¢ X we denote the subset of elements a = (ar,...,ar,0,0,...) € X. Then
X* is a sub-semigroup of X. The first integrals of elements of XX are paths in Ck. We set
G(X*) == m(X*) € G(X) and let G ;(X*) be the closure of G(X*) in G ;(X). The group
Gf(Xk) will be called the group of formal paths in C¥. Let pi: X — X*, pi(ay,az,...) =
(ai,...,ax,0,0,...), be the natural projection. It induces a surjective homomorphism of topo-
logical groups py: G s (X) — Gf(Xk). In particular, G ¢(X) is the semidirect product of groups
Ker px and G (X k). In turn, the homomorphism p; determines a continuous Lie algebra ho-
momorphism ¢ : L1ie — Lrie Where Lpe is the Lie algebra of G y(X), see Section 2.4.1. It is
determined by the conditions

X, if1<s<k
X = { N X ~X ~X E)
Pe(Xs) 0 ifs>k.
The image of ¢y is a closed Lie subalgebra Efie of L. consisting of Lie elements in variables
X1, ..., X and t. Identifying G ¢ (X) with its image under map E, see Section 2.3.2, we obtain
the commutative diagram

Lrie—2>Gf(X)
¢kJ/ \Lﬁk (2.31)
Ll =G (x5,

Thus L’iie can be regarded as the Lie algebra of G (X k.

Also, analogs of Theorems 2.17 and 2.19 are valid for topological lower central series of
Gr(X kyand G (X ’;) (the group of formal closed paths in CF) where in these results we consider
basic iterated integrals and moments on G r(X Ky, respectively.

2.6.2. LetF c C be a field. By Xp C X we denote the subset of elements a € X such that
I (a) € T for all basic iterated integrals on X. Formulas (2.2) and (2.3) imply that X is a sub-
semigroup of X. By G(Xr) := 7 (Xr) we denote the subgroup of G r(X) generated by Xy. The
homomorphism E , see (2.12), embeds G (XF) into the subalgebra Ap of A, see Section 2.3.1, of
formal power series whose coefficients in expansion in 7, X1, X3, ... and ¢ belong to F. We will
identify G (XF) with its image under E.

Next, by Jr C Ar we denote the two-sided ideal of elements f whose series expansions do
not contain terms with /. By JI’F‘ we denote the kth power of Jy. Let us introduce the Jp-adic
topology on Ay, i.e., a sequence {fj}ien C Ar converges in this topology to f € Ay if and
only if for any / € N there is a natural number N; such that for all n > N; the images of f;, and
f in the quotient algebra Ap/ J]é coincide. Observe that Ap is complete in this topology. By
G r(XF) C Ar we denote the completion of G(Xy) in the Jr-adic topology. We call it the group
of formal paths over F.
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Let [XFlrect be a sub-semigroup of the semigroup of rectangular paths Xiec; generated by
elements a; = (ai;, azi, ...) where ax; =0 for k #i and a;; = ¢;/T, ¢; € F. Then G([XFlrect)
is the subgroup of G (Xyect) generated by elements e Xit' ¢ €T, i e N. Based on the results
of Sections 2.4.1 and 2.4.2 one obtains that G ([Xp]rect) is dense in G y(X). Moreover, the Lie
algebra Ly C Liie of G r(XF) consists of all Lie elements with coefficients from [F.

In the same way one can formulate analogs of Theorems 2.17 and 2.19 for topological
lower central series of G(Xy) and G y(Xp) in terms of basic iterated integrals and moments
on G y(Xy), respectively. (We leave the details to the reader.)

2.6.3. In the sequel we will use the following result.

Let R C Ly be a subset. By Ag C L. we denote the minimal closed Lie subalgebra con-
taining R. Consider the subgroup Hg C G r(X)(C G) generated by elements e for all possible
r € R and ¢ € C. By H p we denote the closure of Hg in Gr(X).

Proposition 2.23. We have
log(ﬁ R) = ARg.

Moreover, H is a normal subgroup of G r(X) if and only if AR is a normal Lie subalgebra of
Lje.

Proof. We retain the notations of Section 2.4.2.

Consider the image (HR); := q;(Hg) C Q) := q;(G y(X)). Then, (Hg); is a complex Lie
subgroup of Q;. It can be shown similarly to the statement of Lemma 2.12 where instead of
the map Fx given by (2.18) we determine now a new map Fg : CK — CN, N := dim¢ Q;, with
K ={rq,...,r} C R by the formula

Fr(z1,...,2k) = qr (e - .. e%k7h),

Then, as in the proof of the lemma, Fx is a holomorphic polynomial map. Applying now the
arguments of Lemma 2.12 to the family of such maps F, we finally get the required: (Hg); is a
complex Lie subgroup of Q;. In particular, we also have (Hp); = ql(HR) = (HR);.

