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Throughout this paper a study on the Krein-Milmam Property and
the Bade Property is entailed reaching the following conclusions:
If a real topological vector space satisfies the Krein-Milmam
Property, then it is Hausdorff; if a real topological vector space sat-
isfies the Krein-Milmam Property and is locally convex and metriz-
able, then all of its closed infinite dimensional vector subspaces have
uncountable dimension; if a real pseudo-normed space has the Bade
Property, then it is Hausdorff as well but could allow closed infi-
nite dimensional vector subspaces with countable dimension. On
other hand, we show the existence of infinite dimensional closed
subspaces of £ o, with the Bade Property that are not the space of con-
vergence associated to any series in a real topological vector space.
Finally, we characterize unconditionally convergent series in real
Banach spaces by means of a new concept called uniform conver-
gence of series.
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1. Introduction

This paper is a step forward on the ongoing search for the solutions to several open problems on

the Krein—-Milman Property and the Bade Property. The most interesting problem related to the Krein-
Milmam Property is on determining whether a Banach space enjoying the Krein-Milman Property also
has the Radon-Nikodym Property. The origin of this well-known and long-standing open problem
goes back to the Summer of 1973 where Lindenstrauss (see, for instance, [7]) showed that every
Banach space having the Radon-Nikodym Property also enjoys the Krein-Milman Property. In [10] the
authors approach the above problem in the positive by proving that if a dual Banach space has the
Krein-Milman Property, then it also verifies the Radon-Nikodym Property. We refer the reader to [15,

* Corresponding author.
E-mail addresses: rafael.armariomigueles@alum.uca.es (R. Armario), garcia.pacheco@uca.es (FJ. Garcia-Pacheco), javier.
perez@uca.es (FJ. Pérez-Fernandez).

0024-3795/$ - see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.1aa.2011.08.018


https://core.ac.uk/display/82663223?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.laa.2011.08.018
http://www.sciencedirect.com/science/journal/00243795
www.elsevier.com/locate/laa
http://dx.doi.org/10.1016/j.laa.2011.08.018

1490 R. Armario et al. / Linear Algebra and its Applications 436 (2012) 1489-1502

Chapter 5, Section 5.4] for a proper discussion of the problem about the Radon-Nikodym Property
being equivalent to the Krein-Milman Property. Another of the open problems mentioned at the very
beginning has been recently treated in the early nineties and the early 2000’s (see [1,2,14]) and deals
with the relation between the Bade Property, the A-Property, and the spaces of convergence associated
to a series in a real Banach space. Other problems related to this topic in real topological vector spaces
have been recently considered in [8] and in [9] and mostly deal with the structure of convex sets in real
topological vector spaces as well as with the topological and algebraical impact of the Krein-Milman
Property on real topological vector spaces. At this point, we remind the reader about the main concepts
managed in this paper.

Definition 1.1 (Krein and Milman [13]). Let X be a real topological vector space:

1. Aclosed bounded convex subset M of X is said to have the Krein-Milman Property exactly when
ext (M) # @.

2. X is said to have the Krein-Milmam Property exactly when every closed bounded and convex
subset of X enjoys the Krein-Milman Property.

This definition finds its birth in the very well known Krein-Milmam Theorem (see [13]).

Theorem 1.1 (Krein and Milman [13]). Let X be a Hausdorff locally convex real topological vector space.
Let M be a compact convex subset of X. Then M has the Krein-Milman Property.

The Krein—-Milmam Property was originally defined for Hausdorff locally convex real topological
vector spaces in the following way: A closed bounded convex subset M of a Hausdorfflocally convex real
topological vector space X is said to have the Krein—-Milman Property exactly when M = co (ext (M)).
Essentially, it can be shown that in a Hausdorff locally convex real topological vector space the fact that
every closed bounded convex subset is the closed convex hull of its extreme points is equivalent to the
fact that every closed bounded convex subset has an extreme point. However, this equivalence does
not hold in general for real topological vector spaces. This is the reason for Definition 1.1. Examples
of real topological vector spaces verifying the Krein—-Milman Property include all Banach spaces with
the Radon-Nikodym Property (in particular, all reflexive Banach spaces). In close connection with the
Krein-Milman Property we find the Bade Property.

Definition 1.2 (Bade [3]). A real pseudo-normed space X is said to have the Bade Property exactly
when By satisfies the Krein-Milman Property in the original sense, that is, By = co (ext (By)).

