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Abstract

Let V be a simple vertex operator algebra a&hd finite automorphism group. We give a construc-
tion of intertwining operators for irreduciblé® -modules which occur as submodules of irreducible
V-modules by using intertwining operators figr

We also determine some fusion rules for a vertex operator algebra as an application.
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1. Introduction

Let V be a simple vertex operator algebra (cf. [1,8,9]), @ha finite automorphism
group. Itis an important problem to understand the module category for the vertex operator
algebraV ¢ of G-invariants. In [2], this question was asked and several ideas are proposed.

For a simple vertex operator algebrait is shown in [6] that every irreducibl&-mo-
dule is a completely reduciblé“-module as a natural consequence of a duality theorem
of Schur—-Weyl type. In this paper we give a construction of intertwining operators for
irreducible V¢ -modules which occur as submodules of irreduciBlenodules by using
intertwining operators fov .
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Let us state our results more explicitly. Firstly, we need to recall the results of Dong—
Yamskulna [6]. For an irreducibl& -module (L, Y;) anda € G we define a new irre-
ducible V-module (L o a, Y1.,). Here L o a is equal toL and Y., (u, z) = Y (au, z).

Let S be a finite set of inequivalent irreduciblé-modules which is closed under this
right action of G. In [6] they define a finite dimensional semisimple associative algebra
Ay (G, S) overC and show a duality theorem of Schur—Weyl type for the actiong of
and A, (G, S) on the direct sum o¥-modules inS which is denoted byC. That is, as a

Ay (G, S) ® VO-module,

L= P Win® M.
G.mer

where {W(; 1} (j.ner is the set of all inequivalent irreducibld, (G, S)-modules and
M¢; ) is the multiplicity spaces of; 5, in £. EachM; ;) is a nonzero irreducibl& -
module and the different multiplicity spaces are inequivaléfitmodules. In this paper we
consider intertwining operators for irreducible’ -modules constructed from irreducible
V-modules in this way.

For each =1, 2, 3 letS; be a finite set of inequivalent irreducib¥emodules which is
closed under the action @f and letZ; be the direct sum o¥ -modules inS;. We have the

oy _ : : . G
decompositior’; = @(j,-,x,-)er,- W(ljis)ti) ® Méj,-,x,-) as ady, (G, S;) ® V®-module. Set

L3 1o 72
- @ d)erter

(L1,12,1.3)eS1 xS xS3

WhereIV(LlLSLZ) is the set of all intertwining operators of typj%fiz). 7 has a natural

Aws (G, S3)-module structure. For each= 1, 2, 3, fix (j;, ;) € I; and nonzerawl0 ¢
1 20 1

M(jls)tl)’ v e M(jz,)»z)' Set

L(jso0). (o) = SPAR{ f @ (' @ v10) ® (W? @) € T |wh e Wy, 5, w2 e WP, 5, ).

T(j1,01),a,hp) 18 @A, (G, S3)-submodule off. We will construct an injective linear map
from the multiplicity space OW(3js,)»3) INZ(j1,5.1),(j2,12) 0 the set of all intertwining opera-
tors for VY of type

3
( M{is 9 )
1 2 :
M(jlv)\l) M(jz,)nz)

Therefore, the fusion rule for ¢ of type
3
< M{js.2a) )
1 2
M(jl,)\l) M(jz,)»z)

is greater than or equal to the multiplicity W(3js,?»3) iNZ(jy 1), (asra) -
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This paper is organized as follows. In Section 2 we first recall a construction of ir-
reducibleV-modules from irreduciblé’-modules in [6]. We also recall the definitions
of intertwining operators and fusion rules. In Section 3 we give a construction of inter-
twining operators for irreducibl& ¢ -modules which occur as submodules of irreducible
V-modules. In Section 4 we apply the main result to determine some fusion rules for a
vertex operator algebrd’ studied in [3]. In Appendix, we give some singular vectors in
W-modules used in Section 4.

2. Preliminary

We assume that the reader is familiar with the basic knowledge on vertex operator alge-
bras as presented in [1,8,9].

The following notation will be in force throughout the papét:= (V,Y,1,w) is a
simple vertex operator algebra aada finite automorphism group df. For anyV-mo-
dule L, we always arrange the grading én= €p,~ , L(n) so thatL(0) # 0 if L # 0 by
using a grading shift.

2.1. Irreducible V¢ -modules constructed fromirreducible V-modules

In this subsection we review the results of Dong—Yamskulna [6]. For a simple vertex
operator algebrd , they showed that every irreduciblemodule is a completely reducible
V¢ -module as a natural consequence of a duality theorem of Schur—Weyl type.

Let (L, Y7) be an irreduciblé’-module and: € G. We define a new irreduciblé-mo-
dule(Loa,Yro,)- HereL oa is equal toL andYy ., (u, z) = Y (au, 7). Note thatL o a is
also an irreduciblé’-module. A setS of irreducibleV-modules is calledtable if for any
L € § anda € G there exista\f € S such thatl oca >~ M.

Now we take a finiteG-stable setS consisting of inequivalent irreduciblé-modules.
Let L € S anda € G. Then there exist8/ € S such thatM ~ L o ¢~ 1. That is, there is a
linear mapy (a, L) : L — M satisfying the condition:

¢(a, L)Y (v,2) =Ym(av,2)¢(a, L).
By simplicity of L, there exists; (b, a) € C* such that
¢, M)p(a, L) =ar(b,a)p(ba, L).
Moreover, fora, b, c € G we have
ar(c,ba)ay (b,a) =ay(c,b)ay (cb,a).
For L € S anda € G, we denoteM € S suchthat. oa ~M by L - a.

Define a vector spac€S = @, s Ce(L) with a basise(L) for L € S. The space
CS is an associative algebra under the prode@)e(M) = 81 me(L). Let U(CS) =
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{> Lesrre(L) | Ap € C*} be the set of unit elements @S. U(CS) is a multiplicative
right G-set by the action

(Z xLe(L)) a=Y» ipe(L-a) foraegG.

LeS LeS

Seta(a,b) =) ;csar(a,bye(L). Then(a(a, b) - c)a(ab, c¢) = a(a, bc)a(b, ¢) hold for
alla,b,ce G.Soa:G x G — U(CS) is a 2-cocycle.

