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SomeBlocking Semiovals which Admit a Homology Group

CHIHIRO SUETAKE

The study of blocking semiovals in finite projective planes was motivated by Batten [1] in connec-
tion with cryptography. Dover in [4] studied blocking semiovals in a finite projective plane of grder
which meet some line iilgg — 1 points. In this note, some blocking semioval$is(2, q) are consid-
ered which admit a homology group, and three new families of blocking semiovals are constructed.
Any blocking semioval in the first or the third family meets no lingjir- 1 points.

(© 2000 Academic Press

1. INTRODUCTION

LetIT = (P, £) be a projective plane. Alocking sein IT is a setB of points such that for
every linel € £, | N B # ¢, butl is not entirely contained iB. A semiovalin IT is a setS of
points such that for every poift € S, there exists a unique lides £ such that N S= {P}.

The idea of a semioval was introduced in [3] and [7]blacking semiovain IT is a set ofR
of points which is both a semioval and a blocking set.

At the CMS Special Session in Finite Geometry in 1997, L. M. Batten posed the problem
of classifying all blocking semiovals. The study of the problem was started by Batten and
Dover in [2] and Dover in [4, 5]. Known families of blocking semiovals are few. Dover in [5]
constructed damily of blocking semiovals of sized3— 4 in a projective plané&l of orderq,
with g > 5, if IT contains aA-configuration. Of course, any desarguesian pla@&2, q) has
this property. The author in [6] constructed two families of blocking semiovaB@¢2, q).

The first one is a family of blocking semiovals of size 3 4, whereq > 5. This family
contains the one constructed by Dover as a special case. The second one is a family of blocking
semiovals of size@—n—2, whereq = n€, n > 3,nis a prime power and > 2. Any blocking
semioval in these families meets some lingir 1 points, and admits a nontrivial homology
group ifq is odd.

Let S be a blocking semioval in a projective planeof orderq. Then letx; denote the
number of lines offlT which meetSin exactlyi points. Clearlyxp = 0 andx; = |S| by the
definition of S. Dover in [4] proved thakg = 0 forq > 3.

In this note, we consider some blocking semioval®iG(2, q) which admit a nontrivial
homology group, and construct the following three families of blocking semiovals:

@) If g=r€r > 3,r is aprime power ana > 2, then there exist blocking semiovals of
size 3] — 4 with xq_1 = 0 (see Theorer8.4).
(i) f g=r&r > 3,r is aprime powere > 2 and 3< n < r, then there exist blocking
semiovals of size@— n — 2 with xq_; = 1 (see Theorem.5).
(i) If g=r&%,r > 3,r is aprime powerg; # 1, # 1 and 3< n < r, then there exist
blocking semiovals of sizetB— n — 2 with x4_1 = 0 (see Theore.6).

All the other known families of blocking semiovals are unitals and vertexless triangles.

2. BLOCKING SEMIOVALS OF HOMOLOGY TYPE

Let P andL be the set of points and the set of lines in a desarguesian pi&g2, q) with
g > 7. PG(2,0q) is defined on the three-dimensional vector spdce- {(a, b, c)|a,b,c €
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GF(q)} overGF(q). For(a,b,c) € V, set[a, b, c] = {(ax, bx,cx)|[x € GF(q)}. Then
P ={[a,b,clla,b,c e GF(q) and(a, b, ¢c) # (0,0,0)}. The lines ofPG(2, q) are the two-
dimensional subspaces 9f Choose a lingég from L. Let Py, Py, ..., P, ben + 1 distinct
points onlg, where 2< n < q — 2. Choose a poinQg off lg. Let, fori € {0,1,...,n}, Qi be
a subset oP, Qg — {Qo, P} with |Qj] > 2. Set

S=(Ilg)UQoUQ1U---UQy—{Po, P1,..., Pa}.

We will derive a necessary and sufficient condition $itio be a blocking semioval. We may
assume thaQp = [1,0,0], Pp = [0,0,1], P = [0,1,a] (i = 1,2,...,n). We define
subsetA; of GF(q)* = GF(q) — {0} (i = 0,1, ...,n) as follows:

Ap = {x € GF(@)I[1,0,x] € Q0},
Ai={xe GF@I[L,x,ax] €} (=12...,n).

Clearly, |Aj] > 2( = 0,1,...,n). Fori, j,k € {1,2,...,n} withi # |, set®jx =
(& — aj) Ak and Pjjk =:%Z;Ak-

In therest of this section we assume the following.