The origins of this definition are to be found in Bade’s Dissertation. Among a bunch of results, one
can find its well known Bade’s Theorem (see [3]):

Theorem 1.2 (Bade [3]). Let K be a Hausdorff compact topological space. Then C (K, R) has the Bade
Property if and only if K is 0-dimensional.

The next two sections of this paper are devoted to show that the Krein-Milman Property has a
considerable exclusivity in the class of all real topological vector spaces. In concrete terms:

1. If a real topological vector space has the Krein-Milman Property, then it has to be Hausdorff.

2. If, in addition, the real topological vector space is locally convex and metrizable, then every
closed infinite dimensional subspace must have uncountable dimension. Our technique also
allowed us to find a nearly elementary proof of the fact that an infinite dimensional real Banach
space must have uncountable dimension without involving the Baire Category Theorem.

3. The Bade Property implies the Hausdorff-ness of the space as well, but could allow some closed
infinite dimensional subspaces to have countable dimension.
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On the other hand, as mentioned at the beginning of the introduction, another well known problem
(see [14]) is to determine when the convergence space associated to a given series satisfies the Bade
Property.

Definition 1.3 (Pérez-Ferndndez et al. [14]). Let X be a real topological vector space. Let >"°° | x, be a
series in X. The convergence space associated to >0 ; x, is defined as

o0 o0
S(Z xn) = l(a")”EN € loo 1 D, ayXy converges in X} .
n=1

n=1

In[14] it is proved that a series D52 ; x,, in a real Banach space is weakly unconditionally Cauchy if
andonlyifS (3.°° ; x) is complete. On the other hand (see[2])aseries Yo ; x, inareal Banach space is
conditionally convergent and weakly unconditionally Cauchy ifand only ifc € S (352 Xn) € €oo. An
interesting question is to determine for which series Y22 ; x, does S (352 ; x,) have the Bade Property.
It is well known [4,5] that a series >_°° ; X, in a real Banach space is unconditionally convergent if
and only if S (30°; X1) = £o. Therefore, the space of convergence associated to unconditionally
convergent series (in real Banach spaces) has the Bade Property. As far as we know, these are the only
known examples of series whose associated convergence space has the Bade Property. Our contribution
on this topic is in the last three sections of this paper, where we provide the following results among
others:

1. cis not the space of convergence of any series in any real Banach space.

2. There are closed subspaces of £, with the Bade Property that are not the space of convergence
associated to any series in any real topological vector space.

3. There exists a conditionally convergent series in a real Banach space whose associated conver-
gence space does have the Bade Property.

4. Unconditionally convergent series in real Banach spaces can be characterized through their
uniform convergence on the extreme points of By__.

2. The topological impact of the Krein-Milman Property

This section is aimed at showing that real topological vector spaces enjoying the Krein-Milman
Property must be Hausdorff.

Theorem 2.1. Let X be a real topological vector space. The set
{x € X : x belongs to any neighborhood of 0}

is a closed bounded vector subspace of X whose induced topology is the trivial topology. Furthermore, it is
always topologically complemented with every subspace with which is algebraically complemented.

Proof. Let us denote the above set by N. Then:
1. N is a vector subspace of X: Indeed, let U be any neighborhood of 0 and let n,m € N and
o, B € R. There exists a neighborhood V of 0 such that V + V C U. Now, there are Wy and W,
neighborhoods of 0 such that Wy, W, C V. Observe that n € Wy and m € W,. Therefore
an+ pBmeaW; + W, CV+V CU.
2. Nis closed: Indeed, let x € X \ N. There exists a neighborhood U of 0 such that x ¢ U. There

exists another neighborhood V of 0 such that V + V C U. Finally, x 4+ V is a neighborhood of x
suchthat x + V) NN = &.
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3. N is bounded: Obvious since
N = ﬂ {U C X : U is aneighborhood of 0} .

4. The relative topology of N is the trivial topology: Obvious from the above equality.
5. N is complemented in X: Indeed, let M be another vector subspace of X such that NN M = {0}
and X = M + N. Observe that the linear projection

X —> N

m—4n+—n

is continuous since the induced topology on N is the trivial topology. Another way to show
that the topology on X coincides with the product topology on M & N is by means of nets. If
(m; 4 n;)ic; is anet of M @ N converging tom +n € M @ N, then (n;);¢; converges to n (again,
because the topology on N is trivial). Therefore, (m;);c; converges to m. On the other hand,
observe that M is not closed (unless N = {0}). Indeed, 0 € M C cl (M), therefore N C cl (M)
and hence M is dense in X. [J

Corollary 2.1. Let X be a real topological vector space. If X has the Krein-Milmam Property, then X is
Hausdorff.

