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1. INTRODUCTION

The development of nonlinear programming in finite-dimensional com-
plex space of [1] is continued here. In [1], necessary conditions for optimal
points of two classes of problems are obtained. In this paper sufficient con-
ditions for optimal points of problems of the form

minimize Re f(z, )

(0

subject to oz, 2)e S,

where S is a polyhedral cone, are obtained. A dual theorem, which in the case
of linear constraints reduces to that of [6], and a converse dual theorem are
given.

For the case in which f(2, 2) is quadratic and g(z, %) is linear, the results
given here reduce to those of [3]. When both functions are linear the duality
results of [4] and [9], where programming in complex space was first studied,
are obtained.

The notation and definitions of [1] are used here and are given in Section 2.
Results given in the preliminary section of [1] and identities from the appen-
dix of [1] are not repeated here. In Section 3 of this paper, convexity of a
complex-valued function with respect to a cone is defined in two equivalent
ways. It is then shown that a nonlinear analytic function of # complex variables
cannot have convex real part with respect to R, . Therefore, problems of the
first class considered in [1], i.e., problems of the form

minimize Re f(2)
subject to  g(z) € S,
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620 ABRAMS

where f(2) and g(z) are analytic cannot satisfy the convexity requirements
needed here. Thus sufficiency and duality theorems are given only for pro-
blems of the form (1). In Sections 4 and 5, the sufficiency and saddle point
theorems of the Kuhn and Tucker [8] type are obtained. Dua! convex pro-
grams (in the sense of Wolfe [11] and Hanson [5]) are considered in Section 6
and examples are given in the final section.

2. PRELIMINARIES

2.1.  Notation
Cm[R"] — n-dimensional complex [real] vector space
Cmxn[Rmxn] —m X n complex [real] matrices
Rr»={xeR":x; = 0({ = 1,..., n)} — nonnegative orthant of R"
x >y denotes x — ye R,™, for x, ye R

For 4 = (a;;) e C™*7,
A = (a;;) — conjugate

AT = (a;;) — transpose
AH = AT — conjugate transpose.

For x = (x)e C*, ye C7,

(%, ¥) = yHx — inner product of x and y
% = (X;) — conjugate

Re x = (Re x;) € R* — real part

Im x = (Im x,) € R® — imaginary part

arg x = (arg x;) — argument of x.

For a subspace L C C,
L*={yeCr:leL = (y,1) = 0} — orthogonal complement of L.
For a nonempty set SC C#,
S*={yeC":xeS = Re(y, ¥) = 0} — dual (also polar) of S.
For a nonempty set S C R",
E{yeR" cxeS=(x9) =0}

S(Re -w) we S: C R" X R~ is a polyhedral cone (see Definition 2.2(c))

- in R* X R® when S is a polyhedral cone
in C™,
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For an analytic function f: C" — C and a point 20 C*
V. f(x%) = (8_]‘ (20)) i = 1,...,n— gradient of f at 2.
2 azl b b 3
For a complex function f(z!, %?) analytic in the 2n variables (%!, %?) at the

point (29, 2°) € C" x C~,

%(z“ zO)) i= 1 n

V.S 2 = (

and

Vs f(2° z-") = ( 8f_ (2 z—“)) , i=1,..,n

ow?
For an analytic function f: C* — C™,

D.g(2%) = ( : ( )) i=1ly,m j=I1,.,n

Similarly, for a function g:C" X C"—> C™ analytic in the 2n variables
(z!, w?) at (20, 2%) € C* x Cm,
0 S0y — og: 0 o0 ; .o
ng(z,z)u(gwj1 (z,z)), i=1l,.,m; j=Il,.,n
and
ag; . .
D;g(20, 2°) = (? (2°, zo)) t=1.,m j=1.,n
Also
DzTg(zof ;]) = (ng(zo’ z_o))r’
D fig(2", 2%) = (D.g(=" ).

2.2. Definitions
A nonempty set SC C" is

(a) comvex f 0 <AL =AS (1 =2 SCS,
(b) acomeif 0 <A =>ASCS,

(c) a polyhedral cone if, for some positive integer & and 4 € C™<¥,
S =A4ARF ={Ax:xe R},

i.e., Sis generated by finitely many vectors (the columns of A).
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The following results are needed in the sequel:

2.3
24

2.5
2.6
2.7

2.8
2.9

2.10

2.11
2.12

A polyhedral cone in C* is a closed convex cone.

