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Abstract

In this paper we establish the local and global well-posedness of the real valued fifth order Kadomtsev—Petviashvili I equation
in the anisotropic Sobolev spaces with nonnegative indices. In particular, our local well-posedness improves Saut—Tzvetkov’s one
and our global well-posedness gives an affirmative answer to Saut-Tzvetkov’s L2-data conjecture.
© 2008 Elsevier Masson SAS. All rights reserved.

Résumé
Dans cet article, on montre que 1’équation de Kadomtsev—Petviashvili I d’ordre 5 a valeurs réelles est localement et globale-
ment bien posée dans les espaces de Sobolev anisotropes d’indices positifs. En particulier, notre resultat local améliore celui de

Saut-Tzvetkov tandis que notre résultat global répond par I’affirmative a la conjecture de Saut-Tzvetkov sur les données L2,
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In their J. Math. Pures Appl. (2000) paper on the initial value problem (IVP) of the real valued fifth order
Kadomtsev—Petviashvili I (KP-I) equation (for (e, 7, x, y) € R*):

{a,u+aa§u+a§u+ax13y2u+uaxu=0, 0

u(,x,y)=¢(x,y),

J.C. Saut and N. Tzvetkov obtained the following result (cf. [17, Theorems 1 and 2]):
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Saut-Tzvetkov’s Theorem. (i) The IVP (1) is locally well-posed for initial data ¢ satisfying:

b, )
H

Il 2@y + [1=i0x B || ooy + [1=i0y1* D | 2oy < 00 with's =1, k=05 eS'(R?). (@

(ii) The IVP (1) is globaly well-posed for initial data ¢ satisfying:
1 2 1 _ 2 1
@1l 12R2) < 00: E[|a§¢| + §/|3x¢|2+§f|3x 19,0]* — 8[¢3 < 00. 3)
R2 R2 R2 R2

Here and henceforth, |—iox|* and |—idy|* are defined via the Fourier transform:
=8¢, m) =151 E.m) and |—idyFE.m) = nl* . ).

Since they simultaneously found in [17, Theorem 3] that the condition,

Ipll2mey <o00: &7 P, m) € S'(R?), (4)
ensures the global well-posedness for the real valued fifth order Kadomtsev—Petviashvili II (KP-II) equation
(for (a,t,x,y) € R*):

{a,u+aa;’u — 93u + 07 102U + udeu =0, 5)
u(0,x,y)=¢(x,y),
they made immediately a conjecture in [17, Remarks, p. 310] which is now reformulated in the following form:

Saut-Tzvetkov’s L2-data Conjecture. The IVP (1) is globally well-posed for initial data ¢ satisfying (4).

In the above and below, as “local well-posedness” we refer to finding a Banach space (X, || - || x) — when the initial
data ¢ € X there exists a time 7" depending on ||¢||x such that (1) has a unique solution u in C([-T,T]; X)NY
(where Y is one of the Bourgain spaces defined in Section 2) and u depends continuously on ¢ (in some reasonable
topology). If this existing time T can be extended to the positive infinity, then “local well-posedness” is said to be
“global well-posedness”. Of course, the choice of a Banach space relies upon the boundedness of the fundamental
solution to the corresponding homogenous equation or the conservation law for equation itself.

In our current paper, we settle this conjecture through improving the above-cited Saut-Tzvetkov’s theorem. More
precisely, we have the following:

Theorem 1.1. The IVP (1) is not only locally but also globally well-posed for initial data ¢ satisfying:
¢ e H2(R?) withsy, 5220, €] ¢, n) e S'(R?). (6)

Here and henceafter, the symbol,

H2(R) = (£ 8/ (B): 1 fl g = [(1+162) (14 2) T 7@ ] ogue, <00},

stands for the anisotropic Sobolev space with nonnegative indices s1, s € [0, 00). Obviously, if s; = s = 0 then
H2(R?) = L*(R?) and hence (6) goes back to (4) which may be regarded as the appropriate constraint on the initial
data ¢ deriving the global well-posedness of the IVP for the fifth order KP-I equation. And yet the understanding of
Theorem 1.1 is not deep enough without making three more observations below:

e Observation 1. The classification of the fifth order KP equations is determined by the dispersive function:

2

w@,m:ié—as%’“‘? )

where the signs £ in (7) produce the fifth order KP-I and KP-II equations, respectively. The forthcoming estimates
play an important role in the analysis of the fifth order KP equations—for the fifth order KP-I equation, we have:

2
P> lal = |[VoE w|= ‘(ss4+3asz - ’;—zzg)‘ > (g% )
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and for the fifth order KP-II equation, we have:

> gt 9)

