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1. INTRODUCTION

Many of the decision making processes appearing in economics, engineer-
ing, planning, etc., are in nature dynamic. A great deal of work has been done
studying them and as a result of many investigations, the discipline of
dynamic programming and adaptive processes developed by Bellman in [1-3]
has become one of the most powerful techniques to be applied to such
processes. However, when in the process there are several groups or players
facing competition during the period of time under consideration, some
extensions of the theory might be seen to be necessary.

In this paper, we are concerned with dynamic or multistage processes
where the competition is taking place at each step and its result will determine
the forthcoming steps. One of the easier (but very realistic) dynamic situations
occurs when the different groups in the competition perform their actual
moves, or make their decisions in an ordered sequence, one after the other.
We call such an abstract process a univalent game of protocol. The purpose
of our first sections is to study such processes. In the first one we introduce
an existence theorem regarding stable points which are seen as dynamic
solutions of the dynamic competition. They are very general and are related
with the concept of competitive structure. The next two sections present
some decomposition techniques which are also useful for computational
purposes.

More general and complicated situations arise when more than one player
at each time determine the continuation of the competitive process. In order
to distinguish this more general case from the previous one, we call it multi-
valent game of protocol. In the last section we study two-person games of
protocol which of course are bivalent. In order to do this we extend some
results on two-person games derived by Shapley in [7].
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2. UNivaLENT GAMES OF ProTOCOL

Following the comments made in the introduction we now are going to
define a univalent n-person game of protocol.

Let T ={1,2,..,2*} be a discrete #ime set during which the game is
taking place and N = {1,..., n} be the set of players. The strategy sets, which
are nonempty are given recursively. The first one is X%, and for each o' € 2%,
the strategy set at the second step is 2%(co!) which depends upon ¢! € Z*. For
te T the set ZU(ot, 6%..., 0¥1) is the strategy set at time ¢ depending on all
the previous choices o(t — 1) = (o\,..., ¢¥1) satisfying o® € Z%(a(s — 1)) for
each s < t. Given a ot) we say that ¢ is its Jength which we denote by | o | .
Let 9(t) be the set of all o(¢) having length ¢. For convenience we can consider
the first set of strategies depending on a previous point, that is to say
2 = Z(o%) where o® = & is the empty set. From the sets %(t) we derive the
following useful sets

t*—1

gt = Lt) g9@), 9= 9.

Consider the shift operator
0: 9+ —> %~
defined by
8(a(2)) = o(t — 1)

for any o(t) = (o{t — 1), 0%) in #*. 6 maps %(t) onto (¢t — 1) and its
s-composition 8, = 8o --- o § (s-times) maps ¥(¢) onto ¥(t — s) when ¢ >s.
By definition 6, is the identity map.

The actual game structure is obtained from the scheme given above by
assigning the strategy set to the players. For this, let ¥,~ with e N be a
partition of ¥~. For each o € &, having length | ¢ | = ¢, the strategy sets
for the t + 1 step for player j € N is given by

lol+1, v _ ({F} i g,
27 (0) = Zlel4(e)  if =i
Thus, the global strategy set for player e N is

= X EJ:OI_H(O)'

oed ~

Clearly a o = (oy,..., 0,) € X4en 2; determines uniquely one element
o(t*) € 4(¢*). The payoff functions 4, are real functions defined on %(t*).
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Hence, we have a global normal z-person game
P:{Zz’ Ai;iEN}

corresponding to our protocol game. We refer to both indistinctly since no
confusion will arise. For simplicity we assume here that all the strategy
sets are finite sets, but we point out that all the results can be obtained with
some slight modifications in more general cases.

As an example of a game of protocol, we have the case when an n-person
game in a normal form is played during a period of time, where at each time
only one player makes the actual choice, having been informed of all the
previous choices.