The same situation occurs with the Bade Property.

Lemma 2.1. Let X be a real pseudo-normed space. Ifn € X is so that ||n|| = O, then ||m + n|| = ||m|| for
allm € X.

Proof. Observe that
Imll = lliml = l[=nlll < [Im + nll < lm[l + lInfl = m|l. O
Theorem 2.2. Let X be a real pseudo-normed space. If X is not Hausdorff, then By is free of extreme points.

Proof. Define N := {x € X : ||x|| = 0}.In accordance with Theorem 2.1, N is a bounded closed vector
subspace of X whose induced topology is trivial and is topologically complemented with any subspace
with which is algebraically complemented. Let M be an algebraical complement for N in X. We will
show now that By is free of extreme points. Let x € By. There are m € M and n € N such that
X = m -+ n.By Lemma 2.1, |x|| = |Im]|| = ||m + 2n||, so m, m 4 2n € By. Finally,
1 . 1 (m + 2m)
x=-m+ —(m n,
2 2

sox ¢ ext (By). O

Corollary 2.2. Let X be a real pseudo-normed space. If X has the Bade Property, then X is Hausdorff.

3. The algebraical impact of the Krein-Milman Property

This section is aimed at showing that the infinite dimensional closed vector subspaces of those
metrizable locally convex real topological vector spaces enjoying the Krein-Milman Property must
have uncountable dimension. In the meantime, we found an easier proof of the fact the infinite
dimensional Banach spaces must have uncountable dimension without involving the Baire Category
Theorem.
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Theorem 3.1. Let X be a Hausdorff locally convex real topological vector space. Assume that the dimension
of X is countably infinite. There exists a biorthogonal system (e, e;), .y S X X X* such that X =

span {e, : n € N} and X* = span @ {ex :neN}L
Proof. Let (u,),cny C X be aHamel basis for X. We will construct the biorthogonal system inductively:

Step 1. Choice of ey:
Step 1.1. Take e; := u7. Obviously, span {e1} = span {u1}.
Step 1.2. The Hahn-Banach Theorem allows us to find e} € X* such that e] (e;) = 1.
Step 2. Choice of e):
Step 2.1. Take e; := uy — e} (uy) uj. Note that span {eq, e} = span {uy, uy}.
Step 2.2. The Hahn-Banach Theorem allows us to find €5 € X* such that 1 = €} (e2) >
sup €5 (Req) . Therefore e} (e1) = 0.
Step 3. Choice of e3:
Step 3.1. Takees := uz—ej (u3) e;—ej (u3) ep. Observe thatspan {eq, e3, es} =span {uy, uy, us}.
Step 3.2. The Hahn-Banach Theorem allows us to find e5 € X* such that 1 = e (e3) > supej
(Rey @ Rey) . Therefore 3 (e1) = e} (e2) = 0.

We omit the rest of the steps. To see that X* = Span ®" {e¥ : n € N} it suffices to realize that
span {e} : n € N} separates points of X. [

The first corollary we derive from the previous result is an easier proof of the fact that infinite
dimensional Banach spaces must have uncountable dimension. Notice that we do not make use of the
Baire Category Theorem.

Corollary 3.1. Let X be a real normed space. Assume that the dimension of X is countably infinite. Then
there exists an absolutely convergent series in X which is non-convergent, in other words, X is not complete.

Proof. By Theorem 3.1, there exists a biorthogonal system (e, e,’j)nEN C X x X* such that X =

span{e, : n € N} and X* = span @’ {e¥ : n € N}. We may assume that (en)peny C Sx. Note that
the series 372 2,, ey is absolutely convergent. Assume that >0, zn e is convergent in X. There are
A, ..., Ap € Rsuchthat Zn:] snén = Zn=1 Anen. Finally,

1 > 1 L
k k
it = €pt1 (z 2nen) =€, (z )»nen) =0,
n=1 n=1

which is impossible. [J

It is time now to show that closed infinite dimensional subspaces of a metrizable locally convex
real topological vector space with the Krein-Milmam Property must have uncountable dimension. We
will rely again on Theorem 3.1.

Remark 3.1. In[9]itis shown thatif X is a real topological vector space and (e;),cn C X is a linearly
independent sequence, then the set
& 1
M := Z% Anen : (An)nen € Coo and |A,| < o foralln e N
n=

satisfies the following:

1. M is absolutely convex but free of extreme points.
2. If (ep) ey is bounded, then M is bounded.
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3. If there exists a biorthogonal system (e;, e;‘)iel C X x X* such that (ep) ey C (€1)ig;, then M is
closed in span {e; : i € I}.