Define the vector spacd, (G, S) = C[G] ® CS with a basisu ® ¢(L) fora € G and
L € § and a multiplication on it:

aQe(L) -b®e(M)=apy(a,b)ab® e(L -b)e(M).

Then A, (G, S) is an associative algebra with the identity elemeijt_s 1 ® e(L).
We define an action ofl, (G, S) onL =@, s L as follows: ForL,M € S, w e M
anda € G we set

a®e(L) w=46L mp(a, L)w.

Note that the actions ofl, (G, S) andV ¢ on £ commute with each other.

ForeachL e SsetG, ={a e G | Loa~>~ L asV-module$. Let O, be the orbit ofL
under the action of; and letG = |_| _1Grg;be a right coset decomposition wigh = 1.
ThenOp ={L-g;|j=1,...,k} andGL 4 =85 Gng We define several subspaces of
Ay (G, S) by:

S(L)=Span{a®e(L) lac G},

D(L)=Span{a®e(L)|ac G} and
D((’)L)=Sparq\:{a®e(L~gj)|j=l,...,k, aeG}.

DecomposeS into a disjoint union of orbitsS =| |._, O;. Let L) be a representative

element of0;. Then

jeJ
0j={LY-alaeG} and A,(G.S)=EP D).
jelJ
We recall the following properties o, (G, S).
Lemma1[6, Lemma3.4]Let Le Sand G =|J5_; G.g;. Then

(1) S(L) is a subalgebra of A,(G,S) isomorphic to C*2[G 1] where C*.[G ] is the
twisted group algebra with 2-cocycle oy, .

(2) D(OL) =@'_; D(L - g;) isadirect sum of left ideals.
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(3) Each D(O;) is a two sided ideal of A,(G,S) and A, (G,S) = @jel DOy ).
Moreover, D(Oy) hastheidentity element 3~/ », 1® e(M).

Lemma 2 [6, Theorem 3.6]

(1) D(Op) issemisimplefor all L € S and thesimple D(Op)-modules are precisely equal
to
Indg ;) U = D(L) ®s(1) U
where U ranges over the simple C*2[G 1 ]-modules.
(2) Ax(G,S) is semisimple and simple A, (G, S)-modules are precisely Ind
where U ranges over the simple C*:\)[G (j]-modulesand j € J.

D(L(j))
S(LW)) U

ForL € S let Ag, o, be the set of all irreducible charactersf C*2[G1]. We denote
the corresponding simple module (L, 1). Note thatL is a semisimpleC*.[G ]-
module. LetZ* be the sum of simpl€“.[G ]-submodules of. isomorphic toU (L, 1).
Then

L= @ L*.

A.EAGL,QL

Moreover L* = U(L, ) ® L; whereL; = Homcerg,(U(L, 1), L) is the multiplicity
space ofU(L, ) in L. We can realizd_, as a subspace df in the following way: Let
w € U(L, ) be a fixed nonzero vector. Then we can identify Remg,1(U(L, 1), L)
with the subspace

{f@w)| f € Homgar (G, (U(L, 1), L)}
of L*. Note that the actions df%.[G ] and VYL on L commute with each other. So*
andL, are ordinaryV “Z-modules. Furthermord,* andL, are ordinaryV “-modules.
For convenience, we set

Gj =G, Aj = AL(-/)»QL(j) and U(j,)h) = U(L(j),)n)

for j € J andx € A;. We denote by~ the se{(j,1) | j € J, 1 € A;}. We have a decom-
position

LY = @ Uy ® Mz
)»EAJ‘

as aC*:" [G;]® VYi-module. We also have

D(L(j))
L= P Indg; iy Uiy ® Mja
(j,pelr



K. Tanabe / Journal of Algebra 287 (2005) 174-198 179

as ady (G, S) ® V9-module.
For(j, 1) e I' we set

_ D(L(j))
Wi = IndS(L(j)) Ui

ThenW; ;) forms a complete list of simplel, (G, S)-modules by Lemma 2.
A duality theorem of Schur—\Wey! type holds.

Theorem 1[6, Theorem 6.14]Asa A, (G, S) ® V¢ -module,

L= P Win® M.
(j, el

Moreover,

(1) Each M; ;) isanonzero irreducible V¢ -module.
(2) M(./'L)tl) and M(jz,)nz) are Isomorphlc VS -modulesif and only if (J1, A1) = (J2, A2).

2.2. Intertwining operators and fusion rules

We recall the definition of intertwining operators fér-modules which is introduced
in [8].

Definition 1. Let L’ (i = 1, 2, 3) be V-modules. An intertwining operator of ty[(%fiz)
is a linear map

1(,2):L* — Homg(L?, L3){z),
Vi I(v,z)=Zv;y_l,

yeC
which satisfies the following conditions: Lete V, v € L1, andw € L?.

(1) Forany fixedy € C, v,,w =0 for n € Z sufficiently large.
) I(L(-Dv,2) = L1, 2).
(3) 25 8 (A2)Ypa(u, 20)] (v, 22)w — 25 8 (ZZEE) [ (v, 22) Y 2(u, 2w
=25 (B (Y1 (u, 20)v, 22)w.
We denote byv(LlLst) the set of all intertwining operators of typi(-L\lLst). The dimen-
sion of Iy (LlLBLz) is called thefusion rule of type(LlLst).

For aV-module L = ;o L(n), it is shown in [8, Theorem 5.2.1] that the graded
vector spacel’ = @2 ,L(n)* carries the structure of & -module, whereL(n)* =
Homg (L (n), C). L' is called thecontragredient module of L.
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The fusion rules have some symmetries.

Lemma 3 [8, Propositions 5.4.7 and 5.5.2et L (i =1, 2, 3) be V-modules. Then

. L3 . LS , (L2
dime Iy (Ll LZ) =dimc Iy <L2 L1> =dimc Iy (Ll (L3)’>'

Let L and L2 be irreducibleV -modules. We use a notation

. L3
Lix 1?2= Zdlm(c Iy (Ll LZ)L3
L3

to represent the fusion rules, whelé ranges over the irreduciblé-modules. Note that
LY'x 1L2=12x L' by Lemma 3.