Following the ideas in [4] and [5] let us introduce a quasistatic simple
structure function e: ¥~ x N — 2, in the game of protocol, which assigns
for each (o, 7) € ¥~ X N asubset ¢(o, 7) C N of players, such that (o, {) = &
ifoe @, and is either @ or {j}if € ¥, and j % 1.

The intuitive meaning of such a structure function is given by regarding
the player j € N in {j} = e(0, ©) as a player that player i€ N does not wish
to depend on, in the next step after o € ¥~ or, in other words, the player
1€ N considers the player j € N as antagonistic at the step given by o € ¥~
in the dynamic competition.

Thus, for convenience we can write the global strategy set of a player from
another player’s point of view. Introducing the set

ef) ={oe ¥ jeeo,i)i C Yy,
which is empty if j =7, then calling

Zi) = X Zl°"(o)

ace;(d)
and
Zihn= X ZFHo),
oe% —e(i)
we have

Z; = Zy(i) X Z(f,1).

The first factor in the last expression takes into account all those places in
the game of protocol where player j € N does not wish to depend uponie N
and the second are all the remaining strategy sets on those positions where the
players are considered to be indifferent by player j € N. The introduction of f
indicates the indifferent coalition concept’s extension of that in [5].

I', = (T, €) is the game of protocol I" having the quasistatic (q.s.) simple
structure function e.
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A suitable concept of solution for a game of protocol I, is an e,,-quasistatic
simple stable point, or concisely e,-q.s. point, which is defined as a joint
strategy o;%,..., 0, * such that

max min Ao;, on_(7), Uﬁ—(i}(ﬂ 1))

0€Z; on_{iHDeZn (D)
Ai(oi*p UN—{i)(i): C’;\';—{z'}(f, 1))

min
oN-(DEEN_ (13 ()
for each player 7 € IV. Here, the sets involved in the expression are

Iyv-w@ = X }Z’,.(i), Zv-w(fi)= X }2,-(f, i),

JEN--{i jeN—{:

which satisfy

Iy = X 2y =2Zy_3(d) X Zy_a(fo1).

jeN—{i}

In the case that all the sets e(o, 7) are empty an e,,~g.s. point becomes the
usual equilibrium point in extensive game in pure strategies.

Next we are concerned with the existence of such an e,,-q.s. point for any
given q.s. structure function with an arbitrary labeling. Indeed, the result
given below, which is obtained applying a conceptually dynamic programming
technique as those very fruitful introduced by Bellman in [1] and [2], impli-
citly also contributes a constructive algorithm for the construction of such a
point.

TueoreM 1. Any game of protocol I', with any q.s. structure function e,
has an e,-q.s. point o* = (o,%,..., 6,%).

Proof. We proceed by induction on the length of the time set. In order
to do this, let #, be that player such that ® € &7 , then

lol
5= X ZlME).

i 0
oe@;}-—{o }

Now for each o'e 2!, we define its truncation game of protocol .l
which is given by the time set ,T = {l,..., t¥ — 1} and with strategy sets

2207t — 1)) = ZtH(o, 71,..., 7+1)
for each (o', 7(t — 1)) € ¥+. Thus 1 %(¢) for £ €T is the set of = such that

By(c*, 7) = ot and of course (¢%, 7) € %(¢ + 1). For simplicity we identify in
the truncation scheme = with (o!, 7).
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Hence we have

LF0)={} and G =F N{pecF:0(0) =0l s >0}

o

and analogously for 1%+. The q.s. structure function in I is just the restric-
tion of the original one. Then, at once, we have

2 =09 NG, (i) =¢(ot 7),1)
and
26(8) = a9 N ei).
Therefore,

oZi= X i) x X Zli)

€ i € G —
p u‘,-() p 01-7’7. Ule].(t)

= X ZPH(p) + X 2P+ i(p)

P 9N ej(i) peolg'n(gt e (@)
= a2 (1) X 1Z(f,1).
The payoff function in the truncation are naturally given as
a4,(0) = A, ).
Clearly we have

