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1. Introduction

Let Zf; o an be a series of real numbers with partial sums (s,). The Cesaro means of (s,) are defined by

1 n
on = S n=0,1,...).
n nHk;k ( )
The identity
sp—op=V, (n=0,1,...), (n

where V, = # ZZ:O kay, is known as the Kronecker identity.

Definition 1.1. If Z;io a,x" converges for 0 < x < 1and tends tos as x — 1~ we say that (s,) is Abel summable to s and
write s, — s (A).

Denote the space of analytic functions in 0 < x < 1 by + and the class of kernels of the integral transforms of functions
in A by @. The following properties of functions ¢ in @ are needed.

(1) There exists a number cg = og(®) € (0, 1) such that every ¢ € @ is analytical in [«g, 1).
(2) Forevery p € @, ¢p(x) — 0o, x — 1°.
(3) Each ¢ € @ is zero-free in [«p, 1).
(4) Foreachm > 1,
Om(X)

om0 o

where gy = ¢ and ¢ (x) = f;o Om_1(t)dt.
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For every f in 4 and ¢ € ® we define

GG
M(f, o, x) — foi
@1(X%)

ifx # o and

XILTOMU’ @, x) = f(ap)
ifx = .

Definition 1.2. If
lim M(f, ¢, x) =s (2)

x—>1"
then we say that (s,) is M, summable to s and write s, — s (M,).

It is plain that Abel summability implies M, summability, but the converse statement is not always true. If o (x) = i 1_]X)2

for x € (0, 1) then the corresponding M,, summability method reduces to the (A, 1) summability method defined in [1]. In
this case, M(f, ¢, x) = (1 —x) Y_p ) onX"

Discrete summability methods for power series have been extensively studied by a number of authors including Armitage
and Maddox [2], and Watson [3,4].

We assume that (1) satisfies 1 < Ag < A1 < --- — o0. Define the sequence (x;) by x, = 1 — %

Definition 1.3. If M(f, ¢, x,,) exists for all n and lim,_,, M(f, ¢, x,) = s then we say that (s,) is summable by the discrete
(M,) method and write s, — s (M,),.

Itis clear that (M,,), includes (M,,) from Definitions 1.2 and 1.3.1f (s,,) converges to s, then (s,) is (M,,);, summable to s. But
the converse is satisfied under some additional conditions, which are so called Tauberian conditions. In this work we recover
the convergence of (s,) from its (M), summability under some Tauberian conditions. We obtain as a corollary a Tauberian
theorem for the discrete logarithmic summability method. The proof of our theorem mimics the proofing techniques of
Theorem 3 in Ishiguro [5].

Theorem 1.4. Suppose that:

(i) 1 < ’\n" < y, for some positive constants y, and y;.
(ii) ngfg"; =0(1), n —> oo.
iii) s, > s (M,).
@
(iv) na, = o(1), n — oo.

Thens, — sasn — oo.

Proof. We have

1
— Mg, x0) = / Sup(t)dt —
©1(%n) Jog

1 Xn 00
- ©1(Xn) /a (1-%) Z(Sn — spxkp(x)dx

- /(1—X)Z(Sn—5k)ka(x)dx+ 3 (1—x)2(sn—sk>x<p(x>dx

©1(%n) k=mt1
=1 + I, say.

It suffices to show that bothI; — 0and I, — 0asn — oo. For I; we have

/ (1—%) Z(sn — 50X (x)dx
/ (1 —x>2|sn — slX‘p (x)dx

[”(1—x>2|sn—sk|¢<x>dx
o

k=0

|| =

¥1 (Xn)

<
N (pl(xn)

<
N Qol(xn)
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_ /(1—X){|f11+az+ 1Tt ] e+ ]} 9 (Y

(pl(xn)
1 n
= 0 <2k|ak|>/ (1 — x)g(x)dx
n (pl( n)
T 1) ( Zkl ") ( +(p2(xn))

Z kla| <l @2(’%))
t An ©1(Xn) ’

We have, from the condition (iv), Zk o klax] = o(1) for n — oo. Hence, by condition (ii), we have
L1 =0(1), n — oo. (3)
Now estimate I,. By condition (iv), there is an m such that |na,| < ¢ for all k > m. Assume that k > n > m. Then we have
1

1 1
Sk —Sn| <&9— — ¢ = &k, Say.
|I< n|_ {n—|—1+n—|—l+ +k} Qk Y

Now

L] <

/n(l —X) Z eQuxfp(x)dx
@

©1(xn) k=nt1

< n(l —X) Z 8Qkx’,§<p(x)dx

- ¥1 (xn) ag k=n-+1
and
1 1 1

el Tnr1 Tk
k—n

Q =

=

n
k+1

n

Since Q < 1, we get

¢ (g”]("") +goz(xn>) >kt D

11 (Xn) An k=1

O‘n)2 ©1(Xn)
= Snwxn)( o +‘”2(X”))

<)¥n ()\n)z @2 (Xn))
el —+ .
n no o1(xn)

By the conditions (i) and (ii), we have

| < eC, (4)

for large n and some positive constant C.
Finally we have, from (3) and (4), that

<

||

IA

lim s, = 11m M(f, ¢, X,)

n—o00o

which completes the proof of Theorem 1.4. O

Using Theorem 1.4 and the Kronecker identity, we obtain the following result.

Corollary 1.5. Suppose that:
(i) y1 < 22 <y, for some positive constants y1 and y».

(i) ngigﬂ; =0(1),n - oc.
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(iii) 07 = s (Myp);.
(iv) V, = o(1),n — oo.

Thens, — sasn — oQ.

If we choose ¢(x) = 1%)( for x € (0, 1) then the corresponding M, summability method reduces to the logarithmic
summability method. In this case we obtain the following result.

An

Corollary 1.6. If na, — 0 and for some positive constants yy and y,, y1 < %

n — oQ.

< y», thens, — s(M,), implies s, — sas
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