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Large eddy simulations are performed for a wall jet with an external stream. The external stream is in the
form of a heated boundary layer. This is separated from a cold wall jet by a thin plate. The Reynolds num-
ber based on the displacement thickness, for the incoming boundary layer is 2776. A series of jet velocity
ratios in the range M ¼ Uj=U1 ¼ 0:30—2:30, is considered. The wall jet and outer stream velocities are Uj

and U1, respectively. The jets with M 6 1:0 develop von-Karman type shed vortices in the wake region.
The higher velocity ratio jets with M > 1:0 undergo Kelvin–Helmholtz instability and develop closely
spaced counter-clockwise rolling structures. These structures determine the mean flow field behaviour
and near wall heat transfer. At any given streamwise location adiabatic film-cooling effectiveness for
M < 1:0 increases rapidly with increasing M. For M > 1:0 it decays slowly with further increase in M.
For M < 1:0 heat transfer from the hot outer stream to the wall depends on two factors; mean wall nor-
mal velocity and wall normal turbulent heat flux. For M > 1:0 only a wall normal turbulent heat flux is
responsible for heat transfer to the wall. The scaling behaviour shows that the near wall flow scales with
wall parameters for all values of M. However, scaling in the outer region is highly dependent on M. The
flow develops towards a boundary layer in the farfield for M < 1:0 and towards a wall jet for the highest
velocity ratio M ¼ 2:30.

� 2014 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/).
1. Introduction

Plane, two dimensional wall jets have been studied extensively
(Launder and Rodi, 1983; Schneider and Goldstein, 1994; Eriksson
et al., 1998; Dejoan and Leschziner, 2005; Ahlman et al., 2007).
Wall jets have a complex behaviour. The near wall region, called
the inner layer, acts more like a turbulent boundary layer flow.
The region away from the wall, or outer layer, acts like a free shear
layer. They are also an idealised model for the outflow region of
impinging jets and some meteorological phenomena (Lin and
Savory, 2010).

In most practical situations wall jets usually have an external
stream. Bradshaw and Gee (1962) and Verhoff (1963) made early
fundamental studies on wall jets with external streams. They
showed that for thin incoming boundary layers with no wake, the
jet shear layer absorbs the boundary layer in a short distance. How-
ever, the presence of an external stream results in the involvement
of several parameters. These include, the ratio of the wall jet bulk
velocity, Uj, and the external stream velocity U1, i.e. M ¼ Uj=U1.
Also, there are the thickness of the wake plate separating the two
streams, incoming turbulence levels and the direction of incoming
flows. These parameters determine the evolution of the wall jet.
They can be controlled to produce the desired effects in wall jets,
depending on their application.

The two major applications of wall jets with external streams
are cutback trailing edge (TE) film cooling in gas turbines and the
control of the boundary layers over high lift bodies, for example,
Coanda jets (Nishino et al., 2010; Dunham, 1968). In both of these
cases, wall jets interact with the external stream. However, the
desired outcome of the interactions are completely opposite. In
the case of TE film cooling a cold stream is introduced as a wall
jet along the trailing edge. The objective is to keep the external
hot stream (combustion gases) away from the wall, and, hence to
avoid the mixing of the two streams as far downstream as possible.
For the Coanda jet, to prevent the boundary layer separation a
strong mixing of two streams is required. M is usually around 1.5
or less for TE film cooling and M > 2:0 for Coanda jet based flow
control (Nishino et al., 2010).

In the case of TE film cooling, a major focus is the measurement
and prediction of film-cooling effectiveness. Martini and Schulz
(2004) performed measurements showing the importance of
incoming turbulence. Recent large eddy simulations (LES) of TE
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Table 1
Summary of the domain and grid.

Grid Lx=h Ly=h Lz=h Nx Ny Nz

Coarse 80.0 16.0 5.5 512 145 64
Fine 45.0 16.0 5.5 1026 220 128
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film cooling (Schneider et al., 2010; Schneider et al., 2012) for a
series of blowing ratios M, in the range of 0.35–1.4, showed large
coherent structures shed from the plate separating the two
streams. With increasing M three different kinds of coherent struc-
tures appear. These are clockwise structures (CS), counter-clock-
wise structures (CCS) with CS and CCS only, for
M 6 0:95;M � 1:25 and M ¼ 1:40, respectively. Moreover with
increasing velocity ratios there are three distinct regions
½0:35; 0:65�; ½0:65; 0:95� and ½0:95; 1:40�, where the effectiveness of
film cooling increased, decreased and then increased again. This
unusual behaviour was associated with the strength and the rota-
tion of the coherent structures present in the flow.

However, apart from jet velocity ratios the wake plate thickness
has a strong influence on the film cooling effectiveness (Taslim
et al., 1992). In previous studies (Schneider et al., 2010;
Schneider et al., 2012) the wake plate thickness is of the order of
the slot height. In the current work, extending the study of
Taslim et al. (1992), a LES is performed on a simplified geometry.
In the current work the wall jet and outer stream are parallel
and separated by a thin wake plate around a tenth of the slot
height.

Another important aspect, from the turbulence modelling per-
spective and a basic physical understanding, is the determination
of self-similar behaviour of wall jets. Glauert (1956) has shown
that complete self-similarity does not exist. Different velocity
and length scales are required for inner and outer layers. Various
parameters have been suggested to scale the mean velocity and
Reynolds stress profiles. Narashima et al. (1973) suggested the
jet momentum flux and kinematic viscosity as scaling parameters.
These have been used to determine skin friction and show self sim-
ilarity for a variety of jet nozzle Reynolds numbers (Wygnanski
et al., 1992). George et al. (2000) have shown that with appropriate
scaling, profiles collapse at infinitely large Reynolds number. For
the inner layer, friction velocity us and m=us are the velocity and
length scales. The outer layer is scaled with maximum velocity
Umax and y1=2. The local maximum velocity in the wall jet at any
given streamwise location is defined as Umax, where y1=2 is the dis-
tance from the wall at which the velocity drops to half of its max-
imum value for a given streamwise location. The Reynolds shear
stress in the outer layer scales with friction velocity u2

s , whereas
normal stresses and mean velocities scale with maximum velocity
Umax. In the presence of an external stream, a wall jet does not
show self-similarity with the velocity and length scales noted
above. Hence, in this paper we also present a scaling analysis to
explore the similarity of the wall jet with an external stream.

