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1. INTRODUCTION

This paper is primarily concerned with the use of the symmetric
successive overrelaxation method (SSOR Method) for solving systems
of linear algebraic equations of the form

Au = b. (1.1)

Here 4 is a given real N X N matrix, b is a given real N X 1 column
matrix, and the N X 1 column matrix % is to be determined. We assume
throughout the paper that the matrix 4 is symmetric and positive
definite.

Particular attention will be given to linear systems arising from the

* This work was supported, in part, by the U. S. Army Research Office (Durham)
under grant DA-ARO-D-31-124-72-G34 at The University of Texas at Austin.

! Here we mean positive definite in the sense of [25, Chap. 2.] In particular, the condi-
tion implies that A4 is nonsingular, that the diagonal elements of A4 are positive, and that
the eigenvalues of A are real and positive.
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solution by finite difference methods of boundary value problems
involving the elliptic partial differential equation

Lo esednae 0

where 4, C, F, and G are functions of x and y such that 4 > 0, C > 0,
and F' < 0 in the region under consideration. For such problems, which
we refer to as “generalized Dirichlet problems,” the matrix 4 is usually
very large and very sparse.

Our object is to present a readable and largely self-contained treatment
of the SSOR method. In particular, we give a procedure for estimating
the relaxation factor w and for obtaining a bound on the spectral radius
of %, , the matrix corresponding to the SSOR method. To determine
the estimate and bound, respectively, one needs bounds on the eigen-
values of B and of LU. Here B is the matrix of the Jacobi method and
is given by

B=1I-D4 (1.3)

where D is the diagonal matrix with the same diagonal eclements as A.
The matrices L and U are strictly lower and strictly upper trlangular
matrices, respectively, such that

L+U=B8B. (1.4)

For the generalized Dirichlet problem, involving the differential Eq. (1.2),
useful bounds for the eigenvalues of B and LU can be obtained. A
principal result of the paper is that if A(x, ¥) and C(x, y) are in class C®
in the region of consideration, then the number of iterations required
using the SSOR method, combined with acceleration by semi-iteration
or variable extrapolation, is O(k~*/2). 'This compares favorably with the
frequently used successive overrelaxation method (SOR method) where
the number of iterations is O(A).

One important aspect of the SSOR method not covered in the paper
is the automatic, or adaptive, determination of the iteration parameters -
for the accelerated SSOR method. This subject is treated in detail by
Benokraitis [5] for the generalized Dirichlet problem. A paper by
Benokraitis and the author is now in preparation [6]. Further research
is being done concerning more general systems.
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The Jacobi method is considered in Section 2 together with a related
method, which is referred to as the “benchmark” method. As shown in
[29] this latter method provides a useful standard of comparison for many
iterative methods. The Gauss—Seidel and the SOR methods are reviewed
in Section 3 and compared with the benchmark method under certain
assumptions on the matrix 4. The SSOR method is treated in Section 4.
Basic properties of the matrix %, are derived and a variational principle
is introduced for the eigenvalues of &, . This principle is not only useful
in developing adaptive procedures for obtaining improved values of w,
see [5], but can also be used to find bounds on the spectral radius S(<#,)
of &, in terms of S(LU) and bounds on the eigenvalues of B. One can
then find a value, w, , of w which is ‘““good” in the sense of minimizing
the bound of S(&,). Under certain assumptions it is shown that the
SSOR method, with @ = w,, converges nearly as fast as the SOR
method.

The fact that the SSOR method, which requires about twice as much
work per iteration as the SOR method, is somewhat slower than the SOR
method, would at first sight seem to preclude the use of the SSOR
method. However, because the cigenvalues of the matrix %, are real and
nonnegative it is possible to accelerate the method using semi-iteration
or variable extrapolation as shown in Sections 5 and 6. The resulting
method is faster by an order-of-magnitude than the SOR method. In
order for this gain to be possible it is sufficient that S(LU) — % be of
the same order-of-magnitude, in some sense, as 1 — M(B), where M(B)
is the largest eigenvalue of B. This condition holds for the generalized
Dirichlet problem under suitable conditions on the coefficients A(x, )
and C(x, y).

The application of the results to the model problem involving Laplace’s
equation is given in Section 7. The generalized Dirichlet problem is
treated in Section 8. A specific computational procedure for the gener-
alized Dirichlet problem is given in Section 9. The results of numerical
experiments are given in Section 10. These tend to confirm the theoretical
predictions concerning the SSOR method and the comparison with the
SOR method. The application of the accelerated SSOR method to the
Crank—Nicolson method for solving time-dependent problems with two

. space variables is described in Section 11. A brief survey of related work
on the SSOR method is given in Section 12. Conclusions and recom-
mendations are given in Section 13.
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2. 'THE JacoBl METHOD AND THE “BENCHMARK”’ METHOD

Probably the simplest iterative method is the Jacobi method. Before
defining the method in general let us consider the system (1.1) for the
case N = 3. Thus we have

Ay iy + g ally o+ Gy gy = by
Ay 11l + @y oty - Ay Uy = by (2.1
g1ty + g 5l | Gy U5 = by .

Since, as stated in Section 1, we assume that the matrix 4 is positive
definite, it follows that each diagonal element a; ; is positive. We let D
be the diagonal matrix with the some diagonal elements as A. Thus we
have

a, O 0
D= ( 0 a, O ) (2.2)
0 0 a54

We then rewrite (1.1) in the form

u = Bu-+c (2.3)
where
B=1-D34 (2.4)
and
¢ = D1, (2.5)

Here I is the identity matrix. In the case of (2.1) we have

0 b1, b
B = (bm 0 bz,s) (2.6)
by by O

(51
C3

and
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Here for 7, j = 1, 2, 3 we have

_ %y Pos g
bo=| w17 2.7)
0 , Jj=i
and
b;
Cz' = ai’z (2-8)
Corresponding to (2.3) we have
Uy = by sty + by gty + ¢4
Uy = by + by gty €y (2.9)
Uy = by quy + by o1, + ¢

For the Jacobi method one chooses u'® arbitrarily and then computes
u'V, u® . by

untD) — By 1 . (2.10)
In the case (2.1) we have
Ut = by " 4 by i 4 ¢
ufrth) — b, i + by ™ - ¢, (2.11)
ugtth = by ™ + by g TG ;

Here u{”, 4, and 4 are arbitrary.

The Jacobi method is an example of a lnear stationary iterative method
of first degree of the form

um ) = Gu™ + k (2.12)
where G is a matrix such that / — G is nonsingular and
k= (— G)Ab. (2.13)

The method is said to be completely consistent®> with the original system

2 See [25] and [28] for a definition of complete consistency and related concepts
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(1.1) in the sense that the only solution of the related linear system
uw==Gu-+k (2.14)

is the solution # = A~ of (1.1).

The convergence and rapidity of convergence of a completely con-
sistent linear stationary iterative method depend upon the spectral radius
S(G) of the matrix G. (S(G) is the maximum of the moduli of the
eigenvalues of G.) If S(G) < 1, then the method converges to the
solution % of (1.1} for any choice of the starting vector u‘®). Moreover,
roughly speaking, the “size” of the error is multiplied by S(G) on each
iteration. Thus, the number of iterations required to reduce the size of
the initial error, 4 — %, by a factor { is approximately determined by
the equation

S(Gy = L. (2.15)
Solving for n we get
n = [—log S(G)]* log {1 (2.16)
We define the quantity
RR(G) = [—log S(G)* (2.17)

as the reciprocal rate of convergence of the method (2.12). By (2.16), the
number of iterations required for convergence is approximately propor-
tional to the reciprocal rate of convergence. We remark that the rate of
convergence, —log S(G), is often considered in the literature.

Unfortunately, even though A4 is positive definite, it does not neces-
sarily follow that the spectral radius of the Jacobi method is less than
unity. For example, consider the positive definite matrix

1 09 09
A=<o.9 1 0.9) (2.18)
09 09 1

whose eigenvalues are 0.1, 0.1, 2.8. The eigenvalues of B =1 — 4 are
evidently 0.9, 0.9, —1.8. Hence S(B) = 1.8 > 1 and the Jacobi method
is not convergent.

For any linear system (1.1), with A4 positive definite, it is always
possible to modify the Jacobi method in a simple way to obtain a con-
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vergent method. We consider the simultaneous overrelaxation method

(JOR method) defined by
u+D = p(Bu™ 4 ¢) + (1 — p) ut™ (2.19)

(see, for instance [25]). Here p is a real parameter. If we rewrite (2.19) in
the form

4D = ) L (Bt ¢ ), (2.20)

we see that the JOR method can be considered as an extrapolaiion of
the Jacobi method, at least if p > 1. (If p < 1, it might be considered
as an interpolation.)

Evidently, the JOR method has the form (2.12) with
G =B,=pB+(1—pl (2.21)

We now consider the choice of p which minimizes S(B,). We first note
that, by (2.4), B is similar to B where

B = DB D-\2 = ] — D-1124 D112, (2.22)

Since D124 D~1/? is symmetric and positive definite, it follows that the
eigenvalues of B, and hence those of B, are real and less than unity,
although not necessarily less than unity in absolute value.

We now let m(B) and M(B) be real numbers such that for each
eigenvalue u of B

m(B) < u < M(B). (2.23)

Evidently we have m(B) << 0 <C M(B). This follows since the diagonal
elements, and hence the trace, of B vanish. Since the sum of the eigen-
values of B is equal to the trace of B, (2.23) follows.

By (2.21) we have

S(B,) = lpp +1—pl. (2.24)

max
m(B)<u<M(B)

It is easy to show that S(B,) is minimized with respect to p if

2

PP B = B (2.25)
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and that the corresponding value of S(B,) is given by

M(B) — m(B)

S(B;) = 3 (B — m(B)’ (2.26)
We define the method given by
a" ) — 5(But™ ) 4 (1 — p) ut™ (2.27)

as the benchmark method. The term “‘benchmark method” is used to
indicate that the method is useful primarily for purpose of comparison
with other methods. As we shall see later, the method is often too slow
to be of practical use; nevertheless, it has the advantage of converging
for any positive definite matrix (providing p is properly chosen) and,
moreover, the matrix B, is similar to a symmetric matrix. This latter
property is useful in the study of various matrix norms. However, we
shall not use it further in this paper.