3. Intertwining operatorsfor irreducible V¢ -modules which occur as submodules of
irreducible V-modules

In this section we give a construction of intertwining operators for irreducitffe
modules which occur as submodules of irreduciblenodules by using intertwining
operators folv.

Let S; (i =1,2,3) be finite G-stable sets consisting of inequivalent irreduciile
modules. Setl; = @, s, L. For LieS; anda € G, ¢i(a,L'): L' — L' - a—1 denote
the fixedV-module isomorphisms. Fdt' € S; anda, b € G, o; ;; € C* denote nonzero
complex numbers such that

¢i(b, L' -a Ngi(a, L") = ; i (b, a)p(ba, L').

Seta;(a, b) = ZUE& o; rila, b)e(L). Let S; = |_|jejl, O; be the orbit decompositions
under the action ofr and setl; = {(j;, A;) | ji € Ji, A € Aj;}.

For f eIy ( L1L3LZ) anda € G, we defing, f € IV(LllaL;s]:alTZJ:a—l) as follows: Fow € L1
we set
of (0.2) = pa(a. L3) f (dr(a. LY) 0. 2)a(a. L) .
Set

L3 1 2
T= &y IV<L1L2>®<CL ®c L.
(LY,L2,13)eS1 xS xS3

We define an action ofl,, (G, S) onZ as follows: LetLi € S; (i =1,2,3). ForaQe(M)
Aus(G,S),ve L, we L? andf € IV(L1L3L2)' we set
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(a@e(M)) - (f®vRwW) =8y 13 af ®P1(a, Ll)v ® ¢2(a. Lz)w

L3.a7t 1 1o g2 -1
€ely Ll.a-112.4-1 QL -a QL% -a .

We define a magr : 7 — L3z} by
lI/(f Quvi® v2) = f(vl, z)vz

forvle L}, v2eL? andf ¢ IV(LlLQ'Lz), whereL! € S; (i =1,2,3). Note that¥ is a
Az (G, §3)-module homomorphism.

Lemmad4. Themap ¥ :Z — L3{z} isinjective.

Proof. We use the same method that was used in the proof of Lemma 3.1 of [5]. Assume
false. Then there is a nonzekoe Ker¥ . SinceLs = (P, s, L, we may assume

X:Zfij®v1i ®v2j,
i,J
where vl e LY (i = 1,...,1;) are linearly independent homogeneous vectorsin

v2 € L% (j =1,...,1») are linearly independent homogeneous vector€dn £ e

IV(LL,L‘ZZ_/. ), LY € 81, L% € Sy, and L3 € S3. We may also assumg!! @ vl @ v2?

is nonzero. Sincg_; ; Fi @Y, 2)v¥ =0, for allu € V we have
Z Y, (u, z) fY (Uli, z)vzj =0.
iJj
Using the associativity of intertwining operators [4, Proposition 11.5],
> F (Yo (. 2w 2)v? =0, 1)
i,j
We denoteY, (u,z1) = Y,z u,flzi”*l. Fix N € Z such thaw¥ e @ _, LY (n) for

all i. SinceS; consists of inequivalent irreducibe-modules, the linear magy : V —
Dyes, Di—oEnde L(m) defined by

L
on(u) = uvvtlufl

for homogeneous € V is an epimorphism by Lemma 6.13 of [6]. So there exists V
such thaby (ut)vY = 81 ;0L From formula (1), we have

0=> fY(ow()o¥ 2)v? =3 M (M 2)v¥. @)
ij J
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Therefore, for alk € V we have

Z Yeq(u,z0) 1 (0!, 2)v? = 0.
J

Using the commutativity of intertwining operators [4, Proposition 11.4],

DM (M 2) Y, z)v¥ =0,

J
SinceS; consists of inequivalent irreduciblé-modules, we have
fll(Ull, Z) v21 — O

for the same reason to obtain formula (2). 89 ® v} ® v?! e Kerw. SinceL! and L%}
are irreducible/ -modules ang 11 ® v11® v2Lis nonzero, this contradicts Proposition 11.9
of[4]. O

We have the decomposition of eathas aA,, (G, S;)-module in Theorem 1:

i i
@ W(ji,)»i) ® M(ji»ki)'
(ishi)el;

Fori =1,2let(ji, »;) € I} and letv’® € M! Set

(ishi)®

10 20
I(jl)»l),(jzﬁ)nz)(v U )

1,10 2 o 20 1wl 2 w2
=Span{f ® (w ®v7) @ (W @vT) €T |wh e W 5, w € Wi, ;]
Z(j1).(ory W10, 0%0) is a Aa3(G S3)-submodule ofI For any nonzerw® v! e

M(ljl A1) and ﬂ0n28r0)20 v? e M( 5h2)" Z(j1,00), (o, AZ)(U 20) andI(jl,M),(jz,,\z)(vl, UZ)
are |somorph|c4a3(G S3)- modufes

Theorem 2. Fixanonzero v'®e M., , ' and anonzero v?° e M22 )"
For any ((j1, A1), (j2, A2), (j3,A3)) € [1 X 2 X I3, theree(lstsan injective linear map

M3,
3 10 .20 A
Hom,. (.55 (Wi 10y L0 a0, (i) (V105 0 ))—>Ivc< 1 (’3M32) >
(J1.21) 77 (j2,22)

In particular,

MGy 1)
; 3, ; 3 10 .20
d'mcfvo‘( . )2d'mcHomAag(G,é‘a)(W(,@,xayI(jl,m,(jz,xz)(v ).

2
G1a) Mo
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Proof. For convenience, we set

i_ i i _ i
Wi=Wiiny M =M ,,

Az = Ay, (G, S3), and Ilz(vlo, UZO) = I(jl,)hl),(jz’)\z)(vlo, UZO).