2. Problem formulation

The interaction of wall jet with external stream is simulated
with filtered conservation of mass and momentum equations for
incompressible flow:

@�uj

@xj
¼ 0 ð1Þ

@�ui

@t
þ @

�uj�ui

@xj
¼ 1
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@xj@xj
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The �ui represents the filtered streamwise �u, wall-normal �v , and
spanwise �w velocity components respectively, in a Cartesian co-
ordinate system. �p is the filtered pressure. The Reynolds number
is Red�o ¼

U1d�o
m , where d�o is the displacement thickness of the inlet

boundary layer and m is the kinematic viscosity. The subgrid-scale
(SGS) stresses, sij ¼ uiuj � �ui�uj, are modelled using the Lagrangian-
averaged dynamic eddy-viscosity model (Meneveau et al., 1996).

To study heat transfer effects, a temperature transport equation
is considered:
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; ð3Þ

where T is the filtered temperature, Pr is the Prandtl number and
Tsgs ¼ Tui � T �ui, is the sub-grid temperature flux. Tsgs is modelled
following a dynamic eddy-diffusivity model (Moin et al., 1991).

These governing equations are discretised with a second-order
collocated finite volume method, with a semi-implicit time
advancement scheme. The convection term in Eq. (3) is discretized
with the QUICK (Quadratic Upstream Interpolation for Convective
Kinetics) scheme (Leonard, 1979). The Crank–Nicolson scheme is
used for wall normal viscous terms and Adam–Bashforth scheme
is applied to all other terms in the momentum equation. The solu-
tion of the Poisson equation is achieved by applying Fourier trans-
forms in the spanwise direction and solving the resulting penta-
diagonal system iteratively with a stabilised Bi-Conjugate gradient
method. The code is parallelized with MPI and has been used in var-
ious LES studies previously (Radhakrishnan et al., 2006, 2008).

In this study, the focus is on the interaction of the wall jet with
an external stream for a range of blowing ratios M = 0.30, 0.45,
0.60, 0.75, 0.90, 1.05, 1.20, 1.35, 1.50 and 2.3. The external stream
is in the form of a fully developed turbulent boundary layer sepa-
rated from the wall jet with a thin plate. This case has been studied
experimentally by Kacker and Whitelaw (1971). At the inlet plane
of the computational domain, the mean streamwise velocity profile
for the wall jet exit and external boundary layer are available from
the experiment. This data is used for the current simulations. The
experimental boundary layer profile is used to determine d�o and
all lengths are normalised by this. The slot height of the wall jet
is h ¼ 2:767d�o and the thickness of the plate separating the two
streams is tw ¼ 0:126h ¼ 0:349d�o. The inlet Reynolds number,
based on the displacement thickness, is Red�o ¼ 2776. Two different
grids are used in this simulation and their details are summarised
in Table 1. Lx=h; Ly=h and Lz=h are the normalised streamwise, wall
normal and spanwise domain dimensions, respectively. The fine
grid is used for all the velocity ratios, the coarse grid is used only
for M ¼ 0:75 and 2.30 to allow a grid resolution study.

Fig. 1 shows a representative flow field in the domain. The mean
profiles for the external stream and the wall jet at the inlet are
available from the experiment and are shown in the Fig. 1, how-
ever, the time dependent turbulent information is missing. The
experimental wall jet mean profile is slightly skewed and close
to a channel flow profile. In order to add turbulent fluctuations a
separate channel flow simulation is performed at a Reynolds num-
ber based on wall jet velocity and slot height. The instantaneous
flow fields are saved for that simulation and mean streamwise
velocity profile for the channel is removed from them. This results
in fluctuating flow field u0. The level of turbulence at inlet is not
known from Kacker and Whitelaw (1971). The fluctuations from
the channel flow simulations are scaled and added into the mean
experimental profile for the wall jet to provide a time dependent
inlet boundary condition at the slot. Different values for that scal-
ing factor are tested and a value of 0.2 is found suitable to repro-
duce experimental mean flow profiles, shown in the following
section. Similarly, to generate turbulent fluctuations for outer
stream a boundary layer simulation is performed with the recy-
cling/rescaling method of Lund et al. (1998). The instantaneous
flow fields are again saved for this case. Then again the mean
boundary layer profile is removed and instantaneous fluctuations



Fig. 1. Inlet velocity profiles from Kacker and Whitelaw (1971) and a typical instantaneous flow field represented by spanwise vorticity, with shear layer transition at
x ¼ 1:0h. Inset of shear layer closeup identify two shear layers separated by wake plate, i.e. jet side shear layer (JSL) and boundary layer side shear layer (BSL).
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Fig. 2. Grid spacing variation along the streamwise direction in wall co-ordinates
for the case of finer grid, (a) M ¼ 2:30 and (b) M ¼ 0:75.
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Fig. 3. Time averaged profiles of M ¼ 2:30 jet at various locations for fine (—) and
coarse (–�–) grids: (a) Mean streamwise velocity hui=U1 and (b) turbulence kinetic
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are added to experimental profile without any scaling. These two
time dependent velocity profiles with the zero velocity condition
for the plate thickness, at the inlet plane, gives the inlet boundary
condition for the domain. These inlet profiles are generated on
coarser grids and interpolated on to the inlet plane of the main
simulation. The incoming jet and boundary layer develop two
shear layers, separated by the wake plate. These are designated
here as the jet side shear layer (JSL) and the boundary layer side
shear layer (BSL) (inset Fig. 1).

The other boundary conditions are specified as a no-slip bound-
ary condition at the lower wall, and a free slip boundary condition
at the top wall of the domain. At the exit plane, a convective
boundary condition is applied (Orlanski, 1976). The spanwise
direction has periodic boundaries.

