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Abstract

An interesting criterion was given by Ponnusamy and Singh [S. Ponnusamy, V. Singh, Convolution properties
of some classes of analytic functions, Internal Re®IPiC Science Foundation, 1990.] for convolution properties
of functions in the clas®, . In this pagr we shall get a new criterion for convolution properties of functions in this
class.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Let A denote the class of functions of the form
oo
f@=2z+) a2", (1.1)
n=2
that are analytic in the unit didd = {z : |z| < 1}. And let S denote the subclass @f consisting of

univalent functionsf in U. Let S* andK be the usual subclasses ®tonsisting of starlike and convex
functions, respectively; that is,

. ‘ zf'(2)
S"‘_{feA.Re(f(z)>>O} (ze ) 1.2)
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and

_ ‘ 2" (2)
K_{feA.Re(l-i- f/(z)>>0} (ze U). (1.3)

It is well known that
f(z) e K if and only if zf'(z) € S*. (1.4)

Let (f % g)(2) denote the Hadamard product (convolution) of two functibremdg; that is, if f (2) is
given by (.1) andg(z) is given by

9@ =2z+ ) by2", (1.5)
n=2
then
(fxg)(2) =z+ Zanbnz”. (1.6)
n=2

We say that a functiomp(z) = 1+ ) .-, ¢,z" belongs to the clasB,, if p(z) satisfies the following
condition:

Rep(2) > «, a<1l and (zelU). @.7

In this paper we shall get a new criterion for convolution properties of functions in theRJass

2. Main results

In order to show our main results we have to recall here the following lemmas.

Lemmal (See P]). Suppose that the functiof : C2xU — C satisfies the conditioRe ¥ (ix, y; ) <
dforallreal x,y < —@ andallze U.If p(z) =1+ p;z+ - - - is analytic in U and

Re V¥ (p(2),zp(2),2) > 4, forze U, (2.1)
thenRep(z) > 0inU.
Lemma?2 (See B]). Letg < 1. If the function p is analytic in U, with (@ = 1, and

Re[p(2) +zp (2] > B, (ze V) (2.2)
thenRep(z) > 28 — 1) +2(1 — B)In 2,ze U. The esult is sharp.
Lemma3 (Seell]). Fora < landg <1,

Py x Pg C Ps, 3=1-21-a)(1-p). (2.3)
The esult is sharp.

With the help of the above lemmas, we derive

Theorem 1. Let f,ge A,a, B <L If ' € P,, 0 € Pgand #(2) = (f x g)(2) then® e S* provided

3

Gm0d=P = gma—a

(2.4)
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Proof. By hypotheses orf andg andLemma 3we obtain

Re ((f'+xg)(2) =Re[® +28"] > 1—2(1—a)(1— p). (2.5)
By usingLemma 2 from (2.5) we have

Red'(z) > 1+ 4(1—a)(1— B)(In 2 —1), (ze V). (2.6)
From @.6) andLemma 2 we have

Re@ >1-81—a)(1l—B)(In2—1)7>2 (2.7)
Now, we letp(z) = Zgg) andi(z) = £2; then p(2) is analytic inU and p(0) = 1,

Rei(z) > 1—8(1—a)(1— B)(In 2—1)2 (2.8)
A simple @mputation show that

¢ +29" = 1(2)[p*2) +2P@)] = ¥ (p(2), 2P (2), 2), (2.9)

where ¥ (u, v; z) = A(2)(U? + v). Using @.5) we have
Re[? (p(2),2P(2),2)] > 1-2(1—a)(1 - B),

for ze U. Now for realx, y < —1(1+ x?), we have

Re{¥(ix,y, 2)} = (y — x>)ReAr(2) < —%u + 3x®)Rer(z) < —%Rek(z) (2.10)
forze U. From @.8) and .10 we get

Re{?(ix,y,2)} <1-2(1—-a)(1-p),
forall ze U. Thus byLemma 1 Rep(z) > 0,inU; thatis,®#(z) € S*. O
Corollary. Let fge Aja, 8 <1 If f' € P,,d € Pgand

= [ L90,,
0 t

thené € K provided
3
8(In2-12+4
The proof is now immediate becaug€’(z) = ¢(2).

Theorem 2. Let f,g,he Ao, B,y <L If f' e P,, g € Pg, " € P, and¢(2) = (f % g« h)(z) then
¢ € K provided

1-a)1-p) <

3
16(In 2 —1)2+ 8
Proof. It is sufficient to show thay = z¢’ € S*. By hypotheses orf, g, h, andLemma 3 we obtain
Re((f'«g *h)(2)=Reln'+zn"1 > 1-41—-a)(1 - B)(L—y), (2.12)

and the proof is completed similarly iheorem 1 O

1-a)1-pHA-y) < (2.11)
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Theorem 3. Let f,g e A. If
3

Re ((f x09)(2) > 1_4(In2—1)2-|-2

(2.13)

then
F(z):/ (+90® *tg)(t)dt s
0

Proof. From the definition ofF we see that

3
(In2-1)24+2’
and the proof is completed similarly Itheorem 1 O

Re((f x9)'(2) =Re(F' (2 +zF'(2) > 1- 2
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