2
E2 > el = |VoE w|= ‘<ss4+3a52+ ‘;—22§>

By (9), we can get more smooth effect estimates than by (8). These imply that we can get a well-posedness (in other
words, a lower regularity) for the fifth order KP-II equation better than that for the fifth order KP-I equation. Another
crucial concept is the resonance function:

RE1, 86, w1, no) =w &1 + 82, n1 + n2) — oy, uy) — &, u2)

&1& 2 2 2 (Ml M2>2)
== 5 -3 — == ) 10
&+ 6) ((51 +86)°[5(57 + 5162 +8) — 3] F 5 & (10)
Evidently, the fifth order KP-II equation (corresponding to “+ in (10)) always enjoys:
|R(E1. &, 1, m2)| 2 (max{|&1], &1, 161 +§2|})4min{|$1|, &2, &1 + &2} (11)

Nevertheless, this last inequality (11) is no longer true for the fifth order KP-I equation.

In the foregoing and following the notation A < B (i.e., B 2, A) means: there exists a constant C > 0 independent
of A and B such that A < CB. In addition, if there exist two positive constants ¢ and C such that 103 <c<C<10°
and cA < B < CB then the notation A ~ B will be used.

o Observation 2. Perhaps it worths pointing out that the well-posedness of the fifth order KP-II equation is relatively
easier to establish but also its result is much better than that of the fifth order KP-I equation. Although the study of
the well-posedness for the fifth order KP-II equation (without the third order partial derivative term) usually focuses
on the critical cases (which means s 4+ 2s, = —2 by a scaling argument), in [16] Saut and Tzvetkov only obtained
the local well-posedness for the fifth order KP-II equation in the anisotropic Sobolev space H**2(R?) with s; > — i,
s2 > 0 with a modification of the low frequency, and furthermore in [17] they removed this modification and obtained
the global well-posedness in L2(R?). On the other hand, in [9] Isaza, Loépez and Mejia established the local well-
posedness for H*!1»%2 (R?) with 1 > —§, s2 2 0 and the global well-posedness for H*!-%2 (R?) with s7 > —‘7—‘, sy > 0.
More recently, Hadac [4] also gained the same local well-posedness in a broader context. Meanwhile in the fifth order
KP-I equation case, the attention is mainly paid on those spaces possessing conservation law such as L>(R?) and the
energy space:

E'R*) = {f e L*(R?): |(1+ &P + 1817 1) f & )| ooy < 00}

To obtain the local well-posedness of ~KP—I in E! (Rz), in [17], besides the above-mentioned results Saut and Tzvetkov
also got the local well-posedness in H s’k(Rz) withs — 1,k > 0;

A (R?) = {f € L*(R?): [[(1+ 161 + 1517 1) /& )] 12 g2, < 00}

For the energy case H>!(R?) = E'(R?), they obtained the global well-posedness of (1). In [6], Ionescu and Kenig
got the global well-posedness for the fifth order periodic KP-I equation (without the third order dispersive term) in the
standard energy space E!(R?). Recently, in [3] Chen, Li and Miao obtained the local well-posedness in:

ES(R?) = {f € L*(B?): [ (141617 + 1617 1))’ &, 0] ooy < 00}, O<s <L
e Observation 3. The well-posedness for the IVP of the third order KP equations in R3:

{a,u¢a§u+ax‘a§u+uaxu=0, (12)

u0,x,y)=¢(x,y),

in which the sign  give the third order KP-I and KP-II equations respectively, is an important background material
of the investigation of the well-posedness for the fifth order KP equations. Molinet, Saut and Tzvetkov showed in
[14,15] that, for the third order KP-I equation one cannot obtain the local well-posedness in any type of nonisotropic
L?-based Sobolev space or in the energy space using Picard’s iteration—see also [13]; while I6rio and Nunes [8]
applied a compactness method to deduce the local well-posedness for the third KP-I equation with data being in
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the normal Sobolev space H*(R?), s > 2 and obeying a “zero-mass” condition. On the other hand, the global well-
posedness for the third order KP-I equation was discussed by using the classical energy method in [11] where Kenig
established the global well-posedness in:

{fe LZ(RZ): I 22y + Hax_layf“LZ(RZ) +| 8)%f||L2(]R2) +|| 8)6_28)2’f||L2(]R2) < oo}.