A nonempty set S C C" is a closed convex cone if and only if S = S**
(for proof, see, e.g., [4, Theorem 1.5]).

if S, T are polyhedral cones, then S x T is a polyhedral cone.

For any nonempty sets S, T : (S x T)* = S* x T*

Let A e C™ b e C*and S C C" a polyhedral cone. Then the follow-
ing are equivalent:

(a) Ax =0b, xe S is consistent,

(b) AHye S* = Re(b, ) = 0 [4, Theorem 3.5].

The nonnegative orthant R, " is a self-dual set in R* : (R,")* = R.™
Let S be a polyhedral cone in C" Then S is the intersection of
finitely many closed halfspaces, each including the origin in its
boundary:

H

Ug

L

S:
k

1
where

H, = {ze C": Re(z, u;) > 0}.

(proved similarly to the real case, e.g., [12}).
Let

D

S=(H,

k

3
be a polyhedral cone in C* or R™ and let z € S. Then S(2°) is defined
to be the intersection of those closed half spaces H, which include 2°

in their boundaries, i.e.,

1

i

S(z%) = ﬂ H,,
1eB(2%)
where
B(2%) = {k : Re(2", u;;) = 0}.
If 20 is in the interior of S, then S(s%) = C™.
Let¢ = SCTCCn Then T*C S*.

Let {S; : 1 = 1,..., p} be closed convex cones in C*. Then

D * ¥4
(ﬂ S,-) = cl Y. §;* (follows from [4, Corollary 1.7]).
i=1

i=1
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3. CoNVExITY

To obtain the sufficiency, duality and saddlepoint theorems of Sections 4,
5 and 6, convexity of a complex-valued function is defined with respect to a
closed convex cone.

DeriniTiON.  The function g: C?*— C™ is convex with respect to the
closed convex come S on the manifold Q = {(»*, w*) € C?" : w? = w'} if for
any 2! and 22and 0 <CA < 1,

Ag(zh, 21) + (1 — X) g(22, 22) — g(Aet + (1 — A) 3%, Azt + (1 — Q) 22) e S.
)
When g(w!, w?) is analytic, a condition equivalent to (2) is

82, 21) — g(2% 29 — Dyg(2?, 2%) (5 — %) — Dsg(z% 2%) (2 — ) e 8. (3)

Similarly a function f: C* — C™ is convex with respect to S if for any
zland 22 and 0 << A < 1,

M)+ (1= Nf(EH) —fQst 1 (1 =) %) eS. @)
If f: C*— C™ is analytic, (2') is equivalent to
@) — (@) — D.f(2) (28 — 2% e S. (39

When referring to the objective function of a programming problem,
convexity of the real part will be of interest. Thus if T is a closed convex
cone in R™, the real part of g : C* — C™ is convex with respect to 7 on the
manifold Q = {(!, w*) € C** : w* = wT} if, for any 21 and 2*and 0 < A =1,

AReg(z, 2) + (1 — X) Re g(3?, 2?)

4
—Reg(st + (1 —A) 23 x4+ (1 — ) %) eT.

When g(w!, #?) is analytic, a condition equivalent to (4) is

Re[g(2Y, 21) — g(22, 2%) — D,g(2?, 22) (22 — 2%) — Dyg(2?, 22) (24, )] e 7.
(%)

With T' = R,™, (5) is the definition of convexity of a complex-valued function
given by Hanson and Mond in [6]. Definitions of convexity of the real part of
a function f : C" — C™ are obtained from (4) and (5) by replacing g(z, Z) with
f(2) and noting that D; f(z) = 0.

A function will be called concave with respect to a closed convex cone S if
it is convex with respect to —S ={z: — z¢e S}.
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For the sufficiency and duality theorems of the next sections convexity
of the real part of the objective functions with respect to R, is required. It
will now be shown that if the real part of f : C* — C'is convex in the ordinary
sense, 1.e., with respect to R, , then f(2) = az + b where a and b are con-
stants. Thus in Sections 4, 5 and 6 only problems of the second class dis-
cussed in [1], i.e., problems of the form (1) will be considered.

Let r(z) be analytic and have convex real part with respect to R, in a con-
vex neighborhood of 3°. Then (5) implies

Re[r(z) — 7(2%) — V.7r(2%) (z — 2%)] > 0. 6)

Therefore, V,7(2°) = 0 implies that 2° is a local minimum of Re r(z).