For the temperature field, the incoming boundary layer flow has
a uniform temperature of Th ¼ 1:0. The wall jet is at Tc ¼ 0:75 and
wake plate has a fixed temperature of 0.85. The lower and top
walls of the domain are adiabatic. At the exit, a plane convective
boundary condition is applied. The Prandtl number is Pr ¼ 0:71.

3. Validation of simulation

The grid distribution is non-uniform in the streamwise and wall
normal directions. The wall normal direction has a hyperbolic tan-
gent stretching. Fig. 2 shows the fine grid distribution in the
streamwise direction in wall co-ordinates for two jet velocity
ratios. The high velocity ratio jet has a maximum Dxþ < 47:0 and
Dzþ < 38:0. In wall normal directions, first off wall grid points
are at yþ < 1:0 with at least five points within the yþ ¼ 5:0 zone.
The lower velocity ratio jet has maximum Dxþ and Dzþ < 20:0.
The wall normal grid distribution has first grid points at yþ < 1:0
and at least six points within yþ ¼ 5:0. The grid size normalised
by h in the streamwise direction has Dx ¼ 0:01h� 0:06h with a
stretching ratio less than 2%. The coarse grid for both velocity
ratios jets has a Dx that is 60% larger and Dz twice that for the fine
grid. In the wall normal direction the first grid points are again
within yþ ¼ 1:0.

Fig. 3 shows mean streamwise velocity and turbulent kinetic
energy ðtkeÞ profiles for the M ¼ 2:30 jet at various locations for
the coarse and fine grids. The grid effects are almost insignificant.
The turbulent kinetic energy profiles have some differences, show-
ing the effect of subgrid scales. However, the maximum difference
in turbulent kinetic energy between the two grids is less than 8%.

The incoming turbulent boundary layer is validated through a
comparison with the DNS data of Spalart (1988) and Schlatter
et al. (2009) at Red�o ¼ 2000. Fig. 4(a) shows that the mean velocity
profiles huiþ at the inlet is slightly shifted from the DNS data. How-
ever, the log-law behaviour is captured satisfactorily. Fig. 4(b)
shows that the peak turbulence intensities are also in reasonable
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Fig. 4. Comparison of mean inlet profiles for incoming boundary layer with DNS
data of Spalart (1988) and Schlatter et al. (2009) (a) mean streamwise velocity and
(b) turbulent intensities.
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agreement with the DNS data. The deviation of the inlet profile
from the DNS away from the wall is due to the low resolution of
the precursor boundary layer LES. There may also be insufficient
dissipation from the sub-grid model (Porté-Agel et al., 2000). How-
ever, this will not have any significant effect on the current simu-
lations. This is because the precursor LES is used to generate
turbulence fluctuations, to be used along with the experimental
mean profile at the inlet of the main simulation.

Fig. 5 compares the experimental data (Kacker and Whitelaw,
1971) at x ¼ 10h ¼ 27:76d�o with the simulation. The solid lines
are for the M ¼ 2:30 and the dashes for the M ¼ 0:75 jets simula-
tion results, respectively. The symbols are the experimental data.
The comparisons of the profiles for the mean flow and Reynolds
stresses show that generally the strategy of specifying the profiles
from the experiment and adding turbulence from separate simula-
tions gives the same trends as in the experiments. The mean flow
profiles, for both velocity ratio jets, are shown in Fig. 5(a) and (f)
and are also in good agreement with the experimental data. The
higher velocity ratio jet simulation gives better agreement for the
Reynolds stresses hv 0v 0i=U2

1 and hw0w0i=U2
1 (Fig. 5(h) and (i)).
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much higher than the experimental value. This over-prediction
may be the outcome of the uncertainty at the inlet in the simula-
tion and in the hot-wire measurements. The Reynolds normal
and shear stresses for the M ¼ 0:75 jet are an order of magnitude
smaller than for the M ¼ 2:30 jet. The simulations over predict
Reynolds stresses for M ¼ 0:75. This may be due to the difference
in the inlet turbulent fluctuations from the experiments. Fig. 6
shows that the velocity decay for the high velocity ratio jet and
shape factor for both of the jets are in agreement with the experi-
mental data.

4. Results

In this work our focus is to study the interaction of a wall jet
with the outer boundary layer when the separation between the
two streams, i.e. wake plate thickness tw is relatively small. Previ-
ous studies, where a similar situation arises (Nishino et al., 2010;
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Schneider et al., 2010), have shown the existence of large scale
coherent structures in the near wake region. These determine the
mixing of momentum and heat between the wall jet and outer
stream. The instantaneous flow field and mean quantities will be
used here to show the development of structures and their effect
on mean flow. All the results presented here are for the fine grid.

4.1. Development and dynamics of coherent structures

In the current simulation, various kind of vortical structures are
involved. There are streamwise near wall structures from the
incoming boundary layers and the slot jet. Apart from these struc-
tures, the interaction of the boundary layer with a wall jet gener-
ates further dynamic complexity, instability and more large scale
structures. The coherent structures are visualised through isosur-
faces of the second-invariant of the velocity gradient tensor
Q ¼ �ð@huii=@xjÞð@huji=@xiÞ (Hunt et al., 1988; Dubief and
Delcayre, 2000).

Fig. 7 shows the resulting coherent structures for jets with
M ¼ 0:30, 0.60 and 0.90. The structures for higher velocity ratio jets
Fig. 7. Coherent structures in the near field region of wall jet and boundary layer interact
of Q ¼ 0:15 away from wall and Q ¼ 0:06 near the wall are used to visualise the structure
spanwise vorticity xz in the wake region. Background z=h ¼ 0:0 plane shows instantaneou
(Right frames) Contours of spanwise vorticity at z=h ¼ 0:0 corresponding to coherent stru
1.25). (For interpretation of the references to colour in this figure legend, the reader is r
of M ¼ 1:05;1:50 and 2.30 are shown in Fig. 8. For clarity of the fig-
ures, the structures are shown only up to x ¼ 3:0h. The right hand
frames in each figure show the contours of the instantaneous span-
wise vorticity xz ¼ 0:5ð@u=@y� @v=@xÞ in the wake region. The xz

contours correspond to the three dimensional structures shown in
the left frames and give their foot print at the z=h ¼ 0:0 plane.
The structures in the wake region are also coloured with spanwise
vorticity. This makes it easier to identify the three dimensional
structures and their footprint in the contour plots. The near wall
structures coming from the wall jet are mainly in the
streamwise direction and coloured with streamwise vorticity
xx ¼ 0:5ð@w=@y� @v=@zÞ. The negative xz vorticity for clockwise
structures is coloured blue, whereas the positive vorticity for coun-
ter-clockwise structures is coloured red.

