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1. Introduction

The idea of convergence of a real sequence has been extended to statistical convergence by Fast [1] (see also [2]) as
follows. If N denotes the set of natural numbers and K C N, then K (m, n) denotes the cardinality of the set K N [m, n]. The
upper and lower natural density of the subset K is defined by

K(1 K1
d,m) and d(K) = lim inf ( ,n).
n— o0 n

d(K) = lim sup
n—oo

If dK) = d(K), then we say that the natural density of K exists, and it is denoted simply by d(K). Clearly, d(K) =
lim,— o0 K(L’").

A sequence {x,}nen Of real numbers is said to be statistically convergent to L if, for arbitrary € > 0, the set K(¢) = {n €
N : |x, — L| > €} has natural density zero. Statistical convergence turned out to be one of the most active areas of research
in summability theory after the work of Fridy [3] and Salat [4].

The idea of statistical convergence was further extended to I-convergence in [5] using the notion of ideals of N, with many
interesting consequences. More investigations in this direction and more applications of ideals can be found in [6-10].

In another direction, a new type of convergence, called lacunary statistical convergence, was introduced in [11] inspired
by the investigations in [12-15] as follows. A lacunary sequence is an increasing integer sequence 6 = {k: },enujo; such that

ko=0andh, =k — k_; — 00,asr — oo.Letl, = (ky_1, k,] and g, = k,’_‘il.

A sequence {x;, },en Of real numbers is said to be lacunary statistically convergent to L (or Sy-convergent to L) if, for any
€ >0,

1
lim —|{kel :|xx—L| >¢€}] =0,
r—oo h,
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where |A| denotes the cardinality of A C N. In [11], the relation between lacunary statistical convergence and statistical
convergence was established, among other things. More results on this convergence can be found in [16].

In this short paper we intend to unify these two approaches, and we use ideals to introduce the concept of I-statistical
convergence and [-lacunary statistical convergence, which naturally extend the notions of statistical convergence and
lacunary statistical convergence. We try to establish the relation between these two summability notions. The same method
was recently adopted by the first two authors, in [10], to introduce another new type of convergence which is associated
with [-statistical convergence.

Throughout, by a sequence x = {x,},cn We shall mean a sequence of real numbers.

2. Main results
The following definitions and notions will be needed.

Definition 1. A non-empty family I C 2V is said to be an ideal of N if the following conditions hold:

(a) A,BelimpliesAUB €I,
(b)Ael,BC AimpliesB € I.

Definition 2. A non-empty family F C 2" is said to be a filter of N if the following conditions hold:

(a) ¢ ¢F,
(b) A,B € FimpliesANB € F,
(c) Ae F,A C BimpliesB € F.

If I is a proper ideal of N (i.e., N & I), then the family of sets F(I) = {M C N:3A € I : M = N\ A} is a filter of N. It is
called the filter associated with the ideal.

Definition 3. A proper ideal I is said to be admissible if {n} € I foreachn € N.

Throughout, I will stand for a proper admissible ideal of N, and by a sequence we always mean a sequence of real numbers.

Definition 4 (See [5]). Let I C 2N be a proper admissible ideal in N.

(i) The sequence {x,}ncn Of elements of R is said to be I-convergent to L € R if, for each € > 0, the setA(¢) = {n € N :
|xp — L] > €} € I.

(ii) The sequence {x,},cn Of elements of R is said to be [*-convergent to L € R if there exists M € F(I) such that {x,},cm
converges to L.

We now introduce our main definitions.

Definition 5. A sequence x = {x;}ncn is said to be I-statistically convergent to L or S(I)-convergent to L if, for eache > 0
and § > 0,

1
:neN: —{k <n:xx—L| > €} 28} el.
n
In this case, we write x, — L(S(I)). The class of all I-statistically convergent sequences will be denoted simply by S(I).

Remark 1. Let us take the sequence {A;}nen, Where A, = 1forn = 1to10and A, = n — 10foralln > 10, and take I = I,
(the ideal of density zero sets of N); then, let A = {12, 22, 3%, 42, 5%, .. .}).
Define x = {X}ren in a normed linear space X by

ku forn—[yAl+1<k<n négA
Xx=1ku forn—A,+1<k<n,neA
6  otherwise,

where u € X is a fixed element with ||u]| = 1, and 6 is the null element of X. Then, the sequence x = {x;}rcn iS an example
of a sequence which is I-statistically convergent (by Theorem 2.3 in [10]) but is not statistically convergent (see Remark 2
in [10]).