As far as we know, the best existing result on the third order KP-I equation is due to Ionescu, Kenig and Tataru [7]
which gives the global well-posedness for the third order KP-I equation in the energy space:

{f € L2(R?): 11 N ome + 1850y £ || ooy + 10 Fll 22y < 00

Relatively speaking, the results on the third order KP-II equation are nearly perfect. In [2], Bourgain proved the
global well-posedness of the third order KP-II equation in L2(R?)—the assertion was then extended by Takaoka and
Tzvetkov [19] and Isaza and Mejfa [10] from L2(R?) to H*12(R?) with s > —%, s > 0. In [18], Takaoka obtained
the local well-posedness for the third order KP-II equation in H*2(R?) with s > —%, s2 = 0 under an additional
low frequency condition |—id, |_%+s¢ € L?(R?) which was removed successfully in Hadac’s recent paper [4]. These
results are very close to the critical index s; + 257 = —% (which follows from the scaling argument)—see also Hadac,
Herr and Koch [5] for a small data global well-posedness and scattering result in the homogeneous Sobolev space
HY 2.0(R2) as well as for arbitrarily large initial data local well-posedness in both HY 2.0(R2) and H~ V20 (R?).

The rest of this paper is devoted to an argument for Theorem 1.1. In Section 2 we collect some useful and basically
known linear estimates for the fifth order KP-I equation. In Section 3 we present the necessary and crucial bilinear
estimates in order to set up the local (and hence global) well-posedness—this part is partially motivated by [17]
though—the main difference between their treatment and ours is how to dispose the “high—high interaction”—their
method exhausts no geometric structure of the resonant set of the fifth order KP-I equation while ours does fairly
enough. In Section 4 we complete the argument through applying the facts verified in Sections 2 and 3 and Picard’s
iteration principle to the integral equation corresponding to (1).

2. Linear estimates

We begin with the IVP of linear fifth order KP-I equation:

{a,u+aa,§u+a§u+a;la§u=0, (13)

u0,x,y) =¢(x,y).

By the Fourier transform (T), the solution of (13) can be defined as

(). ) = (SO9)(x,3) = [ SUEIHEDG e ) di d.
R2
By Duhamel’s formula, (1) can be reduced to the integral representation below:
t
u(t) =S¢ — %/S(r —1)d, (uz(t/))dt/. (14)
0

So, in order to get the local well-posedness we will apply a Picard fixed point argument in a suitable function space
to the following integral equation:

t
u(t) =Y (6)S(t)p — ’”Tz(” f St —1)dy (> (") dr', (15)
0

where ¢ belongs to R, i/ is a time cut-off function satisfying:

¥ € CP(R); supp ¥ C [—2,2]; v=1 on[-1,1],
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and ¥7(-) represents ¥ (-/T) for a given time T € (0, 1). Consequently, we need to define an appropriate Bourgain
type space, which is associated with the fifth order KP-I equation. To this end, for s1, 52 > 0 and b € R the notation
X, is used as the Bourgain space with norm:

lull g2 = |[{z — (. W) E (2 & )| 2 s

where (-) stands for (1+1-]%)1/2 ~ 1+ -|. Furthermore, for an interval / C R the localized Bourgain space XZI’Sz (I
can be defined via requiring:

el 152 gy = in£.52{||w||le“‘2: w(t) = u(r) on interval 1}.
wexX,
The following two results are known.
Proposition 2.1. (See [17].) If
Te0,00); 51,520 —=<b <0<b<bH +1,
then

lwSs@®e|

x;12 SISl s (R2)5 (16)

ST R oy, (17)
b/

t
H Y(/T) / St —tHh(t')dr
0

5.5
Xy

Jor any ||h]| ys1.52 < o0.
b/

Proposition 2.2. (See [1].) If r € [2, 00), then there exists a constant ¢ > 0 independent of T € (0, 1) such that

1_1
=it 277 (SO) . p)| 2, <cllzge). (18)
Li=“L"(R?)
where
T 2 ’2;2
r r=2 d
(K= =<f(/|f<x,y,r>| dxdy) dr) :
L;=“L"(R?)
-T RZ

To reach our bilinear inequalities in Section 3, we will use (-)V for the inverse Fourier transform, and take the
dyadic decomposed Strichartz estimates below into account.

Proposition 2.3. Let n be a bump function with compact support in [=2,2] CR and n =1 on (=1,1) CR. For
each integer j =1 set1;(x) =n(27/x) — N7 x), no(x) =n(x), nj & w, v) =nj(t —w (&, ), and fiE, 1, 7) =
&, w, OIfIE, 1, 7))V for any given f € L?(RY). Then for given r € [2,00) and any T € (0, 1) we have:

J
2 S22l sy (19)

R
” =i fj| Li72Lr(R?)

in particular,
o 1 i
[1=i0x13 £l 13 1y S 2215 2y (20)
Proof. Note first that

f,-(x,y,n=/ei<"$+>’“+">|f|n,~<s,u,r)d&dudr.
R3
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So, changing variables and using ﬁ(é, w) = |f| (&, u, A + w) we can write:

fiGry. 0= f (I ERIIHOAOD| Fl(6 12+ w); (A) dE dpudh
R3
= / e’“mm[ / e CERIIHO)| £1(E, 1, b+ w) dE du] dx

R R2

= / eit}hﬂj()\)s(t)fk(xv y) dax.
R

Now the estimate (19) follows from Minkowski’s inequality, the Strichartz estimate (18) and the Cauchy—Schwarz
inequality. O

The following well-known elementary inequalities are also useful — see for example [17, Proposition 2.2].

