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1. INTRODUCTION

Consider the linear regression model
y,=a+ Bx,+e, i=1,2,..., (1.1)

where a and B are unknown parameters and the errors ¢, ¢€,,... are
independent and identically distributed (i.i.d.) random variables with mean
0 and variance o2. In the econometrics literature, the “multiperiod control
problem” is to choose successive levels x,,...,x, in the model (1.1) so that
the outputs y,,...,», are as close as possible to a given target value y*.
Several authors have approached this problem from a Bayesian point of
view, formulating it as the problem of minimizing
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where 7 is a prior distribution of the unknown parameters a and 8 (cf. [15,
17]). However, because of the computational complexities in the numerical
solution of the dynamic programming problems and the analytical difficul-
ties in studying the properties of the Bayes rules, not much is known about
the performance of these rules and it is difficult to implement them in
practice.

A recent. departure from the Bayesian approach is due to Anderson and
Taylor [1]. Noting that the optimal level is x = (y* — «)/f8 when a and
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B # 0 are known, they assume for the case of unknown a and B prior
knowledge of bounds K, and K, such that

—o0 <K, < (y* ~ a)/B<K, <, (1.3)
and propose the rule
X = Ky A {Iéi—l(y*_&i)vKl}’ i=2, (1.4)

where V and N denote maximum and minimum, respectively, and
h={S Gma) [Tl a=n-ga 09
r=1 r=1

are the least-squares estimates of 8 and a at stage /. (Here and in the sequel
we use the notation a; for the arithmetic mean of a,,...,a;.) The initial
values x,, x, of the recursion (1.4) are distinct but otherwise arbitrary
numbers between K, and K,. Anderson and Taylor call this rule the
“least-squares certainty equivalence” (LSCE) rule and, assuming the errors
€, to be normally distributed, they carry out some Monte Carlo simulations
of its performance. Based on the results of these simulations, they conjecture
that for the LSCE rule (1.4), x, converges to § with probability 1, where
8 = (y* — a)/B, and that n'/*(x, — 0) converges in distribution to a
normal random variable with mean 0 and variance a2/82. They also raise
the question whether the least-squares estimates & and B, are strongly
consistent. In Section 2 we disprove the conjecture and give a negative
answer to the question.

Another suggestion for treating the multiperiod control problem is due to
Aoki [2]. He assumes that the sign of 8 is known, say 8 > 0, and proposes
the use of a Robbins—Monro stochastic approximation scheme

Xip1 = X = ¢ (3 — y*), (1.6)
where {c,} is a sequence of positive constants such that

[ ]

D2 < oo, Ne, = oo. 1.7)
1 1

(If B <0, then (1.6) is replaced by x,,, = x; + ¢,(y; — y*).) The condition
(1.7) ensures (in the case 8 > 0) that the stochastic approximation scheme
(1.6) converges to @ with probability 1 (cf. [3, 16]). As shown by Chung [6],
the choice ¢; = (i8) ™' leads to an asymptotically normal distribution of x,
with the smallest asymptotic variance. For this optimal Robbins—Monro
stochastic approximation scheme

Xiv1 = X; ()’i —y*)/ (iB), (1.8)
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the following properties hold (cf. [10]):

5
n]/z(xn—ﬂ)ﬁN(O,oz/Bz), (1.9)
limsup(n/210310gn)1/2|xn—0|:o/,8 as., (1.10)
lim 3 (x,— 0)’/logn=06?/B* as. (1.11)
h— 00 1

Here and in the sequel, the notation iD» denotes convergence in distribution,
“a.s.” means “almost surely” (with probability 1), and N(g, 02) denotes the
normal distribution with mean p and variance 2.

In the case of known @, the least-squares estimate of # based on the
observations x,, ¥y,...,%;, ¥; is X, — By, — y*), and therefore the
iterated least-squares procedure for choosing the level x; amounts to

the recursive scheme
X1 =% — (3, = »*)/8B. (1.12)

This recursion turns out to be equivalent to the stochastic approximation
scheme (1.8); in fact, for every constant ¢ and positive integer n, we have the
equivalence

X =X —c(y—y*) foralli=1,...,n
sx . =x;,—c(y,—y*)/i foralli=1,...,n (1.13)
(cf. [10]).
When S is unknown, it is natural to replace 8 in (1.8) or (1.12) by some
estimate b, = b/(x,, y,,...,X;, y;) of B based on the data already observed.

Such a modification of (1.8) leads to the adaptive stochastic approximation
scheme

Xig1 — X — (y,'_y*)/ (ib,')- (1.14)
Modifying the iterated least-squares procedure (1.12) likewise leads to
X1 = X, — (¥, — y*) /b (1.15)