(i=1,273),

Fix a nonzerow® € W3. Let F € Hom4,(W3, Z12(v1°, v20)). We shall defined (F) e

Forvle M1 v2 e M2, we set
H(vl, vz) € HomAs(W3,Ilz(vl, vz))
as follows: Forw3 € W3, let

F®) =Y f ® Y ©v'%) @ (w? %) e T1(v™°, v%9),
i

wherey.)l" ®p1° e”Ll", w? ®v0e L, f".e IV(leLsizi) andL’’ € S; (j =1,2,3). Note
thatw’/! ® v/ € L/ by the definition ofM/ for j =1, 2. We define

H(Ul, v2) (w3) — Z fi ® (wli ® vl) ® (wZi ® UZ)'

It is clear thatH (vl, v?) € Homy, (W3, Z12(v1, v?)). Since the maw : 7 — Ls(z} is a

As-module homomorphism, the map — ¥ (H (v1, v?)(w?®)) is a.A3-module homomor-
phism fromW 3 to £3{z}. SoW¥ (H (v1, v?)(W?3)) is a.Az-submodule of /3 @ M3){z}. Let

w3l w32, . w3dime W2 ha g hasis ofv3. SinceW? is an irreducibleds-module, there
existsa € Asz such thauw3’ = §1 ;w3 Letw (H (v, v?)(w>h)) =3, w3 @ p’, where

pi € M3{z}. Then

b (H (01 07) () = 0 (H (01 12) (@) = (H (02, 17) (7))

=aZw3’i ® pi — Z(aws'i) ® pi — w3’l® pl.
i

i

So ¥ (H !, v)(wd) € (w3 @ M3){z} for all w3 € W3. We hence have an unique
@ (F)(vY, z)v? € M3{z} such that

w0 @ @ (F) (vl 2)v? = v (H (v}, v?) (0%)). ©)

Since f' are intertwining operators, we hade(F) € Iyc (MQ”LZ) from formula (3).
We will show that® is injective. Suppose (F) = 0. Then

0=vw¥® @(F)(vlo, z)v20 = lI/(F(wSO)).
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SinceV is injective by Lemma 4F (w3%) = 0. SinceW? is an irreducible4s-module and
F € Homy, (W3, Z12(v19,v20), F=0. O

Let CG be the group algebra @ and IrrG the set of all irreducible characters 6f
We setS; ={V} (i =1,2,3) in Theorem 2. Thetdy, (G, S;) = CG andI; =Irr G. Note
that dimg Iv( VVV) =1 sinceV is simple. In this case we have the following result:

Corollary 3. Let x; elrr G (i =1, 2, 3). Then
. V .
dimg Ivc( % ) > dimg Homeg (Wyg, Wy, ®c Wy,).
VXl VX2

In [2, Section 3], it is conjectured that ¥ is rational then for ally1, x2 € Irr G,

Vg x Vig= Y dimc Homeg (Wi, Wy, ®c Wyy) V.
x3€lr G

The conjecture implies that i¥ is rational then the representation algebra of the finite
groupG is always realized as a subalgebra of the fusion algebveof

4. An application

In [3] we studied a vertex operator algebnawhich is a realization of an algebra de-
noted by[Z§5)] in [7]. W is a fixed point subalgebra of a vertex operator alge?mfh
It is expected that th&s symmetry of\W affords 38 elements of the Monster simple
group [11]. ForM,?, the irreducible modules are classified and the fusion rules are deter-
mined in [12]. LetL! (i = 1, 2, 3) be irreducibleV-modules such that! and L? occur
as submodules of irreducible?-modules. In this section we determine the fusion rule of
type(LlLiz) by using Theorem 2.

4.1. Subalgebra MY of V 5,

In this subsection we review some propertieMﬁin [12]. Let A be the ordinary root
lattice of typeAz andV 5, the lattice vertex operator algebra associated wighi 5. Let
a1, a2 be the simple roots of typé, and setyg = —a1 — 2.

For basic definitions concerning lattice vertex operator algebras we refer to [4] and [9].
Our notation for the lattice vertex operator algebra is standard [9]. In partiguWat; ®
V24, is an abelian Lie algebra, = ) ® C[r, 1] @ Cc is the corresponding affine Lie
algebra,M (1) = Cla(n) |« € b, n < 0}, wherea(n) = o ® ¢", is the unique irreducible
ﬁ-module such that(n)l =0 foralla € h, n > 0, andc = 1. As a vector Spack s;,, =
M (1) ® C[v/2A5] and for each € VﬁAz’ a vertex operator

V0.2 = Y vt e EndY g, )[[ )

nez
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is defined. The vectat =1 ® 1 is called the vacuum vector. We use the symi§okx €
+/2A5 to denote a basis @[+/242].

There exists an isometmyof +/2A, such thatr (v/2a1) = v/22 andt (v/22) = +/2a.
The isometryr lifts naturally to an automorphism dfﬁAz:

at(=nq) o (—np)ef (tal)(—n1)~~-(tak)(—nk)erﬁ
By abuse of notation, we denote it byLet G be the cyclic group generated by Set

a)3

1
15(a1< 1)? + a2(~1)? + an(—1)?)
+ E(e«/ial + e—f2a1 _{_e«fZaz _|_e—f20l2 + e\/éao + g—ﬁdo)

and M0 {ve Vaa, | (w3)1v = 0}. Sincetw® = w® Mk is invariant under the action
of r. risan automorphlsm group M of order 3 by [3 Theorem 2.1]. Set

2 2 2
\/;a2+L, Lb=€a0+L, LC:«/—ZOél

Lo=L, L,= +L
and

M= {

Wli = {v eV, | (w3)1v= %v}, fori =0,a,b,c.

It is shown in [12] that{M}, W] | i = 0,a, b, ¢} is the set of all irreducible/?-modules
and the fusion rules are determined.