We now express the reciprocal rate of convergence of the benchmark
method in terms of the (spectral) condition number of the matrix 4, where

A = D24 D2, (2.28)
The spectral condition number of a real square nonsingular matrix G
is given by
K(G) =Gl 1167 (2.29)
where
|Gl = (S(GGT))=. (2.30)
Evidently, if G is a symmetric positive definite matrix, then

M(G)

KO =@

(2.31)

where M(G) and m(G) are the largest and smallest eigenvalues of G,
respectively.

By (2.22) and (2.28) it follows that
m(B) = 1 — M(4)

. (2.32)
M(B) = 1 — m(A).
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Therefore, the spectral radius of the benchmark method is given by

_ MA)—md) KA —1

S(Bp) = —— = . (2.33)
M(A) +m(d)  Kd)+1
The reciprocal rate of convergence is
K(d) — 13 .
RR(B;) = |— log —=—F——| ~2K(4 2.34
(B~ | OgK(A)—|—1] (4) (2.34)

for large K(A4). Thus the reciprocal rate of convergence of the benchmark
method is approximately twice the condition number of the matrix A.

We remark that the matrix 4 can be obtained from the linear system
(1.1) by a “normalization’ procedure. Simply multiply both sides of (1.1)
by D~1/2 and then replace # by D~'/20. One then obtains

D124 D% — D-1/% (2.35)

or
Av = D%, (2.36)

3. Tue GAuss—SEIDEL. METHOD AND THE SOR METHOD

With the Jacobi method one does not use new values until after a
complete iteration. However, in (2.11) one could have used u{"*? in the
computation of u{"*V. The Gauss—Seidel method is the same as the
Jacobi method except that new values are used as soon as available.
For the 3 by 3 system (2.1), the Gauss—Seidel method is given by

(n+1) — (n) (n)

u§ = bLZu2 - b1,3u3 + ¢
(nl) (n41) (n)

u ) = b, uj + by i ¢, (3.1)
(n4+1) _— (n+1) 1. (n+1)

ug ) = by uy t by gy + 6

We can express the Gauss—-Seidel method in the form (2.12) by the
introduction of the strictly lower triangular matrix L and the strictly
upper triangular matrix U where

L+U=B8. (3.2)
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"Thus, for the system (2.1) we have

0 0 O 0 by, byg
L= (1)2,1 0 0) , U= (0 0 b2,3> . (3.3)
by, D35 O 0 0 0
Evidently, by (3.1) we have
D) — Lylwtl) | [y L, (3.4)

Since L is strictly lower triangular, the matrix I — L is nonsingular, and
we can write (3.4) in the form

un ) = Lum 4 (I — Ly e (3.5)

where
£ =1 —LyU. (3.6)

The Gauss-Seidel method converges if 4 is a positive definite matrix.
Moreover, the convergence is often somewhat better than that of the
Jacobi method. For example, if 4 is a positive definite L-matrix,? then
S(Z) < S(B) < 1. However, as we shall see below, in many cases
where the Jacobi method and the benchmark method are very slow, the
Gauss—Seidel method is not appreciably better. Frequently, by a simple
modification of the Gauss—Seidel method, one can obtain a substantial
increase in the convergence rate. We define the successive overrelaxation

method (SOR method) for the system (2.1) by

uy = o by A by g +e) + (1 — @) u®
up ) = w(b, wimt + by 0 4 c) + (1 — w)ul™  (3.7)
WY = (b, a4 b D Fe) + (1 — ) un.

Here the “relaxation factor’” w is a real number selected in the interval
0 < w < 2. Using the matrices L and U defined by (3.3) we can write
(3.7) in the form

un ) = (La™ + Un® + ) + (1 — w) u™ (3.8)

3 As defined in [25], an L-matrix is a matrix 4 = (a;,;) such that g;; > 0 for all { and
a;,; < 0 for all { and § with 7 # 7.
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or
umtl) = Ly (I — wL)? we (3.9)

where
&= (I — oLy oU + (1 — o)) =1 — oI — oLy D4. (3.10)

One can choose w so that the SOR method converges by an “order-of-
magnitude” faster than the benchmark method provided that the matrix
is “consistently ordered.” We refer the reader to [25] for a definition of a
consistently ordered matrix. We remark that if a matrix is consistently
ordered, then it also has “Property 4,” but the converse is not necessarily
true. If a matrix 4 has Property A4, then by a suitable permutation of
the rows and corresponding columns of 4 one can obtain the form

A = (% i) (3.11)

where D; and D, are square diagonal matrices.
If A is positive definite and consistently ordered,* then

S(B) = M(B) = —m(B) < 1. (3.12)

Moreover, by (2.25) we have g = 1 and B, = B. The optimum choice
of w, in the sense of minimizing S(%,), is given by

2
@0 =T 00— SBYEE (3.13)
Moreover, the corresponding value of S(¥%,,) is
oy o L= (=SB
S(Z,) =wy— 1 = (= S(BRE - (3.14)
Also it can be shown that for S(B) close to unity
1
RR(Z,) ~ —— (RR(B,))'"2. 3,
() ~ 5 (RR(By) (.15)

Thus we have an order-of-magnitude improvement over the benchmark
method.

t We remark that (3.12) holds if A4 is positive definite and has Property A.
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Kahan [16] showed that the SOR theory could be extended to include
positive definite L-matrices (i.e., “Stieltjes matrices”). We have pre-
viously noted that S(B) < 1 for such matrices; hence one can compute
w, by (3.13). Kahan showed that while w, is not necessarily optimum,
nevertheless,

oy — 1 < S(Z,) < (wp — V2, (3.16)

Let us now compare the reciprocal rate of convergence of the SOR
method with that of the benchmark method. As we have seen in Sec-
tion 2, m(B) < 0 << M(B). (By the Perron-Frobenius theory of non-
negative matrices (see, for instance, [24]), it follows that S(B) = M(B).)
Consequently, we have by (2.26)

S(B;) = 5%% . (3.17)
Evidently,
hence it follows that
S(B,) = S(B). (3.19)
Therefore,
RR(B) < 2RR(B;). (3.20)

From (3.14) and (3.16) it follows that, asymptotically for S(B) close to
unity,
RR(%,) S (RR(B,)2. (3.21)

Even though RR(¥,, ) may be greater than in the consistently ordered
case (see (3.15)) we still have an order-of-magnitude improvement over
the benchmark method.

4, Tre SSOR METHOD
We now consider a modification of the SOR method wherein each

iteration consists of two half iterations—a forward iteration followed by
a backward iteration. The forward iteration is simply the SOR method,
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while the backward iteration is the (backwards) SOR method where the
equations are taken in reverse order.

To illustrate with the system (2.1) we first determine u{"™/2, 3{" /%)
and u{"tY® by

W = o b A by 4 ) 4 (1 — @) u
uf B = (b, P + by + 6) + (1 — w) u (4.1)
U — by ulmHD L b ylni 4 6) F (1 — w) um,

We then determine #{"t9, i, u{" by

(n+1) — {n+1/2 {n+1/2 [ n+1/2
u3 ) w(b3,1u /2 + b3 2”2 2 + 63) + ( - w) u3( 2

(n4+1) - (n+1/2 (n-+1 [ nt+l/2 Z
+1) — ! (n+1 +1 I +1/2

We can write (4.1) and (4.2) in the matrix forms

w1 — (LD - U™ 4 ¢) + (1 — w) ut™

WD — oo(Lam /D | Uyt 4 ¢) o (1 — o) a2, “-3)
Evidently we have
wt) = (1 — Uy Hao(LunH2 4 ¢) -+ (1 — o) i/}
— (I~ WU) ML + (1 — )] a2 £ wg) (4.4)
and
WD = (I — WLy Yol + (1 — )] 4 + w, “.5)
Eliminating #"*+/2 we get
WD — Py Lk (4.6)
where
- %, = (I — wUyHoL + (1 — o)) — L (wU -+ (1 — w))
=T — w2 — o)(I — wU)y Y] — wL) D14 @.7)

= U9,
ky = 02 — w)(I — wU)YI — wL) e 4.8)
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Here £, is given by (3.10) and
U, = (I — @Uy oL + (1 — o)) =1 — w(l — wU)y2 D4, (49)

It appears that one SSOR iteration is equivalent to two SOR iterations.
However, if sufficient computer storage is available one can take ad-
vantage of the appearance of Lu!"*1/? in both equations of (4.3) to cut
down the work. Thus, if w is fixed we can store the vector Lu‘**1/2) after
the first half iteration and use it for the second half iteration. Similarly,
at the end of the second half iteration we can store Uu™*1 and use it
for the first half of the next iteration. As shown by Niethammer [18], the
work required per iteration using the scheme is approximately the same
as with the SOR method. Unfortunately, when acceleration techniques
are used, as in Sections 5 and 6, this scheme is not fully effective. We can
still usefully store Lu"+1/% but not Uu"*1). Thus, each SSOR iteration
requires about 3/2 as much work as an SOR iteration. For a more
detailed discussion of the effectiveness of the Niethammer scheme the
reader is referred to the thesis of V. Benokraitis [5].

Our object in this section is to show that under certain conditions the
SSOR method converges nearly as fast as the SOR method. Since the
SSOR method has real eigenvalues, it is possible, as we show in the next
section, to accelerate its convergence by an order-of-magnitude. Such
an improvement is not possible for the SOR method since many of the
cigenvalues of &, are complex (see [23]).