In spite of the equivalence between (1.8) and (1.12), the recursions (1.14)
and (1.15) are no longer equivalent when the b, are changing with i. In
Section 3 we obtain a general representation theorem for (1.15) and com-
pare it with the corresponding result for the stochastic approximation
scheme (1.14).
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We have recently developed in [10-12] an asymptotic theory of adaptive
stochastic approximation schemes of the form (1.14). In this paper we
extend the theory to recursive schemes of the type (1.15). Note that if we let
b, = ,é,., where B,. is the least-squares estimate of 8 in (1.5), then the recursive
scheme (1.15) reduces to the LSCE rule (1.4) with infinite truncation points
K, = —o, K, = c0. In the counterexample of Section 2 on the LSCE rule,
we exhibit an event with positive probability in which the sign of g, differs
from that of 8 for all i. In practice, although the value of B is unknown, its
sign is often known. Making this assumption and therefore choosing b, in
(1.15) to have the same sign as B, Theorem 2 of Section 4 shows that the
recursive scheme (1.15) converges a.s. to §. The requirement that b, should
have the same sign as § also plays a vital role in establishing the a.s.
convergence of the stochastic approximation scheme (1.14) (cf. [3, 10]).
Estimates of the rate of convergence of the recursive scheme (1.15) under
various general assumptions on b; are also obtained in Section 4.

As in [10], we call the cumulative squared difference Z%(x; — 6)* of the
design levels x,...,x, from the optimal level & the cost of the design at
stage n. The relevance of this quantity to the multiperiod control problem is
shown by (1.2). In Section 5 we obtain estimates of the cost 37(x, — 6)? for
the recursive scheme (1.15). In particular, we show that if b, - 8 a.s., then
the cost Z7(x, — ) of (1.15) also satisfies the asymptotic relation (1.11) for
the optimal Robbins—Monro stochastic approximation scheme (1.8).

We have recently shown in [12] that if bounds B, and B, for 8 are known
such that 0 < B, <8 < B, < co and we let b, = B, A (f,VV B,), then the
stochastic approximation scheme (1.14) with this choice of b, has the
asymptotic properties (1.9), (1.10), and (1.11) of the optimal Robbins—Monro
stochastic approximation scheme (1.8). In Section 6, by setting b, in the
recursive scheme (1.15) equal to a similar truncated least-squares estimate of
B, we obtain a modified version of the LSCE rule which also has the
asymptotic properties (1.9), (1.10), and (1.11). Thus, although the natural
idea of using the least-squares estimates &;, f; iteratively to replace the
unknown parameters a, 8 in the optimal level (y* — a)/B does not lead to
an a.s. convergent rule, a suitable modification of this idea does have the
desirable convergence properties conjectured by Anderson and Taylor.

2. COUNTEREXAMPLE TO THE ANDERSON—TAYLOR CONJECTURE

Consider the linear regression model (1.1) in which the errors ¢, are i.i.d.
N(0, 0%) random variables with ¢ > 0 and the levels x; are defined recur-
sively by the LSCE rule (1.4). Note that in this case of normal errors, the
maximum likelihood estimate of # = (y* — «)/B, subject to the bounds
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(1.3), based on the observations x,, y,,--.,x;, y; is K, A {B7{(y* — &) V
K,}. Therefore the LSCE rule (1.4) simply uses the maximum likelihood
estimate of & as the choice of the next level x,, ;. Based on Monte Carlo
simulations involving normal errors, Anderson and Taylor [1] conjecture
that the LSCE rule converges a.s. to # and that n'/?(x, — 8) @>N(O, 02/B?).
In this section we give a negative answer to this conjecture by exhibiting an
event with positive probability in which x, does not converge to 4.

Without loss of generality we shall assume that § >0, 8 =0, and
K, = K= —K, with K> 0. Consider the LSCE rule (1.4) with initial
values x; = 0 and x, = K. Letting

__ e <3k 2 c 2l
A—{ 16KB<c2 € < 2K,3, 16KB<£2<64KB,and

n+ 40 “ n— 42
e KB<i§3c,-< <3 Kﬁfora11n23}, (2.1)

it follows from the strong law of large numbers, the independence between
€, — ¢, and €,, and their independence of {27_,¢;, n = 3}, that P(4) > 0.
We now show that

x,=K foralln=2onA. (2.2)
The proof of (2.2) is by induction and makes repeated use of the following
algebraic identities: For n = 3,

2iNe,— &)= é il — é {i(i - 1)}1{2€2 + li;j}

i=3 i=3 =

j=3
while for n = 2,
E(xi—fn)ei ' Ei—l(i_ 1)(xi—fi—l)(€i—€i—l)
fo=p+ =B+

2()‘:‘_)?n)2 Ei_l(i— 1)(xi—)?i—l)2

| (24)

(ct. [8).
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Since K, = K = —K, and § = 0, the LSCE rule (1.4) can be written as

xi =KA{[(1=B878)%,— B7%¢] V(-K)}, i=2. (2.5)

Since x, = 0 and x, = K, it follows from (2.4) that ﬁz =B+ K (e, — ¢),
and therefore

~%B<B,<—4iB ond. (2.6)
Noting that X, = 1K and that ¢, > 0 on 4, we then obtain that on 4
(1= By'B)x, — By ', > 4K(1 - B, B) > K,

and therefore x, = K on A4 by (2.5).