4.2. Subalgebra W of M}

We denote by the subalgebram?)® of fixed points ofr in M. We recall some
properties ofW in [3]. W is generated by the Virasoro elementand an element of
weight 3. LetY (w,2) =Y,z Lz "2 and Y (J,2) = 3, J (n)z "3, They satisfy
the following commutation relations:

3—m

12

[LGn). L(n)] = (m — m)L(m +n) + ~§MM@

[LOm), J(m)] = @2m —n)J (m +n),

[ (m), J ()] = (m — n)(220m +n + 2)(m +n + 3) + 35(m + 2)(n + 2)) L(m + n)
— 120(m —n)< Y LkLm+n—k+ Y Lm+n —k)L(k)>
k<=2 k>—1
7 2

— Em(m — 1) (m2 - 4)3m+n,0- (4)
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W has exactly 20 irreducible modules. 8 irreducibd¢-modules occur as submodules
of irreducibleM,?—moduIes. We introduce thosel®-modules.t acts on the irreducible

MP-modules as follows:

MPot =M,  Wlor~WD,
M{ot~M;{,  Mfot~M! — M\otx~M{,
Wior=Wf,  Wiot=W), Wl otrx=Wf.
So{MP}, (W), {M{, MV, M{}, and{W¢, W), W(} areG-stable sets. The automorphism

v of V3, fixes »® and soW] is invariant underr. Hence we can take as¢(t, WP)
in Section 2.1. For thesg-stable sets, we can take the 2-cocyales Section 2.1 to be

trivial. Let & = 27V=1/3, We set
M,?(i) = {v € M,? | rvzéiv} and W,?(i) = {v € W,? | Tv =§iv} fori e Z.

Note thatv = M@ By Theorem 1, we havar)”, wX© (i =0,1,2), M%, andW¢ are
inequivalent irreducibléV-modules. MoreoveM{ ~ M} ~ M{ andW{ ~ W! ~ Wf as
W-modules. The contragredient modules of thigemodules are

(MY =~ MY (WY = w2 (i1=0,1,2),
(M) =M and (W¢) =Wy,

All the other irreduciblew-modules occur as submodules of irreducibietwisted
MP-modules fori = 1, 2.

4.3. An upper bound for the fusionrule

We review some notations and formulas for the Zhu algetid) of an arbitrary ver-
tex operator algebr® in [14] and theA(V)-bimodule A(L) of an arbitraryV-module
L in [10] and [13]. Foru, v € V with u being homogeneous, define two bilinear opera-
tions

(1 + Z)Wtu)

z
a1+ Z)Wt”>
—).

u*v= Re%(Y(u, v
uov=Res (Y(u, 2)v

We extend« ando for arbitraryu, v € V by linearity. Let O(V) be the subspace df
spanned by alli o v for u € V,v € L. SetA(V) = V/O(V). By [14, Theorem 2.1.1.],
O (V) is a two-sided ideal with respect to the operatiorand (A(V), %) is an asso-
ciative algebra with identity & O(V). For everyV-module N, N(0) is a left A(V)-
module.
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Let L be aV-module. Fou € V, v € L with u being homogeneous, define three bilinear
operations

’

wtu
U*xv= Re§<Y(u, z)v(li>
Z

3

wtu—1
VEkU= R6§(Y(u, z)v(lL)
z

wtu
Uov= Reg(Y(u,z)v(l#).
Z

We extendx ando for arbitraryu € V, v € L by linearity. LetO (L) be the subspace d@f
spanned by allk o v for u € V, v € L. By [10, Theorem 1.5.1]Q (L) is a two-sided ideal
with respect to the operation Thus it induces an operation e(L) = L/O(L). Denote
by [v] the image ofv € L in A(L). A(L) is aA(V)-bimodule under the operatian Using
A(L), we have an upper bound for every fusion rule.

Lemma 5 [13, Proposition 2.10]Let L' = @52, Li(n) (i = 1,2, 3) be irreducible V-
modules. Then

. L3 .
dimc Iy (Ll L2> <dimg HOch(Ls(O)* @) ALY ®av) LZ(O))-

4.4. Thefusion rules for irreducible Y/-modul es which occur as submodules of
irreducible A?°-modules

Let L’ (i =1, 2, 3) be irreducible/-modules such that! and L2 occur as submodules
of irreducibleMP-modules. In this subsection we determine the fusion rule of(t;iééz )-
As a first step, we give a lower bound for every fusion rule by using Theorem 2.

Lemma 6.

(1) Thefusion rule of following typesis greater than or equal to 1: Let i, j € {0, 1, 2}.

<Ww> (Wm> <wm> (W)
0() 5,000 ) 06) 1,00 ) 06) 1,00 ) 0) pqa )’
Mk Mk Wk Wk Mk Wk Mk MI?

(o) o) o)
0](} ’ 0 ’ 0o :
Mk(l) W]? Wk (i) W]? Wk (i) W]?

(2) Thefusion rule of following typesis greater than or equal to 2:

My Wi Wi
M; M) MEWE) wi wi )
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Proof. We use notations in Section 3. The fusion ruIesMﬁ are obtained in [12].
(1) We consider the case thét = Sy = S3 = {W,?}. We have

, w2
LetCx; i=0,1,2) be the one dimension@-modules such that- x; = £'x;. Fix nonzero
v' € Homeg (Cx;, W), Then
2 .
WP =P xi ® Homeg (Cxi, W),
i=0
W/? 0 0
7= MO (WI? WE) ®c Wy ®c W, and

o w2 . 4
Typoir o (V' v7) = Lyy0 (W;? ];V;?) ® (i @) ® (x; ®v’).

0
Let f e IME( W,;kaf) be a nonzero intertwining operator. Then

S=F
by the construction of intertwining operators in [12]. So
(r@e(W)) feiev)e(ev)=¢718 (o) (o)
and
0Gi+)
dime by <W£(f> W]?(.n) =1
We can compute the other cases in the same way.

(2) We consider the case th8f = Sp = S3 = {M?, M,’C’, M}, Foriy, iz, iz € {a, b, c},
we have

My ) _ { 1, if {ig,i2, i3} ={a, b, c},

img [ o .
dime Mf(Mlil M? 0, otherwise.

We define an action of on{a, b, ¢} by t(a) = b, 1(b) = ¢ andt(c) = a. It is possible to
take¢ (t, M) (i =a, b, c) such that

o (v, M{)p(z, MY)p(t, MY') = idyza
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Fix a nonzera)* e M}! and set

W =g(r, MO e M, o =g(r, M) € M.

c

. M M
Fix nonzerof, ;.. € IM,E’(M,g M/’Z)’ foac € IME(M,i’ M,g) and set

a
k
fb,c,a = ffa,h,c (S IM19< .)’