From the above statement we obtain that log((Hg);) C Li‘ie is the Lie algebra of (Hg); (cf.
(2.21)). Since log((Hg);) contains ¢;(R) and (Hg); is generated by elements ¢4 ") for all pos-
sible r € R and ¢ € C, the Campbell-Hausdorff formula implies that

log((H g)1) =log((Hg)1) = qi(AR). (2.32)

Assume now that & € log(ﬁR). According to (2.32) there is a sequence {h;};>> C Ag such
that g;(h — h;) = 0 for all /. This implies that lim;_, o, h; = h, that is, log(ﬁR) C Ag. The in-
clusion Ag C log(Hg) is obtained similarly using the fact that log(H g) is a closed subset of
ELie-

Now, if Hg is a normal subgroup of G r(X), then (HRg); is a normal Lie subgroup of Q.
This and (2.32) imply that ¢;(Ag) is a normal Lie subalgebra of ‘Ciie (the standard fact of the
theory of finite-dimensional complex Lie groups). Thus, if a € Ly, h € Ag, then ¢;([a, h]) =
[qi(a), qi(h)] € qi(Ag) for all [. As above, the latter implies that lim;_, o g/ = [a, h] for some
{g1}i>2 C AR, ie., [a, h] € Ag. Hence, Ag is a normal subalgebra of ElLie. The converse state-
ment can be obtained in the same way (we leave the details to the reader). O
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Remark 2.24. The above result can be proved by means of the Campbell-Hausdorff formula
only. This method of the proof works also to establish a similar result for R C Lyicqry and Hg C
G r(XF) generated by elements e” for all possible r € R and c € F.

3. Center problem for ODEs
3.1. An explicit expression for the first return map

3.1.1. Let C[[z]] be the algebra of formal complex power series in z. By D, L:C[[z]] —
C[[z]] we denote the differentiation and the left translation operators defined on f(z) =

Y ez cxzt by

o o
(D)) =) (k+Dapizt,  LHR = it 3.1
k=0 k=0
Let A(D, L) be the associative algebra with unit / of complex polynomials in /, D and L. By
A(D, L)[[t]] we denote the associative algebra of formal power series in ¢ with coefficients from
A(D, L). Also, by Go(D, L)[[t]] we denote the group of invertible elements of A(D, L)[[¢]]
consisting of elements whose expansions in ¢ begin with /.
Further, consider Eq. (1.1) corresponding to an a = (aj, az,...) € X:
dv >

T = Za,-(x)viH, xelr. (3.2)
X
i=1

Using the method of linearization of (3.2) from [6] we associate to this equation the following
system of ODEs:

o

H'(x) = (Zai(x)DLi_lti)H(x), xelr. (3.3)
i=1

Solving (3.3) by Picard iteration we obtain a solution H,: It — Go(D, L)[[t]], H,(0) = I,

whose coefficients in the series expansion in D, L and ¢ are Lipschitz functions on I7. It was es-

tablished in [7, Theorem 1.1] that (3.2) determines a center (i.e., a € C) if and only if H,(T) =1.

This implies the following result (see [10, Proposition 2.1]).

Theorem 3.1.
aeC > Phicliy.i(@ =0 forallieN, (3.4)
i+ tig=i

where p;, . i is a polynomial of degree k defined by

Di, iy =0C—i1+ D) —i1 —i2+ Dt i1 —i2—i3+1)--- @ —i+1),
teC. (3.5)

3.1.2.  Let G[[r]] be the set of formal complex power series f(r) =r + 2?21 dirit! Let
d; - G[[r]] = C be such that d; (f) is the (i + 1)st coefficient in the series expansion of f. We
equip G[[r]] with the weakest topology in which all d; are continuous functions and consider
the multiplication o on G[[r]] defined by the composition of series. Then G[[r]] is a separable
topological group. Moreover, it is contractible and residually torsion free nilpotent. By G.[[r]] C
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G[[r]] we denote the subgroup of power series locally convergent near 0 equipped with the
induced topology. Next, we define the map P : X — G|[[r]] by the formula

P(a):=r+2< > P ,-k(i>-Iil,...,ik(a>)rf“, (3.6)

i=1 “Nip++ip=i

see (3.5). It follows from [8] that P(a * b) = P(a) o P(b) and P(X) = G.[[r]]. Moreover, let
v(x;r;a), x € IT, be the Lipschitz solution of Eq. (3.2) with initial value v(0; r; a) = r. Clearly
for every x € It we have v(x;r; a) € G [[r]]. It was proved in [6] that P(a) =v(T;-;a) (i.e.,
P(a) is the first return map of (3.2)). In particular, we have

aeC > Pireein@) iy, (@) =0 forallieN. (3.7)
itig=i

A1§9, (3.6) implies that there is a continuous homomorphism P: G(X) — G][r]] such that
P = P om (where m: X — G(X) is the quotient map). We extend it by continuity to G y(X)
retaining the same symbol for the extension.