Let n =3 and assume that x;, = K for all i =2,...,n on A. Then for
nz=i=2 x;=i (i— 1)K and x; — x,_, = K/(i — 1) on A. Therefore
on A,

%i_l(i = (x; — x—i—l)z = Kz% {i(i - 1)}_1 =K(1—-n7"),
(2.7)

n

%i_l(" D% ) — €)= Kz i, — &)

2
=K{3(e; — ) +(& - &)},
by (2.3). (2.8)
From (2.1), it follows that on A
—#KkB <1(e; —€¢) < —EKB, —GKB <&, — & < —GKB.
(2.9
By (2.4), (2.7), (2.8), and (2.9), we obtain that on A
B.>B—%B/(1—n"")= — 4B,
B,<B—EB/(1—n")< —28. (2.10)

Since X, =n"'(n — 1)K =3K and é,> — 4KB on A, we obtain from
(2.10) that on A4,

(1-88)x,— B,%,>(1 + )3k — K> K,

and therefore x, ., = K by (2.5), completing the induction argument.
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3. A REPRESENTATION THEOREM FOR THE RECURSION (1.15)

For any real sequence {a,}, let 3¥_,a, = 0 if i > k. In view of (1.1) and
the fact y* = a + 6, the recursion (1.15) can be written as

xi+1—0:(1 _Bbi_l)(ii_a)_biilgi- (3.1)
The following representation theorem for the recursion (3.1) provides a
useful tool for analyzing the recursive scheme (1.15).

THEOREM 1. Let m be a positive integer, and let {x,},{¢,},{a,},{c,},
n = m, be sequences of real numbers such that

X, =0—a,)x,—cg,, n=m. (3.2)
Then for n = m,
n—1
Xp+] = Bm—l,n'fm - 2 lBanjgj/ (J + 1) - CnEn’ (33)
Jj=m

where
Bnn: 1’Bn—1,n =1- an’

B,=0—-a,) Il O—a_,/k), n=z=j+2 (3.4)
k=j+2

We preface the proof of Theorem 1 by the following

LeMMA 1. Let N, m be positive integers such that N> m, and let
{a,},{d,},m=n=<N, be two sequences of real numbers. Suppose that
d,, = 1. Then the following statements are equivalent:

do,=0—-a)n ' Y¥d, N—-1=nzm; (3.5)
i=m
n ld
n'Sd=m"' [ 01-a_/k), N=n>m; (3.6)
i=m k=m+1
n—1
dpir=m'(1-a,),d,=m (1 -a,) I O—a/k)

k=m+1
forN=n>m+ 1. (3.7)

Proof. Simple algebra shows (3.6) = (3.7), and both the implications
(3.5) = (3.6) and (3.7) = (3.5) can easily be proved by induction on N. O
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Proof of Theorem 1. We prove (3.3) by induction on #. Since 8,,_, ,, = 1
—a,, (3.3) obviously holds for n = m. Assume that (3.3) holds for all n
with m < n < N — 1. Then by (3.2),

N—1
XN+1 = (1- aw)(mfm + 2 xt+1)/N" CNEN

I=m

N1 N—1i—1
=N"'(1 _aN){ m + 2 .Bm—l,t)fm_ 2 2 Bjicjc_j/ (j+1)
i=m i=m j=m
N—1
— > it — Cyéns by induction hypothesis,
N
=N —ay)i{m+ 2 Buorict])¥n — cv—ién—
i=m+1
N—2] N-1
= 2| 2 B+ +D|ge/(+ 1) —enén
Jj=m | i=j+1
(3.8)
Putd,=m B, ,,_ fori>mandd, = 1in Lemma 1 and note that (3.4)

implies that (3.7) holds with a, = a,. Hence we obtain from (3.5) that

N Y1 —ay)

N N
m + 2 Bm*l,i—l) =m(1 _aN)N_l 2 d;

i=m+1 i=m

=mdy. = Buy, N (3.9)

Likewise, putting d; = (j + 1)~} fori=j+2andd],, = 1 in Lemma

1, we obtain from (3.5) that

) i—1

N
=(j+DA—ay)N' I 4
i=j+1

=(j+ l)di,\l+l = :BJ‘N- (3.10)

NTI(1 - aw)[_ 2 B t0G+D)

=j+2

Moreover, by (3.4),

N7l —ay) =By n/{(N=1) +1}. (3.11)

From (3.8)-(3.11) it follows that (3.3) also holds for » = N, completing the
induction proof. (O

It is of interest to compare Theorem 1 with the corresponding result for
the stochastic approximation scheme (1.14) which, in view of (1.1), can be
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rewritten as
X — 0= (1—Bb71/i)(x,— 8) — b '€, /i. (3.12)

The following lemma (cf. [10, p. 1202]) provides the analog of the represen-
tation (3.3) for the recursion (3.12).

LEMMA 2. Let m be a positive integer, and let {x,}, {€,},{a,},{c,}, n =
m, be sequences of real numbers such that

xn+l = (1 - an/n)xn - cnen/n' (313)
Then forn = m
Xpt1 = Br;t—l,nxm - Z Bj’ncjcj/j7 (3‘14)
Jj=m
where
B.=18,= Il 0—aysk) fornz=j+1 (3.15)
k=j+1

For the special case ¢, = ¢ and a, = B¢ for all n, it follows from (3.15)
that forn =j + 1,

Bj,ncj/j - Bj’+1,ncj+1/(j +1) = C(l - BC)JB]‘,-Fl,n/ {7(j+ 1)}
=B,/ {J(j+ 1)), (3.16)

where B, is as defined in (3.4). In view of (3.16) and the fact that 8], = B,,,,
application of partial summation to (3.14) in the case m = 1 then reduces it
to the representation (3.3). This shows the equivalence of (3.3) and (3.14) in
the special case m = 1 and ¢, = ¢, a, = Bc. However, when a,, and ¢, are
changing with n, (3.3) and (3.14) are no longer equivalent.