Ik X aE i i=i

olext

X .Z, if i,

i
aglext

It is obvious that if t* is one then there is an ¢,,-q.s. point. Now assuming
that in ,,I" there is an ¢,,~q.s. point ,16%,..., 10, *, define the point 6%,..., 6, * as

Gi* = (olai*)ale):l EE{ = X olzi

01521
if § iy, and

* *1 * 1
aio - (0 ’ o‘oio)alezl el x 1)( . 0121'0
oleXx
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where ¢*! is any point in 51 such that

max min A [o*, 7 (1 o¥ )
olexl |7 (i ez (i) ot zo[al iy’ o N—(zo)( 0)’ ol N—{zo)(f’ 0)]
OV Nefigh 0 N—{ig) 0

_ . * . * .
R SRR AR AR AN
GV N—(igy 0 T N={ig} 0

We wish to prove that oy *,..., 6,* is indeed an e,,-q.s. point in the original
game of protocol.
Let us begin with player 7, . We have

m

ax min A;Jo; , on_:1(2 x . 1
510 Zay TN~ (i) GOIEEN- (43 (i) ‘lo[azo » ON. (zo}( 0)s ON. (zo)(f’ 0)]

= max max min
P i .
oes aloiosclzio olaN—(io)(lo)Ecrl N-uo)('o

)
x alAio[aloio » 1N iy (%) 010*—(i0)(f » 7))

= max min A [0k, o (1), 0% (f1)]
1yl : ;)9 fgo fp o N-{ig} 07 o7 N-{i)} [
olex l71aN_(‘0)(:0)»5012'”*(io)(zo) 0 (4 0 o

min A [ qoF RN () oX )
o*l"N~(io)("o)5,,*1“3N—(i}u(io) ¥t ’o["*1 iy ? o¥2 —(’o}( 0)’ o*t ‘(10)(f’ 0)]

min A, Jo (1), of s, )]
o~y oI Ey_ (1 (i) ig[o'zo ’ "N—(z.,)( 0)» on—tig(fs 20)]

The first equality is simply derived by splitting the maximum on a Cartesian
product set. The second one is due to the definition of e,,-q.s. points in the
truncation games ,.I". The next is by definition of ¢*! and the last one is
completely clear.

Now let i€ N be a player such that 7, ¢ e(o%, 7); then o*! is a component of
a%_gy(fs ©). Therefore,

}}3532% UN_MI;])}S—M(,.) Adoi, on_(3(t), on_(a(f, )]
- a*lgl%):r""; a*loN-u;é;l*r;ZN-«,(i) A0, oy @), oy (f,9)]
— i * ; * ;
B o*laN—(i)(gIEIoI:‘lEN—(t)(i) o1 oo™, °*10N—{"}(t)’ ¥ —(i}(f’ i)l

f—— i | .* s 3 * ) 3
= o ER o e o), o )
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Here, the second equality is due to the definition of e,-q.s. points in the
truncation games and the others are different ways to write the expressions.

Finally, it remains to analyse the equality for each player e N when
io € e(a?, 7). In this case we can write

Zn-@(t) = Enctina(i) X 2(2)

and 2 is a component of Z; (¢). But before we go explicitly into the computa-
tion, let us deduce a relation in a zero-sum two-person game of protocol I
which will be of help for the following analysis.

Consider I, given by N ={1,2}, T ={1, 2}, Gy~ = {0°} and ¥~ = 2",
All the antagonistic coalitions given by e are empty. The payoff functions
A=A4,=—A4,. Define

v_ = max min A(o, , o
0)€Z) 0y€Z, ( 1 2)

and

v, = min max A(o, , o).
* 0g€Zy 0,E€X, (1’ 2)

We now prove that o, = v_.
We remind that

2, =21 and = X I

0‘152:1
Consider the strategy &, given by {6*},1; such that

2A0%) = max ,A(c%

o2ex2(ol) ©
for each o!. Then, we have that for any o, € 2,

max A(o, , 0,) = 4(5, , 6,) = 14(6%)