AssumMmPTION2.1. Ifgisodd,—Aj = Aj foralli € {0,1,...,n}.

LEMMA 2.2. Sis a blocking set if and only if the following hold.

() GF(@)*=A1UAU---UA,.
(i) Foranyie{l1,2,...,n}, GF(@)* = AU Ulgj#i)sn Djj .

PROOFE Sis a blocking set if and only if for any € {0, 1, ...,n}, any line through the
point P, exceptQoP; andlg intersect2pU Q1 U --- U QuU---UQn.

Any line {[1,b, x]|x € GF(q)} U {Po}(b € GF(q)*) through the pointPy exceptQoPo
andlg intersects€21 U Qo U -+ - U Q.

& If b e GF(g*, then there exist$ € {1,2,...,n} such thab € A;.
< GF@)*=A1UAU---UAp.

Next leti € {1,2,...,n}.
Any line {[1,x,aX + b]|x € G F(q)/}\u {P}(b € GF(q)*) through the point? except
QoP andlgintersectf2pU Q1 U---UQj U---UQp.

< If be GF(q)* — Ao, then there exist$ € {1, 2, .. g, e n} such thaty x +b = ajx.

& If b e GF(Q)* — Ag, then there existg € {1,2,...,1,...,n} such thab € (a; —
g)Aj = jj.
< GF(@* = AoUU1<j(i)<n Pij- =

LEMMA 2.3. S is a semioval if and only if the following hold.

() Ifae GF(@) —{as, @, ..., an}, then GRQ)* = Ag U ;i <n(@ — @) Aj.
(i) If a € Ao, thenthere exists a unique element £ {1,2,...,n} such that
a ¢ Urckzjy<n @ik, butae Uy yesiy<n @ik foralli € {1,2,...,J,...,n}
(i) Letie{l,2,...,n}andac Aj. Then one of the following occurs.

@) If @ ¢ Uskezij<n Ak, thena e a.-—la,- Ao U U<k, jy<n Pijk for all j e

{1,2,...,1,...,nkL
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(b) Ifa e Ul<k(;éi)<n Ak, thenthere exists a unique elemengj{1, 2, ... Ay,
_ 1 1
such that a¢ = Aguulék(;éi’j)gn Dijk, butae ;= AoUUs <i 5 <n Pisk
forallse{1,2,...,i,...,],...,n}

PROOFE Sis a semioval if and only if the following hold.
(@)LetP e (lg) —{Po, P1,...,Pa}.Ifl € £, P €1, Qg ¢ | andl # lg, then(l) N (S U
QLU---UQn) # é.

(B) For anyi € {0,1,...,n} and for anyP e ;, there exists a unigque elemejte
{0,1,...,i,...,n}such that the lin€® P; does not interse®@oU Q1 U---UQjU---UQjU
- UQn.

LetP € (Ig)—{Po, P1, ..., P,}. ThenP = [0, 1, a] forsomea € GF(q)—{az, a2, ..., an}.
Letl be aline suchtha® €1, Qg ¢ | andl # lp. Thenl = {[1, x, ax+b]|x € GF(q)}U{P}
for someb € GF(Q)*. (I) N Qg # ¢ ifand only ifb € Ag.

Letl<i <n.

(HNKRj # ¢. < There existx € Aj suchthaax+b =g x. < b € (g —a)A;. Therefore,
() is equivalent to (i).

Leti = 0 andP € Qo. ThenP = [1,0,a] for somea € Ap. Let1 < j <n. PP =
{[1,x,ajx +a]lx € GF(q)} U {P;}. Letk € {0,1, ..., ],...,n}.

The line P P; does not interse®y.

& Foranyx € Ay ajX +a # akX.

<~ i%;€£Ak

& agla— aj) Ak = P k.
Thereforewheni = 0, (8) is equivalent to (ii).

Letl<i <nandP € Q. TheQP =[1,a, ga] forsomea € Aj. PPy = {[1,a, X]|X €
GF(@)} U {Py}. Letk € {0,1,...,i,...,n}

The line PRy does not intersed®y.

& Foranyx e Ag X # a.

& a¢ Ak
Letj € 1,2,...,0,...,n}. ThenPP; = {[1,x + a,ajx + aallx € GF(@)} U {P}} =
{[1,x,aj(x —a) +aallx e GF@)} U {P;}. Letk e {1,...,1,...,],...,n}.

The line P P; intersects2o.

& aa—ajac Ap.

1
@-aea_mA@

The line P P; intersectsy.