4. CONVERGENCE PROPERTIES OF THE RECURSIVE SCHEME
Xy =X, —(V,—y*)/b

In the counterexample of Section 2 on the LSCE rule, (2.6) and (2.10)
show that Bn and B are of different signs on the event A. When the sign of 8
is known, we should therefore choose b, in the recursive scheme (1.15) to be
of the same sign as 8. Throughout the sequel we shall assume that 8 >0
and that b, > 0 for all n. The following theorem shows that the recursive
scheme (1.15) converges a.s. to § under very weak assumptions on b,.

THEOREM 2. Let €,¢€,,¢€,,... be i.i.d. random variables with Ee = 0 and
Ee* = 6> < o0, and let {b,} be a sequence of positive random variables.



ITERATED LEAST SQUARES 59

Consider the linear regression model
Yu=y*+ B(x, = 0) +e,, (4.1)
where B >0, y* and § are constants, and x, are random variables defined
recursively by (1.15).
(1) On {infb, > 0 and §(nb,,)" =}, x,— f0a.s.
1

(ii) Suppose that there exist positive random variables U, such that with
probability 1

lim U, =, X(nU,) "= oo, (4.2)
n—oo 1
U,=b, foralllargen, (4.3)
and
timsup (log 5;™") // S (1) ™" < 8. (4.4)
n— 00 1

Then x, - 0 a.s. In particular, x,, = 0 a.s. if there exist p >0 and 0 < § < 1
such that with probability 1

(logn) " <b, <(logn)’  foralllargen. (4.5)

Proof. From (3.1) and Theorem 1, it follows that for n = m
n—1
Xpi1 = 0= By (X, — 0) = 2 B,E/ {(G+1)b} —€,/b,, (4.6)
Jj=m

where B, is as defined in (3.4) with a, = Bb,'. To prove (ii), since
7(iU)~" = o(log n) a.s. by (4.2), it follows from (4.4) that lim,,_, . nb,_, =
oo a.s. In view of this and (4.3), with probability 1 we can choose m
sufficiently large such that

1—8/(nb,_,)=3 and U,=b, foralln=m. (4.7)

From (3.4), (4.7), and the ihequality 1 —x <e ™ for x >0, it follows that
with probability 1, for n > j = m,

|8, 1= (1+ ﬁ/bn)exp{—ﬁ » (iU,-ﬂ)*‘}

s{(l+B/bn)exp(—ﬁ_:iﬂ(iu,-_l)“)}exp{ﬁ_jz (iU,-q)“}.
(4.8)
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Since 37, (iU,_ )~ ~ 2""1(iU) ™!, we obtain from (4.4) that

“lexp| — 8 2 (iU_,)""| - 0as. (4.9)

i=m+1

By the law of the iterated logarithm,
€ = 0(7'/*(loglog j)l/z) a.s. (4.10)
Since /), (iU,_;)' = o(log j) as., it follows from (4.9) and (4.10) that
€,/b,~0 and

b8

{(]—l-l) } |eJ|exp{B 12 (iU_-))" } as. (4.11)

i=m+1

Il

j=m
From (4.6), (4.3), (4.9), and (4.11), we obtain that x, — & a.s. A similar
argument proves (i). O

We now study the rate of convergence of x, to @ in the following

THEOREM 3. With the same notations and assumptions as in Theorem 2,
let b* = limsup,_. . b,.

(i) On {inf b, >0, b* <2B}, x, — 8 = 0(n~'/*(loglog n)"/?) a.s.

(i) ForA>2B,x,—0=o0(n"P*)as. on {inf b, > 0, b* <A).

Proof. To prove (i), let A > A > 2 and let A; = {inf b, >0 and b, < A
for all large n}. On A3, we have for n > j = m (sufficiently large),

n
|8, 1< (1 +,B/bn)exp{—(ﬂ/}\) > f‘}. (4.12)
i=j+2
Since inf b, > 0 on A5 and B/X < 1, it then follows from (4.6), (4.10), and
(4.12) that with probability 1, x, — 6 = 0(n~B/M) = o(n~#/*) on A5. Part
(i) is an immediate corollary of Theorem 4 below. O

The following theorem, which is a refinement of Theorem 2(i), says that
with probability 1, a sufficiently long string of b, not exceeding (2 — 1)8
leads to a corresponding string of x,, differing from & by less than a constant
times n~'/?(loglog n)'/2. An analogous result for the stochastic approxima-
tion scheme (1.14) was recently established in [11] under additional assump-
tions on b,.