Definition 6. Let 6 be a lacunary sequence. A sequence x = {x,},cy is said to be [-lacunary statistically convergent to L or
So(I)-convergent to L if, forany € > 0and § > 0,

1
:reN:h—|{kelr:|xk—L|ze}|26}eI.
T

In this case, we write x, — L(Sy(I)). The class of all [-lacunary statistically convergent sequences will be denoted by Sy (I).
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It can be checked as in the case of statistically and lacunary statistically convergent sequences that both S(I) and Sy (I)
are linear subspaces of the space of all real sequences.
As the proofs for both the assertions are similar, we present the proof for Sy (I) only.

Theorem 1. Sy(I) N I, is a closed subset of |, where |, stands for the space of all bounded sequences of real numbers.

Proof. Suppose that {x"},cny C Sp(I) N I is a convergent sequence and that it converges to x € I,.. We need to prove that
x € So(I) N l. Assume that X — L,(Sy(I)), Vn € N. Take a positive strictly decreasing sequence {€,},ecny Where €, = ;—n
for a given € > 0. Clearly {€,},en converges to 0. Choose a positive integer n such that ||x — x"||oc < %”. Let0 < § < 1.Then

A eN !
=1r =
h

r

€ )
{keh;mz—h|ziﬂ‘<3}eFm

1
and B:{reN:—
h

r

€ 1)
{ke A "4“ H < §} e F(D).

SinceANB € F(I) and ¢ ¢ F(I), we can chooser € AN B.

1 €n 8
Thenh—r [kelr:|x;Z—Ln|ZZ”<§
1 1 €n+1 1)
and n {kel,:|x;j+ — Loy > 2 H<§
1 € €
andso — {ke[r:|XZ—L,1|Z—"\/|X;:“—L,1H|2 n+]}’<8<1.
hy 4 4

Hence, there exists a k € I, for which [x} — L,| < < and X — Loy | < it
Then, we can write
|Ln - Ln+1| =< |Ln - XZ| + |X;Z - X/"<+1| + |X;:+l - Ln+l|
< %= Lol + % = Loga |+ 1% = X"loo + 11X — Xl
€n+1 €n+1 <e
4 4 ~
This implies that {L,},cy is a Cauchy sequence in R, and so there is a real number L such that L, — L, asn — co. We need
to prove that x — L(Sp(I)). For any € > 0, choose n € N such thate, < g, [|Xx — X"l < g, Ly — L| < 5. Then

€n €n
<S4+ .
=7 4 n

A

1
polkel: X = Lnl 4 1% — Xlloo + |Ln — L| = €}

r

1
—Hk el :|xx —L| > €}
h,

IA

e

{ke] '|x"—L|+E+S>eH
roe X n 4 4=

IA

— {ke[ '|X"—L|>SH
h, Y I

This implies that {r eN: %Hk el |x—L =€} < 8} - {r eN: % kel :|xi— L) > £} < 8} e F(). So
{r eN: %I{k el 1 |xx—L| > ¢€}| < 8} € F(I), and so {r eN: h—1r|{k el :|x—L| >¢€}| > 8] € I. This gives that
x — L(S¢(I)), and this completes the proof of the theorem. O

In the following, we investigate the relationship between I-statistical and I-lacunary statistical convergence. However, to
prove Theorem 3 which describes the above mentioned relation we will need the following result, which gives an alternative
characterization of I-lacunary statistical convergence of bounded real sequences similar to the characterization of lacunary
statistical convergence given in [11].

Definition 7 (cf. [12,13]). Let # be a lacunary sequence. Then x = {x,},¢n is said to be Ny (I)-convergent to L if, for any € > O,

1
{reN:hE:mw—uze}eL

T kel

This convergence is denoted by x, — L(Ny(I)), and the class of such sequences will be denoted simply by Ny (I).

Theorem 2. Let 6 = {k;};<n be a lacunary sequence. Then
(i) (@) xx = L(Ng(D)) = x¢ — L(Se (D)), and
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(b) No(I) is a proper subset of Sy(I).
(ii) x € o and x, — L(Sp(I)) = x¢x — L(Ny(I)),
(iii) So(I) N lso = Ng(I) N le.