Corollary 3.2. Let X be a metrizable locally convex real topological vector space. Assume that X has the
Krein-Milmam Property. If Y is a closed infinite dimensional subspace of X, then the cardinality of a Hamel
basis of Y is uncountable.

Proof. Let Y be a closed infinite dimensional subspace of X. Assume that the dimension of Y is count-
able. In accordance with Theorem 3.1, there exists a biorthogonal system (ep, ), .y € Y X Y* such
that Y = span{e, : n € N}. Since Y is first countable, we may assume that (ep),cy is bounded.
Finally, by applying Remark 3.1 we deduce the contradiction that Y does not have the Krein—-Milmam
Property. [J

Remark 3.2. Let X be a real topological vector space and assume that (e, e:)nEN C XxX"isa
biorthogonal system such that X = span {e, : n € N}. The set M considered in Remark 3.1 is also a
generator system of X, therefore it is absorbing (see [8, Lemma 2.4]) and hence a barrel.

The previous remark motivates the following question:

Question 3.1. Let X be a Hausdorff locally convex real topological vector space. Assume that (e;, € )iel
C X x X™* is a biorthogonal system in such a way that X = span {e; : i € I}. Does there exists an extreme
point-free closed absolutely convex subset M of span {e; : i € I} containing {e; : i € I}?

Another interesting question would be determining whether a real Hausdorff locally convex topo-
logical vector space with a boundedly complete basis has the Krein-Milman Property. We remind the
reader that a basic sequence (b;) ey ina real Banach space is boundedly complete provided whenever

scalars (¢j);py satisfy

n
>.Gb

j=1

sup
neN

< 00,

then Z}L] cjbj converges. The notion of boundedly complete basis in the setting of real Hausdorff
locally convex topological vector spaces has been defined and studied in [11,12]. To finish this section
we will show that the Bade Property does not have such a strong impact on the dimension of the
infinite dimensional closed vector subspaces.

Example 3.1. Let X be any countably infinite dimensional real normed space. Since X is separable, it is
well known that X admits an equivalent rotund renorming (see for instance [6]). As a consequence, X
enjoys the Bade Property endowed with this equivalent norm. However, no infinite dimensional closed
vector subspace of X has uncountable dimension.

4. A simplified reformulation of the Krein-Milman Property

Our reformulation of the Krein-Milmam Property relies on the fact that checking whether or not
a certain real topological vector space has the Krein—-Milmam Property depends only on the bounded
closed absolutely convex subsets.

Theorem 4.1. Let X be a real topological vector space. The following conditions are equivalent:

1. X has the Krein-Milmam Property.
2. If M C X s closed, bounded and absolutely convex, then ext (M) # &.
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Proof. Assume that X does not have the Krein—-Milmam Property. Then there exists a closed, bounded
and convex subset N of X free of extreme points. Take M to be the closed absolutely convex hull of
N. It is easy to see that M is bounded and that M = {An:n € N, |A| < 1}.Let m € M \ {0}. There
are0 < |A] < 1andn € N such that m = An. Since ext (N) = &, there must exist t € (0, 1) and
ny # ny € Nsuchthatn = tn; + (1 — t) ny. Note then that m = t (Any) + (1 —t) (Any). As a
consequence, ext (M) = @. O

The previous result simplifies the rule to follow in order to check whether a certain real topological
vector space enjoys or not the Krein-Milmam Property. The previous result also serves as motivation
for the following question:

Question 4.1. Let X be a real topological vector space such that every barrel of every closed subspace of
X has extreme points. Does then X have the Krein-Milman Property?

The reader may notice that a positive answer to the previous question would provide an even
simpler procedure to check whether or not a certain real topological vector space has the Krein-
Milman Property. The previous question also motivates the following one, with which we finalize this
section:

Question 4.2. Let X be a real Banach space such that every closed subspace of X enjoys the Bade Property
under any equivalent norm. Does then X have the Krein-Milman Property?

5. Some preliminary results on series in real topological vector spaces

At this point, we would like to recall the reader about several fundamental facts that we will rely
on throughout the next sections. In the first place,

ext (Be,) = {(sn)neN eRN: |g;| = 1foralln e N}.