THEOREM 4. With the same notations and assumptions as in Theorem 2,
assume that inf b, > 0 a:s. Then there exists an event Qy with P(Qy) = 1 such
that all sample points w € §, have the following property: For every given
0 < 1 < 2, there exist C > 0 and positive integers N, k (depending on w and
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n) such that at , for all m = N and | = m*,

max b, < (2 —n)B

m=n=l]
>|x,— 8|< Cn~V*(loglogn)/*  forallm*<n<I, and
|X, — 0|< Cn~"*(loglogn)'?  forallm*<n=<I+12
(4.13)
Proof. 'The assumption inf b, > 0 a.s. implies that sup; _;-p< o | B, | < ©

a.s., and therefore in view of (4.6) and (4.10), x, = 0(1) a.s. This in turn
implies that with probability 1

sup | X,,|< o0, |x,— 8|=0(1"?). (4.14)
m I=isi+1/? o

Let Q, be the event in which (4.14) holds and

b, = infb, >0, | |=0(,;""*(loglog j)"*). (4.15)

Let w € Q, and let 0 <75 <2. Choosing m, large enough such that
B/(ib;_,) <1 for i = m, we have at w

max b,<(2—9)8 and m=m,
I

m=n=

n 1 —
=| B, 1= (1 + B/b*),:l,Lz(l - m) = (14 B/ba)¥a/ Y11
forizn>jz=m, (4.16)

where

i 1
— 1— —— | ~pn~/@w
T i=1-r[no( (2—m)i ) .

for some D > 0. Letting k = 2 such that (1 — k~') /(2 — 3) > 4, we obtain
from (4.16) that at , for m = m, (sufficiently large) and / = m*

>

maxlb,. SQ-—m)B=|Bu-1=n"V?  formF=n=<l (4.17)

m=j=

Making use of (4.6) and (4.14)-(4.17), we obtain the desired conclusion
- (4.13) on x,, — 8 by choosing C and N sufficiently large; this and (4.14) then
provide the desired conclusion on x, — 8 by choosing k' sufficiently large.
O
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The estimates of the rate of convergence of x, to § on the event
{inf b, >0, supb, < oo} given by Theorem 3 are sharp, in view of the
following precise estimates on the events

E = {b, converges to a finite positive limit},

E = [ir_lfb,.>0, sup | b, — b,|= 0((log n) *) for some p > 1] CE,

i>n
E,= [infbi>0, sup | b, — b,|= 0((log n) *) for some p > %} CE,.
! i>n

(4.18)

THEOREM 5. With the same notations and assumptions as in Theorem 2,
define the events E, E|, E, by (4.18) and let b = lim,,_, b, on E.
» oOnEN {b<28},

limsup (n/2loglogn)"?|x, — 8|= (s/B)f"/*(b/B) - a.s.

n— o

(4.19)
where
() =1/{t2—1)}, 0<r#2. (4.20)
(i) OnE,N (b=28},

limsupn'/?|x, — 0|/ {2(log n)(logloglog n)}"/* = a/28  a.s.

n— o

(4.21)

(iii)y On E, N {b> 2B}, nP/%(x, — 0) converges a.s. Moreover, on
E, N {b>2B} N (lim,_ ,nP*(x, — 8)=0),

limsup (n/2loglogn)'*|x, — 8|= (a/B) |f(b/B)|'/*> a.s.,

n— o0

(4.22)

where [ is as defined in (4.20).

To prove Theorem 5, we make use of the properties of slowly varying
sequences; a sequence of positive numbers L(n) is said to be slowly varying
if lim, _ . L({cn])/L(n) = 1 for all ¢ > 0 (cf. [4]). We also make use of the
following uniform law of the iterated logarithm for certain integral trans-
forms of Brownian motion.
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LEMMA 3. Let w(t), t =0, be a standard Brownian motion. Then

(i) P[limsup, . t"2| (1 — a)t™%is* 2w(s)ds + t 'w(t)|/ (2loglog 1)!/?
=QRa—D)"'foralla>4%]=1,
(i) P[limsup, ¢/ |(1 — &)t~ s* *w(s)ds — ¢t 'w(t)|/(2loglog?)'/*
=1 —-2a) forala<i]=1.

Proof. To prove (i1), let
X(t)=(1- a)t'/z_"‘fws“—zw(s) ds
!

=(1— a)j:w(s/t)a_l/zsﬂ/zw(s) ds, (4.23)

Q, = []jmsup | X,(t) — 1 /2w(t) |/ (2loglog 1) * = (1 — Za)_'}.

{— o0

(4.24)
For every fixed a < 3,
VX (1) — 7V 2w(t)) = (1 - a)fws“'zw(s) ds — t* w(t)

= /;ws“_l dw(s) =(1— 2a)_IW(t_(1’2")),
(4.25)

in which w(z), r =0, is a standard Brownian motion. By the law of the
iterated logarithm,

limsup | w(s) |/ (2sloglogs)/*=1 as. (4.26)

§— 00

From (4.24), (4.25), and (4.26), it follows that P(2,) = 1 for every a < 3.
Therefore,

P(N {Q,: a <}, aisrational}) = 1. (4.27)

For fixed ¢ < d < 3 with d — ¢ < 1, we obtain from (4.23) that

sup | X, (2) — X.(1)|= {(1 - c)[(d— c)f(d_c) — 1] +d- c}

c=<a=d

X ft/(d_c)(s/t)c_l/zs_3/2 | w(s)|ds
t

21 - c)f,;d_q(s/r)"“”s*/z | w(s) | ds.