Proof. (i) (a)Ife > 0and x, — L(Ny(I)), we can write

Zm—uz Y —LUzeltkel:x—L > el

kely kelr,|xx—L|>€
and so Z|xk—L|>—|{k61 [xe — L| > €}].
T kel

Then, for any § > 0,

1

{reN:|{keI,:|xk—L| > e} 35} c [reN =Y —L=edpel
hy hy kely

This proves the result.

(b) In order to establish that the inclusion Ny (I) € Sy (I) is proper, let @ be given, and define x, tobe 1, 2, . .., [/h,] for the

first [+/h,] integers in I, and x; = 0 otherwise, forallr = 1,2, 3, .. .. Then, for any € > 0,

1 Jh
*|{k61r3|xk_0|26}|§7[ r],
h, h,

and for any § > 0 we get

1
{reN:h|{keI,:|xk—0|ze}|28}g{reN:

r

Since the set on the right-hand side is a finite set and so belongs to I, it follows that x;, — 0(Ss(I)).
On the other hand,

1 [WVh](Wh 1+ 1)
*ZP‘" “h 2
hy kely r

Then{T€N5%Z,<EIr|Xk—0|Z%}:{rEN w>—] {m,m+1,m+2,...} for some m € N which

belongs to F(I), since I is admissible. So x; —+ O(Ng (I)).
(ii) Suppose that x, — L(Sp(I)) and x € l. Then there exists an M > 0 such that |x;, — L| < M Vk € N. Given ¢ > 0, we

have
1 M € €
—Zm—u R e D T T A T T

hy kely " kelr lxg—LI>§ " kelr Jxg—Ll<$ r

Consequently, we get

1
{reN Z|x,<—L|>e} {reN W
.

hy kely

€ €
{kelr:|xk—L|z§Hz—}eI.

2M

This proves the result.
(iii) Follows from (i) and (ii). O

Theorem 3. For any lacunary sequence 0, I-statistical convergence implies I-lacunary statistical convergence if and only if
liminf, g, > 1. If liminf, q, = 1, then there exists a bounded sequence {x,},en Which is I-statistically convergent but not
I-lacunary statistically convergent.

Proof. Suppose first that liminf; g > 1. Then there exists « > 0 such that g, > 1+ « for sufficiently large r, which implies
that

h, o
— > .
k ~ 14+«
Since x;, — L(S(I)), for every € > 0, and for sufficiently large r, we have

1 1
= ke:xie =Ll = €} = fl{k €l X — L = €}
:

o
ﬁ *|{k el |x —L| > €}

v
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Then, for any § > 0, we get

1 1 o
reN: —|{kel:|xk—Ll>€}| >y SireN: —|{k <k :|xx—L|l >¢€}| > el.
{ hr|{ rt Xk I_}I_}_{ kr|{_r|k I_}I_(1+a)}
This proves the sufficiency.
Conversely, suppose that liminf, - = 1. Proceeding as in [1, p-510], we can select a subsequence {k;} of the lacunary
sequence 0 such that

Tj 1 krjfl . . .
—— <14+ - and >j, wherer; >rj_1+2.
krj—l (,}.71

Define a sequence x = {X;}icny by
xi =1 ifi € Irj
= 0 otherwise.

Then, for any real L,

1
—> i—L=]1-L forj=12,...

r,
J kelrj

1
and h—Z|x,~—L| =|L| forr#r;.

T kel

Then it is quite clear that x does not belong to Ny (I). Since x is bounded, Theorem 2(iii) implies that x -+ L(S¢(I)).
Next, let k,j,1 <n< k,jﬂ,l. Then, from Theorem 2.1 in [1], we can write

n
lk<n: -zl 3 <ot T 1,12
n n ki1 iog ]
Hence {x,}nen is [-statistically convergent for any admissible ideal I.
It is known that [11] lacunary statistical convergence implies statistical convergence if and only if lim, sup g, < oo (i.e.,
when I = I, is the ideal of finite subsets of N). However, for arbitrary admissible ideal I, this is not clear, and we leave it as
an open problem. O

Remark 2. For any lacunary sequence ¢, with liminf, g, > 1, the sequence given in Remark 1 is an example of a sequence
which is I-lacunary statistically convergent.

Problem 1. When does I-lacunary statistical convergence imply I-statistical convergence?

Recall [5,8] that an admissible ideal I is said to satisfy condition (AP) if, for any mutually disjoint sequence of sets {A;}icn
in I, there exists a sequence {B;};cy in I such that A;AB; is finite for all i € N and UieN Bi €.