The structures in Fig. 7, for M ¼ 0:30, give dominant clockwise
structures (CS) on the BSL side. The JSL side vorticity is low. It does
not form a really identifiable structure with the given Q iso surface
criteria. With increasing jet velocity the JSL becomes stronger. For
M ¼ 0:60, the xz contours give alternate clockwise and counter-
clockwise structures (CCS) in the wake region. The BSL clockwise
ion for low velocity ratio jets with M ¼ 0:30;0:60 and 0.90. (Left frames) Isosurfaces
s. Isosurfaces are coloured with streamwise vorticity xx in near wall region and with
s temperature contours (with 20 equally spaced levels ranging over T ¼ 0:75 to 1.0).

ctures in the wake region (with 20 equally spaced levels ranging over xz ¼ �0:75 to
eferred to the web version of this article.)



Fig. 8. Coherent structures for higher velocity ratios of M ¼ 1:05;1:50 and 2.30. (Left frames) Isosurfaces of Q ¼ 0:17 away from wall and Q ¼ 0:075 near the wall. Background
z=h ¼ 0:0 plane shows instantaneous temperature contours (with 20 equally spaced levels ranging over T ¼ 0:75 to 1.0). (Right frames) Contours of spanwise vorticity at
z=h ¼ 0:0 (with 20 equally spaced levels ranging over xz ¼ �0:85 to 1.45). Colour scheme is same as in Fig. 7. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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structures have higher vorticity magnitudes than the JSL counter-
clockwise structures. The BSL structures maintain their coherence
up to x ¼ 2:0h. The JSL structures are weak and lose coherence
quickly. For M ¼ 0:90, the JSL structures become stronger and
maintain their coherence further downstream. The stronger JSL
structures interact with BSL structures and diminish their coher-
ence. The structures for M < 1:0 are like von-Karman shed vortices
in a wake.

Fig. 8 shows that alternate CS and CCS disappear with increas-
ing jet velocity ratio. The JSL, for M ¼ 1:50 and 2.30, clearly under-
goes Kelvin–Helmholtz (KH) instability and generates strong CCS.
The average distance between the strong roll structures decreases
with increasing jet velocity. There are streamwise structures
stretched between the roll structures. The CCS, for M ¼ 2:30, start
to interact with each other just beyond x ¼ 1:0h. The size of the
structures, for both high and low velocity ratio jets, in the xy-plane
is of the order of the wake plate thickness. The near wall structures
are quite stretched in the streamwise direction, particularly for
M ¼ 2:30. They do not look like regular turbulent channel flow
structures. This is because the incoming turbulent fluctuations
are scaled with a factor of 0.2. This might result in the stretching
of these weak structures by the fast moving outer flow.
4.2. Mean flow features and Cf

Fig. 9 shows a closeup view of time average streamwise velocity
contours along with streamlines in the near wake region for vari-
ous velocity ratio jets. The low velocity ratio jets, ðM < 1:0Þ,
develop a mean counter rotating vortex pair in the recirculation
region. This is to be expected for a flow in the wake of bluff bodies
with shed von-Karman vortices. However, with increasing jet
velocity the JSL side vortex diminishes in size. For higher velocity
ratio jets with M > 1:0, there is only one mean vortex. This single
vortex is formed when the boundary layer side fluid is dragged
along with the jet side shear layer without forming any roll
structure of its own. These streamline plots confirm that two
different kinds of vortical structures develop in the near wake
region.

In the current flow situation wall friction coefficient,
Cf ¼ 2:0sw=ðqU2Þ, is defined with respect to the maximum local
velocities Umax and U1. Fig. 10 shows the streamwise variation of
Cf for various blowing ratios. The left frames in the figure give Cf

for M < 1:0 and the right frames for M > 1:0. The Cf based on
Umax and U1 for M < 0:90 collapse beyond x ¼ 30:0h (in this case
Umax=U1, therefore Fig. 10(a) and (c) are identical). For higher



Fig. 9. Mean streamwise velocity contours and streamlines in the wake region near inlet plane for various velocity ratio jets.
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velocity ratio jets with M > 1:05;Cf ¼ 2:0sw=ðqU2
maxÞ shows a

collapse in the far-field. The Cf ¼ 2:0sw=ðqU2
1Þ curves are com-

pared with the experimental data (Kacker and Whitelaw, 1971)
for M ¼ 0:75 and 2:30. For M ¼ 2:30;Cf ¼ 2:0sw=ðqU2

maxÞ is also
compared with the experimental data (Kacker and Whitelaw,
1971).The simulated Cf values are lower than the experimental
values, with a larger difference of 20% for higher velocity ratio jets.
Following Patel (1965) there is a possibility that the Preston tube
over-estimates wall friction for a wall jet with an external stream.
However, simulations and experiment give identical trends for Cf .
The variation of Cf along the streamwise direction is dependent on
large scale wake structures. For low velocity ratio jets, e.g.
M ¼ 0:75;Cf decays at a faster rate up to x ¼ 2:0h. Beyond this
location the near wall flow goes through transition under the influ-
ence of outer wake structures. This transition is slow and as a
result, the Cf variation is gradual. For higher velocity ratio jets,
for example, M ¼ 2:30;Cf decays rapidly near the inlet up to
x ¼ 6:0h. Beyond this location there is a sharp rise, which indicates
a fast transition due to stronger wake vortices. The Cf plots show a
non-monotonic variation with M, which is associated with a non-
monotonic turbulence production in the outer shear layer region
with increasing M. This is shown in the following sections.
Fig. 10(e) shows the variation of Cf with local Reynolds number
Rem ¼ Umaxym=m, for M > 1:0, where ym is the location of the maxi-
mum velocity Umax. With increasing M, both Umax and ym increase at
any given streamwise location. For comparison, the
Cf ¼ 2:0sw=ðqU2

maxÞ values from an LES (Dejoan and Leschziner,
2005) and an experiment (Eriksson et al., 1998) of a plane wall
jet are also included in Fig. 10. These values are higher than the
current simulation. However, the trend is same, which suggests
similar near wall behaviour for the two cases. It is important to
mention here, that the Cf values for the plane wall jet from LES
(Dejoan and Leschziner, 2005) are lower than the experimental
values (Eriksson et al., 1998) at the same Reynolds number.
4.3. Mean velocity and Reynolds stresses