Proposition 2.4. Let y > 1. Then

dt
- -V
/<r>y<t—a>V5<“> ’ @D
R
and
/Llsmré, 22)
J oyl —al?

hold for any a € R.
3. Bilinear estimates

Although there were many works on the so-called bilinear estimates, we have found that the Kenig—Ponce—Vega’s
bilinear estimation approach introduced in [12] is quite suitable for our purpose. With the convention: when a € R the

number a= equals a £ € for arbitrarily small number € > 0, we can state our bilinear estimate as follows:

Theorem 3.1. If s1, s2 > 0 and functions u, v have compact time support on [—T, T] with 0 < T < 1, then
” Oy (uv) |

v S lull g vl g (23)
-1+ I+ I+
Proof. In what follows, we derive (23) using the duality; that is, we are required to dominate the integral,
1E1(5)" (u)*™ N .
——8&, w, D) ulGr, w1, TI(GE2, n2, ) dErd i dTidr dpr dr, 24
FAGETICANE:
where ¢ >0, [Igll 22y < 1 and
A*={E, 1, n, 6,10, ) R S+ =8, i+ pa=p, n+n =1}

Let

o=1—w(,Ww); o1 =1 — w1, 11); o2 =12 — (&2, n2).

Define two functions below:

fier wn T = ED ) (o) T [aEr, wr,7)

’

and

f2(&2, n2, ©2) = (£2)" (u2) ™ (02>%+|13($2, pa, )|
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Then we need to bound the integral,

/ K (&1, 1, 11, &2, 2, 1) 8 (€, w0, ) f1 (€1, 1, T1) f2 (&2, 2, 12) dé1 dpr dty dér djua d o, (25)
A*

from above by using a constant multiple of || f1ll 23l f2Il .2 (gr3)- Here

K€L 1,11, £, 12, T0) = < &1 + & )( &+ &) >< (11 + p2)*™ )
T (0)2 (1) T H (op) 2/ \(61)*H (62 )\ ()2 ()2 )7

It is clear that for s1, s > 0 we always have:
1§1 + &2l
(@) (o1) T (02 2

Keeping a further assumption |&1| > |&2| (which follows from symmetry) in mind, we are about to fully control the
integral in (25) through handling two situations:

K&, 1, 11,8, 12, ) S

o Situation 1—Low frequency |&; + & | < max{10, |«|}.

o High + High — Low |&1], || 2 max{10, |«|}. We first deduce a dyadic decomposition. Employing 7; in
Proposition 2.3, we have > j=onj = 1, and consequently (25) can be bounded from above by a constant multiple
of

Zz_/(%_)/nj(a)g(é,u,r)(fl(gl’ul’Tl))(fz(gz’ﬂlz’n))d& Ay dry dés dpn d oo, (26)

1 1
20 ) (o1)2 " (o2) 2"
We may assume that for each natural number j,
Gi(x.y.t)=F ' (nj(0)g&. . 1) (x.y.0),

has support compact in the interval [T, 7] whenever it acts as a time-dependent function, where F~! also denotes
the inverse Fourier transform. In fact, if we consider the following functions generated by F~!:

Sir, )
1

Fi(x,y,1) =]-'1<
(o7)2

)(x,y,t) fori=1,2,

then the integral in (26) can be written as an L? inner product (G j» F1F2). Since u and v (acting as time-dependent
functions) have compact supportin [—T', T'], so does Fi F,. As aresult, the inner product (G ;, F F2) can be restricted
on the interval [T, T], namely, we may assume that G; has the same compact support (with respect to time) as
F1 F»’s. Now, an application of (20) yields that the sum in (26) is bounded by a constant multiple of

Y 271G, FiR)
j>0
< > (2—./(%—)2—./1(%+)2—j2(%+)
JrJ1,j220
X”|—i3x|%(77j1(Ul)fl)v|‘L‘;L4(Rz)H|_i3x|41_t(lez(Gz)fz)vHLém(Rz)||;7j((7)gHL2(R3))
s ) (2—j<%—>2—m<%+>—%lz—jzu%ﬂ—%lHnjl(cn)fl||L2(Rs)||nj2(az)f2||L2(R3)Hnj(a)g||L2(R3))
Joirsj2>0
S il 212 @3-

o Low + Low — Low |&1], |&| < max{15, |«|}. Via changing variables and using the Cauchy—Schwarz inequality
we can bound (25) with