It was observed in [5] (see also [8]) that, for a sequence {x, },cn, [-convergence is equivalent to [*-convergence if and only
if the ideal I satisfies the condition (AP). More facts about condition (AP) and its importance can be found in [6]. We are now
ready to prove our next result.

Theorem 4. Let I be an admissible ideal satisfying condition (AP), and let 6 € F(I). If x € S(I) N Sp(I), then S(I) — limx =
Se(I) — limx.

Proof. Suppose that S(I) — limx = L, Sp(I) — limx = L’,and L # L. Let 0 < € < %|L — L|. Since I satisfies the condition
(AP), there exists M € F(I) (i.e.,, N\ M € I) such that

r—-o0 m

1
lim —[{k <m,:|xy —L| > €}] =0, whereM = {my, my, ms,...}.
T
LetA={k<m :|xx — Ll >e€e}and B={k <m, : |x,y — L'| > €}. Thenm, = |AU B| < |A| + |B|. This implies that
|Al 1B| . |B| |A] IBl

1< —+4+ —.Sinc land lim — =0, sowe must have lim — = 1.
m;, m; m; r—>00 M, r—>00 M,

IA

Let M* = {ki, ki,, ki, ...} = M N6 € F(I). Then the k;,th term of the statistical limit expression m "k < m, :
Xk — L'| > €}|is

Ip
:ke ks =L 26]

k,

1 &
= b Zl’ih,‘, (n
Z hi i=1
i=1

i=1
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where t; = b7 '[{k € I; : |x — L'| > €} N 0 because x, — L'(S¢(I)). Since 0 is a lacunary sequence, (1) is a regular
weighted mean transform of t;’s, and therefore it is also I-convergent to zero as p — 00, and so it has a subsequence which
is convergent to zero since I satisfies condition (AP). But since this is a subsequence of {n=!|{k < n : |x, — L'| > €}|}nem, we
infer that {n!|{k < n : |xx — L'| > €}|}nem is not convergent to 1, which is a contradiction. This completes the proof of the
theorem. 0O

References

[1] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951) 241-244.
[2] 1]J. Schoenberg, The integrability of certain functions and related summability methods, Amer. Math. Monthly 66 (1959) 361-375.
[3] J.A. Fridy, On statistical convergence, Analysis 5 (1985) 301-313.
[4] T. Salét, On statistically convergent sequences of real numbers, Math. Slovaca 30 (1980) 139-150.
[5] P.Kostyrko, T. Salat, W. Wilczynki, I-convergence, Real Anal. Exchange 26 (2) (2000-2001) 669-685.
[6] Pratulananda Das, S. Ghosal, Some further results on I-Cauchy sequences and condition (AP), Comput. Math. Appl. 59 (2010) 2597-2600.
[7] P.Kostyrko, M. Macaj, T. Salat, M. Sleziak, I-convergence and extremal I-limit points, Math. Slovaca 55 (2005) 443-464.
[8] B.K. Lahiri, Pratulananda Das, I and I*-convergence in topological spaces, Math. Bohem. 130 (2005) 153-160.
[9] B.K. Lahiri, Pratulananda Das, I and I*-convergence of nets, Real Anal. Exchange 33 (2007-2008) 431-442.
[10] E.Savas, Pratulananda Das, A generalized statistical convergence via ideals, Appl. Math. Lett. (2011) doi: 10.1016/j.am1.2010.12.022.
[11] J.A. Fridy, C. Orhan, Lacunary statistical convergence, Pacific ]. Math. 160 (1993) 43-51.
[12] AR.Freedman, ].J. Sember, M. Rapnael, Some Cesaro type summability spaces, Proc. Lond. Math. Soc. 37 (1978) 508-520.
[13] AR. Freedman, J.J. Sember, Densities and summability, Pacific J. Math. 95 (1981) 293-305.
[14] 1J. Maddox, A new type of convergence, Math. Proc. Cambridge Philos. Soc. 83 (1978) 61-64.
[15] 1J. Maddox, Space of strongly summable sequence, Quart. J. Math. Oxford Ser. (2) 18 (1967) 345-355.
[16] J.Li, Lacunary statistical convergence and inclusion properties between Lacunary methods, Int. ]. Math. Math. Sci. 23 (3) (2000) 175-180.


http://dx.doi.org/doi:10.1016/j.aml.2010.12.022

	On generalizations of certain summability methods using ideals
	Introduction
	Main results
	References