01621
and therefore

v < min max A(o. , o) = min ,A4(6?
+ 7 olerlgrex, (1’ ) olexlo (@)

= min A(cy, 0y) < v_
s (17 2)\ 4

which implies v_ = v, .
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Having this auxiliary result, for any player 7 € NV with 7 € e(a%, 7), we have

gleazf uN_(iglzlg_{,-)(i) Ajfo; s on-@(t), onia(fr 1)]

= max min min .
067 04 (HeXZ; (i) on_giy 3y (DEZN_t5 (D)

Az’["i > Uz‘ﬂ(i), ON—(io.i}(i)’ Uﬁ—(i)(fs l)]

= max min{ min min

Fgar] Ne .3 (i e .
T ST e oloio(')eal 1'0(1) uloNf(iO.i}(l)Eal N—{io.i)(l)

aAlo; alaio(i)’ alaNf{io.i)(i)’ ola;;——(io,i}(f Ol

= 1min max min Al 0., o (1), 105 (f,1
dleZl o€ .2 o (e E. () 1[01 i’e N—{t)( ) ot N—{z)(f’ )
Vi ot i oV N-{i) T et N={3)

. . " . » .
- ;ﬂlznl Lo (g?rllz e alAi[alci ’010N~(i)(1)’ aloN—(i)(f )]
G N—{i} ol TN-{3}

ON_m(ﬂlz{lN‘m(i) Ao, on_ig(2), on—@(f; )]

The first two and the last equalities are clear. The last but one is due to
the definition of e,,-q.s. points in the truncation games. The remaining one is
nothing else than the application of the previous auxiliary result to the zero-
sum game of protocol with length two and players {7, , ¢} with global strategies
21 and Z; respectively and the payoff given inside the parentheses.

By the induction principle, the joint point o,*,..., 0,,* is indeed an ¢,~q.s.
point. Q.E.D.

3. TRUNCATION AND DiIrrerReNCE GAMES oF ProToOCOL

Having the existence of such points, we would now like to present some
properties that they have.

For any given ¢ € ¢~ one can analogously define as in the proof of the
theorem the truncation game ,I'. Calling .7, = ¥~ — ,9, the difference set,
then we have that the global strategy set can be written as

I =B X ZfD) kX B x X T

ree(i)N 2, 7€, ~es()N 2 ]

and calling °2'(7) and °2)(f, 7) the third and fourth terms respectively, we
concisely have

s = oZi(0) X oZAf, 1) X °Zi(d) X °Z( [, 7).
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On the other hand, for each ,7 = 7€ Xjey ,&; One can define the difference
protocol game ,I'(7), where all the strategy sets are as in the original game
except all those XZ171+Y(7) such that () = ¢ for some s 2> 0, which now are
changed to ZJ1*Y(7) = { @}. Therefore, the sets

"Zj = ﬂZ‘,-(i) X Uzi(fv i)

represent the global strategy sets in ,I'(7).

By attaching the payoff value

adi(o, ,7) = aoN_m(Tl.f)g&N_m(i)Ai(", oTi» oON-(}(E)s T (/3 7))

to the end point represented by ¢ in ,I'(r) and all the original values at the
remaining end points, the difference game becomes well defined. We empha-
size that it depends on ,7 = 7. The new simple structure function is the
restriction on ,% and it is empty at o and all its derivations.

