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Some convolution properties of analytic functions
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Abstract

An interesting criterion was given by Ponnusamy and Singh [S. Ponnusamy, V. Singh, Convolution properties
of some classes of analytic functions, Internal Report,SPIC Science Foundation, 1990.] for convolution properties
of functions in the classPα . In this paper we shall get a new criterion for convolution properties of functions in this
class.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Let A denote the class of functions of the form

f (z) = z +
∞∑

n=2

anzn, (1.1)

that are analytic in the unit discU = {z : |z| < 1}. And let S denote the subclass ofA consisting of
univalent functionsf in U . Let S∗ andK be the usual subclasses ofS consisting of starlike and convex
functions, respectively; that is,

S∗ =
{

f ∈ A : Re

(
z f ′(z)
f (z)

)
> 0

}
(z ∈ U ) (1.2)
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and

K =
{

f ∈ A : Re

(
1 + z f ′′(z)

f ′(z)

)
> 0

}
(z ∈ U ). (1.3)

It is well known that

f (z) ∈ K if and only if z f ′(z) ∈ S∗. (1.4)

Let ( f ∗ g)(z) denote the Hadamard product (convolution) of two functionsf andg; that is, if f (z) is
given by (1.1) andg(z) is given by

g(z) = z+
∞∑

n=2

bnzn, (1.5)

then

( f ∗ g)(z) = z +
∞∑

n=2

anbnzn. (1.6)

We say that a functionp(z) = 1 + ∑∞
n=1 cnzn belongs to the classPα, if p(z) satisfies the following

condition:

Rep(z) ≥ α, α ≤ 1 and (z ∈ U ). (1.7)

In this paper we shall get a new criterion for convolution properties of functions in the classPα.

2. Main results

In order to show our main results we have to recall here the following lemmas.

Lemma 1 (See [2] ). Suppose that the functionΨ : C2×U → C satisfies the conditionReΨ (ix, y; z) ≤
δ for all real x, y ≤ − (1+x2)

2 and all z∈ U. If p(z) = 1 + p1z + · · · is analytic in U and

ReΨ (p(z), zp′(z), z) > δ, for z ∈ U, (2.1)

thenRep(z) > 0 in U.

Lemma 2 (See [3] ). Letβ < 1. If the function p is analytic in U, with p(0) = 1, and

Re[p(z) + zp′(z)] > β, (z ∈ U ) (2.2)

thenRep(z) > (2β − 1) + 2(1 − β) ln 2, z ∈ U. The result is sharp.

Lemma 3 (See [1] ). For α ≤ 1 andβ ≤ 1,

Pα ∗ Pβ ⊂ Pδ, δ = 1 − 2(1 − α)(1 − β). (2.3)

The result is sharp.

With the help of the above lemmas, we derive

Theorem 1. Let f, g ∈ A, α, β < 1. If f ′ ∈ Pα, g′ ∈ Pβ andΦ(z) = ( f ∗ g)(z) thenΦ ∈ S∗ provided

(1 − α)(1 − β) <
3

8(ln 2 − 1)2 + 4
. (2.4)
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Proof. By hypotheses onf andg andLemma 3weobtain

Re
(
( f ′ ∗ g′)(z)

) = Re[Φ′ + zΦ′′] > 1 − 2(1 − α)(1 − β). (2.5)

By usingLemma 2, from (2.5) we have

ReΦ′(z) > 1 + 4(1 − α)(1 − β)(ln 2 − 1), (z ∈ U ). (2.6)

From (2.6) andLemma 2, we have

Re
Φ(z)

z
> 1 − 8(1 − α)(1 − β)(ln 2 − 1)2. (2.7)

Now, we letp(z) = zΦ′(z)
Φ(z) andλ(z) = Φ(z)

z ; then p(z) is analytic inU and p(0) = 1,

Reλ(z) > 1 − 8(1 − α)(1 − β)(ln 2 − 1)2. (2.8)

A simple computation show that

Φ′ + zΦ′′ = λ(z)[p2(z) + zp′(z)] = Ψ
(
p(z), zp′(z), z

)
, (2.9)

whereΨ (u, v; z) = λ(z)(u2 + v). Using (2.5) we have

Re
[
Ψ

(
p(z), zp′(z), z

)]
> 1 − 2(1 − α)(1 − β),

for z ∈ U . Now for realx, y ≤ −1
2(1 + x2), we have

Re{Ψ (ix, y, z)} = (y − x2)Reλ(z) ≤ −1

2
(1 + 3x2)Reλ(z) ≤ −1

2
Reλ(z) (2.10)

for z ∈ U . From (2.8) and (2.10) we get

Re{Ψ (ix, y, z)} ≤ 1 − 2(1 − α)(1 − β),

for all z ∈ U . Thus byLemma 1, Rep(z) > 0, in U ; that is,Φ(z) ∈ S∗. �
Corollary. Let f, g ∈ A, α, β < 1. If f ′ ∈ Pα , g′ ∈ Pβ and

ξ(z) =
∫ z

0

( f ∗ g)(t)

t
dt,

thenξ ∈ K provided

(1 − α)(1 − β) <
3

8(ln 2 − 1)2 + 4
.

The proof is now immediate becausezξ ′(z) = Φ(z).

Theorem 2. Let f, g, h ∈ A, α, β, γ < 1. If f ′ ∈ Pα , g′ ∈ Pβ , h′ ∈ Pγ andζ(z) = ( f ∗ g ∗ h)(z) then
ζ ∈ K provided

(1 − α)(1 − β)(1 − γ ) <
3

16(ln 2 − 1)2 + 8
. (2.11)

Proof. It is sufficient to show thatη = zζ ′ ∈ S∗. By hypotheses onf , g, h, andLemma 3, weobtain

Re
(
( f ′ ∗ g′ ∗ h′)(z)

) = Re[η′ + zη′′] > 1 − 4(1 − α)(1 − β)(1 − γ ), (2.12)

and the proof is completed similarly toTheorem 1. �
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Theorem 3. Let f, g ∈ A. If

Re
(
( f ∗ g)′(z)

)
> 1 − 3

4(ln 2 − 1)2 + 2
(2.13)

then

F(z) =
∫ z

0

( f ∗ g)(t)

t
dt ∈ S∗.

Proof. From the definition ofF wesee that

Re
(
( f ∗ g)′(z)

) = Re
(
F ′(z) + zF′′(z)

)
> 1 − 3

4(ln 2 − 1)2 + 2
,

and the proof is completed similarly toTheorem 1. �
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