On the other hand, ext (B;) = ext (B¢, ) Nc,and ext (B,) = ext (B,,) = @. Next, we will point out
a series of results which will be of helpful use for our purposes. The first lemma is crucial to achieve
our goals since it completely describes the extreme points of the convergence space of associated to a
given series.

Lemma 5.1. Let X be a real topological vector space. Let > .72 x, be a series in X and denote
S:=38(252,) Thenext (Bs) = Bs Next (By,).

Proof. Obviously, ext (Bs) 2 Bs Next (By, ). Let (€7),en € ext (Bs) and assume that there exists

ng € N such that |ep,| < 1.Take § := l_% > 0 and consider the sequences (ap)uen Y (bn)nen
defined by:

&n if n # no,
an ;=

&ng + 8 if n=no,

and
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Finally, observe that (ap),eny » (bn)nen € Bs and

1 1
(En)nen = 5 (@n)nen + E (bn)pen- O

The next theorem is a characterization of convergent series. The reader may observe that the Bade
Property (for c) already comes into play.

Theorem 5.1. Let X be a real topological vector space. Let > o0 ; X, be a series in X and denote
S := S (2.721)- The following conditions are equivalent:

1. 2272, X is convergent.
2. ext (Bc) C ext (By).
3. ext (B¢) Next (Bs) # @.

Observe that in this situation we have that ¢ C cl (S). Furthermore, if, in addition, >"5° ; X, has a non-trivial
convergent subseries, then ext (B;) C ext (Bs).

Proof. We will divide the proof in three parts:

1. In the first place, we will show the equivalence of the three assertions above. Assume first that
> o0 | Xy is convergent. Observe that 302, —x;, is also convergent. If (¢,),cn € ext (Bc), then
one of the two sets {n € N : ¢, = 1} and {n € N : ¢, = —1} must be finite. In either case we
have that (ep),eny € ext (Bs). Assume next that ext (B;) N ext(Bs) # @. Let (én)pen €
ext (B¢) Next (Bs). Again one the two sets {n € N: ¢, = 1}and {n € N : ¢, = —1} must be
finite. So we deduce that either > 77 ; x, or 2.2 ; —x, is convergent.

2. In the second place, observe that if ext (B;) C ext (Bs), then we have that

B = co (ext (Bc)) < co (ext (Bs)) S cl(S),

in virtue of the fact that c has the Bade Property (cf. [3]).

3. Finally, suppose in addition that >_°° ; x, has a non-trivial convergent subseries. There exists
N C N infinite such that M := N \ N is also infinite and > ,cy X, is convergent. Observe
that in this situation >,y X, is also convergent. Consider the sequences (xy (1)),cn and
(xm (n))eny Where xny and xu denote the characteristic functions of N and M, respectively.
Note that (xny (1) — xm () ey € ext (Bs) \ ext (Be). O

Corollary 5.1. Let X be a real Banach space. Let >_°° | X, be a series in X and denote S := S (352, ). Then

c#S.

Proof. Assume ¢ = S. In lieu of the previous theorem, >_°2 ; x,, is convergent and thus (x,), <y must
tend to 0, therefore a non-trivial subsequence (xy, ),y can be found in such a way that >°22, x;, is
absolutely convergent, and therefore unconditionally convergent. We apply now the last part of the
previous theorem to reach a contradiction. O

Observe that the previous corollary shows the existence of infinite dimensional closed subspaces
of £~ with the Bade Property that are not the convergence space associated to any series in any real
Banach space. In the next section we will show the existence of infinite dimensional closed subspaces
of ¢, with the Bade Property that are not the convergence space associated to any series in any real
topological vector space. Next, it is time for a characterization of subseries convergent series.

Theorem 5.2. Let X be a real topological vector space. Let > .02 x, be a series in X and denote
S := 8 (2.721)- The following conditions are equivalent:
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1. X200, Xy is subseries convergent.
2. ext (Bg,,) C ext (Bs).

3. 3 (En)nen + 3 Bu)nen € Sforevery (enhnen . (Bnnen € ext (Be).
In this situation, £~, C cl(S).
Proof. We will divide the proof in two parts:
1. We will first show the equivalence of the three assertions above. Assume that > 52, x, is

subseries convergent. Let (en),eny € ext (Bg, ). Denote My := {n € N: g, =1} and M_ :=
{n € N: g, = —1}. Observe that

00
2 Enn = D Xn= D X
n=1 neMy neM_

Conversely, assume that % (&n)nen + % (Bn)nen € S forevery (en)nen » Bn)nen € ext (Be,,).
Let M be a subset of N. It suffices to consider (&,),cn and (8,) e given by

1 ifneM
&n =
-1 ifne N\ M

and §,, := 1 for all n € N. Observe that

1 1
D xn=> (58,1 + 58,1) Xn.

neM n=1
2. Finally, observe that if ext (B, ) € ext (Bs), then we have that
B¢, = 0 (ext (By,)) C o (ext (Bs)) S cl(S),
in virtue of the fact that £, has the Bade Property (cf. [3]). O
The next theorem is important in order to find out what series are to be dismissed.