Thus, we have the following result:

TueoREM 2. Given an o€ 9, if
o0% = (501 %5eny 00 %) and og* = (g, ¥,..., %, %)
are e,-q.5. points in I and ,I'(,0*) respectively, then their composition
o* = (01%,..., 0,%) is an e,-q.s. point in the original game of protocol.
Proof. By the previous global strategy sets decomposition, we have for

player i€ N,

IJ, = g‘eaz)i "N—(i)(E.I)lelgN—(i}(i) Az[az > U'N—(z}(l)a UN—(L)(f’ l)]

= max min min ) max .
90,695, ;08,7 Con (D)7 TN_()(D) GON_ (1 (DEGEN_{) (D)

A%, 00:, “on_(3(i); son_1a(2); o"ﬂz\(l—(z‘}(f: i), oatl—(i)(f’ 2)
= max min { max min
%09 Can_ ()7 En_ (13D} 408, T GON- i), EN_(1)()

Ai[uai » 097 o"N—-(i}(i)’ aGN—(i}(i)’ O‘T;kv—(i}(f: i), a"ﬁ—(z‘)(f’ ’)]},

where the last equality was obtained by applying in a similar way as in the
proof of Theorem 1, the maximim theorem to a zero-sum two-person game
of protocol pointed at o arising naturally from the expression given above.

But, the amount inside the parentheses equals A (c*(¢*)) if O,(c*(t*)) # o
for all 5 and Ao, ,0*) if °%c* determines o or equivalently if 8(c*(t*)) = o
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for some s, since ,o* is an e,-q.s. point in ,I". Here, o*(¢*) is the end point
determined by o* = (,o*, %6*).
Therefore, using also the definition of “6*, it follows that

I, = max min _ max min )
90,692, Son_(3(DEZN_ (1) 506, %; ON_ (3 (DE EN_(13(D)

Ai[go'i » 095 OUN—{i)(i)) aUN—(i}(i)a ”G?C-m(f, i), ao;’\;f{i)(f) ’)]

= max min ) min '
%,e7X; Yon_(()e7Zn_()(D) on_((DEGEN_(1(D)

Af°%0; 005", “on_a (@), son—tit€), ‘Nt (f> £)s 00N (5 £)]

= max min A * %y, Con_ta(t), “or_ta(fo i
0003, "UN_(,-)(i)G"ZN_(,-)(i)g ,[a, o0 s Oi5 ON. (1)( )’ ON. {1)(fa )]

= min gAfe, 07, °0;%, “on_3(i), “on_a(f, 1)]
Ton—{:(DEZN_(5(d)

min min
o HDET Iy ({8 on- () (D)€, EN_113(d)
Ai[oi*y ‘on_a(i), oOn=13(1); U)'I\(?—(i)(f! )]

= r_nin . Az’[ai*r 0N~{i)(i)’ Gl’tl—-(i}(f» l)] =1,
on-{a(DEZN_(:3(5)

which implies that o* is indeed an e,-q.s. point in the original game of
protocol. Q.E.D.

Finally, it is not difficult to prove the property in the next result.

THEOREM 3. If the restriction ,o* of any e,-q.s. point o* in I is an e,,-q.s.
point in I'(c), then °c* is an e,-q.s. point in the difference game ,I'(,c*)

Proof. Indeed from the first expression of I; given in the proof of the
previous Theorem, the amount in the parentheses equals the corresponding

minimum. Therefore since I; = I, , we obtain the needed equality in game
L' (,o*) for the payoff of each player. Q.E.D.

It is interesting to point out that the projection ,o* of an e,,-q.s. point does
not necessarily lead to an e,-q.s. point in the truncation game. Indeed,
consider the following two-person game of protocol I' given by 21 = {1, 2},
Z¥ol) = {1, 2} and payoff functions 4, = 4, = 4:

Al 1) =2, AL, 2) = A(2,1) = A4(2,2) =1,
where

G, ={c* and @,=2IN
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The structure function is given by e(o?, 1) = {2} for each ¢! € Z* and all
the others empty. Thus, the joint strategy ¢' =1, (1) =2, 6*2) =1 is
clearly an e,-q.s. peint in I', but 6%(1) is not an e,,~q.s. point in the truncation
game ;I

4. BrvaLeNT T'wo-PersoN GaMEs oF ProTocoL

Having already studied some properties for the univalent games of protocol
in the previous sections, we would now like to extend the theory to more
general situations where more than one player determine the forthcoming
situations in the dynamic competition scheme. However, since we cannot
expect to obtain important results in the general case, due to the fact that
e,,-q.s. points no longer exist, we draw our attention only to zero-sum two-
person bivalent games of protocol where both players determine the future
of the game. It is clear that in such games the structure function is naturally
given and therefore could be disregarded.