The development of the mean flow in the streamwise direction
is shown in Fig. 11. The profiles are scaled with the local maximum
velocity Umax. A wake is present in all mean streamwise velocity
ðhui=UmaxÞ profiles (Fig. 11(a)). It is formed by the merging of the
BSL and JSL. This is a direct consequence of the vortical structures
present in the near field behind the wake plate. For M > 1:0 the
velocity profiles also expand vertically, indicating spreading of
the jets.

Mean wall normal velocity ðhvi=UmaxÞ profiles (Fig. 11(b)) for
M ¼ 0:30 are negative. There is a sustained mean flow towards
the wall. The profiles for M ¼ 0:60 are positive in the near wall
region at x ¼ 20:0h. However, at farther downstream locations
they also become negative. At higher velocity ratios ðM > 1:0Þ
the wall normal velocity remains positive up to quite large dis-
tances away from the wall. The wall normal velocity behaviour
can be explained in terms of vortical structures formed in the wake
region. For M ¼ 0:30 strong CS form in the near field. They break-
down quickly but establish the dominant direction of rotation for
smaller scale structures in the wake region. The wake entrains
the external stream with these structures and develops a sustained
flow towards the wall. The strength of CS decreases for M ¼ 0:60
and as a result of this the mean wall normal velocity also decays.
For M > 1:0 CCS mix high velocity jet fluid with the slow moving
external stream. As a result the jet expands and decelerate. This
gives a positive wall normal velocity. With increasing jet velocity
ratios the CCS strength and subsequent mixing with the outer
stream increases. This results in a larger jet expansion and higher
positive wall normal velocity.

Fig. 12 shows streamwise development of normal and shear
Reynolds stresses for various M. The profiles are scaled with U2

max.
The streamwise Reynolds stress ðhu0u0i=U2

maxÞ profiles show that
in the far-field wake region, M ¼ 2:30 has the highest values
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followed by M ¼ 0:30;0:60 and 1.05, respectively. This behaviour
follows from the fact that the shear layer strength and turbulence
production depends on jU1 � Ujj in the wake region. At x ¼ 20:0h,
hu0u0i=U2

max has a complex transitional behaviour for M ¼ 0:60 and
1.05. In the near wall region, jets with M > 1:0 have much higher
hu0u0i=U2

max values than M < 1:0. The near wall Reynolds stress pro-
duction depends on jet velocity ratio M, or more appropriately on
Uj, since U1 is fixed. The jets with M > 1:0 undergo rapid transition
before x ¼ 20:0h (see Fig. 10(b)) and the near wall flow becomes
fully turbulent. For M < 1:0 the near wall flow experiences a grad-
ual transition (see Fig. 10(a)) and generates less turbulence at a dis-
tance of x ¼ 40:0h. The wall normal Reynolds stress, hv 0v 0i=U2

max,
has identical behaviour to that of hu0u0i=U2

max in the wake region
(see Fig. 12(b)).

Fig. 12(c) shows Reynolds shear stress ðhu0v 0i=U2
maxÞ profiles

with negative values near the wall. For M > 1:0 values, are higher
than M < 1:0. This behaviour is identical to the near wall behaviour
of hu0u0i=U2

max. On moving away from the wall, the shear stress
changes sign, for M > 1:0, from negative to positive. The shear
stress remains negative for M < 1:0. Similar to the normal Rey-
nolds stresses, the magnitude of shear stress in the wake region
is dependent on jU1 � Ujj. The positive and negative signs of
hu0v 0i=U2

max for M > 1:0 and M < 1:0, respectively, are the result
of different kinds of vortical structures in the wake.

Fig. 12 shows that for M ¼ 2:30, the maximum values of Rey-
nolds normal and shear stresses, in the outer shear layer region,
are one fourth and one third that of the plane wall jet (Eriksson
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et al., 1998), respectively. This results in a slower near wall
transition and a reduced wall shear stress than that of a plane wall
jet, as shown in Fig. 10(b).
4.4. Turbulent kinetic energy budgets

The turbulent kinetic energy ðkÞ budget is given as;

huji
@k
@xj
¼ P þ T þPþDþ e; ð4Þ

where

P ¼ �hu0iu0ji
@huii
@xj

; ð5Þ

T ¼ � @

@xj

1
2
hu0iu0iu0ji þ hu0is0iji

� �
; ð6Þ

P ¼ � 1
q

u0i
@p0

@xi

� �
; ð7Þ

D ¼ 2mr2k; ð8Þ

e ¼ �m
@u0i
@xj

@u0i
@xj

� �
þ @u0i

@xj
s0ij

� �
; ð9Þ

are the production, turbulent transport, velocity pressure gradient,
viscous diffusion and dissipation, respectively. The term on left
hand side of the Eq. (4), is the mean flow advection of turbulent
kinetic energy.
F
tu
x
(–
d
ti
Fig. 13 shows the dominant terms of the budget, which are nor-
malised by U3

max=h. In the shear layer region the production has the
highest values for M ¼ 2:30 jet, followed by M ¼ 0:30;0:60 and
1.05 respectively. The near wall production increases with the
increasing jet velocity. The production depends on the mean
streamwise velocity gradient, which in the shear layer region
depends on jU1 � Ujj. This explains the non-monotonic behaviour
of the production with respect to increasing jet velocity ratio M.
The non-monotonic behaviour of turbulence production also con-
firms the dependence of Reynolds stresses on jU1 � Ujj, as asserted
in the previous section (see Fig. 12).