3.2. Group of formal centers

3.2.1. LetC(Xy, X2) be the associative algebra with unit / of complex polynomials in / and
free non-commutative variables X1, X;. Consider a homomorphism ¢ : C(X1, X») — A(D, L)
defined by conditions: ¢(X1) := D, ¢(X3) := L. Then Ker¢p C C(X1, X») is a two-sided ideal
generated by the element XX, — XX + X%, see [7, Proposition 2.2]. In particular, see [7,
Lemma 2.4], each p € A(D, L) is uniquely presented as

n k
p(D,L,I)=agl + Z Fi(D,L) where Fy(D, L) = Zaik,,,kD”Lk—" (3.8)
k=1 i=0

with all ag, a;; 1 € C.

We say that such p has degree n if the polynomial p(x, y, 1) in commutative variables x, y
has degree n. By P, C A(D, L) we denote the complex vector space of polynomials of degree
< n. We naturally identify P, with the hermitian space C¥" where k(n) = dim¢ P,.

Let A, C A(D, L)[[¢]] be the subalgebra of series

oo
f=)_fat" with f, € Py, neZy. 3.9)
n=0

We equip A, with the weakest topology in which all coefficients f; in expansion (3.9) considered
as functions in f are continuous maps of 4, into Ck™ e Z . Since the set of such maps is
countable, A, is metrizable, cf. (2.4). Moreover, if d is a metric on .4, compatible with topology,
then (A, d) is a complete metric space (i.e., a sequence {fx = Z;’lozo fakt"}ken C Ay such
that each { fux}ken C Py is a Cauchy sequence converges to f =Y o2 fut" € A, where f, =
limg— o fuk, 1 € Z4).

By G, C Go(D, L)[[t]] we denote the subgroup of elements f € A, with fy = I equipped
with the induced topology. Then (G, d) is a complete metric space.

Next, consider an algebra homomorphism ¥ : A — A, determined by conditions

w(X;):=DL ™', ieN. (3.10)
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(Recall that A € C(X1, X3, ...)[[t]] is defined by (2.6).) By the definition for

o0
f=601+Z< Z Ciy. ... ikXil"'Xik)’”GA

n=1 “ij+--+iy=n
we have

o
U (f)=col + Z( D G DL DL"k—l)t" € A

n=1 “ij+--+ig=n
Expressing each DL1~!... DL#*~1 in the form (3.8) (using identity DL — LD = —L?), we
conclude that ¥ is a continuous homomorphism of topological algebras. Moreover, ¥ | : G —
G is a continuous homomorphism of topological groups. (Recall that G is the subset of elements
of A whose expansions in ¢ begin with 1.)

Observe that ¥ transfers Eq. (2.8) (determining E : X — G, see (2.9)) to Eq. (3.3). In partic-

ular, we have

¥(E(@)=H, acX.

The last identity gives rise to the formula

w(E(g))=1+Z( oI ik(g)DLi‘_1-~~DLik_1>t”, geGp(X). (3.11)

n=1 “ij+-+ir=n

(Here, as before, we regard the basic iterated integrals T as continuous functions on G £(X)
extending them by continuity from G(X).)

3.2.2. Let us observe that the Lie algebra Lg, of G4 consists of elements of A, of form
(3.9) with fy = 0. As usual, for f, g € L, their product is defined by the formula [f, g] :=
f-g—g- f. Also,the map exp: Lg, — G, exp(f) := e’ , is a homeomorphism.

The group homomorphism ¥ : G — G, determines a continuous homomorphism of the cor-
responding Lie algebras such that the following diagram is commutative:

EG eXp G
qfl J/w (3.12)
Lg s N G,.

By Ls C Lg, we denote the image under ¥ of the Lie algebra Ly e of the group E (Gr(XN(=
G r(X)), see Section 2.4.1.
In our calculations we will use the following result.

Lemma 3.2.
[DL', DL/ = (i — j)DL!T/*1.

Proof. It suffices to check the identity for elements z" € C[[z]] with n > i + j + 2. Then we
have

(DL'DLY) () =(n—j—i—Dn—j)" 772
(DL'DLY)=mn—i—j—Dn—i)z"7" 772, and
(i = HDOLHHE) =G = Hn—i—j— D72
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These identities imply the required result. O

Now, for an element

g= Z( D i X X, [, Xy, X1 m)r € Liic

i1+-+ig=n
we have
e . .
v(g) :=Z< S iy lDLT DL [DL’k1—1,DL'k—1]---]]])t".
n=1 “ij+-+ig=n

Simplifying the right-hand side by Lemma 3.2 we finally obtain

o0
l[/(g):Z( Z Ciy,..., iv " Yit,..., ikDLn_l>tn (313)

n=1 “ij+-+ir=n
where y, = 1 and

Vivooin i= (D g —ig_ ) ot ik —ig—2) -~ Ga + - +ix —i1) fork>2.

Proposition 3.3. The following is true:

ﬁs—{geﬁc* g= ZgnDL” 1", gn €C, neN} (3.14)

n=1

Proof. By V we denote the vector space on the right-hand side of (3.14). According to
Lemma 3.2, V is a closed Lie subalgebra of L¢,. Moreover, by (3.13) Ls C V.