The definition of such games is similar to the univalent ones but now the
strategy sets are given recursively by 2}(o(t — 1)) where

ot — 1) = (oy(t — 1), ox(t — 1))
have both components and
ZHo(t — 1)) = ZHo(t — 1)) X Z¥o(t — 1)).
The first strategy sets are
J1= 31 x B

The payoff function 4 is defined on the set of end points o(z¥).

Even in the most simple case when ¢* = 1, the minimax theorem does not
hold in pure strategies. Nevertheless, under sane restrictive conditions we
already know that a saddle point exists. Shapley in [7] has investigated such
games and he proved that under the condition that all 2 X 2 submatrices
have a saddle point, then the original game has a saddle point too. We call
such a condition Shapley’s condition or briefly S-condition. In the proof he
uses the existence of the value in mixed strategies. We are going to present
his result with a new proof which does not require any information about the
mixed extension. In order to do so, we need the following:

LemMma 4. The game I' = {Z, , X,; A} satisfies the S-condition. Let u be
an arbitrary number. If for eachj € S € X, thereis ani € X such that A(i, j) > p,
then there is an i € 2 such that for allje S, a;; > p.
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Proof. We will prove it by induction on the number of elements of
S:1S|. If | §]=1, the result is clear. Let R = S U {j,.;} where
S ={J; ..., Jsy- By induction, there is an { € 2| such that for each

je S Al ) >

Let 7, be such that A(s,, , forq) > p. iy = or A(f, j,,1) > 1, choose
i = {; otherwise when 7, 5= 7 and A(}, j,,,) << p consider forje Sthe 2 x 2
game

A(isj—l a].) A(isﬂ 1]:s+1) > Y .
A(i’]) > A(i:]sﬂ) Sp

The strategies (7, j,,1) and (4, §) cannot be saddle points. However, by hypoth-
esis it has a saddle point. If (i, , j) is a saddle point then

Algsr ) Z A, J) > p.
On the other hand, if (¢, , f;.4) is a saddle point, we have
Ais 5 7) 2 Allssas Jord) > s
and therefore
Aterr,7) >
forallje R. Q.E.D.

As a consequence of this result, we now derive the following:

THEOREM 5. Any game I satisfying the S-condition has a saddle point.

Proof. Let i, e 2, be a maximum strategy and M, € 2, the set of je X,
such that A(z,, ) = v;, where v, is the maximum values in pure strategies.
If there is a j € M, such that for each 7 € X:

for all € 2, , then (4, j,) is a saddle point. Otherwise, assume that for each
j€ M, there is an { € 2| such that

A3, j) > Alty »j) = oy -

Therefore, by the previous lemma, applied to M, there is an ie 2,
such that for any je M,

A, j) > v,
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On the other hand, by definition of M, we have
A(fy,5) > 0
for all j ¢ M, . Consider the 2 X 2 game

A, j) A, 7)
Ally,J) = v Ay, ) > vy

with j ¢ M, . Clearly, (4, ,7) and (¢, , ) cannot be saddle points. If (7,7) is a
saddle point, then

A j) > AGJ) >
and on the other hand if (7,j) is
A(Z_!j) > A(io )]) > Y-

In both cases, A(i,j) > v, , and therefore there is an i€ | such that
A(z, §) > v, for all je Z,, which is impossible by virtue of the definition
of 7,. Q.E.D.