& ai (X —a) + aja = ax for somex € Ay.
a—aj)

Therefore, when k i < n, (8) is equivalent to (iii). Thus the lemma is proved. |

3. n=2

In this section, under Assumptidhl we consider the point s& of PG(2, q) defined in
Section2, whenn = 2. We remark that from the definition ak’s, |Aj| > 2( = 0,1, 2).
Then we may assume that = 1,a, = 0.

Lemmas?.2 and2.3yield the following theorem.
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THEOREM3.1. Letn=2and g = 1, a» = 0. Then, S is a blocking semioval if and only
if the following hold.

@) Ifi #]<{0,1,2}, then GRy* = Aj U Aj.
(i) faeGF(Q) —{0,1},then GRq)* = AgU (1 —a)A1 UaAa.
@iy If i, j,k} =1{0, 1,2}, thenAj = (A} — Ay U (Ak — Aj).

From Theoren8.1the next result follows.

COROLLARY 3.2. If S is a blocking semioval, thg®| = 3q — 4 and,furthermore, when
100
g is odd, an involutory homolo% —01 0) actson S.

PROOF Let Sbe a blocking semiovals. Since Theor8riii) implies that the set2\g, A1
andAj exactlydouble coveG F(Q)*, |S| = |Agl+|A1]+]A2|+(@—2) = 2(q—1)+(q—2) =
3q — 4. The existence of the involutory homology follows from Assump&ch O

EXAMPLE 3.3. SetAg = GF(Q)*. If q is odd, letA1 # ¢ be a subset o6 F(q)* such
that—A1 = AjandA; # GF(q)*. If g is even, letA1 be a subset o6 F(q)* such that
2 <|A1] £ q-—3.SetAy; = GF(q)* — A1. Then,Aq, A1 andA» satisfy (i), (ii) and (iii) of
TheorenB.1. Therefore, the point s&tcorresponding ta\g, A1 andA» is a blocking semio-
val of size 3 — 4 such thakg—1 = 1. This is a blocking semioval as defined in Theorg
of [5].

THEOREM3.4. Letq=r®&r > 3,r be a prime power and & 2. SetA; = GF(r)*. Let
® be a nonempty subset of Gr5* such that—-® = ® and® # GF(r)*. Here, if r is even,
let2 < |®] <r — 3. SetA1 = (GF(@)* — GF(r)* U ®andAg = GF(q)* — ®. ThenAo,
A1 and A, satisfy (i), (ii) and (iii) of Theoren8.1. Therefore, the point set S corresponding
to Ag, A1 and Ay is ablocking semioval of sizég — 4 such that ¥_; = 0 and x> # 0.

PROOF It is clear thatAg, A1 and A3 satisfy (i)and (iii) of Theorem3.1. We will show
that Ag, A1, and A satisfy(ii) of Theorem3.1. Leta € GF(q) — {0, 1}. We want to show
thatGF(g)* = AgU (1 —a)A1UaAq. Letx € GF(Q)* — Ap. Thenx € @ € GF(r)*.
If a ¢ GF(r)*, thenﬁ ¢ GF(r)*, and hencex € (1 — a)A1. If a € GF(r)*, then
g € GF(r)* = A, andthereforex € aA,. ThusGF(q)* = AgU (1 — a)A1 U aA». O

The author proved that the following conjecture is true dor {7,11,13,17} using a
computer.

CONJECTURE3.5. If g is a prime with q> 7, thenany blocking semioval S defined in
Theorenf.1is one of the blocking semiovals constructed in Exar88e

4, n>3

In this section we consider the sebf points of PG(2, q) defined in Sectio for n > 3.

AssumPTION4.1. (i) g=r®&r > 3,r is aprime power ane > 2.
(i) 3<n<randGF(r) > {a1,ay,...,an}
(i) Foranyi € {0,1,...,n}and foranyx € GF(r)*, xAj = A;.

Lemmas2.2and?2.3yield the following theorem.
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THEOREM4.2. Under Assumptiod.1, S is a blocking semioval if and only if the following
hold.

(i) Foranyie{0,1,...,n}, GF()* = Uo<j(i)<nAj.
(i) Foranyae GF(q) —{a1,a2,...,an}, GF(@)* = AgU UlSiSn(ai —a)A;.
(i) Foranyi € {0,1,...,n} and for any a€ Aj, there exists a unique elementq
{0,1,....,1,...,n} such that ae Aj.