1

/Kll</‘fl(§1,l/«],fl)f2(€—EI,M—MI,T—T1)|2CZTI dé dM)Zg(é,M,T)dEdeT,
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where
1

PR (/ dvid& dp )
"o\ e )Tt 0@ — g p) )

We need only to control K;; using a constant independent of &, i, 7. By (21) we have:

K, < 8! (f déydp )
Yoy \J t—eG w0 - p—p)) )

An elementary computation with the change of variables,

v=1—w(,pn) —wl—§&,n—pu),
shows

d 1
’ﬁ' > (€12 |0 +&&1 (& — &) (5% — 58&1 + 56 — 3a) — v

1
2
)

and consequently

3 1
Ky < Iélj (/ dé dv 1)2'
(o)™ ()1 *]o + §51(6 — §1)(56% — 5681 + 567 — 3a) — |2
By (22) we further get:

1
Ky < / 41 7 )2 Sl
(0 +E&1(E — £1)(SE2 — 568 + 567 — 3a))2

&1 1 Smax{15, |}

o Situation 2—High frequency |&; + & | 2 max{10, |«|}.
o High + Low — High |&| < max{10, |a|} < |&] ~ |&1]. As above, we apply the Cauchy—Schwarz inequality to
bound the integral in (25) from above with a constant multiple of

1

/Km( /|f1<sl, 1 ) o€ — E1p— T — )P v iy du1>2g(§, w1 dé dudr,

where

P ( / dri g )
()2~ (m—o@. ) -1 -0 —&.u—p))'t)

but also we have the following estimate:

K, < ! </ déydp, )
Yo\ Tme@m-eE —gu— )T

Under the change of variables,

K = EE1(5 — &) (56 — 568 + 561 —3a); v=1—w(E n -l =8, u— 1),

the Jacobian determinant J enjoys

1
S 2
~ A 1 5 1
€110 + Kk — VI3 (€15 — 20?2

As a by-product of the last inequality and (22), we obtain:

1

P </ I dic dv )%< 1 </ |2 dic )7
hl S 1 ~ .
13 (0)2~ \J o+ —v[2(E]5 = 20y (v) 1+ £13(0)2~ \J (o +K)2(E]S —2lk])?
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Since |& — ;| < max{10, |«|}, we have |«| < |&|*, whence getting

Khlﬁ%( / L)j <.
1§[%(o)2~ (0 +x)2

lie| SIgT

o High + High — High |&1|, |&| 2 max{10, |«|}. Since |&1| > |&2|, we have |&;| 2 |&1 + &>|. Under this circum-
stance, we will deal with two cases in the sequel.

o Case (1) max{|o|, |o2|} 2 &1 2. Decomposing the integral according to |£1| ~ 2™ where m = 1,2, ..., we can
run the dyadic decomposition:

lo| ~ 27, lo1| ~ 271, loa| ~ 272 for j, j1, j»=0,1,2,....

If |o| > |o2| > |£1/%, then an application of (20) yields that the integral in (25) is bounded from above by a constant
multiple of,

Z Z Z (237"'2*](%*)2*]1(%+)2*j2(%+) ” ’71'(")3||L2(R3)
mz21j22m jy,jp20
X 1=l (€00 @0 1) 1 sy | 1= (1202 12) | 1 1)
S Z Z Z (2_,'(%_)237'"2—,'] G+ _%]z_jZ[(%+)_%]’| nji(01) fi ”LZ(R3)” 1j,(02) f2 ” LZ(R3)H’7J(U)8” LZ(R3))
mz21 j=2m ji,j220
S Al @yl 202wy -

If |o2| > |o| > |& %, then a further use of (20) derives that the integral in (25) is bounded from above by a constant
multiple of,

>y Z(2%27j(%7)27j1(%+)27j(%+)||77j2(02)f2”L2(]R3)
m>1 jp>2m.j>0 ji>0
x 1=l (€O @0 1) 1 gy | 11015 (1 @)8) | 1 sy
52 Z Z (Z_h(%ﬂz%z_h[(%H_%]z_ﬂ(%_)_%]”’71'1(01)fl”L2(R3)||’71'2(<72)f2||L2(R3)”’71'(0)8”L2(R2))
m21 jp22m ji,j220
S ||f1||L2(R3)||f2||L2(R3)~

© Case (ii) max{|o |, |o2|} < &1 |2. In this case, we need to consider the size of the resonance function even more
carefully. This consideration will be done via splitting the estimate into two pieces according to the size of resonance
function.