The production for jets with M > 1:0 goes to zero in the region
ðy=h < 1:0Þ where U ¼ Umax. The dissipation in this region is bal-
anced by turbulent transport from the wall and shear layer region.
High negative turbulent transport is associated with high produc-
tion in the shear layer region. This high negative turbulent trans-
port region is located between two positive transport regions,
one in the shear layer and the other near the wall. This behaviour
has been observed in separated flows (Omidyeganeh and Piomelli,
2011; Silva Lopes et al., 2006).

The production of Reynolds normal stresses hu0u0i, hv 0v 0i and
shear stress hu0v 0i are shown in Fig. 14. The production terms are
normalised by U3

max=h. The dominant terms in the Reynolds stress
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production are Phu0u0 i � �2hu0v 0i@hui=@y, Phv 0v 0 i � �2 hu0v 0i@hvi=ð
@xþ hv 0v 0i@hvi=@yÞ and Phu0v 0 i � �2 hu0v 0i@hvi=@yþ hv 0v 0i@hui=@yð Þ
for hu0u0i, hv 0v 0i and hu0v 0i production, respectively. The production
of hu0u0i is positive for all the values of M. The hv 0v 0i production
term changes sign in the outer region. It is positive for M ¼ 2:30
and becomes negative, whereas for M ¼ 0:30 it is negative and
becomes positive on moving towards the wall. In the outer region,
the production of hu0v 0i is negative for M < 1:0 and positive for
M > 1:0. The production behaviour is determined by the dominant
terms of production and the mean flow distribution given in Figs.
11 and 12. The Reynolds normal and shear stress production pro-
files also show a non-monotonic dependence on jet velocity ratio
M in the outer region. This behaviour is similar to that of the tur-
bulent kinetic energy production and has the same dependence
on jU1 � Ujj for Phu0u0 i and Phu0v 0 i.
4.5. Scaling behaviour of wall jet and boundary layer interaction

The scaling behaviour of plane wall jets is an important issue
and has been discussed extensively, e.g. (Glauert, 1956;
Bradshaw and Gee, 1962; Dejoan and Leschziner, 2005; George
et al., 2000). For mean streamwise velocity profiles, inner scales
for the near wall region and outer scales for outer shear layer give
self-similar behaviour. In the presence of an external stream and
wake these two scales are not sufficient to show self-similarity.
The jet velocity ratio also determines the choice of velocity and
length scale parameters to describe self-similarity. In this section
different velocity and length scales will be used to determine the
self-similar behaviour of wall jets with an external stream.

Fig. 15 shows the mean streamwise velocity and Reynolds
stress profiles for various jet velocity ratios scaled with inner vari-
ables, i.e. shear velocity husi and m=husi. Each jet velocity ratio has
three profiles at locations x ¼ 20:0h;30:0h and 40:0h. The mean
velocity plots also have log-law and huiþ ¼ yþ curves. The inner
variables give complete self-similarity only for near wall region.
For x ¼ 30:0h and M P 0:75 mean velocity profiles have complete
similarity up to yþ ¼ 100:0. Comparison with the log-law also
shows that for M 6 0:75, the mean flow recovers to a turbulent
boundary layer by x ¼ 40:0h. The scaling of Reynolds stresses uþrms

and hu0v 0iþ is also presented. Their behaviour is also identical to
the mean streamwise velocity.

Fig. 16 shows scalings based on U1 and boundary layer thick-
ness d. The mean velocity profiles for jets with M 	 0:90 show
self-similar behaviour beyond x ¼ 30:0h. The Reynolds stress pro-
files only partially collapse beyond x ¼ 30:0h. This indicates incom-
plete scaling of the flow for the given domain length. For high
velocity ratio jets M > 0:90, neither mean velocity nor Reynolds
stress scale with boundary layer parameters up to x ¼ 40:0h.

The plane wall jets show self-similar behaviour in the outer
shear layer region when scaled with outer variables, i.e. Umax and
y1=2. As mentioned earlier, it is not possible to define y1=2 for low
velocity ratio jets. However, high velocity ratio jets resemble a wall
jet and can be scaled with outer variables. Fig. 17 shows the mean
velocity and streamwise Reynolds stress scaled profiles for high
velocity ratio jets. The mean velocity profiles show similarity for
M P 1:35. The profiles for M ¼ 2:30 show similarity up to
y=y1=2 ¼ 0:90. The lower velocity ratio jets show similarity up to
y=y1=2 < 0:90. The velocity profiles diverge in the wake and outer
stream regions and the Reynolds stress profiles do not collapse
completely. Only for M ¼ 2:30, do the Reynolds stress collapse up
to y=y1=2 ¼ 0:50.

Zhou and Wygnanski (1993) have shown that wall jets with an
external stream can also be scaled with Umax;U1; y1=2 and ymax

(y location of Umax). They defined the velocity scaling as
ðhui � U1Þ=ðUmax � U1Þ and wall normal co-ordinates as
ðy� ymaxÞ=ðy1=2 � ymaxÞ and showed that this scaling works for
M > 2:0. Nishino et al. (2010) have used a similar scaling for a
Coanda jet. Fig. 18(a) shows mean velocity profiles with this scal-
ing for higher velocity ratio jets. The profiles for M ¼ 2:30 collapse
beyond x ¼ 30:0h. The lower velocity ratio jets show poor scaling
with these parameters as compared to outer scales. For lower
velocity ratio jets, the effects of an external stream are strong.
The velocity scale defined by Zhou and Wygnanski (1993) seems
suitable for low velocity ratio jets, however, the length scale is
not. The effect of an external stream can be accounted for in the
length scale if one uses a combination of boundary layer thickness
d with y1=2. One of the possible y-axis scaling is given as
y=ððdþ y1=2Þ=2:0Þ. Fig. 18(b) shows velocity profiles with
ðhui � U1Þ=ðUmax � U1Þ and y=ððdþ y1=2Þ=2:0Þ. The profiles for
M ¼ 1:35 and 1.50 give a better collapse than the original scaling
of Zhou and Wygnanski (1993) (Fig. 18(a)).