We now give a proof of the well-known result that for 0 < w < 2 the
eigenvalues of &£, are real, nonnegative, and less than unity. Let 4/ be
the (unique) positive definite matrix® such that (4'/2)2 = 4. Moreover,
let

L = AL, A
L = ARL A (4.10)
U, = APUAP,

By (3.10) and (4.9) we have

L, =1 — ol — wLy 1 DA = I — o(D — «Cr) 4
@.11)
Uy =1 — (I — wU) 2 DA = I — (D — wCy)*4

5 For the existence and uniqueness of 4*/2 see, for instance, [25, Chap. 2].
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where
C, = DL
4.12)
Cy=DU=C/],
since 4 = D — C; — Cy is symmetric. Moreover,
L) =1 — wAVAD — wCp)t AV (4.13)
and
(Z)F =1 — wdV(D — wCy)? A2 = 4", (4.14)
Since
B = UL = (LY L) .15)

it follows that &, is nonnegative definite and has nonnegative real
eigenvalues. The same is true of the eigenvalues of &, , which are the
same as the eigenvalues of &,’. Moreover, by (4.13) and (4.14) we have,
by direct calculation

(L L) =1 w2 — w) AD — wCy)™ DD — wCp)t AH2. (4.16)
Since
AAD — wCy) ! D(D — wCp)-* AV2
= [AV(D — wCy) DFIAVHD — wCy)™ DAY,
and since 0 < w < 2, it follows that (&£,} %,' = I — S where S is a
positive definite matrix. (Note that AY(D — wCy)™t D2 is non-

singular.) Hence the eigenvalues of (&) %’ are less than unity.
A simpler derivation of (4.16) can be given as follows. By (4.7) we have

% =1 — w2 — w)(I — wU) (I — wL)1 D14
1

w

(4.17)
—J—

2——w(1

e (Lp_c) p(Ep-c)a

@
and

7 1= [ Loc) oedfan (Lo oo

607/23/3-2
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We now prove$

Levma 4.1. Let G = HK where H and K are real symmetric positive
definite matrices. Then the eigenvalues of G are real and positive. Moreover,
Jor any vector v % 0 we have

(v, Kv)

< M(G) = S(G). (4.19)

Futhermore, if w 5= 0 and Gw = dw then

_ _(wKw)

M= G B

(4.20)

We remark that the theorem remains true if we replace (v, Kv)/(v, H %)
by (v, Hv)/(v, K~1v) in (4.19).

Proof. Evidently G is similar to the symmetric matrix G =
H12GHY? = [*KHY?, This matrix is positive definite since for any
v # 0 we have (v, Gv) = (H'/2v, KH'/?p) > 0. Thus G has real and
positive eigenvalues.

Since G is similar to G and since G is symmetric we have for any v % 0

(v, Go) A
(v, 2)

This follows by the well-known properties of Rayleigh quotients of real
symmetric matrices; see, for instance, [25, Chap. 2]. Moreover,

m(G) = m(G) < < M(G) = M(G). (4.21)

(v, Gv) = (v, HAKH?v) = (H'?v, KH'/%). (4.22)
Letting w = H?v we get

(v,Gv) ____ (w, Kw) (w, Kw)
(0,0) (HPw, HPw) (w, Hw) (4.23)

Hence (4.19) follows. )
Suppose now that w 540 and Gw = Aw. Then G(H*/2w) = A(H'/2w)and

_ (H\Pw, GHPw))  (w, HY*GH %)

N = e Ty~ @ ) @.24) -

Since H12GH-1/2 = K, we have (4.20).

¢ This is undoubtedly a well-known result—see, for instance, [7].
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We now apply the above result to the case G =1 — . By 4. 17)
we have

1—g,=221p Co) (=D CL)_IA. (4.25)

Evidently, K = A and

me (Lo c) afloc)’

w

| RN | CERTINCS e

w

and hence H is positive definite for 0 < w << 2. Applying Lemma 4.1
we find that for any v = 0

1 — &(v)
F)<1l—w@—ow — < M(&) = S(%) (4.27
) O ) s i < M) = S @20
where
n (v, DBv)
(o) = OO
((W’DDL;_ | (4.28)
T, £
B('v) = (7]’ D7J)
Moreover, if
K = w (4.29)
then
A=1— w2 —w) 1 — &(w) (4.30)

1 — wé(w) + o?B(w)

This latter result for the case A = S(&,) is given by Habetler and
Wachspress [14].
We now show that for any v £ 0

m(B) < &(v) < M(B)
0 < B) < SEU).

But B is similar to the symmetric matrix B = D12BD-1/2, Therefore,

(4.31)

) = (v, DBv) _ (D', (D'/2B D-1/2) D\/%p)
= 0, Do) (Do, D1/20)

(4.32)
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and hence &(v) is a Rayleigh quotient with respect to B. Thus the first
part of (4.31) follows. Similarly,

Boy — @& PLUY) _ (D0, (DVPLU D41 i)
(v, Do) (D720, Difeo)

(4.33)

But D*2LUD2 = LU which is symmetric. Hence f(v) is a Rayleigh
quotient with respect to the symmetric positive definite matrix ZU and

(4.31) follows.
We now show that if 0 < @ < 2, then for any 8 > 0 and for any &

such that |&| < 2\/[? and & < 1, we have 1 — wd + ?8 > 0 and,
moreover, the right member of (4.30) is nonnegative. To see this, we
observe that
1—4&
1 — wd + 2B
_(—o—oVBEtel — )2Vt
l—w \/5)2 + w(2 \/B — &)

(1—w+w\/}§)2 + ol — w)(—2 VB +8)
(1~w\/B)2+w(2\//§~—cx) )

If = i, the denominator is positive since & < 1. If < %, then

l —w ,9 > 0 since 0 < w <C 2, and the denominator is positive. By
considering separately the cases w > 1 and » <1 and noting that

1 — w2 — w)

(4.34)

[&] < 2\/}9 we can show that the above expression is nonnegative.
We now consider the following problem. We desire to find a bound
for S(&,) given three numbers m, M, and B such that

m<p<M<1 (4.35)

for all eigenvalues p of B and such that
S(LU) <. (4.36)

We first note that, as we have seen earlier, we must have m < 0 and
M > 0. Next we note that since
S(B) = S(L -+ U) = SL+ 0) = | L + U]
<UL+ Tl = 2| LI = 2SLO)) > (437)
— ASELUN2 < 2VE
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it follows that

—m(B) <2VB
(B)<2VP (4.38)
M(B) <2 VB

Consequently, if m < ~2\/,§, we replace m by —2\/;?. Similarly, if

M > 2‘/;§ we replace M by 2\/5.
We now prove

Tueorem 4.2. Let B, M, and m be numbers such that

mB) >m>—2VE

M(B) <M <2VE.
(4.39)
M <1
S(LU) < B
Then
S(.)
1— M gl s 1
< 1 — w(Z-— w)m Zel(w)lf/g >ZOI'lfB <Zandw < w*
1 1 (4.40)
— m =~
< — —_ —_— e — = 1 — *_
<l — 02 — w) 1—wm+wzﬁ ﬁz(w)lfﬁ<4andw>w
Here for B < + we define w* by
2
o= X
M A
Moreover, the bound (4.40) is minimized if we let
Wy, = 2 = if M< 4/§
YT 1R Q- 2M 4By T M =
) (4.42)
= — ¥ if M > 48.

T I a4
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The corresponding value of S(, ) is given by

A
/2 B

ST v 4,@)1/2

1 — (1 — 4p)\2
T (1 — 4By

We shall refer to the value of w, given by (4.42) as a “‘good” value of w.
Of course, w, is not necessarily the true optimum value in the sense of

minimizing S(Z,).

(4.43)
=w*—1, if M=4B

Proof. In the first place the function

I —x
F(x,y, w) =1— w(Z —_ w) m (444)

is an increasing function of y for fixed w and x provided 0 < w < 2 and
x << 1. Therefore, by (4.39), (4.30), and (4.31) it follows that

S(%) < max 11— o2 — ) I—_—L—xi%;% . (4.45)

Next, we have?

0 ] —x _ w——l——-wgg
—3_9;[1 — wx —}—wzﬁ] o (1 —wx+w213—)2' (4.46)

Thus, the expression in braces in (4.45) is an increasing function of x

provided w?8 + 1 — w > 0, and is a decreasing function of x provided
2,3+1—w<0 Ifﬂ> thenw2ﬁ3—§—l—w>(2w——1)2>0 If

<4, then w8+ 1 — >0 if and only if w < w*. (Note that
WB+1—w=0 pr0v1ded w = w*.) The result (4.40) now follows.
In order to minimize the bound on S(+,) given by (4.40) we first note

that
| —x

1—wx+w2B
T
= — — 2w — 1 4.47
e e ) 44D
! 7 We have already shown that 1 — wx + @?f # 0 for 0 < w <<2since § > 0, | x| <
i:\/[—?andx<1.

a% 1 — o2 — o)
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Let w,, and w,, denote respectively the values of w in the range 0 << w < 2
such that

wr2(M — 2B) — Awpg — 1) = 0

N (4.48)
w2 — 2B) — 2wy, — 1) = 0.
Evidently we have
o 2
MU (1 —2M + 4By 49
5 .
wm

T 1 (1 — 2m + 4BRE

Evidently w,, < w,, . Moreover, if § < 4 then w* > 1 and, since m <0,
we have 1 — 2m 4-48 > 1 and w,, < 1. Thus w,, < o*.

The function §;(w) is unity at w = 0, decreases until w = w,,, and
then increases to unity at w = 2. The function fy(w) is unity at o = 0,

(optimum)

|
!
H |
|

Mo e

x
[ 1 By w*

Case I1: o < ny < wF

F1c. 4.1. Choice of a good w.
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decreases until o = w,,, and then increases to unity at w = 2. If
B = 7,then 8)(w) > O)(w) for all w; hence w = w,, is clearly the best
choice of w. If B < 4, then 6y(w) = O(w) for 0 < v < w* and
0 (w) < Oy(w) for w* < w < 2. We consider two cases: Case I, where
w, < w¥* <wy; Case I, where o, < w, < w* (see Fig.4.1). In
Case I, w = w* is the best choice, while w = w,, is best for Case II.