64 LAI AND ROBBINS

and therefore by the law of the iterated logarithm (4.26) for w(s),

limsup[ sup | X, (t) — X,(1)|/ (loglogt)"/*} <K(c,d)  as.,

- 00 c=a<d

(4.28)

where lim,_ o K(d — r, d) = 0 uniformly for d belonging to compact subsets
of (— o0, 1). From (4.27) and (4.28), (ii) follows. Part (i) can be proved by a
similar argument. O

Proof of Theorem 5. On E, we can choose m sufficiently large such that
1 — B/(ib,_,) = 3 forall i = m. Letting y, = II_ (1 — B/ib,_,) forn = m,
we note that on E, y, = n~#/%r, where {7} is a slowly varying sequence of
positive numbers (cf. [10, p. 1202]). Since B;, = (1 — Bb, Dy, /Y for
n>j=m — 1, it then follows that on E

,BJ-,, = (1 - ,Bb;l){(j + 1)/”}B/g"'b7}111 forn>j=zm— 1.
(4.29)

in the event E, C E, since

Bb; ' = Bb~' + 0((logn) *) (4.30)
for some p > 1, we have furthermore that
sup | 7,737 — 1]= 0((log j)_("_l)), and
n>j

7= lim 7, exists and is positive on E|. (4.31)

n—oo

From (4.6) and (4.29), it follows that on E
Xp+1 6= (1 - Bb;l)(m/n)ﬁ/anTle(fm - 0) - En/bn

n—1
— (1= e, B (5 + )T/ (b)) (432)

J=m

To prove (i), letting S(0) = 0 and S(7) = j¢, for j — 1 <t =}, and rede-
fining the random variables on a new probability space if necessary, there
exists by the strong invariance principle (cf. [7]) a standard Brownian
motion w(r) such that

S(t) —ow(r) = o((tloglogt)l/z) a.s. (4.33)

On E N {b < 2B}, since (4.26) holds (with Bb, ' > B/b> 4 and (71}
slowly varying), we obtain (4.19) by using (4.33) and Lemma 3(i) together
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with an argument similar to that in Theorem 7 of [9] for adaptive stochastic
approximation schemes.

To prove (iii), we note from (4.10), (4.31), and (4.32) that on E; N {5 >
B/bY, 22 ,(j + DPP71 & | /(7,41b;) < o0 a.s. and therefore

W5~ 8) = (1~ B/b){mﬁ/bfml(fm _0)

b8

Il

m

. (j+ l)ﬁ/b_lgj/("}'ﬂbj)} a.s.
J

Moreover 1t follows from (4.26) that on E; N {1 > B/b} N (m?/r (%,
- 0) = (.] + )ﬁ/b l_[/( j+1 _[)}

Xppp — 0= (1 - :an_l)"_ﬁ/b’rn E (j+ l)ﬂ/b_léj/ ("'j+1bj) —¢€,/b,.

j=n
(4.34)
From (4.31), (4.33), (4.34), and Lemma 3(ii), it then follows that (4.22) holds
on E, N {3 > B/b} N {mP/br Y%, — 0) = = n(J Tt )PP~ % €/(14.15)}-

To prove (ii), we note from (4.30), (4.31), and (4.32) that on E2 Nn{b=
28},

L —0=0(n""2) = {1+ 0((logn)"*)}¢,/b

n—1

— {3+ 0((ogm)™")}p™'n"'2 3 (G + )%, {1 + 0((log ) "}

Jj=m

(4.35)

with p>3/2. Let $>8 >2 — p. Making use of the law of the iterated
logarithm (4.10) and partial summation, we then obtain from (4.35) that on
E,n {b=28},

Xup = 0= — (2B)‘n“/2{ 2 J %+ 0((logn)8)} as.

Jj=m
(4.36)
By the law of the iterated loganthm for the weighted sum 37_, j~'/%,
whose variance is 6°37_,, j ™' ~ 0%logn,
limsup| X j~'/%|/ {2(log n)(logloglog n)}'* =6  as. (4.37)
n-—oo Jj=m

From (4.36) and (4.37), (4.21) follows. O
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While the law of the iterated logarithm (4.19) for x, follows from the
representation (4.32) and the strong invariance principle (4.33), an applica-
tion of Donsker’s invariance principle (cf. [S]) and (4.32) gives the following
result on the limiting distribution of x,,.

THEOREM 6. With the same notations and assumptions as in Theorem 2,
suppose that there exists a postive constant b such that b <28 and b, > b a.s.
Then

n/2(x, — 8) > N(0, (o2/82)(b/B)),

where f is defined in (4.20).

5. SOME ASYMPTOTIC PROPERTIES OF THE COST 27(x; — §)?

In this section we prove the following theorem on the order of magnitude
n
of the cost D, (x, — 8)? of the recursive scheme x,,, = X; — (J; — y*)/b; in

1
the event E = {b, converges to a finite positive limit}.