> Subcase (i) max{|o|, |o1], |o2|} > |&|*. This means that the resonant interaction does not happen and conse-
quently |o7| > |£1|*. The dyadic decomposition and (20) are applied to deduce that the integral in (25) is bounded
from above by a constant multiple of,

>y Oox (Z%Yﬂzfj(%*)z*jl(%+)2*j2(%+) [ €O @0 A 2,
mz21 ji1z4m 2m2j, jp 20
x ”|_i8X|%(nj2(O'2)f2)v”L‘}L“(Rz) ”|_iBX|%(nj(g)g)v”L‘;L“(Rz))
DD (2% 271 GH=ilG ) 1lp= Rl H-1)
m>1 jiz4m 2m>j.jr>0
X ” nji (o) f1 ||L2(R3) ” nj,(02) f2 ||L2(R3) ” nj (‘7)8||L2(R3))
S Al L 202wy
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> Subcase (ii) max{|o |, |o1], |o2]} < |&1 |*. This means that the resonant interaction does happen. By the definition
of the resonant function we have:

2
ind S o/

5 5 >27NE + &[5 (5] + £162 +&5) — 3a|.

Let
O =11 — w1, 113 th =1 — w(&2, 12),
and A; j j, be the image of set of all points (§1, &2, i1, 2, T1, T2) € A* that satisfy the following three conditions:
min{|&], &1, 1621} Z max{10, |e|};
lol~2/,  Jorl~2M, ool ~ 27
max{lo|, o1, loal} < I&11%,
under the transformation (£1, w1, t1, &, 12, ©2) — (&1, 11,01, &, ua, 62). If in addition,
Fii =nj (01 f161, w1, 13 Fin =nj,(02) f2(862, 2, T2,

then the integral in (25) is controlled from above by a constant multiple of,

> (2—f'<%—>2—f1<%+>2—f2<%+> f [1£1g(8, 12,61 + (&1, 1) + 62 + 0 (62 + 1)

70 j1.h20 Ajiva
X 0j(61 + 62+ w1, 12) + w2+ p2) — 0 + 8, 11 + p2))
x fiy (81, 11, 01 + (&1, 11)) fip (52, 12, 62 + @ (62, w2)) | dé1 d 1 dEa dpa d6y d92>' 7

To get the desired estimate, we are led to dominate the following sum for each fixed natural number j:

3 (270G f [1€1g(&. 1. 61 + 0 (&1, 111) + 62 + 0 (&2 + 12)

j1.1220 A,
x (01 4 62 + w (&1, 12) + w2 + n2) — w (€1 + &2, 11 + p2))
X fiy (€1, 1. 61 + o &1 w) i (520 12, 62 + 0 (&2, 12)) | dE1 d iy dEr d o db d92)~ (28)

This will be accomplished via considering two more settings.

e () e O

Under this circumstance, we change the variables

* Subsubcase (i)

u==§ +§&,
V=1 + K2, (29)
w=01 + w1, u1)+ 0+ +un),
H2 = K2,
and then obtain its Jacobian determinant
1 1 0 0
0 0 1 1
]M - 4 2 M% 4 2 M% 23] 12
5&) —3akf — 7 5& —3a&y — o 2E_1 25—2
0 0 0 1

=5(5) — &) = 3e(6f - &) - [(%)2— (@ﬂ (30)
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(6]
JiJtJ2 )
subsubcase (i) condition under the transformation (29). Then it is not hard to deduce that |J,| 2 2/ and so that the
sum in (28) is

Suppose now A is the image of the subset of all points (&1, w1, 01, &2, 2, 02) € Aj j,, j, obeying the just-assumed

< Y 2miGhpmidh f WH(%v,w,m,e],ez)dududwdmdeldez, 31)
J1,J220 ) "
)

where H(u,v,w, uz,01,62) is just n;fj, fj, with respect to the transformation (29). For the fixed variables:
01,02, &1, &, i1, we calculate the set length, denoted by A, , where the free variable 1, can range. More precisely, if

B it 2[5 (g2 2 _ _<ﬂ_ﬁ>2>
£ =0 +0 - 2 (@ v aR (s +aa ) 3] - (5 - 1))

then | f'(u2)| > |&11> 2 |u|?, and hence A, < 2/|u|~2 follows from:
101+ 602 + 0 (&1, 12) + @& + 12) — (&1 + &, 11 + 12)|