In Case I we have w,, > w*and M > 4B.In Case Il we have w,, < o*
and M < 4B. Thus our “good” value of w, namely w, , is given by (4.42).
The corresponding bounds (4.43) on S(¥,, ) are found by direct sub-
stitution. This completes the proof of Theorem 4.2.

It should be noted that for the case S(LU) < # the results of Theo-
rem 4.2 and the formulas (4.42)-(4.43) relating to the good value of w
were obtained independently by Axelsson [4].

We remark that by (4.43) we can write S(%, ) in the form

S(Sy) < %—:;—E}E% f B< %
<t F <h<y @)
= s
where
y =1+ Z—S’i}}‘—ﬁ]w. (4.51)

Let us now compare our bounds for RR(#, ) with RR(B;). In the
general case we have, by (3.17) and (3.11)

S(B;) = M(BY (4.52)
and
RR(B;) > —2 log M(B)® ~ —2(1 — M(B)). (4.53)

In case A has Property 4 we have

S(B,) = S(B) = M(B). (4.54)
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Thus we have
(4.55)

Asymptotic bounds on RR( .S’(,,l)/(RR(B‘,;))”2

Range of § General case property A
. M 1 1
F<7 Vi 2
g > % yt 715 y~t

We remark that by (4.15) and (4.10) we have®
S(,) = S(L) =17, | = WL, F £, |
= S(L, ) £,) = S(L, (L))
=2, E=112, |,
Here we define the A'/?-norm of any matrix G by

| Gllauz = || AVRGA-Y?|| = (S[(AV2GA-VRAYVAGA T2, (4.57)

It is easy to show that the spectral radius of any matrix does not exceed
any norm of the matrix. Hence

S(Z) < | L, lar = (S(F,))1 (4.58)

"Thus we have
RR(Z,) < 2RR(Z,). (4.59)

Using (4 55) we can obtain bounds on RR(Z, ) in terms of RR(B;) for
the various cases. For the case of a con31stent1y ordered matrix we in
. general get weaker results than (3.15). However, if 4 is not consistently
ordered and is not an L-matrix, we get a result not covered by the
analysis of Section 3.

8 It is easy to show that, for any matrices 4 and B, S(4B) = S(BA) (see, for instance,
[25, Chap. 2]).
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In the case of a consistently ordered matrix, the bound (3.15) for
RR(Z,,) even in the most favorable case where § < M/4 is smaller than
the bound (4.55), namely 3(RR(B,))'%2, for RR(S, J- Thus, even with
Niethammer’s scheme, to reduce the work per iteration of the SSOR
method to that of the SOR method, there would seem to be little to be
gained in using the SSOR method. However, as we shall see in the next
section, we can greatly improve the convergence of the SSOR method
whereas such a possibility does not exist for the SOR method.

5. ACCELERATION OF CONVERGENCE

Let us again consider the completely consistent linear stationary
iterative method defined by

w0 — Gum L & (5.1)

where I — G is nonsingular and & = (I — G) A~'h. We assume that
for some real numbers « and B with o <{ B <C 1 the eigenvalues p of G
are real and lie in the interval

a<p<p<l. (5.2)

Clearly, if A is positive definite, both the Jacobi method and the SSOR
method satisfy these assumptions. In this section we review various
procedures for accelerating the convergence of such methods. It is
shown that the convergence can be improved by an order-of-magnitude.

Let us first consider extrapolation methods based on (5.1). Such
methods are defined by

uD = p(Gut™ -+ k) + (1 — p) ut. (5.3)

(If the method (5.1) is the Jacobi method, then (5.3) defines the JOR
method.) It is easy to show that the spectral radius, S(G,), of G, , where

G, = pG + (1 — p), (5.4)

is minimized if we let

P:ﬁ:m- (5-5)
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Moreover,

B—a
Thus, the optimum extrapolated method based on (5.1) always converges.

We now consider procedures for further accelerating the convergence
of (5.1). It can be shown (see, for instance, [13]), that the convergence
can be greatly accelerated if one uses the linear nonstationary method
of second degree

WD =[G 4 B) (1= B ] + (1 = pya) w0V, (5)

Here p is given by (5.5) and

H

H

- = =
0

Pri1 = T ) n == 27 37
Here
_ B«
o =5 Exa S(G,). (5.9)

The second-degree method thus defined is equivalent to the optimum
semi-iterative method based on (5.1)—see, for instance, [13] or [25].°
To study the effectiveness of the method we write (5.3) in the form

4™ = P(G)u® -+ k, (5.10)

where k,, is a suitable vector and P,(G) is a certain polynomial in G
(which is related to a Chebyshev polynomial). It can be shown ([25,
p. 352]) that

/2

S(P(G)) = T

(.11

®In [25, Chap. 11], the following formula is derived:

Pn
Ut = S 26 = (B I - 2+ (1 = prau

where p; , p; ,... are given by (5.8) and ¢ is given by (5.9). We obtain (5.7) by using (5.5).
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where

r = (T?(l—alz?)ﬁz“)z (5.12)

Moreover, the reciprocal average rate of convergence which is given by

RR(P(G)) = ~1——1——_— (5.13)

— > log S(PA(G))

approaches the reciprocal asymptotic average rate of convergence

1

—%logr

RR(P(G) = (5.14)

as n —» 0,
It can be shown that for o close to unity we have RR(G,)~ (1 — o)1
and

1 —7r~2 421 —op2 (5.15)
Therefore, since —logr~ 1 — r, we have

RR.(P,(G)) NVE(TII’ST ~\—}—§-<RR<G§>)1/2. (5.16)

Thus the reciprocal asymptotic average rate of convergence of the
accelerated method is smaller by an order-of-magnitude than RR(G,).

Let us now consider the Jacobi method. We have already seen that
the eigenvalues of B are real and satisfy (5.2) for some « and 8. Thus
without requiring any assumptions on A4, other than our basic assump-
tion, we are able, by (5.16), to improve on the “benchmark method” by
an order-of-magnitude using semi-iteration. We shall refer to the
accelerated method as the J-STI method.

By (5.16) we have

A
V2

If A has Property 4, then we do not in general obtain any improvement
in (5.17) as compared to the general case. However, —m(B) = M(B) =
S(B) = o and B, = B. From (5.8) it follows that the limiting value of p,,
is given by 1 - » where 7 is defined by (5.12).

RRo(Po(B)) ~ —= (RR(B,))"%. (5.17)
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If A is consistently ordered, then by (3.15) we have
1
RR(Z,) ~ ———=(RR(B))'". 5.18
(Zu) ~ 5 VZ( (B)) (5-18)

Thus in this case the SOR method converges twice as fast as the J-SI
method.

One can further improve the J-SI method if the case 4 has Property 4
in the following way. First, permute the rows and corresponding columns
of A to obtain the form (3.11). As shown by Golub and Varga [13] it is
possible to carry out the J-SI method by-alternately omitting half of the
components of ™ on each iteration. Thus by the use of this procedure,
which is known as the cyclic Chebyshev semi-iterative method (CCSI
method) one effectively doubles the rate of convergence. The CCSI
method and the SOR method are competitive, with the former method
having an advantage when evaluated in terms of certain matrix norms,
see [13, 24, 25].

As a second example, let us consider the Gauss—Seidel method with a
consistently ordered matrix. It can be shown (see, for instance [25]), that
the eigenvalues of & are real and nonnegative. Moreover, S() = S(B)%
Hence we can let « = 0, B = S(¥) = S(B)?. Thus we have by (5.5)
and (5.9)

_ 2
=5 S@R (5.19)
__SBy
g = 2———’—5'_(—3?)5‘ . (5-20)
Moreover, by (5.12) we have, after some calculation,
_ S(B) *
r= (1 (s 5(3)2)1/2)' (5.21)
Therefore, since B, = B, we have, for S(B) close to unity,
! 1
RR(P (&) ~ —— (RR(B,)'/? = ——= (RR(B))*2. 5.22
(L) ~ 575 RRBY) = = (RR(B) -2

Thus the convergence of the accelerated Gauss—Seidel method is
approximately as good as that of the SOR method in this case. We
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remark, however, that before using the accelerated Gauss—Seidel
method, it is recommended that one permute the rows and corresponding
columns of 4 to obtain the form (3.11); otherwise numerical instability
may occur.

For the SOR method the eigenvalues of %, all have equal modulus,
namely w, — 1. Most of them are complex; hence the acceleration
procedures described above are not applicable. However, the con-
vergence of the SSOR method can be accelerated since the eigenvalues
of &, are real. Before proceeding to discuss the acceleration of the SSOR
method (as we do in Section 6), however, we will first discuss two
alternative acceleration procedures. :

Instead of using the nonstationary second-degree method (5.7) which
is equivalent to the optimum semi-iterative method, one can obtain
almost as rapid convergence using a stationary second-degree method.
This was shown by Golub [12] and by Golub and Varga [13]}; see also
Young [25, 27]. For the stationary second-degree method we let p, = 1,
as for the nonstationary method, but for » == 2 we let p,, = p., where

2

P = m. (5-23)
Evidently, p., is the limit of the sequence p;, p, ,... defined by (5.8).

The use of a second-degree method, either stationary or nonstationary,
requires that #(1 as well as #™ be used in the computation of »*+1),
If machine storage is limited, one can obtain almost as rapid convergence
using variable extrapolation.’® The variable extrapolation method
corresponding to the basic method (5.1) is

) = 0, (Gu™ + k) + (1 — 0,,) u™. (5.24)
Here, one selects m different values of the 6, and uses them in the cyclic
order 0, ,0,,...,0,,,0,,0,,.... The values of the 6, are
2
0, E=1,2..m (525

T2~ (B — o) cos((Zk — Dw2m) — (B + o)
A derivation of the above formula is given in Appendix A.