The converse implication is obvious: for an element g = Y .~ | gnDL""'t" € V consider
g =02 gnXnt" € Lije. Then ¥ (3) =g,ie., g€ Ls. O

From Proposition 3.3 and diagram (3.12) we immediately obtain:
S:=Wo E) (Gf(X)) is a closed subgroup of G with the Lie algebra Lg.

3.2.3.  According to (3.11) the normal subgroup Ker(¥ o E) C G f(X) consists of elements
g such that

> Ty.i(@DL'' .. DL =0 forallneN.
i1+-+ix=n

Repeating literally the arguments of the proof of [10, Proposition 2.1] we obtain

geKerWoE) <= Y piili..ix(e) =0 forallieN, (3.15)
i+ tig=i
where p;, . ;, is the polynomial defined i in 3.5).

Next, recall that the homomorphism P:G £(X) — G[[r]] is determined by

P(g)—r+2( > pil,...,ik<i)-Z.,...,ik(g))r"“, (3.16)

ip+tig=i
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see Section 3.1.2. Then from (3.15) we obtain that
Ker(¥ o E) C Ker P.
This implies that there is a homomorphism @ : S — G[[r]] such that
P=@®oWoE. (3.17)

Proposition 3.4. @ : S — G[[r]] is an isomorphism of topological groups.

Proof. Suppose that

o0
s::exp(anDL”_lt”> €s. (3.18)

n=1

Then, from (3.16), (3.17) we obtain

St . ) / . e e . . k .
(D(s)zr+2( > Pt T)rz+1_ (3.19)

i=1 “ijtetig=i

Since the map log: S — Lg, log(f) :=—Y 2, (I_if)l , 1s a homeomorphism, formula (3.19) and

the definitions of topologies on S and G[[r]] imply that @ is a continuous homomorphism.
Further, the expression in the brackets of (3.19) can be written in the form s;7 +

pi(s1T,...,si—1T) where p; is a polynomial of degree i with rational coefficients on Ri-1

In particular, for any sequence {d;};en C C one can solve consequently the equations
siT + piaT,...,si21T)=d;, i€eN,

to get an element s of form (3.18) such that @(s) =r + Z;‘il d;ritl. Moreover, each s; in
the definition of s is a polynomial in variables dj, ..., d;. This implies that @ has a continuous
inverse @ ~!: G[[r]] = S and completes the proof of the proposition. [

Remark 3.5. The Lie algebra Lg is isomorphic to the algebra W (1), the nilpotent part of the
Witt algebra of formal vector fields on R, which is known to be the Lie algebra of G[[r]]. Recall
that W; (1) has the natural basis ¢; := rit! %, i € N. Then the isomorphism w:Ls — Wi(1)
is given by w(DL ™) = —¢;, i € N. Identifying Lg with W;(1) by w we can regard the map
@ o exp as an exponential map Wi (1) — G[[r]].

According to (3.17) and Proposition 3.4 we have
Ker(¥ o E) = Ker P.

This group is denoted by C, £ and called the group of formal centers of Eq. (1.1). By the definition
Cy is a closed normal subgroup of G (X). Moreover, C contains the subgroup C := 7 (C) C
G (X), the group of centers of Eq. (1.1).

3.3. Properties of the group of formal centers

3.3.1. In what follows we identify G y(X) and G(X) with their images under E.
Formulas (3.15), (3.16) imply, cf. Section 3.1:
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geCr <= Y piili..i(8) =0 forallieN
= > Piic) Ty, (9)=0 forallieN, (3.20)

where p;, ;@)= -1+ —i1—ir+1)---¢—i+1).
In turn, (3.12) and (3.13) imply that the Lie algebra 'CC C Lyje of C, ¢ consists of elements
o0
Z( > cil,...,ik[xil,[xiz,[---,[xikl,xik]~--]]]>t"
n=1 “ij+-+ig=n
such that

Z Ciy,osip * Vir,iy =0 foralln e N where y, =1 and
i1+etig=n
Visoip = (D Nk = iem) oot ik = ig—2) - (o 4o ik —in) fork >2. (3.21)
(In particular, the map exp: /.ZCAf —C r is a homeomorphism.)
Further, by the definition we have

C=CrNG(X). (3.22)
Proposition 3.6. C is a dense subgroup of C, £

Proof. According to [8, Theorem 2.10] there exists a continuous embedding 7 : G [[r]] —
G (X) such that PoT =id. Moreover, T: G:llr]] x C— G(X), T(s g):=T(s) - g is a home-
omorphism. We can extend T by contlnulty toamap Tr:G[[r]] > G f(X ) using formula (4.1)
for the definition of T from [8]. Since P o T = d, similarly we have PoT ' =id. In particular,
Ty is an embedding.