PROOFE Assume thatS is a blocking semioval. It is clear that (i) and (ii) hold. Lete

{0,1,...,n} anda € Aj. Then, by (ii) and (iii) of Lemma2.3, there exists a unique ele-
mentj e {0, 1,...,iA,...,n} such thata ¢ Uofk(#j)fn Ag. However, sinceGF(q)* =
Uo<k(zi)<n &n, @ € Aj. Thus we obtain (jii).

The converse is clear. O

THEOREM4.3. Under Assumptiod.1, S is a blocking semioval if and only if for all dis-
tincti, j € {0,1,...,n} there exists a subsetjj of G F(q)* which satisfies the following.

(i) EachAij isclosed under multiplication by G(F)*.
(i) Foralldistincti, j € {0,1,...,n}, Ajj = Ajj.
(i) Foranyie {0,1,...,n}, Aj = Uofj(;ﬁi)in Ajj # ¢.
(iv) GF(@* = Up<ij<n Aij isadisjoint union.
(v) Foranyae GF(q) —f{ag, ..., an}, GF(@)* = Ao U U (@ — @)A;.

PROOF Assume thatS is a blocking semioval. For all distinat, j € {0,1,...,n}, set
Ajj = Aj N Aj. Then clearly (i), (i) and (v) hold.

Let 0 < i < n. From Theorem4.2(i) it follows thatA; = Aj N GF(@)*x = Aj N
(Uo<jiy<n A1) = Uo<jiy<n(Ai N A = Uo<j(i)<n Aij - Therefore we obtain (iii).

LetO<i#j<n0<i#]j <n,andj # |'.If b e Ajj N Ajj, thenb € Aj,b € A
andb € Aj, which are contrary to (i) and (iii) of Theore2. ThereforeAij N Ajjr = ¢.
Furthermore, let 0< i’ # i < nandi’ < j’. SinceAjj and Aj;» are mutually disjoint, and

Ajjr = Aj N Aj = Ajq andAj/j are mutually disjointAjj N Ajrj» = ¢. Thus, by (i) of
Theoremd.2, we have (iv).
The cowerse is clear. m]

COROLLARY 4.4. If S is a blocking semioval, thgi®| = 3q — n — 2 andthe homology

100
<0s0> (se GF(r)*) actson S.
00s

PROOF [S| = Y oi<nlAil + (@ =) = Yosian Yo<jiiyndijl + (@ —1) =
2205i<j5n [Aijl+(@—n) =2 —1)+ (g—n) =39 — n— 2. Since each; is closed
under multiplication byG F(r)*, the homologies do exist. m|

THEOREM4.5. Assume Assumptiaghl. SetAg = GF(q)* andlet GF(q)* = AU ---U
An be a mutually disjoint union. Thefg, A1, ..., A, satisfy (i), (i) and (iii) of Theorerd.2,
and thesize of the blocking semioval correspondingAlg, A1, ..., Apis3g — n— 2 and
Xg—1 = 1. In particular, when n= r, the blocking semioval is one of the blocking semiovals
defined in Theorerf.2 of [6].
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THEOREM4.6. Letq=1r® =r®% r be a prime power,g# 1, & # land3 <n <.
SetAg1 = GF(@) — GF(r®). Let GFr®)* = Ug<j - j<n.qi.})=0.1) Aij be a partition such
that eachAj; is closed under multiplication by G()*. For distincti, j € {0, 1, ..., n} with
i < j,setAji = Ajj. ThenAjj (0 <i # j < n) satisfy (i))—(v) of Theorem.3. Therefore, the
set Sof points corresponding tajj (0 < i # j < n)is a blocking semioval of sig —n—2
with xq_1 = 0and x_n # 0.

PROOF We must show thaij (0 <i # j < n) satisfy (i)—(v) of Theorem.3. It is clear
that (i), (i), (iii) and (iv) hold. We will show that (v) holds. Led € GF(q) —{a1, a2, ..., an}-
Letx € GF(q) — Ag. Thenx € GF(r&)*.

Assume thaa ¢ GF(ré)*. Then for anyi € {1,2,...,n}, =%~ ¢ GF(r®)* andhence

' gi—a
ﬁ € Ao1 € Az. Inparticular, le = 1. Thenx € (a3 — a)A1.

Assume thata € GF(r®)* Then, for anyi € {1,...,n}, ﬁ e GF(re)* =

Uo<i <j<n.d.k=0,1) Aij - Therefore there existp € {1,2,...,n} such thatzX; € Aj. In
particular leti = j. Thenx € (a; —a)Aj. O
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