Suppose f(z) is analytic and has convex real part with respect to R, in a
neighborhood of 2. Define A(2) = f(2) — V,If(2°) 2. Then A(2) is analytic
and has convex real part with respect to R, in a neighborhood of 2° There-
fore Re A(z) has a local minimum at 2°. Hence e*(2) has maximum modulus
at 2% which implies by the maximum modulus theorem that e*(*) is con-
stant. Therefore, h(2) is constant, i.e.,

f(2) —VIf(a%2 =b and  f(z) = V,7f(z") 2 + b.

As previously mentioned, this does not rule out convexity of “functions”
of zand %, i.e., of functions defined on the manifold {(2?, w?) € C?" : w? = w!}.
For example, if g(z, #) = 2%, then for 0 <A < 1

Ag(2?, 2Y) 4 (1 — A) g(22, 22) — g(Azt + (1 — A) 22 Azt + (1 — A) 22)
=Ml —2)|22—2122>0

and, therefore, g(2, ¥) = 22 is convex with respect to R .

4, SUFFICIENCY

TueorEM 1. Let f: C* — C be analytic and have convex real part with
respect to R, on the manifold Q = {(w', w?) € C?" : w? = w'}.Let g : C2n— C™
be analytic and be concave with respect to S on the manifold Q where S is a
closed convex cone in C™. A sufficient condition for (29, 2%) to be an optimal point
of (1) is the existence of a u® e S* such that

Re(u, g(2°, 2°) = 0 (7)

and

V(2% 2% + V(2% 2% = D,Tg(2% 2%) ud + Dsfg(2 2% u®.  (8)
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Proof. Let z be any other feasible point, i.e., let g(2, %) € S. Since «® € S*,
Re(s, g(z, 7)) > 0. Therefore, the duﬁmt.c n (5) of convexity of f(z, %)
implies

Ref(2, 7) = Re f(3% %) + Re(V, (2, %) ¥ — 2%) o)
+ Re(V; (29 2%), & — 2%) — Re(u?, g(3, %)).
Concavity of g(z, ) with respect to S and #° € S* imply
Re(?, g(z, 7)) < Re(u?, g(2%, 2°)) + Re(w®, D.g(z" 2°) (= — 2) (10)
+ Re(u?, Dsg(2°, 2% (8 — 29)).
Combining (9), (10) and (7) yields
Ref (2, £) = Ref(2", 2% + Re(V, f(2° %) + Vi £(2%, 2%), 2 — 2%) an

— Re(D,Tg(=2%, 2%) u® + D;Hg(2°, 2%) w0, ¥ — 2°)
which with (8) gives
Re f(2%, 2°) < Re f(3, 2).

By identity (A34) of [1], the left hand side of (8) may be replaced by
2V, fR(2% 2%) which is sometimes a more convenient form.

5. SADDLEPOINT EQUIVALENCE

Define the Lagrangian of (1) by
L(z, 2, u) = Re f(2, Z) — Re(y, g(z, 7)). (12)

TurOREM 2. Let F: C?— C and g : C**— C™ in (1) satisfy the hypo-
thesis of Theorem 1. Let S be a polyhedral convex cone in C™. Assume the con-
straint qualification as defined in [1] holds at the optimal point of (1). Then
(29, 2°) is an optimal point of (1) if and only if there exists a u® € S* such that

L(z, &, u®) = L(2° 20, u®) > L(2°, 29, u) forallze C*and allu € S*.

(13)

Proof. Only if: If (2%, 29) is an optimal point of (1), Theorem 3 of [1]

implies the existence of a #%e S* such that Re(u?, g(z°, %)) = 0. Hence

L(2°, 2, u%) > L(2°, 2°, u) for all w € S*. (14)
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Using the definitions of convexity of both Re f(2, ) and g(z, %) gives for any
(2, %) e C*n

L(z, &, u%) — L(3%, 20, u)
> Re(V, (22, 2°) + V:f(2°, 2%, 2 — 29) (15)
— Re(D,Hg(2°, 2% u® -+ D;Tg(2, 2°) u0, = — 29).
Thus by Theorem 3 of [1],
L(3, 5, u%) > L(2°, 2°, ud).