Let cl(C) be the closure of C in C, Cyr. We can extend the map T by continuity to a map
Tf :Gl[r]] x cl(C) — G ¢(X). Then, Tf(s, g) =Ty (s) - g. Next, since Tisa homeomorphism
and G(X) is dense in G y(X), the map Tf is a homeomorphism, as well (by the above definition
of T the inverse Tf_ of ?f is the extension by continuity of T~ which can be expressed explic-

itly). In particular, for g € é} we have g =Ty (s) - h for some s € G[[r]], h € cl((?). This implies
1=P(g)=P(Ts(s)-h) = P(Ts(s)) - P(h) =>s.
Hence, g=h e cl(C). O

3.3.2. By L C Lrj we denote the closed subspace of elements g = fo’: 1 8n Xnt",
gn € C, n € N. Then there is a continuous linear isomorphism A:Lgs — L determined by
A(DL"'t"):= X,t",n € N. Thus, ¥ o A = id. The map IT := Ao ¥ : L1 ;e — L is a continuous
linear projection onto L. Moreover, id —1IT : L je — ECAf is a continuous linear projection onto
E@f. Hence IT ® (id—1IT): L1je —> L & L@f is an isomérphism. Also, every element g € L@f is
presented in the form

g= Z( Z Ciyroonig Vi, ik)t” where
n=

i1+-+ig=n, k=2
[ 1seees iy = [Xllv[Xlzv["'3[Xik,17Xik]"']]]_yil ..... ian' (323)
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Recall that elements {v;, . ;. : i1 + -+ ix =n, k > 2} are not linearly independent, cf. (2.14).
The number of linearly independent elements in this set is

1(2(2"“ -1 M(d)) - L.
n

dln

Proposition 3.7. CAf is the closure in Gy(X) of the group H generated by elements
exp(Ciy.....ixViy...ix ') for all possible v, i, and c;,... i, € C.

.....

Proof. According to Proposition 2.23, l_og(ﬁ ) is the minimal closed Lie subalgebra of Lpie
containing all possible elements v;, _;, #''" "t By (3.23) this subalgebra coincides with L:CA,-'

Thus, H =€f. O

Question 1. Is it true that every nontrivial element exp(c;,,... i, Vi, ,,,,,,-kt" 1ty belongs to
G r(X)\ G(X), i.e., it cannot be presented by an element from X ?

3.3.3. Let us consider a continuous homomorphism 7, : L. — Ly determined by the
conditions

X; fori=1,2,
72 (Xi) = { ﬁ [ma(Xi—1), X1] fori > 3. (3-24)
From this definition we get
(=1 -
ﬂz(Xi)=(l._z)!~[X1,[X1,[~~~,[X1,X2]~~]]] fori > 3. (3.25)

(i —2)-brackets
Therefore 7, maps Ly;e surjectively onto Liie’ the Lie algebra of the group G (X 2) of formal
paths in C2, see Section 2.6.1.

Proposition 3.8. The kernel Ker(mrp) is a subalgebra of ng. It is the minimal normal closed Lie

subalgebra N of Ly ;e containing elements {siti}i>3 where

si=X; — Xion, Xl i 23,

i—2

Proof. By the definition each s;¢’ € Ker(ir»). Since 75 is continuous, N C Ker(i»). Next, con-
sider an element

o (0.¢]
g=y | D e ik[xil,[xiz,[---,[x,-k_l,xik]-~-m):“=2gnr" € Lije-
n=1 “ij+-+ig=n n=1

Using (3.25) one can represent each g, as f, + h, where f,t" €e NN (L, -t") and h,t" €
C%ie N (L, - t") (here L, is the complex vector space generated by all possible g,, see (2.14)).
Then we have

o o
g=f+h where f:= Zf,,t” eNandh:= Zhnt" el
n=1 n=1

In particular, 5(g) = h. Thus g € Ker(m;) if and only if h =0, i.e., g € NV.



A. Brudnyi/ Bull. Sci. math. 132 (2008) 455—485 479

Further, each s;¢% € E@f, see (3.21). Hence Ker(mp) =N C E@f. O

In the proof we have established also the natural decomposition
Liie=N® L}, (3.26)

Taking the exponential map in (3.26) we obtain the following result.

Proposition 3.9. The group G ¢(X) is the semidirect product of the normal subgroup exp(N) C
Cf and Gf(Xz) Moreover, exp(N) is the minimal normal closed subgroup of G ¢(X) containing
elements exp(c;s;t’ 5 for all possible s; and c; € C.

Proof. From the Campbell-Hausdorff formula for elements of G ;(X) using the fact that N C
L1ic is a closed ideal we obtain fora e N, b € EL]e'

ea+b_e €b€C1—€ (eb ly b)e z(eaecz)e =€C3€b

for some c1, ¢z, c3 € N This and (3.26) give the first statement of the proposition.
The second statement is the direct consequence of Proposition 2.23 applied to elements of
R :={log(e%e’" e=) = ¢%sit'e ™ * e N: a € L1, i eN}. O

Remark 3.10. By the definition of s; each formal path e a

formal paths in the subspace W; C C* where
Wi i={(z1,22,...) € C®: zxy =0forall k ¢ {1,i — 1,i}} =C°.

In particular, there exist elements y; € X with first integrals yi:It — W;, Il € N, such that

t’lle sequence {7 (y;)}ieny C G(X) converges to e“isit" | (Recall that we identify G y(X) with
E(Gy(X)).)