THEOREM 7. Under the same assumptions and notations as in Theorem 5,

@ Z(x; — 0)2/logn - (oz/ﬁz)f(b/ﬁ) as.on EN {b<2B};

(i) n~T2/DT(x, — 0)* converges as. on E| N {b>2B}; moreover,
omE,N{b>2B} N {limn_)mn—(lflﬁ/b)z(xi — 6P =0),
1

n

> (x; — 0)’/logn > (a2/82) | f(b/B)|  a.s; (5.1)

1

(i) on E, N {b=2B),

lim sup E(x —~0)/ {(log n) *(logloglogn)} = %;—2 a.s
(52)
hrfl_l)glf Z(x —6)/ {(log n)’/(logloglogn)} = (48) 0*  a.s.
(5.3)

The proof of Theorem 6 makes use of the following result of [14].
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LeEMMA 4. Let €, €, ¢,,... be i.i.d. random variables with Ee = 0 and
Ee?=0>< 0. Let §(a)= o2, j*7, for a=1, and let ¢ (a) =
nO3%, j* T for @ < 4.

(1) Foreveryb>a>1,
P[EEf(a)/logn - 0?/(2a — 1) uniformly ina < a < b} =1. (5.4)
1
(ii) For every c<d <1,

P

2éi(a)/logn - a2/(1 — 2a) uniformly inc < a < a’] =1. (5.5)
1
(iii) For the case a = 1,

lim sup iE?(a)/ {(log n)(logloglog n)} =862 /7%  a.s., (5.6)

n—-oo ]

liminf 3&¥(e)/ {(log n)’/ (logloglog n)} =e*4  as. (5.7)
h— 00 1
(iv) Foreveryr>s>1tand0 <) <],

limsup{ max z": (k_“ b j”‘_1|c'j|)2}/ (log )

n—oo | SSE=rpo J=NK
<(s— %)—202>\2$—1 as. (5.8)

Proof of Theorem 7. To prove (i), we first note that Lemma 4(i) implies

P

=~
Il V=

1

k 2
ke Z j"“e,)/IOgn »06%/(2a—1) foralla> %J = 1.
=1
(5.9)

By partial summation and the law of the iterated logarithm (4.10), we obtain
that on E N {b < 28}

k—1 k
(1 _ Bb*l)k—ﬁ/b Z jﬂ/b*lc-j +é = k—B8/b E jB/b_lﬁj 1 o(k—]/z)
J=1 Jj=1

a.s.,
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and therefore by (5.9),

M =

k—1 2
{(1 ~ BbT kTR Y /e + Ek} /logn > a%/(28p7"' — 1)

j=m

k

Il

m

as. (5.10)

Making use of Lemma 4(iv), we then obtain from (5.10) that on E N {b <
2B},

M=

k j=m

I}

m

k—1 2
{(1 — Bb; )k A/ _2 b~ 'jR/b e + Ek/bk} /log n

- (0?/B2)f(b/B)  as. (5.11)

We note from (4.32) that on E N {b <28},

n n k—1
S (xe — 0= 3 {(1 — bk B b7 G )
k=m k=m Jj=m
2
+&,/b, + o(k‘ﬁ/”fk)} (5.12)

In view of (5.11) and (5.12), it therefore suffices for the proof of (i) to show
that

™M=

k j=m

k=1 2
{k;ﬁ/b E |bj_1(j + l)ﬁ/bil"'k/"'jﬂ — b ljﬁ/b_l | | Ej |}
= o(log n) as. onEnN {h<2B}. (5.13)

To prove (5.13), let § > 0 be a random variable such that 8/b — 8§ > 3 on
{b < 2B}. As indicated in the proof of Theorem 5, {,} is slowly varying on
E. Therefore on E, we can choose m so large that

n/na<(k/(j+1)" form<j<k (5.14)

(cf. [4]). Let 0 <A < 1. Since inf b, > 0 on E, it then follows from (5.14)
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and Lemma 4(iv) that on E N {b <28},

n

2
— — X b— —1- — -
2 [k A T VRS Ve WL IR l!If,—l]

k=m m=;j<\k

n 2
< 2 [[kﬂ/b+6 2 b_,'_l(j + 1):3/”76_1 ’EJI}
k=m

J=Ak

2
+ [k*ﬁ/b E b_ljﬁ/b_llc_jll }

J=\k

<(z, +o(l))logn  a.s.,wherez, >0 as A-0. (5.15)

Since {7,} is slowly varying on E, we also obtain that on £ N {b < 28},

M=

k—1 2
_ e \B/b—1 _ B b—1] -
{k &0 sup b7+ D)/ e/ = b7 DA 1If,-l}

k Ae<j<k j=m

i

m

M=

k

J=m

Il

m

k—1 2
o({kﬂ/b 3 FE } ) =o(logn)  a.s., by Lemma 4(iv).