I My
fc,a,b = rfb,c,a € M,? MIS M;(l ’
1 M;:
fc,b,a = tfb,a,c € M,? MIE Mll; ’
My
fa,c,b = ‘Efc,h,a € IM]E) MI? M]S :
We have
M? ; ;
_ k 11 12
1= @ i) oM oc
i1,iz,iz€{a,b,c} k Tk
{i1,i2,iz}={a,b,c}
and

i i b
Tuprg = D Cli.cimrie®v" @ @v"?
i=0,1,2

i b i
® D Cruncwre®v P ev .

i=0,1,2

. i i b i b
Since; 01,2 C fri(a),vi(t). vt 0 @ V" @ @VT P aNAD, g 1 2 C i), o1 0y, 1 () BT V' ®
v™ @ are isomorphic irreduciblely, (G, S3)-modules, we have

. M
dime Iy (M,‘j ﬁ/],‘j) =2
We can compute the other cases in the same way.

We will show that every fusion rule meets the lower bound obtained in Lemma 6. We
use Lemma 5. For an irreducibl&-moduleN = @, ; N (n), we fix a nonzero vector in
N (0) and denote it bywy. By the same argument as in [3, Lemma 52]is spanned by
the vectors of the form
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L(=my)---L(=mp)J(=n1)---J(=ng)wy (5)

withmy>--->m,21,n1>---2n,21,p=0,1,...,andg =0,1,.... By the same
argument as in [3, Section 5.4], we have fiok —1 andu € N,

L(nyu = (—1)" ol * [u] + (=" nfu] * [o] + (—1)" wtuu],
J(n)u = (—=1)" (n[J(—l)u] + 4+ D[J[0lu] — (n + D[J]*[u]

B nn+1)

[u] * [J]) (6)

in A(N). Using formula (6) and commutation relations (4) repeatedly, it is shown that
A(N) is generated bW(—l)"wN}lF’iO as aA(W)-bimodule.

A singular vector w of weight 2 for N is by definition a vectow which satisfies
LO)w = hw and L(n)w = J(n)w = 0 for n > 1. By commutation relations (4), it is
easy to show thatv is a singular vector of weight if and only if L(O)w = hw and
LD)w=L2w=JQ)w =0.If h —wtN(0) > 0, then the submodule df generated
by w does not contaiv (0). We hence havey = 0.

Theorem 4. The fusion rule L x L? is given by the following list, where {L1, L?} is an
arbitrary pair of irreducible YW-modules which occur as submodules of irreducible M,?-
modules: Let i, j € {0, 1, 2}.
0(i) 0(j) _ 2,0G+))
M. x M =M, )
0@) 0(j) _ yw0G+))
Mk X Wk = Wk )
W]?(i) > W/?(j) — M]?(i-Fj) + W]?(i+j),
M x ME = M¢,
M < Wi = W,
WO x Mg =wg,

WD Wi = M + W,

2
M x M =" M0 +2mg,

i=0
2 .
M x Wi =" wX 2wy,
i=0
we x Wi =Y MM+ 3wl 4 2mf + 2w,

I
o

i=0
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Proof. For an irreducibleV-module N, hy denotes the eigenvalue fdr(0) on N(0)
andky denotes the eigenvalue fgn0) on N(0). For all irreducibleW-moduIes those
eigenvalues are computed in [3]. For irreducib¥emodulesL’ (i =1, 2, 3), set

F(LY, L% L3) =dimc(L3(0)* @ a0m) A(LY) ®aow) L2(0)).
Note thatF (L1, L2, L3) is lower than or equal to the number of generatord ot 1) as a

A(W)-bimodule since the dimension of top level of every irreduciblemodule is 1.
The simplicity of WV implies that

L ):{1, if 12~ L3,

dimc I
© W(W L2 0, otherwise

for all irreducible)V-modulesL? and L3. We consider the case! # . We will show
that F (LY, L2, L3) is lower than or equal to the lower bound for dirfyy( LngLz) given in
Lemma 6. Then, by Lemmas 3 and 5 we get the desired results. We use a computer algebra
system Risa/Asir to find singular vectors used in the following argument.The explicit forms
of those singular vectors are given in Appendix.

(1) We consider the cagde' = W,?(l). Since(5+/—3L(-1)+ J(=1)wy,00 is asingular
oDy is generated by ‘

vector andA (W,
J(=1) >
{ ( ) wWI?(l)}zzo
as aA(W)-bimoduIe,A(W,?(l)) is generated bwwou) as aA(W)-bimodule. So
k
FWX 12, 13 < 1.

Set

w1 = (—30v/=3L(-1)J (~1) + 39/~3J(-2)
+5J(=1)° + 336L(~2) + 405L (=) w,,00.
Sincew; is a singular vector, we have a relation
0="50v/=3([e]” * [w,00] + [w,,00] + [w])
= 20V=3([@] * [wyom ] + [wy0m] = [@])
+ 4\/—_:3[wW1?(1)] — 100\/—_3[a)] * [wwl?(l)] * [w]

- 5[wW£<1>] * [J]+45[J] * [wy,om]

in A(W§(2)) by using formulas (6). Therefore,
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0= (50v/=3(h%, + h?5) — 207/=3(h 2 + h3)
+ 4\/ —3 — 100\/ —BhLZhLS — 5kL2 + 5kL3)w(L3)/ ® [wWO(l)] ® sz
k

in L3(0)* @ 40n) AWX) ® 4y LA(0). Set

Yhp2, kp2, hy2, kpa) =50/=3(h?, + h%,) — 20/=3(h 2 + h;2)
+ 4y =3 —100v/~3h 2h; s — Sk, 2 + 5k; 3.

If w(hLZ, kLZ, hLZ, kLS) ?é O, then

sy ® wyon]®@w2=0 and F(WY, L% L%) =0,

By computingy (h; 2, k; 2, h; 3, k; 3) for all pairs (L2, L3) of 20 irreduciblelV-modules,
we haveF(W,?(l), L?, L3 < 1ifthe pair(L?, L) is one of

(M,?(i), W]?(1+i)), (W,?(i), M]((J(lﬂ—i))’ (W,?(i), W]?(l+i)) (i=0,12),
(M wie), (W M), (W W)

andF(W,?(l), L?, L3) = 0 otherwise. Combining these results and Lemma 6, we have

0(1) 0G) _ 0L+
W7 x M =Wy, )

01 0@) 0(1+i) 0(1+i)

WX x M =W,

Wb s Wi = M + Wy

In the caseL! = W,?(Z), we can compute the fusion rules in the same way. In the case
L1= M,?(’) (i =1,2),itis shown thaM(M,?(’)) is generated byw, o] in the same way.
k

But in these cases we need two singular vectors
va1e MX(3) and wvare M)V (4.