, ¢i € C, belongs to the subgroup of

Let
W =Vl x2:Gr(X?) > S(ZGIIrl]) and P = P‘|G_/(Xz) .G £(X?) = GI[r]l.
Then we have, cf. (3.17),
P=® oW, (3.27)

Next, we extend the homomorphism 7> determined by (3.24) to a continuous endomorphism
of the associative algebra A, see (2.6). We retain the same symbol for the extension. Then
2 maps G 7(X) surjectively onto Gf(Xz). Moreover, by Proposition 3.9, Ker(mz|G,(x)) =
exp(N).

Proposition 3.11. The following identity is valid:
V(g)=Warom)(g) forallg e Gy(X).

Proof. Since for h € L we have
llf(eh) =M™ and 020 ﬂz)(eh) — e(lllzong)(h)’

it suffices to check the identity of the proposi_tion for elements of L j.. Moreover, it suffices to
check it for elements X;, i € N (because {X;t'};cn are generators of Ly ;). In this case we have
by the definitions of ¥ and m; and by Lemma 3.2
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U(X;))=DL'™' and (Whom)(X;)=DL ™' fori=1,2,
(-1
(i —2)!

-[D,[D,[---,[D,DL]---1l1=DL""" fori >3.
(i —2)-brackets

W om)(X;) =

This completes the proof of the proposition. O

From this proposition, (3.17) and (3.27) we obtain that

P = P,om,. (3.28)
In particular, the homomorphism 13\2 Gr(X 3y > GIIrN corresponding to the first return maps
of “generalized” Abel equations is surjectlve Moreover, Proposition 3.9 implies that C is the
semidirect product of exp(NN) and C =C, rNGr(X 2y (the group of formal centers of Abel
differential equations).

3.3.4. It has been shown above that there is a reduction of the center problem for G ¢ (X) to
that for G r (X 2). In this part we prove some results on the structure of the group C C2.

First, observe that C C? CGr(X 2) is determined by systems of equations of form (3.20) in
which all i; € {1,2}, [ € N . In turn, the Lie algebra E@fg of C J% is determined by the system of
equations of form (3.21) in which also all i; € {1,2},]/ € N.

By L, C Eiie we denote the closed subspace of elements g = Z —18ntnt", 8. €C,neN,
where ri = X, r = X5 and
(=D*
=T X0 X, [ [ X, X oA 11 forn 2 3. (3.29)

(n—2)-brackets

By the definition, ¥, (r,,) = DL"L. Then there is a continuous linear isomorphism A;: Lg —
L, determined by Az(DL”’lt”) :=r,t", n € N, such that ¥, o Ay =id. The map I, := A o
U Eiie — L, is a continuous linear projection onto L,. Moreover, id —I15 : Efie — Lﬁ@% isa

continuous linear projection onto L£z>. Hence,
f

M@ Gd—1Ih): L}, — L ® L3 is an isomorphism. (3.30)

This implies that every element g € L is presented in the form
I

g= Z( Z Cioirbiv ik)t" where all iy € {1,2}, s €N, and
n=

i1+-+ig=n, n>5
lil ..... i = [Xllv[ lzv["'v[Xl'k,Iink]"']]]_Vil,‘..,ikrn~ (331)

The elements {/;, _;: i1+ - +ix=n, n =35, iy €{l,2}} are not linearly independent. It
follows from [17, Theorem 3.1] that the number of linearly independent elements in this set is

1 n n
;(Z( A1y a0y ,,L@)_l (3.32)

dln

where A1 = 14”/— L =12 ‘/—, u is the Mobius function, see Section 2.4.1, and the sum ranges

over all integers Wthh d1V1de n.
Further, similarly to Proposition 3.7 from (3.30) and (3.31) we get
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Proposition 3.12. (1) There is a continuous map T]% :Gl[r]] — Gf(Xz) such that ]/’\2 o T]% =id.
Moreover, the map T} :G[[r]] x é\? — Gf(XZ) defined by T}(s, g) = Tj%(s) - g is a homeomor-
phism. R

(2) The group C % is the closure in G (X 2y of the group H, generated by elements

exp(ciy..ipliy...i, " T for all possible i, i, and ci, ... i, € Cwithiy, ..., i €{1,2}.

..........

Proof. (1) We define the map T% by the formula
T]% = eXpoAzologo<D_l. (3.33)

Then sz Gl[r]] = G f(Xz) is continuous as the composite of continuous maps. Also, from
(3.27) by the properties of A, we get

EOT%:@OWQOCXpoAzologO(D_I =@ oexpollfzoAzologoq)_l
= oexpoidologo(ﬁ_1 —pod !l =id.
Now, for the map Tf:G[[r]] X (’,’\j% — Gf(Xz), sz(s,g) = T}?(s) - g, we define the map
Q:G;(X? — GIIr]l x 5}. by the formula
= = -1
Q(h) := (Po(h), [(TF o P)(W)] ™ - h). (3.34)

The second term here belongs to C ]% because
B(T}(Bw)) ™ - n])=[(ProT?o P)W)] - Bathy = [Pa()] " Pa(h) = 1.