_ &5 25 (g2 2y _&_&2)‘NJ
01+ 6> (§1+§2)<($1+§2) [5(67 + &6 +&) —3a] (51 $2> 27

By the Cauchy—Schwarz inequality and the inverse change of variables we have:

|l g (u, v, w)|J |~ H v, w, o, 01, 62) du dv dw dpua d6y d6s
A.(/'}}p.iz
1

i 2
/|u|g(u,v,w)</|JM|_2H2(u,v,w,,uz,el,eg)d,uz) dudvdw do, do,

NI~

<2
1

i 2
52%||g||Lz(R3)/(/IJMI_lHZ(u,v,W,Mz,Ql,Gz)dudvdwa',uz) doy do,

1

2
S ||g||L2(R3)/</ [1 £ Giwi b + 0E. ) de dmdfzduz) db1 do

i=1,2

i 2
S2227 gl 2y 1l L2y | 21l L2 w3y -

It follows from (28) that the sum in (27) is < || fill L22) | 21l L2(R2)-

et —sn -t -[(5) - () ]}«

In this setting, the change of variables taken in subsubcase (i) does not work because the determinant of the Jacobian
may be zero. So, we cannot help finding a new change of variables. Before doing this, we notice that the size |£1] ~ 2™
(for m > 0) can be used but also the integral in (25) may be rewritten as

* Subsubcase (i)

>y (2—“%—>2—fl<%+>2—f2<5+)2’” f [8(5. 1,61 + @ (&1, 1) + 62+ 0(62 + 12))
Jm>0 2m=j x>0 A

x (01 + 62 + 0 (&1, p2) + 0 & + 12) — w1 + &, 11+ p2))

X fon gy (€1, 11,01 + 0 (&1, 101)) o (82, 12, 62 + 0 (&2, 12)) | dE1 duy A2 d o d6, d92), (32)
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where f, j; = nm (1)}, (01) f1(€1, 1, T1). Now, we choose the following transformation:

u=%§ +§&,
V=1 + K2, (33)
w=01+ w1, u)+0+w+un),
§1=461,
and moreover assume that A(z)1 i is the image under (33) of the set of those points (&1, 1,01, 62, u2,62) € Aj ji s

satisfying the just-given subsubcase (ii) condition. A calculation yields that the associated Jacobian determinant of the
last transformation (33) is:

1 1 0 0
L 0 0 11 :2(ﬂ_£) .
87| 5gd 32 — 52 564 — 30kl — gz 2 22 YA
1 0 0 0

From this formula it follows that |Jg| 2 |&1]. Next, we fix 01, 62, &, i1, 12, and estimate the interval length Ag, of

the free variable &;. Putting
2 2
hE) =5(6* — &) — 30 (8> - &3) — [(%) - (%) } (35)

B (&) =208 — 60t +2(1u1 /6)%6 L. (36)

Since now A’(§1) has the same sign as &;’s, we conclude |h'(§1)] 2 |&1 13, thereby finding Ag, < 2/ =3m Consequently,
the sum in (32) is:

we compute

Z Z 2/’(—%-!-)2"1 / MH(L{,v,w,§1,01,92)dudvdwd§1 do6dos, (37)
Jj1,m=20 2m>j, j» >0 ) | El

Jri1:72

where H (u, v, w, &1, 01, 62) equals n; f,_j, fj, under the change of variables (33). Note that by the Cauchy—Schwarz
inequality:

gu, v, w)
TH(M, v, w, El, 91, Gz)dudvdwd§1 d@] d92
@ y
Jod1-2

1

<273m2 %/g(u v, w)(/IJsl 2H (u, v, w, 51,91,92)6151) dudvdw dt dt

<27imy %|g||L2(R3 /|J§|_2H2(u,v,w,§1,91,92)dudvdwd§1> do, do,

1
< 2—2m22 ||g||L2(R3 (

2
/ |J§|_1H2(u, v, w,§1,91,92)dudvdwd$1) do,do,

_ i
<2 2’"22||g||L2(R3)/(_/ 1_[ FPE . 0+ 0@, Mz))dé*zduz> do,do,
=1,2
ComAd AL T2
$272232227 gl 2y I Aill L2y L 2 ll L2 ey -
Thus the sum in (32) is

(1 j sl 1 (L 1
YooY (2GR G g g fill s 1 2 2y
m, j120 2m> jp,j 20

Sl 2wyl 20 L2gs)- O
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4. Proof of Theorem 1.1

o Local well-posedness. Consider the integral equation associated with (1),

t
u(t) =Y (6)St)p — ‘”TZ(” f S(t — 13, (> (") dr’, (38)
0

where 0 < T < 1, and 7 (¢) is the bump function defined in Section 2. It is clear that a solution to (38) is a fixed point
of the nonlinear operator:

1
L) = (1)St)$ — ‘”Tz(’) / St — )0, (u? (1)) dt'. (39)
0

Therefore we are required to verify that L is a contractive mapping from the following closed set to itself
B, = {u € X, ||u||X»;1,x2 < a=4c|| Pl gs152 w2y 271 < b}. (40)

Here and hereafter ¢ > 0 is a time-free constant and may vary from one line to the other. By Proposition 2.1 and
Theorem 3.1, there exists o > 0 such that

[

w2 Sl ey + Tl (41)
Next, since 9, (u?) — 8, (v%) = 8, [(u — v) (u + v)], we similarly get:

|L@w) — L)

e ST u—=vllgon (||M||X;1-~‘2 + ||U||X21~S2)- 42)

Choosing T = T ([|¢|l ys1.52(r2)) such that 8cT7 || @l ys1.52 w2y < 1, we deduce from (41) and (42) that L is strictly
contractive on the ball B,. Thus there exists a unique solution u € X‘;‘ S2([—T,T]) € C([—T, T1; H*"%2(R?)) (thanks
to b > 1/2) to the IVP of the fifth order KP-I equation. The smoothness of the mapping from H*'%2(R?) to
XZI’SZ ([-T, T]) follows from the fixed point argument. Because the dispersive function w (&, ) is singular at £ =0,

the requirement |& |_1q3 e S'(R?) is necessary in order to have a well defined time derivative of S(¢)¢. So, the argu-
ment for the local well-posedness is complete.

o Global well-posedness. We first handle the global well-posedness of (1) in the anisotropic Sobolev space
HSI’O(Rz) with s1 > 0. Suppose ¢ € HSI’O(R2). Then by local well-posedness there exists a unique solution
ueC(-T,T]; H“’O(Rz)) of (1). We claim that there exists 7', depending on ||¢||L2(Rz), such that on the interval
[=T, T] one has:

ﬂ‘ipT””(” | 102y < €@l o) (43)
s

With the help of this claim and the local well-posedness part of Theorem 1.1 with u(7T) and u(—T) being initial
values, we can extend the exit time to the positive infinity step by step in that the exist time 7’ depends only on,

and

max{ HM(T)” H1-O(R2) u(=T) ” Hxl,o(Rz)} < C||¢||HS1,0(R2)-

To check the claim, let J;' = (I — Bf)s 1/2. Then from the definitions of the anisotropic Sobolev space and the
Bourgain space it follows that

|3 ] 2 g2y = Nl 02y and |;J;'u||xg,o=||u||le,o.

Letting J;' act on both sides of the integral equation (38), we derive
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t
Ju@)y =y )St)J ¢ — @ f St — )50, (u (1)) dt'. (44)
0

By Proposition 2.1, we have:
[vS@ 3] g00 < clldll oro), (45)

as well as

t
Yy (1) / St — 1) () dr | <cT' P80, (P () | oo (46)
b/
0

0,0
Xb

A slight modification of the argument for the bilinear estimates carried out in Section 3 can produce the following
bilinear estimate:

[ 7510, (u?) ] x0o <cllullyoo [ Iu] goo. (47)
-5+ 5+ 5+

Combining (45), (46) and (47), we get:

|73l a0 < el o + Tl oo | 73] a0

By (41) with s; = s2 = 0, we can choose T = T (||¢ || ,2(g2)) such that ¢T [[u ||X2,0 < % Thus by (47), we have:
721062 |00 < el oy +27 |20 oo,

Since b > %, we obtain the fundamental embedding inequality:

sup [[u()] ysy.oay < |32 yoo < clldll oo gy-
IST
as well as (43) which verifies the claim.

Similarly, the operator J;Z = - 83,)32/ 2 can act on both side of the integral equation (38). As a result, we get:

2
| 7520, (u )||Xj.l,lo <cllull g | J32u] 10 (48)
-5+ 5+ 3+
thereby obtaining the following estimate:

3 2 s

” J;Zax (’/l )HXSI-IO < C||¢||H~‘1~S2(R2) +CTU||’4||X21~0 ” J;ZM”XZLO-
-1+

By (43), we can also choose a time 7" so that it depends on || s,.02) and obeys cTullys;0 < % Finally, we
arrive at

Sup “M(t) || H‘YIV‘YZ(RZ) = Sllp || J;:Zu(t) H H‘YI'O(RZ) < “ J;Zu ||XS1’52 < c”¢|IHX1“"2(]R2)'
11<T 1<T b

Note that the previous constant ¢ > 0 is time-free. So, as before we can extend the exist time to infinity step by step,
and therefore finish the proof of the global well-posedness.
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