4.6. Heat transfer characteristics

In the context of cutback trailing edge cooling, the most impor-
tant heat transfer parameter is adiabatic film-cooling effectivenes
gaw ¼ ðTh � TawÞ=ðTh � TcÞ. Here Taw is the adiabatic temperature
at the lower wall. The gaw essentially gives a non-dimensional tem-
perature distribution along the wall. This shows the effect of mix-
ing of the external heated stream with the wall jet.

Fig. 19 shows the distribution of gaw along the streamwise
direction for various jet velocity ratios. The measurements of
Kacker and Whitelaw (1969) for M ¼ 1:07 are included for compar-
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Fig. 15. Mean velocity and Reynolds stress profiles scaled with inner variables, where M ¼ Uj=U1. The profiles are given at x ¼ 20:0h (—), 30:0h (–��–) and 40:0h (– – –). Also
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ison. The simulation predicted slightly higher values than the
experiment for the closest velocity ratio jet of M ¼ 1:05, however
the trend is very similar. For the current simulations the effective-
ness remains at unity at least up to x ¼ 6:0h for M ¼ 0:30. This
range extends to x ¼ 12:0h for M ¼ 2:30. The effectiveness drops
with streamwise direction and for M ¼ 0:30 it reaches to 0:27 at
x ¼ 40:0h. However, with increasing jet velocity ratio the decay
in effectiveness slows down substantially. The increase in velocity
ratio up to M ¼ 0:60 gives a large increase in effectiveness. This
effectiveness increase slows down for higher M and the maximum
effectiveness is achieved for M ¼ 1:05. For M > 1:0, the streamwise
decay in the effectiveness increases with increasing jet velocity
ratio. However this decay is not as large as for jets with M < 1:0.

Fig. 20 shows the variation of gaw with respect to increasing jet
velocity ratio at two streamwise locations of x ¼ 25:0h and 40:0h.
The experimental results of Kacker and Whitelaw (1969) are also
included for comparison. The comparison with measurements at
both locations shows that the simulations appears to over predict
the effectiveness. However, the effectiveness values in the experi-
ment are not the direct temperature measurements at the wall.
These values are measured as the concentration of a scalar species.
This can give a lower value of the effectiveness. The figure shows
that gaw increases at a higher rate up to M ¼ 0:60. Beyond this,
gaw increases at a lower rate attaining a maximum value at
M ¼ 1:05. For M > 1:05 there is a mild decay in the effectiveness.
Schneider et al. (2012) presented an interesting behaviour for a
wall jet flowing at an angle with the external stream and with a
thicker wake plate ðtw ¼ 1:0hÞ. With this the effectiveness for an
incoming highly turbulent wall jet increased for M 2 ½0:35; 0:65�.
It then decreased for M 2 ½0:65; 0:95� and finally increased again
for M 2 ½0:95; 1:40�. In the current simulation for M > 1:05 effec-
tiveness decreases with increasing M. However, the magnitude of
the change in effectiveness and its rate of change with M are not
as drastic as in Schneider et al. (2012).

The effectiveness is a manifestation of over all heat transport in
the flow. To elucidate temperature transport Fig. 21 gives profiles
of non dimensional mean temperature H, turbulent heat flux
streamwise hu0T 0i and the wall normal hv 0T 0i components and the
mean wall normal convective heat flux hvihTi. Note
H ¼ ðTh � hTiÞ=ðTh � TcÞ and the turbulent heat flux components
are scaled with UmaxTh. In terms of non dimensional temperature,
H ¼ 0:0 corresponds to the outer stream and H ¼ 1:0 to the incom-
ing wall jet. Due to the mixing of the two streams, the near wall
temperature H < 1:0. The temperature profiles for M ¼ 0:30 shows
the strongest mixing and the smallest temperature gradients. For
M ¼ 0:60, the temperature gradient is higher than M ¼ 0:30, which
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Fig. 18. Mean velocity profiles scaled with (a) Umax � U1; ymax and y1=2 and (b)
Umax � U1; d and y1=2. The profiles are given at x ¼ 20:0h (—), 30:0h (–��–) and 40:0h
(– – –). The profiles are shifted by ðhui � U1Þ=ðUmax � U1Þ ¼ 1:0.

442 I.Z. Naqavi et al. / International Journal of Heat and Fluid Flow 50 (2014) 431–444
indicates slower mixing. For M > 1:0 this trend changes. The
increasing jet velocity ratio increases mixing and the temperature
gradient decreases. On moving in the streamwise direction, mixing
increases and H along the wall decreases for all M.

The turbulent heat flux is a major component of heat transfer
from the outer hot stream to the wall. The streamwise component
hu0T 0i=UmaxTh of turbulent heat flux (Fig. 21(b)) for jets with
M < 1:0 is positive. This indicates heat transfer in the direction of
the flow. Moreover, on moving downstream, the maximum level
of hu0T 0i=UmaxTh decreases for M ¼ 0:30 and remains almost con-
stant for M ¼ 0:60. For higher velocity ratio jets with
M > 1:0; hu0T 0i=UmaxTh is negative, except for a region close to the
wall where it changes sign and becomes positive. The negative val-
ues of hu0T 0i=UmaxTh transport heat upstream. The wall normal flux
component hv 0T 0i=UmaxTh (Fig. 21(c)) is negative for all the values of
M. This negative flux is responsible for the transport of heat
towards the wall. The magnitude of hv 0T 0i=UmaxTh increases with
increasing jet velocity. There is a small decay in hv 0T 0i=UmaxTh on
moving downstream. The trends shown by the turbulent flux
components depend on the dominant term of their production.
For the streamwise component, production is given as
Phu0T 0 i � �hu0v 0i@hTi=@y. This explains the positive and negative val-
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Fig. 21. (a) Non-dimensional temperature H, turbulent heat transfer, (b) stream-
wise hu0T 0i=UmaxTh , (c) wall normal hv 0T 0i=UmaxTh flux components and (d) mean
convective wall normal hvihTi=UmaxTh flux profiles at streamwise locations
x=h ¼ 20:0;30:0 and 40.0 for velocity ratios M = 0.30 (—), M = 0.60 (– – –),
M = 1.05 (–�–) and M = 2.30 (–��–). The profiles are shifted by (a) H ¼ 1:0, (b)
hu0T 0i=UmaxTh ¼ 0:4, (c) hv 0T 0i=UmaxTh ¼ 0:2 and (d) hvihTi=UmaxTh ¼ 2:0 for various
streamwise locations.
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ues of hu0T 0i=UmaxTh for jets with M < 1:0 and M > 1:0, respectively.
They have exactly opposite signs from hu0v 0i=U2