Clearly, both ffz and Q are continuous maps. Moreover,

(QoT3)(s,9) = Q(THs) - g) = (P(T}(5) - 8). [(T} o P)(TF(s) - g)] ™ T(s) - g)
= (5. [T}®)] - T}5) - 8) = (5. 9)-

Thus Q is the inverse map to Tf ie., T]% is a homeomorphism.
(2) This statement is proved similarly to the proof of Proposition 3.7. O

Question 2. Is it true that there is a continuous map T2:G [[r]] = G(X 2) such that ﬁz oT?=
id?

The affirmative answer to this question will show that each locally convergent series from
G[[r]] can be obtained as the first return map of an Abel differential gguatiog Moreover, as
in the proof of Proposition 3.6 we will get that the group of centers C 2 := C ]% N G(X?) of
Abel differential equations is dense in the group of formal centers C j% Also, G(X?) will be

homeomorphic to G.[[r]] x C2.

3.3.5. In this section we briefly discuss the center problem over a field F C C.

Let Gr[[r]] C G[[r]] be the subgroup of formal power series with coefficients from F. Let I§
be the normal subgroup of Gr[[r]] consisting of elements f of the form f(z) :=z+ dk+1zk+1 +
dk+2zk+2 +---. We equip Gr[[r]] with {I]é‘}keN-adic topology, i.e., a sequence { fi};en C Grllr]]
converges to f € Gr[[r]] if and only if for any k € N there is a number Ny € N such that for all
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n > Ny the images of f, and f in the quotient group GF[[r]]/I§ coincide. By G rl[r]] C
Gr[[r]] we denote the subgroup of locally convergent power series in Gr[[r]] equipped with the
induced topology.

Further, consider the groups G(Xp) C G f(XF) 011 paths and formal paths over [, see Sec-
tion 2.6.2. According to (3.16) the homomorphism P (corresponding to the first return maps
of Egs. (1.1)) maps G(Xy) and G y(Xy) into G, ]F[[r]] and Gr[[r]], respectively. Also, by the
definition of topologies on G (Xp) and G]F[[r]] P: Gf(XF) — GF[[ ]lisa contlnuous homo-
morphism of topological groups. We set CF =GXp)N C and (C]F)f =Gr(Xp) N Cf These
groups are referred to as the groups of centers and formal centers over F. Then similarly to the
results of the previous sections one can prove the following statements.

(1) ge (ag‘)f if and only if the element g € G ¢ (XF) satisfies Eqs. (3.20).
(2) The Lie algebra E(C})f C Liie) of (Cr) r consists of elements

o

Z( D0 i X Xip [ [Xi s Xig] - ]]])r”

n=1 “ij+-+ir=n

with all ¢;, . ;, € IF satisfying Eqs. (3.21). In particular the exponential map exp : ﬁ(@ Tine

(CF) risa homeomorphlsm
3) CIF is a dense subgroup of (C]F) f-

The last statement is proved similarly to Proposition 3.6 using Theorem 2.12 of [8]. This result
asserts that there is a continuous embedding TF : G r[[r]] = G(XF) such that Po Tr =1id. In
particular, from herg we obtain that G(XF) is homeomorphic to aF x G rllr]] and G y(Xp) is
homeomorphic to (Cr) f x Gr[[r]].

Further, one can prove a version of Proposition 3.7 (see Remark 2.23):

“4) (@*) r is the clpsure_ in Gy(Xp) of the group Hp generated by -elements
exp(Ciy...ixViy....i, 1T for all possible v;, ;. determined by (3.23) and c¢;,

..........

For the group N := Ker(m2), see Section 3.3.3, we set Ny := N N Lrier). Then repeating
word-for-word the proof of Proposition 3.8 we obtain that

(5) N is the minimal normal closed Lie subalgebra of Liieqr) containing elements sith = (X; —
% [Xi—1, X1D¢', i > 3. Moreover, Ny C E(CF) and
Liie® =N ® LT jer)

where L‘L e(F) is the Lie algebra of Gf(X ) =Gr(Xp)N Gf(Xz)
From here as in the proof of Proposition 3.9 we obtain

(6) The group G y(X) is the semidirect product of the normal subgroup exp(Nr) C (Cr) f
and G f(X ). Moreover, exp(NVf) is the minimal closed subgroup of G ;(Xr) containing
elements exp(c;s;t' ) for all possible s; and ¢; € F.

Finally, using the methods of the proof of Proposition 3.12 one can prove similar statements
for the group (C2) ¢ := (Cr) f N G y(X2):
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(7) There is a continuous map (Tz)f Grllr]] — Gf(X ) such that P2 o (Tz)f id. The map
(T3 :GrllrN x (C2) s — G ;(X2) defined by (T2) (s, g) = (T2) f(s) - g is a homeomor-
phism.

(8) ((/Z\H?)f is the closure in G(f(X]%) of the group (Hf), generated by elements
exp(ci,..iliy....it" T Tk) for all possible ;, ; defined by (3.31) and ¢;, _;, € F,
ir,...,ir €{1,2}.