We can compute the fusion rules by using two relations= 0 andJ (—1)vz; = 0.

(2) We consider the cagdet = W,?(c’). There are two singular vectars; € W,?(O)(Z) @i=
1,2) and there is one singular vectay; € W,?(O)(4). Since uz; = 0, A(Wc’,‘(O)) is
generated bjwwl?(m, J(_l)ww,?<°>} as aA(W)-bimodule and forX € W,?(O) we have

ar(L?, L3 X),a»>(L?, L3:; X) € C such that
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W3y ® XI®w;2= al(Lz, L3; X)w(Ls)/ ® [wWIEKO)] ® w;2

+az(L? L3 X)w sy ® [J(=Dwyo0] @ w2.

Therefore,F(W,?(o), L2, 13) < 2. Set a matrix

a1(L?, L3 uzp) az(L?, L3; uz))
A | a@P L% T (“Duza) aa(L? LT (~Duz)
N a1(L?, L3; va1) as(L?, L3; usy)

ar(L?, L3 J(=Duar) ax(L?, L3 J(—=1)uar)

We have

('LU(LS)/ ® [U)W]?(O)] ® sz _
U)(LS)/ ® [J(—l)wW’?w)] ® Wy2

[eNeoNeoNe)

If rank A =2, then

U)(LS)/ ® [wW’?(O)] ® sz = w(L3)/ ® [J(—l)wW]EJ(O)] ® sz = 0

in L30)* ® aom) AWX?) @ 40wy LA(0). If rankA = 1, thenw s, ® [wy00]® w2 and
w3y @ [J(=Dw00] @ w2 are linearly dependent. We hence have
k

0, if rankA =2,
FWX 12, 13) < {1, if ranka =1,
2, if rankA=0.

By computing the rank ofi for all pairs (L2, L3) of 20 irreducible)V-modules, we have
fori =0,1,2

0(0) 0G) __ ,/00)
W x M =W,

00) 0(i) 0(i) (i)

w20 s Mg =wy,

w20 s Wi = M + W
In the case thaLl is one of M}! and W/, we can compute the fusion rules is the same
way. We roughly explain each case. In the cade= M,?, there are two singular vectors
v21, v22 IN M} (2) and three singular vectorgy, vez, vez in M} (6). Set the same matrix for

V22, V61, V62, V63, J (—1)ve1, J (—1)vgz andJ (—1)vgz as in the case oW By comput-
ing the rank of the matrix, we can determine the fusion rules. In thelc]aseWk , there is



194 K. Tanabe / Journal of Algebra 287 (2005) 174-198

asingular vectopz; in W (2) and there are two singular vectatg, v42 in W' (4). Set the
same matrix fowa1, vaz, J(—1)vg1 andJ (—1)vgp as in the case oW,?(O). By computing
the rank of the matrix, we can determine the fusion rules.

Appendix

We give some singular vectors in irreducibfé-modules used in Theorem 4. We omit
wy € N(0) from the explicit form of every singular vector inJ&-moduleN .

° M]?(l).

(1) 9V=3L(-D+J(-D),

(2) 6255.(—1)J(—2) — 375/ —3L(—1)J (—1)? + 36960 (—2)J (—1)
+5175L(—1)%J (—1) — 26208/ (—3) + 1425/—=3J (—2)J (1)
+ 257 (—1)% 4 23040/—3L(—3) + 147600/—3L(—2)L(—1)
— 44625/—3L(-1)3,

(3) —36720/—3L(—1)J(—3) +324L(—1)J(—2)J (—1)
—16V—=3L(—1)J(-1)% + 9360/—3L(—2)J (—2)
+12852/—3L(—1)%J (—2) + 240QL(—2)J (—1)?
+462L(—1)%J (—1)? — 5040/ —3L(—3)J (- 1)
+8640/—3L(—2)L(—1)J (—1) — 5232/=3L(-1)%J (—1)

+ 35280/—3J (—4) — 819/ (—2)2
+76V/=3J(=2)J (=12 + J (-D*

— 751680 L(—4) — 1028160L(—3)L(—1)
+ 254880 (—2)L(—1)% + 16929 (—1)*.

We obtain singular vectors iM,?(Z) by replacing/ (n) with —J (n) in the above vectors.

. W,i)(o).

(1) —70/=3L(=1)J(-1) + 91/ —=3J(=2) — 5J(—1)® — 2496L(—2) + 195L(—1)?,
(2) —70/=3L(=1)J(=1) + 91v/=3J (=2) + 5J (—1)% + 2496L(—2) — 195L(—1)2,
(3) —150QL(—1)J(—2)J(—1) 4+ 1200L(—2)J (—1)® 4+ 750L(—1)2J (—1)?

+ 3600/ (—3)J (—1) 4 825/ (—2)? + J (-1)*

— 633600 (—4) + 4680QL(—3) L(—1) 4+ 23040Q.(—2)?

—12600Q.(—2)L(—1)2 + 50625 (—1)*,
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0(1)
o W .

(1) 5/-3L(-D+J(-D),

(2) —30V=3L(=1)J(—1) +39/=3J(—2) + 5J(—1)% + 336L(—2) + 405L(—1).
We obtain singular vectors WV,?(Z) by replacing/ (n) with —J (n) in the above vectors.
o W{.