If: Now assume (13) holds for all z e C” and all ¥ € S*. The second inequality
implies
Re(u — % (2%, 2%) >0, forallue S* (16)

Letting u = w + u,, (16) yields
Re(w, g(2°, 2%) >0, forallwe S*. 17

Therefore, g(2°, 2°) € S** and since S** = S (1.5 of [4]), (3°, 2°) is feasible
point of (1). Putting % = 0 in (16) and noting that ¥® € S* and g(2?, 2%) € S
gives

Re(u?, g(2°, 2%)) = 0. (17)

Thus the first inequality of (13) yields for any feasible point (2, Z)

Re f(2, Z) = Re f(z, Z) — Re(u®, g(z, 7)) = Re f(2", 2°).

6. DuALITY

Assume f(z, £) and g(z, ) in (1) satisfy the hypothesis of Theorem 1.
A dual of (1) in the sense of Wolfe [11] is

maximize Re f(w, w) — Re(u, g(w, @)) (18)

subject to

V.f(z, 8) + V:f(2, 2) = D, g(w, @) & + D:Hg(w, ®) u, ue S*

TueoreM 3. Let f(z, 2) and g(z, 3) in (1) satisfy the hypothesis of Theo-
rem 1. Let  be a feasible point of (1) and let (w, u) be a feasible point of (18). Then

Re f(z, %) = Re f(w, @) — Re(y, g(w, @)). (19)
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If 2° is an optimal point of (1), then there is a u® € S* such that (2°, u°) is optimal
for (18)
for (18).

Proof. Since g(z, 2)€ S and u € S*,

Re f(2, £) — Re f(w, @) + Re(u, g(w, w)

(20)
= Re f(z, &) — Re f(w, @) + Re(y, g(w, @) — g(z, %)).

Applying convexity of the Re f(z, Z) and g(z, %), the right hand side of (20)
is greater than

Re(V, f(w, @) + Vs f(w, @), 7 — @) — Re(D,"g(w, @) &
+ DgHg(w, W) u, 2 — )

which is equal to zero by the constraint of (18).

To prove the second part, let 2° be an optimal point of (1). Then by
Theorem 3 of [1] there exists a u® € S* such that the constraint of (18) is
satisfied by (2%, 2%) and #°. Also by Theorem 3 of [1], Re(u?, g(2°, 2%)) = 0.
Therefore, (11) holds with equality and hence (2?, 2°) and %° are an optimal
solution of (18).

A converse dual theorem generalizing the result of Hanson [5], to complex
space is now established. For this purpose, associate with an analytic function
a : C™ — C™ a second analytic function & : C™ — Cn defined by &(2) = o(3).
Alternatively, the components of a(z) are represented by the power series
obtained from the power series for the components of «(z) by replacing the
coefficients and the point about which the function is being expanded by
their complex conjugates. Thus if «(2) is analytic in a neighborhood of 2%, a(2)

will be analytic in a neighborhood of 3.

THEOREM 4. Let (29, 29, u°) be an optimal solution of (18), where Re f(z, 7)
and g(z, Z) satisfy the hypothesis of Theorem 1. Assume that there exists a
Junction o« : C™ — C™ analytic in a neighborhood of u®, such that o(u®) = 2°
and such that in a neighborhood of u8, (o(u), (&), u) satisfies

Then (2°, 20) is an optimal solution of (1).

Proof. Since (a(u®), &(u?), u°) = (2°, z__°, u%) is an optimal solution of (18)
and (a(u), &(), u) satisfies (21), (a(u?), &(u®), #*) is a local maximum of the
problem
maximize Re[ f(a(n), x(@)) — (u, g(ou), &(%)))]

22
subject to ueS* 22)
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'The necessary conditions of Theorem 3 of [1] must therefore be satisfied at
(), &(u?), 1), i.e., there exists a 2w € $** -~ S such that

D) ¥, F (=0, ) — D) Vaf (2, 20) - gl 5
(@) V. £ (2, ) OV (2 + gz

+ D,To(u®) D, Tg(2% 2% u® - D, Ha(u®) DsHg(20, 2% u® =

and
Re(w, u°) = 0. (24)

Noting that D,a(x°) = D,&(u% and using (21), we find that (23) and (24)
become

2(2% 2% =we S, (25)
and

Re(u?, g(3°, 2%) = 0 (26)

Equation (25) implies that (2°, ) is feasible for (1) and Theorem 1 implies
that (29, 29) is optimal for (1).