.....

The main point of the proofs of (4)—(6) and (8) is that all elements v;, ikti1+"'+ik, s;t! and
liy,...ix "7 belong to Lie(q) (and therefore to Lyje(r) for any field F C C).

3.4. Group of piecewise linear paths

Consider elements g € G (X) of the form

o0
g=e" whereh=Y c;X;t', c;eC, ieN. (3.35)
i=1
By PL C G y(X) we denote the group generated by all such g. It will be called the group of
piecewise linear paths in C*,

Remark 3.13. We can naturally extend the semigroup X considering the set X .= (L®Ir)N
of all possible sequences a = (aj, az, ...), a; € L®°(Ir), i € N, with the multiplication defined
in Section 2.1.1. We consider each L*°(I7) with the weak™ topology defined by Li(I7) (recall
that L°(T) = (Ll(IT))*) and equip X with the corresponding product topology. Then X is a
dense subset of X. Moreover, according to [8, Lemma 3.2] the quotient map 7 : X — G (X) is
continuous and so is extended to a continuous map X>G £(X) (denoted also by 7). Identifying
G ¢ (X) with its image under E see (2.21), we obtain that PL is the image under 7 of the sub-
semigroup Xpp of X generated by elements ¢ = (c1, ¢2, ...), ¢; € C, i € N. In turn, first integrals
of elements of this sub-semigroup are piecewise linear paths in C°°. This motivates the above
definition.

The group PL contains the subgroup of rectangular paths G (Xec), see Section 2.4.2. In par-
ticular, PL is a dense subgroup of G 7 (X), see also Proposition 2.23. One can also show (using,
e.g., Theorem 2.2) that PL is isomorphic to the free R-product of groups C (i.e., the set of gen-
erators of this product has the cardinality of the continuum).

By @L :=C, f N PL we denote the group of formal centers in PL. Then @L is the image in
G 7(X) of the semigroup Cp;, C Xpy, consisting of all elements a = (ay, az, ...) € Xpg, such that
monodromies of the equations

o0
H'(x) = (Za,-(x)DL"—lﬂ')H(x), xelr,
i=1
are trivial.
Further, recall that there exist a continuous embedding A:Lg — L, L :={c € L1je: ¢ =
Z?il ciXit', ¢;eC, ie N}, defined by A(DL"‘lt") = X, t", so that ¥ o A =id, see Section
3.3.2. For elements a, b € L we set

s(a,b) :=(AoWolog)(e’ -e’) e L. (3.36)
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Assume that

00 )
CZZZa,‘Xﬂi, bZZb,‘X,'tl, a;,bj eC, ieN.
i=1 i=1

Using the Campbell-Hausdorff formula we have

[e.e]

b
log(e® - ") = Z( > St @ D)Xi Xy [ [ Xy X ] m)r"
n=1 “ij4--+ir=n
where each s;, __;, is a universal polynomial with rational coefficients in variables a;,, ..., a;,,
bi,,...,b; such thats; (a;1 e, a;k , b;: e, b;:) is a homogeneous polynomial of degree

i1 + -+ +1ir. Then from (3.23), (3.21) we obtain

o0

s(a,b):Z( > Vit Sire ,-k(a,b))X,,t”. (3.37)

n=1 “ij+-+iy=n
In general, the complex vector space spanned by a, b and s(a, b) is 3-dimensional.
Next, formula (3.17) implies that P(e*@?) = P(e%) o P(¢?). In particular, ¢? - eb -
50D ¢ Gy
Let us define a continuous embedding Tpy,: G[[r]] — PL by the formula
Tpr:=expoAo logoq§_1,
cf. (3.33). Then, P o Tpy, = id.

Proposition 3.14. (1) The map Tpy: G[[r]] x Cp; — PL defined by Tpy.(s, ) = Tp(s) - g is a
homeomorphism.

2) (}L is generated by elements e - el - e=5@h) for all possible a, b € L.

(3) Cpy is a dense subgroup of Cy.

Proof. (1) The proof repeats literally the proof of Proposition 3.12(1).
(2) It follows easily from the definition of Tp;, and P, see (3.17), that

Tpr(P(e® - ")) =e* @D, abelL. (3.38)
Suppose that g =g1--- g, € @L where g; =e%,a; € L, 1 <i <n.We set

fii=P(gi--g), 1<i<n,
where by the definition f,, = 1. We also set for brevity

c(hy, hy) == hy - hy - e~ doehloeh) =y gy e p,
Then using (3.38) we obtain

g =c(Tpr(f1). 82) - c(TrL(f2). g3) - - (TpL(fu—1). &n) - ToL(f)-

Since Tpr(f,) = 1, this implies the required statement.
(3) The proof repeats word-for-word the second part of the proof of Proposition 3.6 and is
based on the fact that PL is dense in G ¢(X). O

Question 3. Are there nontrivial elements in the group @Q’L = 5’; N PL of piecewise linear centers
in C"? Here (/?\;’c = €f NG r(X™).

We will return to this question in a forthcoming paper.
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