10 The method of Richardson [20] is a (not necessarily optimum) variable extrapolation
method based on a certain method of the form (5.1).
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With variable extrapolation we have, for £ and m integers,

/2 0\t
2 ) (5.26)

Pl @) = ({7

where 7 is given by (5.12).

From (4.11) and (5.26) it is clear that the rapidity of convergence of
the variable extrapolated method increases with m and approaches that
of the nonstationary second-degree method. However, it is undesirable
to choose m too large both because of possible numerical instability (see
[2, 25]) and also because convergence can normally only be expected
after m, 2m, 3m,..., iterations. In other words, the number of iterations
needed for convergence must ordinarily be a multiple of m.

6. THE ACCELERATED SSOR METHOD

Since the eigenvalues of the matrix &, associated with the SSOR
method are real and nonnegative we can accelerate the convergence using
the methods of the previous section. Letting o = 0 and 8 = S(¥,,) we
have by (5.5), (5.9), and (5.12)

__S(%)

- (S(ZL))ME L — (1 — S(F))2e

For S(#,) close to unity we have
1 — 7 ~4(1 — S(Z)NL. (6.4)

Therefore, by (5.14), the reciprocal asymptotic average rate of con-
vergence is

RRAP(Z2)) ~ H1 — S(L) 72 ~ § (RR(L))M (6.5)

From (4.55) we have the following comparisons between the SSOR-SI
method and the benchmark method. ,
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(6.6)

Asymptotic bounds on
RRo(Py(F 0 )))/ RR(Bg)

Range of General case Property A

g M i 1
4 25/4 242

M Py 1 1 1
TP 2 25ia
-1 1 1

> - = —_—
p 4 2 Vy 238 y/y

Here y is given by (4.51). We note that the results for the case § > }are
only useful if y~1 is not too large.

We remark that, by (5.25), since « = 0, the 8, for the variable extra-
polation procedure (5.24) as applied to the SSOR method are given by

1
T 1= 8(%) cos’((2k — 1)r/dm) ’

6, B=12,..,m. (6.7)

Given a fairly general linear system, it may be difficult to estimate S.
However, we show that if 4 is an L-matrix then the optimum semi-
iterative method based on the SSOR method (with w = 1) is asymp-
totically at least as good as the J-SI method. (This comparison is based
on numbers of iterations and does not take account of the fact that each
SSOR iteration requires about twice as much work as each Jacobi
iteration. On the other hand, in many cases the SSOR-SI method can
be accelerated using w £ 1.) We prove

Lemma 6.1. If A is a positive definite L-matrix, then
S(%) < S(B). (6.8)

Proof. We first note that M(B) > —m(B). This follows by the
Perron—Frobenius theory of non-negative matrices since B > 0. Next,
we show that

S(LU) < S(BY. (6.9)
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But this follows from the fact that
B2 =(L+UP=LU+ UL+L*+ U?
and hence
LU = B? — UL —L*— U? < B2

Here we are using the fact that if E and F are two matrices such that
0 << E < F then S(E) < S(F).
By (4.40) we have

1 — S(B)
1= S(B) + S(BR

S(#H) =1-— < 5(B) (6.10)

since
1 — S(B) + S(BY = 1 — S(B)(1 — S(B)) < 1.

"This completes the proof of Lemma 6.1.

Since the range of the eigenvalues of % in the interval [0, S(B)?] and
since the range of eigenvalues of B is at least [0, S(B)] (it may be larger
if m(B) < 0), it follows that the optimum semi-iterative method based
on ¥ is at least as effective as the J-SI method.

If A has Property A, then the SSOR-SI method with w =1 is
asymptotically 4/2 times as effective as the J-SI method. Thus the o
given by (5.9) corresponding to the SSOR method with w =1 is
S(B)(2 — S(B))™* and

S(B)  _ 2l — S(B))
2—5(B) _ 2—S(B)

—logo ~1—

~ 2(1 — S(B))
~ 2(~log S(B))
— 2(—log S(By).

Since —log o for the SSOR-SI method with w = 1 is approximately
twice —log ¢ = —log S(B,) for the J-SI method, it follows from (5.16)
that the asymptotic effectiveness is increased by a factor of 4/2.

If A is consistently ordered, the SSOR-SI method with w = 1 is
asymptotically 4/2/2 times as effective as the SOR method. (This follows
since the SOR method is twice as effective as the J-SI method.)

In any case, if 4 is a positive definite L-matrix, then it would seem
appropriate to use the SSOR-SI method as opposed to the J-SI method
or, if A is consistently ordered, to the SOR method. Thus, even with

607/23/3-3
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w = 1 and even taking into account the extra work per iteration, the
SSOR-SI method is nearly as effective as the other methods. Moreover,
there is considerable potential for improvement, perhaps by an order-of-
magnitude, using some w other than unity.

7. THE MopeL PrOBLEM

We now consider the application of the above results to the following
model problem. Given a continuous function g(x, y) defined on the
boundary S of the unit square 0 <<z < 1, 0 < y < 1 find a function
u(x, y) continuous in the closed square and satisfying in the interior, R,
Laplace’s equation

% | Pu
On the boundary we require that
ux, y) = g(x, ). (7.2

We consider the following finite difference analog. For any positive
integer [ let & = J~' and let ©, be the set of all points (pk, gh) where p
and ¢ are integers. We require that on points of R, = RN £, the

difference equation

w(x + b, y) + u(x — h, ) — 2u(x, y)
h2

N ulx, vy + h) + u(x}; yo h) —2u(s,9) _ (7.3)

be satisfied and that (7.2) hold for points of S, = SN £, .

As an example, consider the case £ = 4. With the mesh points
labelled as indicated in Fig. 7.1, we obtain, after multiplying each
equation derived from (7.3) by —#2, the linear system

4 —1 -1 0 U 86 T L6 by
~—1 4 0 -1 Us, g + & b,
== = - 7.4
—1 0 4 -1 Ug &z + &5 by (7.4)

0 —1 —1 4/ \gu S0 T &1z by
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Fic. 7.1. 'The model problem with 4 = %

Here subscripts for u and g refer to values of u(x, y) and g(x, y) at the
points indicated. The matrices B, L, and U defined by (2.4) and (3.2) are

0110
lOOl

E=% 003 (1.5)
0% 10
0000
1000

1%

L=1: 000 (7:6)
0410
0110
000 %

U100 0 i (1.7)
0000

For the Jacobi method, it is easy to show (see, for instance, [25,
Chap. 4]) that

S(B) = cos wh (7.8)

Moreover, the matrix 4 can be shown to have Property A and to be
consistently ordered. Consequently, the benchmark method is the same
as the Jacobi method and we have

1 2

—log cos wh ~

RR(B,) = = (7.9)



248 DAVID M. YOUNG

for small 4. By (5.17) the reciprocal asymptotic average rate of con-
vergence of the J-SI method is

RR(P,(B)) ~ 1. (7.10)

As we remarked earlier, with the CCSI method we have twice as fast
convergence and

RR(CCST) ~ - It (7.11)

which, as we shall see, is the same as RR(Z,, ).
For the Gauss—Seidel method, since 4 is consistently ordered, it can
be shown (see, for instance [25, Chap. 5]) that

S(&) = S(B)? = cos?mh. (7.12)
Therefore, we have

RR() ~ 7_713 B2, (7.13)

Moreover, by (5.22) we have

RR(PA(2)) ~ 2o (RRBI* ~ oI (7.14)

so that the accelerated Gauss—Seidel method (GS-5I model) is approxi-
mately twice as fast as the J-SI method. However, as remarked earlier,
for stability reasons, before using the GS-SI method one should first
permute the rows and corresponding columns of A so as to obtain the
form (3.11). For the model problem this corresponds to relabelling the
interior mesh points to correspond to the “red-black” ordering. In the
example of Fig. 7.1 one would interchange the numbering of points 2
and 4. This would give the matrix

4 0 —1 -1
0 4 —1 —1
—1 —1 4 0
-1 —1 0 4

A = (7.15)

which has the form (3.11).
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Let us now consider the SOR method. Since 4 is consistently ordered,
it follows from (3.13) that the optimum values of w is given by

2
= Ty (1.16)
and, by (7.14), that
— sin wh
for small k. Moreover, by (3.15) we have
1 1
RR(Z,) ~ = (RR(B,)}\/? ~ — k1. 7.18
(Zou) 2\/2(()) o (7.18)

For the SSOR method, it is important to use the natural ordering
(as used in Fig. 7.1) rather than the red-black ordering. It is easy to
show (see, for instance, [8, Appendix B]), that

wh

S 2
SQU) = 7 cost 5 (7.19)
We now let § be given by
5 1 wh
/8 = Z cos? —2— . (7.20)
Evidently, by (7.19) we have
SILU) < B. (7.21)

We now determine a “good” value of w using (4.42) with M = cos 7k
and with B given by (7.20). We note that

h
2 \/ﬁ = cos = >4 = cosz% > coswh =M (7.22)

and hence Theorem 4.2 is applicable. By (4.42) a good choice of w, is
given by

2 2
= — . 3
1 4 (1 — 2 cos wh + cos¥(wh/2)/2 1 + 1/3 sin(xmh/2) (7.23)

4.()1:
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and by (4.43)

— (2/4/3) sm(wh/Z) oy 2

S, < 7.24
() < 1 + (2/v/3) sin(rh/2) V3 (7:24)

for small A. Therefore, for small %, we have
RR(Z,) = (V3[2m) bt (7.25)

which is approximately 1/3 times RR(Z,).

The results (7.23) and (7.24) were obtained independently by Axelsson
[4].

For the accelerated SSOR method (SSOR-SI method) we have, by
(63),

31/4_ S

2z

RRA(Po(Zo))) ~

which is better than RR(Z,, ) by an order-of-magnitude. In fact, we have

RR(Z,) 2 |12

TR ( \/5#) B2 = 0.606 hVE. (7.26)

The values of this ratio for 2 = 1/20, 1/40, and 1,80 are

Ratio Ratio + 2
h = 1/20 2.7 1.36
h = 1/40 3.83 1.92
h = 1/80 5.42 2.71

Thus the SSOR-SI method represents a substantial saving over the SOR
method even if one counts each SSOR iteration as two full SOR iterations.
The factor of saving would increase further as # decreases.