(1) J(—1)?—30L(—2) + 75L(—1)?,

(2) —5040/—3L(—1)J(—3) —498QL(—1)J(—2)J(-1)
+ 200/ =3L(—1)J (—1)% + 7668/ —3L(—2)J (—2)
+ 990V —3L(—1)%J (—2) + 9660QL(—2)J (—1)?
+ 7350L(—1)%J (—1)? 4 35760/—3L(—3)J (—1)
— 78960/—3L(—2)L(—1)J(—1) + 34200/—3L(-1)3J (1)
+5208/—3J (—4) + 12780 (—3)J (—1)
+ 2622/ (—2)J (—2) — 310V/=3J (=2)J (—1)?
+ 257 (—1)* — 9000 (—4)
— 255780 (—3)L(—1) — 28044L(—2)2
+ 55746 (—2)L(—1)%2 — 78975.(—1)%,

(3) 5040/—3L(—1)J(—3) — 498QL(—1)J(—2)J(—1)
— 200/ —3L(-1)J(—1)% — 7668/—3L(—2)J (—2)
— 990V —3L(—1)2J (—2) 4+ 966QL(—2)J (—1)?
+ 7350L(—1)%J (—1)% — 35760/—3L(—3)J (—1)
+ 78960/ —3L(—2)L(—1)J (1) — 34200/—3L(-1)%J (1)
— 5208/ —3J (—4) + 12780 (—3)J (—1)
+ 26227 (—2)J (—2) + 310/ =37 (—2)J (—1)?
+ 257 (—1)* — 900QL (—4)
— 25578 (—3)L(—1) — 28044.(—2)?
+ 557460 (—2)L(—1)%2 — 78975 (—1)*.

.M]?.

(1) 8V/=3L(-1)J(=1) — 65/=3J(=2) + J(—=1)® + 90L(—2) + 27L(—1)2,
(2) —8V=3L(-1)J(—=1)+6v—=3J(=2) + J(=1)® + 90L(—2) + 27L(-1)>.
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There are another three singular vectags(i = 1, 2, 3) in M|/,

ve1 = 6398784Q/—3L(—1)J (—5) — 105948 (—1)J (—4)J (—1)
+1587600.(—1)J (—3)J (—2) + 14400/=3L(-1)J (—3)J (—1)?
—26208/=3L(—1)J (—2)?J (—1) + 4260L(—1)J (—2)J (—1)®
+ 32V =3L(-1)J (- 1)® + 23284800/—3L(—2)J (—4)
—1986768Q/—3L(—1)2J (—4) + 145800 (—2)J (—3)J (—1)
—141426Q.(—1)?J (—3)J (—1) — 427140 (—2) J (—2)?
—155358.(—1)2J (—2)? — 15840/ —3L(—2)J (—2)J (—1)?
+10224/=3L(-1)2J (—2)J (-1)? + 3990 (-2)J (-1)*
— 447L(-1)%J (-1)* — 254016060/—3L(—3)J (—3)
— 5443208/—3L(—2)L(—1)J (—3) 4+ 1995846/—3L(—1)3J (-3)
— 659880 (—3)J (—2)J (—1) 4 1666440 (—2)L(—1)J (—2)J (—1)
+341388.(—1)%J (—2)J (—1) — 41280/—3L(—3)J (—1)®
+32640/=3L(-2)L(—1)J (-1)% + 7872/=3L(-1)%J (-1)3
+ 429408Q/—3L(—4)J (—2) + 16420326/—3L(—3)L(—1)J (—2)
+4989600/—3L(—2)%J (—2) — 1360808/—3L(—2)L(—1)%J (—2)
+122473/=3L(—1)*J (—2) — 3483720.(—4)J (—1)?
—174222Q.(—3)L(—1)J (—1)? + 38700 (—2)2J (—1)?
+ 588420 (—2)L(—1)2J (—1)? — 169749 (—1)*J (—1)?
— 4237056Q/—3L(—5)J (—1) — 4586112Q/—3L(—4)L(—1)J (—1)
— 2332806/—3L(—3)L(—2)J (—1) — 3116448Q/—3L(—3)L(-1)?J (-1)
— 3542400/—3L(—2)?L(—1)J (—1) + 4429446/—3L(—2)L(—1)%J (1)
+ 23328/—3L(—1)°J(—1) — 10178784Q/—3J (—6)
— 546480 (—5)J (—1) — 1186920/ (—4)J (—2)
+ 5280/ —3J (—4)J (—1)? — 2381400/ (—3)?
— 47520/ —=3J(=3)J (—2)J (—1) — 3420/ (—3)J (—1)®
+11088/=3J(—2)% + 870/ (—2)%J (—1)2
—88/=3J(=2)J(~1)* + J(-1)®
+ 87907680Q.(—6) + 990072720.(—5)L(—1)
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+ 6509160Q (—4) L(—2) 4 323666280, (—4)L(—1)?
+ 102173400.(—3)? + 73823400 (—3) L(—2) L(—1)
— 302778 (—3)L(—1)® — 152523000.(—2)°

+ 9565290 (—2)°L(—1)® — 1532601@(—2)L(—1)*
—505197.(—1)5.

The vectorve; is obtained by replacing (rn) with —J (n) in ve;.

ve3 = —1478136600 (—1)J (—4)J (—1) + 423979920.(—1)J (—3)J (—2)
— 127350Q.(—1)J (—2)J (—1)® — 2900556@.(—2) J (—3) J (—1)
+ 58538700 (—1)2J (—3)J (—1) + 13432230Q.(—2)J (—2)?
—13384035Q (—1)%J (—2)% + 134175 (—2)J (—1)*
+680625.(—1)2J (—1)* — 778588200 (—3)J (—2)J (—1)
+ 143310600.(—2) L(—1)J (—2)J (—1) + 37975500 (—1)3J (—2) J (—1)
— 2232505800 (—4)J (—1)? — 31186350 (—3) L(—1)J (—1)?
+58613310@(—2)%J (—1)® — 23934150@.(—2) L(—1)%J (—1)?
+ 127186875, (—1)*J (—1)? — 393666480 (—5)J (—1)
— 1236672360 (—4)J (—2) — 104786136 (—3)?
+ 3968100 (—3)J (—1)% 4 2139750 (—2)%J (—1)?
+ 6257 (—1)® + 275225065920 (—6)
+ 450006898320 (—5) L(—1) + 221829042960 (—4)L(—2)
— 60223224600 (—4)L(—1)? + 12144017340D(—3)?
+ 145205865000 (—3) L(—2)L(—1) — 22975690500 (—3) L(—1)*
— 5826151800 (—2)° + 65516566500 (—2)°L(—1)?
— 55664516250 (—2)L(—1)* + 5974171875 (—1)°.
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