(5.16)

From (5.15) and (5.16), (5.13) follows.
To prove (ii), we note by Theorem 5(iii) that on E;, N {b > 28}, n?/%(x,
— 6) converges a.s. to some random variable z, and therefore

n

> (x,—8) ~ (1 —28/b) 'n'"28/522 43, (5.17)
1

Moreover, on E; N {b > 2B} N {z = 0}, (4.34) holds, and therefore
Xy — 0= (1 - Bbk_l)k_ﬁ/b 2 bj-l(j + l)ﬁ/b‘lgj("'k/'ﬂ'ﬂ) —€/by,
i=k
by (4.34),

=(1—Bp )b kTEE Y RN, — €, /b
j=k
+0(k~"*(log k)"~ "(loglog k)l/z) a.s., by (4.10), (4.30), (4.31),

=b7%TF X jB T +o(kTV?) as. (5.18)
j=k



70 LAI AND ROBBINS

The last equality above follows from partial summation and (4.10). By
Lemma 4(ii),

n

0 2
3 (k_“Ej"_lej) Jlogn - 62/ (1 —2a) foralla<i|=1.
=k

(5.19)
From (5.18) and (5.19), it then follows that on E, N {b > 28} N {z = 0},

n

S(x,—8) /logn - b 2%/ (1—28b7") = (62/82) |f(b/B)| as.

1

To prove (iil), since (4.36) holds on E, N {b =28}, we have on
E, N (b=2B)

gn: (X0, — 0V =028 E k™ {g j'/zcj+o((logk)8)} a.s.,

(5.20)

where 8 < 3. From (5.20) and Lemma 4(iii), the desired conclusion follows.
O

Noting that Z}(x, — X,)* = 2/(x, — 6)*> — n(x, — 6)*, we can combine
Theorem 7 with Theorem 5 to obtain

COROLLARY 1. Under the same assumptions and notations as in Theorem
5,

@ In(x;,— x,)*/logn > (oz/ﬁz)f(bdﬁ) as.on EnN {b<<2B};

) on E, N {b>2B), n /DN (x, — x,)* converges a.s. to

(B/bY’z?/{(1 — 2B/b)1 — B/b)*}, whlere z = lim,_ , n?/%(x, — 0);
moreover, on E; N {b>2p} N {z =0},

i(x,. —%,) /logn - (a2/B%) | f(b/B)| a.s.; (5.21)

(i) on E, N {b =28},

lim sup é(x,. - %,)"/ {(log n)*(logloglog n)} = —2—2 ;—z a.s. (522)
n—>oo 1 T
lim inf E(x x,)/ {(log n)’/ (logloglogn)} = (48) s>  a.s.

n—oo

(5.23)



ITERATED LEAST SQUARES 71

6. AN ASYMPTOTICALLY EFFICIENT MODIFICATION OF THE LSCE RULE

In this section we assume that positive lower and upper bounds B, and B,
for the slope B in the linear regression model (3.1) are known. We do not,
however, assume the knowledge of bounds K, K, on 8, as assumed by
Anderson and Taylor [1]. In ignorance of bounds on &, we have to set
K, = —o0 and K, = oo in the LSCE rule (1.4), and this amounts to the
recursive scheme (1 15) with b, = B,. On the other hand, since upper and
lower bounds B, and B, on B are known, it is natural to truncate the least
squares estimate ,6’ by these bounds and therefore to take b, = B, N ( ,B \Y
B,) in (1.15).

For the case of a fixed design in which x,, x,,...are nonrandom con-
stants, A is an unbiased estimate of 8 and has variance o 2/30(x; — X,)%
and the strong consistency of ,B under the sole condition that 37(x, — x,)?
— oo was recently established in [8]. This condition, however, is not suffi-
cient to ensure the strong consistency of B,, when the x; are sequentially
determined random variables (cf. [12]). For the recursive scheme (1.15), we
obtain from Corollary 1(1) that on {lim,_, b, = 8},

n

S(x,— %) ~(e*/B*)logn  as., (6.1)

1

and therefore
(=) = By —X,) + (6 —&,)) >0 as,
1 1
(6.2)

Let s? = n~ '3y, — 7). Since B < B,, it then follows from (6.1) and (6.2)
that

hmmfz(x —%,)’/logn =52/B?  as. on{ lim an,B}.

n— oo n—oo

(6.3)

Let {c,} be any sequence of positive constants such that

liminfe, > 0, limsupc, < 1. (6.4)

n—oo n— o0

From (6.3), it follows that on {lim b, = B},

n—>o0-n

S (x,— £,)* > (c,52/B2) log n 6.5)
1
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for all large n, with probability 1. Noting also that the accuracy of the
least-squares estimate B, of 8 is closely related to the magnitude of X7(x, —
X%,)?, we therefore define b, for the recursive scheme (1.15) as follows:

b,=B,N(B,V B) if(6.5)holds,
=b, ,  otherwise, (6.6)

where b, is any constant between B, and B,. We shall call the recursive
scheme (1.15) with b, defined by (6.6) the modified LSCE rule.

Making use of the local convergence properties in Corollary 1 and
Theorem 4 for recursive schemes of the form (1.15) and a general theorem
on the strong consistency of f, in stochastic designs, it can be shown that
b, » B as. in the modified LSCE rule. The details of the proof are given in
[13]. Tt then follows from Theorems 5(i), 6, and 7(i) that the asymptotic
properties (1.9), (1.10), and (1.11) for the asymptotically optimal Robbins—
Monro stochastic approximation scheme (1.8) (or its least-squares equiva-
lent (1.12)) assuming known @ still hold for the modified LSCE rule in the
present case of unknown f. Hence this modification of the LSCE rule has
the desirable convergence properties of the Anderson—Taylor conjecture.
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