To summarize, we have the following asymptotic expressions for the
reciprocal asymptotic average convergence rates of the various methods
considered above for the model problem.
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Reciprocal asymptotic

Method average convergence rate
2
Jacobi "y h2
ks
1
J-SI —h?
m
CCSI 1 At
27
1
Gauss—Seidel - h~?
kin
GS-SI ! At
) 2
SOR 1 Al
27
V3
SSOR —ht
2
31/4
- — e 12
SSOR-SI CITRY I3

8. More GENERAL PROBLEMS

We now consider a more general class of elliptic boundary value
problems. Let R be a bounded plane region with boundary S consisting
of horizontal and vertical line segments. Assume that for some %, > 0
and for some (%, , ¥,) the set £, of all points of the form (x - ik, y, - jh,)
has the following property. If any point of (2, lies in R then the four
adjacent points lie in R or on S. We also assume that this property holds
for all positive % such that %,/k is an integer.

We consider the generalized Dirichlet problem involving the differen-
tial equation

7 ou 0 ou
L[] :%(A %)Jr_@(c@) L FPu=G (8.1)
where A(x, y) > 0, C(x,y) > 0, and F(x,y) <0 in R + S. Given a
continuous function g(x, y) defined on S, the problem is to find a
function u(x, y) of class C® in R and continuous in R -+ S such that
L[4] = G in R and such that # = g on S.
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We replace the differential equation by the following symmetric
difference equation defined at points (x, y) of R, = £, N R.

Lofi] = g {A(x+ 2, )lutx + B 3) — e, )]

— A(x— 2, 5)w,9) — sl — b, )
4+ Cy + Wit 3 + 1) — (s, )

— O,y — 31l 3) — w3 — W] +Fu(s, )
— G(x, ). 8.2)

Multiplying by —hA* we obtain the linear system (1.1) where 4 is a
positive definite matrix.

A principal result of the present paper!! is to show that if A(x, y) and
C(x, y) are of class C® in R + .S, then for & small we have

S(LU) < 1 + O, (8.3)

The significance of this result is that the constant y— appearing in (4.50)
and (6.6) is bounded as & — 0. Hence one indeed obtains an order-of-
magnitude improvement in the convergence of the SSOR-SI method as
compared with the J-SI method and the SOR method.

From (8.2) we have

w(x, y) = P, y) w(x £ h, y) + Bol, y) ul, ¥ -+ h)
+ Bolx, y) wlx — By 3) + By ) wlx, y — B) 4-7(x,5)  (8.4)

where
deido) o)
Bu(x, y) = “SG9) Ba(x, y) = Sy
h h
Afx—3.9)  Clmy—3) .s
Bs(x, ) = Sy Ba(x, 3) = Sy (8.5)

(%, y) = —HG(x, 3)/S(x, y)

11 We remark that Ehrlich [8, 9] showed that S(LU) < } for the model problem.
Phien [19] showed that S(LU) < 1/4 for the equation (y~uy), + (¥ 1u,), = 0.
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and where
ok h
S(x, y) = A(x + z,y) +A(x— 5:3’)
+C(wy + ’2—’) +C(wy — ;1) — BF(xy)
= 24(x, ) + 2C(x, y) + O(h®). (8.6)

The matrix LU corresponds to the operator

Ba(x, YHBu(x — A, y) u(, y) + Bolx — h, y) u(x — h, y -+ )}
+ Bu(x, v){Ba(w, y — B)u(x - b,y — k) + By(%, ¥ — B)u(x, )}
= yoti(%, y) + yiulx + Ay — ) + yulx — by +B). ®.7)

Thus the associated operator only involves values of #(x, y) at the diagonal
points (x, ), (x — A&,y + k) and (x + k, v — £). We seek to determine
a bound on ||LU ||, by getting a bound on vy, + y; + ¥, .

Evidently
Sy = Ba(x, V[By(x — b, ¥) + Ba(x — b, ¥)]

_ Alx — 2j2, y)[A(x — 4j2,y) + Clx — h, y + }/2)]
4A(x, y) + Clx, y) + O A(x — b, y) + Clx — &, y) 4 O(*)]

(e — B2, 9)[A(x — B2, 9) + Clx — by + k)] 2
= 4w, ) + Cls, A — Ty) T Cr— Iy O (8.8)

Moreover,

Ay = Aw — 12, YA — b2, 5) + Clx — b,y + h2)]
— A, YA — b, 3) + Clx — b, 9)]
= (4 — (W24, + OUNA — (Wj2) A, + C — hC, + (4]2) C, + O]
— A[A — hA, + C — hC, + O(A2)]
— {(A42 + AC) + (—AA, — AC, + } AC, — } 4,,C) 1 O(h?)
— (42 + AC) — WA, + AC,) + O(h2)
= 1 h(AC, — C4,) - O(F2). (8.9)
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Therefore,

S — Ax, )
T AA( ) + Cl, )

%k(A Cy - CAae)

-+ 4[A(x, y) + C(x, M[A(x — h, v) + Clx — &, )] + O(%?)
— A, 3) IKAC, — CA,) X
4[A(x,y) + Clx, y)] ' 4[A(x,y) + C(x, )] -+ O(h*). (8.10)
Similarly,
Sy = Bu(x,¥) * [Pul, y — B} + Ba(x, vy — B)]
— Clx, 3) _ i4c, — c4,) .
A4, ) - Cn )] A[A(x 5) + O NE T o).  (8.11)
Hence,

Si + 8y = 1 + O?). (8.12)
Therefore | LU ||, < 4 + O(h%) and
SILU) <ILU |, < § + O(?). (8.13)

This proves (8.3).
It can be shown (see [25, 26]) that
Sy < 2AEO)
24 + C) + k(—F)
24 sin? % + 2C sin? %
1 - 1,~ 1, - T 1, =
A+ + 5(C+E) + A= Acos + 5C—C)eosy

(8.14)

X (1 —

Here we let
A<A@xy) <A, C<Cuxy)<C (—F)<—F(xy) (8.15)

in R4 S, Tt is assumed that the region is included in an Ih X Jh

rectangle.
The result can, of course, be used to estimate S(B) and w, for the SOR
method. It is also needed to estimate w, for the SSOR method.
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We remark that (8.14) implies that
S(B) < 1 — ch - O(i) (8.16)
for some constant ¢ > 0. From (8.16) and (8.13) it follows that
1
5 (8.17)

is bounded as £ — 0. Consequently, the quantity 1/y, where y is given
by (4.51), is bounded as & — 0.

9. CoMPUTATIONAL PROCEDURES

Let us now summarize the procedure for applying the SSOR-SI
method to solve the linear system corresponding to (8.2).

1. Choose M = —m by (8.14).

This involves the determination of an I X Jh rectangle containing

R+ S.
2. Choose 8 by

= max {By(x, Y)[Bi(x — &, 3) + Bo(x — B, 3)] + Balx, Y)Bulx, v — B)

(x,veR,
+ By(x, y — A1} (6-1)
3. Adjust M if necessary.

ItM > 2\/,23: replace M by 2\/E

4. Choose w; by (4.42). The corresponding bound for S(&, ) is
given by (4.43).

5. As a starting vector choose %' such that'?
0O — @] g <N gare 9-2)

where # = A~1b. The choice #® = 0 will suffice. A simple test for (9.2)
is to see whether

Q@) = ", Au®) — (b, u'®) < 0. (9.3)

12 Here the vector norm || vli41/2 is given by v |42 = || AV || = \/(—v—, Av). The in-
duced vector norm || Gll41/2 has been defined in (4.57).
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This follows since, as shown, for instance, in [25, Chap. 4],
Q@ + =) = Q) + 3| @ [ - (9-4)
6. Iterate using the SSOR-SI method
WD = IS 4 k] (L= F) )+ (L= pg) V. (93)

The actual computation of &, u™ 1+ k, is done as described in Section 4
(see (4.1)-(4.2)). The values of p, p;, py ,... are given by

2
p == m——gr— 9.6
P 2= S0 -
pr =1
2 \~1
p=(1--%5) ©7)
2 -1
Pn+1:(1—24—Pn) ) n =123,
where
_S(Fan)
e A (9.8)
7. 'Terminate the process after » iterations where n satisfies
2rn/2
o< i=10°. (9.9)
Here
_ (S(F))2 :
- (1 i S(yl))w)' (9.10)
We remark that when (9.9) is satisfied then
() . gl 12
™ — #lprr ©.11)

[l A2
This follows since we can write

u™ = P (S, )u® +k, (9.12)
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for some polynomial in &, and for some %, . It is easy to show that the
solution 7 also satisfies

€ =Py, )i+ h, ©.13)
so that
un — = Pn(ywl)(u(‘” — @) 9.14)
and
li utm — ﬁ[fAllz < || Pn(yml)“,il/z | u® — ﬁHAxlz . (9'15)

But since A2, A7/* is symmetric it follows that
1P g = | AP (S, ) AR = || P(AVRF A7)
= S(P (AU, AM) = S(P,(Z,)). (9.16)

As an alternative, one could accelerate SSOR using the variable
extrapolation as described in Section 5. The extrapolation factors would
be given by (5.25) with a = 0, B = S(¥, ). Given a choice of m, the
iteration process should be terminated after fm iterations where

(T%:—f@%)t <t (9.17)

The choice of m given in [30] and [31] is the smallest integer such that

!

1 ,,m/z
[ (—3logr) ~

-1
~ — log m] <125 (9.18)
This guarantees that the reciprocal average rate of convergence does not

exceed 1259, of the reciprocal asymptotic rate of convergence of the
corresponding semi-iterative method.