max given in
Fig. 12(c). The temperature gradient @hTi=@y is always positive
for the given flow conditions. Also, at downstream locations
hu0T 0i=UmaxTh is higher for M ¼ 0:6 than M ¼ 0:3 because the tem-
perature gradient is higher. The wall normal component produc-
tion depends on Phv 0T 0 i � �hv 0v 0i@hTi=@y. This results in negative
values for hv 0T 0i=UmaxTh, because hv 0v 0i is always positive
(Fig. 12(b)).

Fig. 21(d) shows the profiles of mean convective wall normal
heat flux hvihTi=UmaxTh for various values of M at different stream-
wise locations. The mean convective wall normal heat flux hvihTi,
is negative for jets with M < 1:0 and positive for M > 1:0. The neg-
ative values of hvihTi are responsible for the heat transfer from the
outer stream to the wall. These values are also an order of magni-
tude larger than the corresponding turbulent heat flux, hv 0T 0i.

Schneider et al. (2012) suggested that a large decay in effective-
ness gaw occurs when the turbulent heat flux is large and both of its
components are negative. In the current situation, a large decay in
gaw occurs for M ¼ 0:30, which has a low level of hv 0T 0i=UmaxTh and
positive hu0T 0i=UmaxTh. The faster decay of effectiveness gaw in the
streamwise direction for M < 1:0 can be associated with the turbu-
lent heat flux and the negative mean vertical velocity hvi or mean
convective vertical flux hvihTi, shown in Figs. 11(b) and 21(d),
respectively. With a negative vertical velocity there is a dominant
mean convection of the outer hot stream towards the wall. It mixes
with the cold wall jet fluid and increases the near wall mean tem-
perature. Increasing the jet velocity ratio reduces hvi and slows
down the streamwise decay of gaw. For M > 1:0 there is no mean
convection towards the wall. In this case, only the turbulent heat
flux is responsible for the mixing of the outer hot stream with
the cold wall jet. The gradual reduction in gaw for M > 1:05 shown
in Fig. 20 is mainly due to the turbulent heat flux. With increasing
M, both components of turbulent heat flux with negative signs
have increasing magnitude as shown in Fig. 21. This results in
greater mixing and an increase in the near wall temperature, i.e.
a reduction in effectiveness.
5. Conclusions

Highly resolved simulations of wall jets interacting with an
external stream have been performed. The external stream is a
fully developed turbulent boundary layer. It is separated from
the wall jet by a thin wake plate. The jet velocity ratio M deter-
mines the development of the near and far field flow behaviour.

For the given range of jet velocity ratios M ¼ 0:30—2:30, it is
found that two different kinds of vortices form in the near wake
region. The low velocity ratio jets with M 6 1:0 give von-Karman
type shed vortical structures in the wake region. These structures
gradually mix the jet and external stream. With increasing jet
velocity ratio alternate clockwise (CS) and counter-clockwise
structures (CCS) disappear. For higher velocity ratio jets with
M > 1:0 the JSL undergoes Kelvin–Helmholtz instability. As a result
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of this, a stream of counter-clockwise roll structures is formed. The
roll structures interact with the external stream, and with each
other and grow in size.

The large scale structures in the wake region determines the
development of the mean flow field and subsequently heat transfer
from the outer hot stream to the wall. In the current simulations,
for M < 1:0 film-cooling effectiveness at any given streamwise
location increases at a substantial rate with increasing jet velocity
ratios. The maximum effectiveness is achieved at around M ¼ 1:05.
Further increases in jet velocity ratio for M > 1:05 results in a slow
decay of the effectiveness. This defines two different ranges of M,
where different mechanisms determine heat transport from the
external hot stream to the wall. For M < 1:0, the CS induced nega-
tive mean vertical velocity hvi and negative turbulent heat flux
component hv 0T 0i drive heat transfer. The mean flow convection
of heat significantly outweighs heat transfer due to the turbulent
heat flux. However, for M > 1:0 turbulent heat flux hv 0T 0i, with a
negative sign, is responsible for heat transfer towards the wall.

The variation of effectiveness with M in the current simulations
shows the same trend as for thicker wake plates (tw � 1:0h) given
in Kacker and Whitelaw (1969) and Taslim et al. (1992). This is dif-
ferent from the variation of gaw with respect to M given by
Schneider et al. (2012). It suggests that the difference between
the flow fields and the heat transfer trends between the current
simulation and Schneider et al. (2012) is due to the angle of the
wall jet flow with respect to the outer stream, a thicker wake plate,
or the combination of both.

The scaling behaviour of the wall jet with the outer stream is
also explored. It is found that the scaling parameters for the outer
layer are highly dependent on M. Conversely, the inner layer is
quite independent of M and scales well with inner variables, i.e.
husi and m=husi. It suggests that the near-wall Reynolds stresses
and turbulence production have strong boundary layer characteris-
tic. Moreover, in the far-field region, jets with M < 1:0 developed
towards turbulent boundary layers. There is a strong interaction
between the outer layer and the wall for the high velocity ratio
jet ðM ¼ 2:30Þ. This gives a reduced log-law for the mean stream-
wise velocity profile, similar to the wall jets. For M > 1:0 scaling
parameters require further investigation.
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