Now we want to go further into our analysis and we will study the dynamic
situation. We study the case when t* = 2.
In such a case the global description of our game of protocol can be given by

I'={Z,,2,; 4}
where

2y =2y X X 2% and 2y =2 X X 2,%(a")

=351 =
olezl=x 1xz,l olesl-x 1x 5,1

and the payoff function becomes defined in a natural way. For any o' & 2%,
let M—(c') and M*(c¢') be the set of maximin and minimax strategies
respectively in the truncation of I

For a ¢!, let p* € M~(a') X M+(o"), thus (o!, p?) determines an end point.
Now let ¢, 5,! and o,!, 6,' be corresponding strategies for the first and
second player at time ¢ = | respectively. We have four combinations of the
form o' € 2, namely:

(0'11, 0’11), (0'11, 6'21)‘ (611, 0'21)a (Glla C_’:21)'

If we choose a p* € M—(o') X M*(s!) for each o of this form we also have
four end points. Each one of these end points determines a projection in both
players strategy set. Thus we can have four different projections for each
player. By combining all these entries we can obtain a matrix which may be
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4 < 4 with entries in terms of the payoff function. We call such a matrix
associated to (a1, &11), (0,1, 6,) and the corresponding choices p%

We say that the game of protocol I" has the weak Shapley condition or
shortly SW-condition if the associated matrix for any (¢!, 5;%), (0%, G,51)
possesses the S-condition.

Thus, we present the following result:

THEOREM 6. If for any o, I satisfies the S-condition and I" satisfies the
SW-condition, then the game of protocol I' with time length 2 has a saddle
point.

Proof. Each truncation ,1I” has a saddle point by virtue of Theorem 5,
with value v(o?). Now given (o}, &%), (05}, 6,') consider for any choice of
maximin and minimax strategies the associated matrix. Since it satisfies the
SW-condition it has a saddle point. Now if this occurs at one point (8%, p?)
where p? was chosen in M~(c¢') X M*(o!), then

o(r!, 611) < o(6, 631) < o6y, 7)) (*)
for
1

! =a}, 6! and Tl = oy}, ayl.

Indeed, in order to see it, suppose that 6! = (o,!, o;) and p? corresponding
to it is p? = (p,?, ps?). Consider the row with fixed oy, p,% then v(o,!, oy!) is
the minimum value of this row. In particular

7’("11’ 021) < A(‘Hl, Gt pids 522),

where p,? is the choice in M—(oy!, 5,*). But by definition of (0!, 6,!) in the
truncation (, 1 5 2,1, we have

A(ally 621s p12, ﬁ22) < ‘ZJ(O‘II, &21)
for each p,® € X\*(o,!, G,'), and therefore
oy}, 0,') < o(oy}, G).

Similarly for the other inequality. In the case that the saddle point in the
associated matrix does not occur at one point (6%, p?) where p? was not
chosen in M—(e') X M*(c?), one can easily observe that the value of the payoff
function A(8%, p?) has to be equal to v(6,%, 6,') and again it is easy to prove
that the relation (*) holds true. Therefore, we have proven that the game

{211) 221; ‘ZJ}

where the payoff function is given by v(ey!, o,') satisfies the S-condition.
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Consequently it has a saddle point (5,%, 6,!) or equivalently

max min_o(e,}, 6,}) = min_ max_ o(e,}, 0,%).
o lezl o lez,! oyleZ,l oylez !

On the other hand, by replacing v(s,!, 0,?) the first amount has the expres-
sion

max_ min max {  min _ Ale}, ol 6,2 0,2}
aleZ? 6,lez,! 022, 2(0y1,0,1) 0,2€2,%(0y 1 0,1)

= max max min min Aoy}, 651, 042 0,7]
o, lex! 01250 12(2 Zr¥orh0g) 0gleZ,! 0y’ oyt 0p")
s €2y

= max min Afo, , 0.
01€X) 096X, [ 1 2]’

where the last equality is the consequence of applying the minimax theorem
to a suitable univalent two-person game of protocol having the payoff function
described in the parentheses.

Similarly, the second amount equals the minimax in the global game.

QED.

The general case having #* arbitrary could be carried out in a similar
fashion as that just presented. No difficulties should arise.
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