10. NUMERICAL EXPERIMENTS

In order to test the theoretical results obtained above, a number of
numerical experiments were carried out involving the generalized
Dirichlet problem on the unit square with the differential equation
o ou d(, 0u
%(A ‘a;) . 5(C @) = 0. (10.1)
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TABI

Numeri

) S(F

Prob. Coefficients ht B S(LU) 248 M S(B) wy (es
I A=C=1 20 .2500 .2480 1.0000 .9877 .9877 1.7287 .85,

40 2500 .2494 1.0000 .9969 .9969 1.8544 .92
80 .2500 .2498 1.0000 .9992 .9992 1.9244 .96

II 4=C= 20 .2350 .2331 9695¢ 9999 9576 1.6065 .60«
40 2461 .2455 9922¢ 9999  .9894  1.7788 .77t
80 .2490  .2488 9981+ 9999 9983  1.8825 .88l

1

A= —ro—— 20 .2506  .2481 1.0011 .9967 .9880 1.8283 .92

1 -F 252 4+ 9?2
111 { 40 .2502 .2494 1.0003 .9992 .9970 1.5105 .99¢
C=——— 80 .2500 .2498 1.0001  .9998 .9992 1.9543 .98

1 -+ x? + 292

1+4x, 0<x<<d 20 2511 2485 1.0022 .9914 9886 1.7442 .88
2—ux, <<l 40 2505 2495 1.0011 9979  .9972  1.8527 .94t
80 .2503 .2498 1.0005 .9995 .9993 1.9126 .97

v A=C:§

V Ad=1+4lx—%17 20 .2499 .2488 9999 9977 9870 1.8750 .93«
gl, 0<% <% 40 2499 2495 9999 9994 9968  1.9357  .96¢

¢= 9, <x<1 80 2499 2498 9999 9999 9991 19674 .98:
. (x4 ) .
VI A=1+ sin ——— 20 .2360 .2350 9716 .9999 .9576 1.6174 .61

40 2468 2461 9935« 9999 9892  1.7959 .79:
80 .2493  .2490 9985+ .9999  .9983  1.8969 .89

C = oty

o In Problems I and VI, in the determination of w, and S(& “’1)’ the value 2 v/ E was  u
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ults
Iterations Iterations No. of
p“ﬁ) estimated parameters optimum parameters iterations
ual) m; SSOR-VE SSOR-SI SSOR-VE SSOR-SI m, wy S(Fw,) o SOR
31 5 25 19 20 16 4 1.7627 .8100 1.7295 55
27 7 35 26 30 23 6 1.8754 9011 1.8547 110
03 9 45 37 40 32 8 19364 .9494 1.9237 217
46 3 12 10 12 10 3  1.5880 .5880 1.5527 29
64 4 20 15 16 14 4 1.7663 .7674  1.7460 59
54 5 25 21 25 20 5 1.8765 .8741  1.8902 148
20 7 35 28 20 16 4 17646 .8140 1.7326 56
19 10 50 40 30 23 6 1.8752 .9033 1.8564 111
42 14 70 57 40 33 8 1.9357 9507 1.9247 220
35 6 24 21 20 17 4 1.7669  .8222 1.7385 57
9 8 40 32 30 24 6 1.8769 9078 1.8599 114
51 12 60 49 40 33 8 1.9366 .9530 1.9260 224
13 7 35 28 20 17 4 1.7460 .8280 1.7233 54
% 10 50 40 30 24 6 18649 .9105 1.8515 107
37 14 70 56 40 34 8§ 1.9303 .9544 1.9191 204
7 12 11 12 10 3 1.6064 .6066 1.5528 29
0 4 20 15 20 15 4 1.7794 .7782  1.7448 59
0 6 30 22 25 21 5 1.8834 .8819 1.8907 149

ad of M.
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Various choices of the coefficients A(x, y) and C(x, y) were used, as
indicated in Table 10.1. The boundary values were taken to be zero on
all sides of the square except for the side y = 0, where the boundary
values were taken to be unity. Mesh sizes of £ = 1/20, 1/40, and 1/80
were used. The SSOR method accelerated both by variable extrapolation
(SSOR-VE) and by semi-iteration (SSOR-SI) was used. In each case
both w, , the “good” value of w, and the corresponding bound for S(.%, )
as well as wy , the actual optimum w, and the actual value of S(Vmo) are
given. The starting vector #® = Q was used in each case.

For purpose of comparison, the SOR method was also used. The
value of w, based on the true value of S(B), as determined by the power
method, was used.

A very conservative procedure was used to terminate the iteration
process in each case. As a matter of fact, the number of iterations required
to satisfy the convergence test could have been determined before the
problem was solved. For the SSOR~VE method, the number of iterations
was tm, where m is determined by (9.18) and ¢ is given by (9.17). For
the SSOR-SI method, the number of iterations is determined by (9.9).
For the SOR method, # was determined as the smallest integer such that

| L8, |l < 1075 (10.2)

With the red-black ordering, instead of the natural ordering, as was used
for the SSOR-VE and SSOR-SI methods, || 7 || is given by (see
[25, p. 258])

I £, 1L am = (@ — 1)"[nz + (n%* + 1] (10.3)

where
2 = (wp — )2 — (w, — DU, (10.4)

An approximate solution for (10.2) is given by

log((2y/{) log(2y/%))
n e~ e (10.5)
where { = 107¢ and
P
Y= Thoglon — D (109

(see [25, p. 264])).
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The results of the numerical experiments are given in Table 10.1.
The determination of some of the quantities, not explained elsewhere, is:
B, computed from (9.1); S(LU), computed using the power method;
M, computed from (8.14); S(B), computed using the power method;
; , computed from (4.42) (the values of 2/ were used instead of M
in Problems IT and VI); (¥, )-est, computed from (4.43); S(, )-actual,
computed using the power method m, , computed from (9. 18) using
estimated values of S(Z, ); m,, computed from (9.18) using actual value
of §(4.,); wy, the value of w which minimizes S(#,) where S(,,) is
computed for many values of w using the power method; and w, =
21 + (1 — S(BRP)

For the problems considered it seems clear that the number of itera-
tions required for convergence with the SSOR methods behaves
approximately like A71/2, This is true even in the case V involving
discontinuous cases. However, it should be noted that for other cases
considered by Benokraitis [5], involving a higher degree of discontinuity,
the behavior was like A73/%. We remark that earlier Young [25] showed
that the behavior would be A=3/% under the assumption that | 4, | and
' C, | are bounded in the region under consideration.

As indicated by the analysis of Benokraitis ([5, Appendix E]), even
with the Niethammer scheme, the number of operations required per
iteration using the SSOR-SI method is about twice that required using
the SOR method. (The same is probably true also of the SSOR-VE
method.) This should be considered in comparing the SSOR methods
with the SOR method.

The number of iterations required with the SOR method behaved
like ~~1. However, in Cases II and VI the convergence was slower. (It
is fortunate that in those cases 8 was somewhat less than }—otherwise,
poor results would have been obtained using the SSOR methods with
the estimated parameters.) Even noting that each SSOR iteration
requires about twice as much work as the SOR method, there is a
substantial savings resulting in using the SSOR methods for small
values of . :

As was to be expected because of our choice of m, the number of
iterations required using the SSOR-VE method was somewhat greater
than that required using the SSOR-SI method. Our procedure for
choosing m was based on the SSOR-VE method requiring about 259
more iterations, and this factor is closely realized in many cases. Since
the values of m required were rather small, it is probable that m could be
substantially increased without the danger of instability. This would

607/23/3-4



262 DAVID M. YOUNG

make the SSOR-VE method more competitive and would also result in
a substantial saving in storage. Moreover, it is possible that the SSOR-VE
method may prove to be somewhat better suited for the use of adaptive
parameter determination than the SSOR-SI method, but this remains
to be investigated.

In the cases considered, the estimated parameters were reasonably
effective for the SSOR methods. However, optimum parameters are
sufficiently better to make it appear worthwhile to try to improve the
parameters adaptively, provided this can be done without too much
extra work per iteration. Work on adaptive parameter determination is
described in the thesis by Benokraitis [S] and the paper by Benokraitis
and Young [6], now in preparation. Here the attempt is to simultaneously
improve o and the estimate of S(&,). So far, the procedures used have
been observed to work quite well, but no rigorous proof has been obtained
to show that the “waste ratio” is bounded for a wide class of problems.
The “‘waste” is the difference between the actual number of iterations
required and the number which would have been required if the true
optimum parameters had been used from the beginning. (The “waste
ratio” is the ratio of the waste to the number of iterations required
using the optimum parameters.) However, if we were to fix w, then the
difference between the number of iterations, #, required using an
adaptive procedure for finding S(#,) and the number 7, required using
the true value of S(#,) would not exceed a bounded multiple of #, for
a wide class of problems (see [15]). This would be useful provided S(<,)
is a slowly varying function of w. This appears to be true in many cases,
as shown, for instance, by Ehrlich [9], Benokraitis [5], and others. Also,
we note that the results of Table 10.1 show that the true value of S(Z, )
is reasonably close to S(, ), even though v differs considerably from e, .

11. Turg Crank-NicoLsoN METHOD

Let us now consider the following initial value problem. Given a region
R and boundary S with the same properties as in Section H and given
a function f(x, ) defined in R and a function g(x, y, t) defined on S for
¢ > 0 we seek a function u(x, y, f) defined and continuous for (x, y) €
R + S and for # == 0 such that

ou/ot — Liul. (L1
Here L[u] is given by (8.1).
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To obtain a numerical solution for this problem we construct a space
mesh, as in Section 8, and we select a time increment, .. We use the
Crank-Nicolson difference equation

u(x, y, t + k; — u(x, ¥, t) _ %[Lh[u](x; y, t) + LyJu](x, v, t + R)]. (11.2)

Here for fixed ¢, the discrete operator Ly[u] (x, ¥) is defined by

Ly Jul(x, y) = ogu(x, y) + oqu(x + h, y) + ou(x, y -+ h)

A+ ot — hy, ) + agu(x, y — k) (11.3)
where, by (8.2),
1 h 1 h
w=gAlrrz) w—gal=30)
1 h 1 h
w=mCnyty)  w=gEllsy—3) (11.4)

Oy == —ay — O — g — 0y - F(x, ).