7. EXAMPLES

7.1.  Duality in Complex Linear Programming

Let Ae Cm™nm be C™, c< C™ and let S be a polyhedral cone in C". Con-
sider the complex linear programming problem
minimize Re by
(27)
subject to ARy — ce S*.

Since the objective function and the constraints are linear, they are both
convex and concave. Thus the dual according to Section 6 is

maximize Re b#y — Re[uf(AMy — ¢)]

(28)
subject to b = Au, ueS*
Using the constraint to simplify the objective function, (28) becomes
maximize Re u¥c

(29)
subject to Au =0, ue S¥r =S,

The dual problems (27) and (28) were first presented in [4].
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7.2.  Duality in Complex Quadratic Programming

Let Be C™" be a positive definite Hermitian matrix. Let e Cmxr
beC™ ceC" and let SCC" and TC C™ be polyhedral cones. Consider
the problem

minimize Re(} x#Bx + cflx) (30)
subject to Ax —be T, xeS.
Problem (30) may be rewritten in the form of (1) as
minimize Re[ x#Bx + cHx

) E . ] G31)
subject to (I ) x — (0) el +S.

The constraint of (31) is linear and hence concave with respect to S. Con-
vexity of } x#Bx with respect to R_ is, from (5), equivalent to the non-
negativity of

3 2 ¥Bx; — 1 %,"Bx, — Re[(x; — x5) Bx,] (32)

which follows from Lemma 1 of [7]. Thus the objective function is convex
with respect to R, , and from Section 6, it follows that the dual of (31) is

il (% )
subject to By +c= Ay + v (33)

(:) e(T X S)* = T* x S*.

Using the constraint to simplify the objective function and rewriting the
constraints in an equivalent form (33) becomes

maximize Re(— { y#By + bHu)
34
subject to ¢+ By — Ay e S* 34
ue T*

The dual problems (31) and (34) were obtained in [2] by using Dorn’s
technique of linearizing the objective function.

7.3.  Problem of the form (1) with m = n = .

Consider the following:

minimize Rei(z — 3)
(35)
subject to 2z — 32 S = wzogargwg%

/
j -
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The objective function is linear and hence convex and the constraint function
is concave with respect to S. The sufficient conditions (7) and (8) become

20=02—~—2)u— 3u (36)
and
u(28 — 2%) + #(22 — 38) =0 (37
where
. | "y I
ue S* = w:——Tgargw <T
which are equivalent to
2u — 2 = Fu + u) (38)
and
@+w=%@+@ (39)

A solution to (38) and (39) may be obtained with z = 0, but this implies,
by (38), that ¥ = — i which is not an element of S*. Therefore z = 0.
Substituting the expression for (# + ) from (38) into (39) yields

— X

=" (40)

With (40), Eq. (38) becomes
(2 — 2) (2 + §—2) =0. (41)

Therefore either z is real or Re 2 = 1 and Im £ > (. Assume z is real and
2z = x; then (39) implies

22— x)(u+u)=0. (42)

It has already been noted that x cannot be zero. If x =2, (38) implies
u=—1¢S* Also, if u+ =0, (38) implies ¥ = — 7. Therefore at a
point satisfying (36) and (37), Rez =1 and Im 2 > 0.

The dual cone of S is
I
4

S* = lw: — Largw <

I

T .

Thus in order that Re(u, g(z, Z)) be equal to zero, i.e., the vectors u and
g(2, ) be perpendicular, # must lic on the half line {w : arg w = — I1/4)
and g(z, Z) must lie on the half line {w : arg w = I1/4}. From (40) it follows
that | u | = 1. Therefore,

V2 .
U= (1—1) (43)
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and

2=14+iv2-1) (44)

satisfy the sufficient conditions for an optimal point of (35). Geometrically,
(35) is equivalent to maximizing the imaginary part of x with 2 constrained
to the feasible region shown in the figure.

2z-27€S

z plane

Ficure 1

From Section 6 the dual of (35) is, after simplifving the objective function
with the constraint,

maximize — 2Re zu
(45)
subject to 20 =2 — 2(u + )
ue S*

The dual feasible solution given by (43) and (44) result in a value of the dual

objective function of 2 — 2 v/2 which equals the optimal value of the primal

objective function. Therefore, as required by Theorem 3,
2=1+i(vZ— 1), u:l/,-z(l —i)

is an optimal solution of (45).
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