Since the values of u(x, y, 0) are given, we can determine u(x, y, k) by
solving a system of equations defined by (11.2). Then we can determine
u(x, v, 2k), etc. We seek to show that the SSOR method can be used
effectively.

From (11.2) we have

@lr — Rog) u(x, y, t 4~ k) — (BPa)) u(x + k, 9, + k)
— (Bon) u(x, y + byt - ) — (W) u(x — By v, - F)
— (RPoy) w(x,y — byt -+ k) = @(x, 3, 1) (11.5)
where
r = kB2 (11.6)
Here @ (x, y,t) involves known quantities. Since —/h%oy > h3(a; +

oy -+ ay + o) we have
-

o2
v

1+ 5(81 4+ S5)

¥

o2

1+ 2(8; + S2)

Sy
IL o <

(11.7)
Sy
I Ullo <
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where S; = h*oy + ) and Sy, = A*a; + «,). Therefore

L VS,
SLU) S LUl <[ Lo | Uflo < | ———— ] - (11.8)
1+ E(S1 + 85)

Since (S15,)12 < (S; + S,)/2 we have

(r/)(Sy 4 S5) (2 _ 1
SLU) < (m) <z (11.9)

Thus the SSOR method can be applied effectively. To estimate S(B),
we use the estimate (8.14) multiplied by the factor

hP(oq + o g £ y)
| N e L (11.10)

max
Ry

In the case of the model problem we have —h*x, = 4 and A%« =
Moy = h?ay = k%, = 1. Therefore, the factor is

4 2r

DT i (HL11)

Hence we have

S(B) < cos 7h. (11.12)

2r
1+ 2r
Assuming that we let £ = vh for some constant v, we have r = vjk and

h

1
Therefore as # — 0 we have
RR(B) ~ (2v/h) (11.14)

and, by (6.6),
RR (P(F,) ~ (/42) k1 (11.15)
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12. A SurvEy oF RELATED WORK

The SSOR method was first considered by Sheldon [21]. It is a
generalization of the “to-and-fro” method of Aitken [1]. (The to-and-fro
method is actually the SSOR method with w = 1.) Sheldon considered
the acceleration of the SSOR method by variable extrapolation. His
paper contained a proof of the effectiveness of the method for Laplace’s
equation in one dimension. He indicated that a detailed analysis of the
two-dimensional problem ‘“does not appear possible.” However, he ran
numerical experiments which tended to confirm the conjecture that the
method is considerably more effective than the SOR method for the
model problem in two dimensions.

Habetler and Wachspress [14] gave a detailed analysis of the SSOR
method using variational techniques. They developed an equation for
determining the optimum w. This equation is highly implicit, since it
involves the eigenvector of S(, ), where w, is the optimum value of w.
This equation was used by Evans and Forrington [10] to compute the
optimum w for the model problem. However, the iterations used to
find the optimum w were “wasted” in the sense that they were not useful
in solving the system itself. With the adaptive procedures described by
Benokraitis [5], on the other hand, there are no iterations which are
“wasted” in the sense indicated. (Information about how and when
to change w is obtained during the normal iteration process.)

The class of linear systems considered by Habetler and Wachspress
[14] involved the diffusion equation with (apparently) discontinuous
coefficients. For these problems it was found that the accelerated SSOR
method was not significantly better than the SOR method. These findings
together with the relatively complicated procedures for choosing the
iteration parameters may have contributed to the lack of use of the
method.

Ehrlich [8, 9] considered the line SSOR method. He was able to obtain
accurate bounds for the eigenvalues of the line SSOR matrix in the case
of the model problem. He carried out numerical experiments comparing
block and point methods not only for Laplace’s equation but also for
certain other elliptic equations. He found that the method worked quite
well for these more general equations.

Young [25, 27] showed that one could give bounds on S(<#,) in terms
of bounds on the eigenvalues of B and of LU. Such bounds could be
used to determine values of w which were “good” in the sense that, at
least for the model problem, the number of iterations could be proved
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to be O(h71/2). Line SSOR as well as point SSOR was included in this
analysis. The method was shown to be particularly effective if S(LU) < 4.
This condition, which was known to hold for Laplace’s equation, was
also shown to hold for the more general equation ( y~'u,), + (y~'u,), =0
by Phein [19].

Many of the results of the present paper involving the refined analysis
of the eigenvalues of ¥, (Section 4) and the model problem (Section 7)
have been obtained independently by Axelsson [4]. The analysis for the
case S(LU) > %, however, is not found in Axelsson’s paper. To treat
the generalized Dirichlet problem, where S(LU) is normally greater
than %, Axelsson [3, 4] uses another approach. He allows the relaxation
factor w to vary from equation to equation. He is then able to obtain an
O(h=1/2) reciprocal convergence rate under somewhat weaker conditions
on the coeflicients A(x, y) and C(x, y). His analysis includes the pos-
sibility of letting the mesh size vary. He can even handle some cases
involving discontinuous coefficients by letting the mesh sizes vary
appropriately.

Benokraitis [5] conducted an extensive set of experiments on the use
of the accelerated SSOR method, with adaptive parameter improvement,
for the generalized Dirichlet problem. The procedure appears to work
quite well in the cases tested, but a rigorous theoretical justification is
still needed. Further work by Benokraitis and by the author is underway
to prove the validity of the adaptive procedure and to apply it to more
general linear systems.

13. CONCLUSIONS AND RECOMMENDATIONS

The accelerated SSOR method offers a substantial potential saving as
compared with the SOR method at least for many problems. Recent
work which has led to the development of relatively simple procedures
for using the method should encourage its use, at least for the generalized
Dirichlet problem. Its use for more general problems would seem to
depend on the development of effective procedures for testing in a
minimum time whether the method would be effective, even with the
optimum parameters, and also for adaptively determining the optimum
parameters. Further research in this area is clearly needed.

The J-SI method can be shown to be more effective, by an order-of-
magnitude, than the benchmark method for any linear system involving
a symmetric positive definite matrix. To effectively apply the J-SI
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method one needs upper and lower bounds m(B) and M(B) for the
matrix B, corresponding to the Jacobi method. For the SSOR method
one needs M(B), but not m(B), and in addition, S(LU). In some cases,
including linear systems corresponding to the generalized Dirichlet
problem, one can get a good estimate for S(LU) by simply computing
LU o -

If the matrix of the linear system is a positive definite L-matrix, it
can be shown (see Section 6) that S(LU) < S(B)% From this it follows
that even with w = 1 the accelerated SSOR method is nearly as good
as the J-SI method. It seems reasonable to suppose that with sophisticated
adaptive procedures the accelerated SSOR method would be greatly
superior to the J-SI method in many cases.

There is, unfortunately, one factor which may limit the applicability of
the accelerated SSOR method for very large problems arising from
elliptic partial differential equations. If a problem is so large that the
data for all mesh points cannot be stored in the high-speed central
memory all at one time, the following technique can be used with the
SOR method. The data for several lines of mesh points are read into the
central memory. One SOR iteration is performed on all of these lines,
then a second is performed on all but the last, then a third on all but the
last two, etc. This procedure, which cannot be used with the SSOR
method, greatly reduces the time required to transfer data between the
central memory and the low-speed auxiliary memory.

APPENDIX A: VARIABLE EXTRAPOLATION
It can easily be shown from (5.24) that given 0, , 0, ,..., §,, we have

w'm™ = P (G)u'® + &, (A1)

for a suitable vector k,, . Here the polynomial P, (G) is given by
Pu(G) = [[ (6:G + (1 — O)). (A.2)

k=1

Evidently, if u is an eigenvalue of G then P,(u) is an eigenvalue of
P, (G). Moreover,

S(Pn(G) < max | Pp(p)]- (A.3)
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We seek to determine the 6, so that the right member of (A.3) is min-
imized. Since P,(1) = 1, our problem is equivalent to that of finding
the polynomial P, (u) of degree m or less such that P,(1) = 1 and such
that the right member of (A.3) is minimized. To reduce the problem
to a standard problem we map the interval o < u <{ B onto the interval
—1 <y < 1 by the transformation

=B+

or P (A4)

b= lB— )y + B+ )
If we let
0uly) = Palh(B — @)y + (B + o) (85)

our problem is reduced to finding the polynomial Q,,(y) of degree m or
less such that O,,(2) = 1 and such that

_max | On(y)] (A.6)

is minimized. Here

ey =250 o (A7)

where o is given by (5.9). The solution of this problem is well known!?
and is given by

0ulr) = 723 (A8)

Here T,(x) is the Chebyshev polynomial of degree m given by

Tu{x) = cos(n cos™x), Jx] <1 (4.9)
e (R G e R e VLo N ET s A
The polynomial P, (u) is given by

Pm(l") — To((2p — g:?m'(l;)o‘))/(ﬁ — o)) . (A.10)

13 An early reference is Markoff {17]. For detailed proofs see, for instance, Flanders
and Shortley [11] or Young [25].
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To determine the 8, it is only necessary to equate the roots of (A.10) with
those of

Pp(p) = H (O + 1 — ). (A.11)
k1
The latter are simply
= 1 _91;, E=1,2.m. (A.12)

The roots of (A.10) are given by

2pe— B+ (k- Dm —
_73“:_“_%_ = cos S k=12..m (A.13)

or

1

o = 5 [(8 — o) cos (2

G 1 (g4 )] (a.14)

From (A.12) and (A.14) we get (5.25).
Since max_;_,; | T,,(y)] = 1 it follows from (A.8) and (A.9) that

1 2rmi2
max | Pp(p)] =

a<p<p Tz 147 (A-13)

where 7 is given by (5.12). This verifies (5.26).
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