Theorem 5.3. Let X be a real topological vector space. Let > 02, x, be a series in X and denote
S:=8(2,). Then:

1. Ifext (Bs) # O, then (x,)pen converges to 0.
2. If (xp)nen has no subsequences converging to 0, then S < cy.
3. If X202, xn has a subseries 332 | X, which is subseries convergent, then S is not separable.

Proof

1. Let (en)nen € ext (Bs). Then Y02 ; enx, is convergent, so lim,_, oo £nX, = 0. Since there exists
a local basis of balanced and absorbing neighborhoods of 0, we deduce that lim,_, oo X, = 0.

2. Consider (a,) ey € S\co. There exists a subsequence (ap, ), o suchthata := inf {|a,, | : k € N}
> 0. Since 372, anx, is convergent, we deduce that (a,;xp),cn converges to 0 and so does
(an Xn,) ren- Let U be a balanced and absorbing neighborhood of 0. There exists kg € N such
thatifk > ko, then ay,xn, € aU.Since U is balanced, we conclude that x,, € U forevery k > ko.
This is a contradiction.
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3. It suffices to notice that
{(tv (M) peny : N C {ny - k € N}}

is an uncountable family of elements of S the distance between every two elements of which
is1. O

As an immediate corollary we obtain the following:

Corollary 5.2. Let X be a real Banach space. Let X2, X, be a series in X and denote S := S (2.72,).
Then:

1. If (xn)neny ha a subsequence converging to 0, then S has a complemented subspace linearly isometric
t0 £oo.
2. (Xn)nen has no subsequences convergent to 0 if and only if S is separable.

Proof

1. We may assume without any loss that (x;),cn has a subsequence (xp, ) en Whose associated
series is absolutely convergent and thus unconditionally convergent. Then

{(@n)pen € €oo : anp = 0foralln € N\ {ny : k € N}}

is a complemented subspace of S linearly isometric to £c.
2. Itis a direct consequence of 1. and the previous theorem. []

6. Closed subspaces of £, with the Bade Property not associated to series
In the previous section we have seen that no series >.°°; x, in a real Banach space X satisfies
that S (3.0 ; x») = c. In this section we will construct another closed subspace of £+, with the Bade
Property which is not the space of convergence associated to any series in any real topological vector
space.
Remark 6.1
1. A subset C of £ is said to satisfy the First Terms Property exactly when
{(Bn)nen € €oo : existng € Nand (ap)peny € C such that 8, = ap forn > np} C C.
2. Any vector subspace of ¢, verifying the First Terms Property must contain cgg.
3. Let X be a real topological vector space. Let 352 ; x, be a series in X and denote § := S (3.72,).
It is obvious that S verifies the First Terms Property.
Theorem 6.1. Let
A:={(en)nen € ext (By,,) : €2n = 1foralln € N}.
Then span (A) verifies the following:
1. It is a closed subspace of £, enjoying the Bade Property. Even more, span (A) is linearly isometric
to R P £oo.

2. It does not satisfy the First Terms Property and thus it is not the space of convergence associated to
any series whatsoever.
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Proof. In the first place, notice that the convex hull of A and the absolutely convex hull of A are
co (A) = {(¢n)nen € By, : €2n = 1foralln € N}
and
aco (A) = {(en)nen € By, @ exists A € [—1, 1] such that e, = A foralln € N},

respectively. Therefore, aco (A) = co (A U —A) and both co (A) and aco (A) are closed. On the other
hand,

span (A) = {(en)nen € Loo : (€2n)nen IS constant}
is also closed and its unit ball is aco (A). Furthermore,
ext (aco (A)) =AU —A,

therefore span (A) has the Bade Property. Finally, in order to see that span (A) is not the space of
convergence of any series we refer the reader to Remark 6.1. O

Observe that another way to see that the space constructed in the previous theorem is not the
space of convergence associated to any series is by noting that such space does not contain cqg. A slight
modification of the previous space will give us the following:

Theorem 6.2. Let
B := {(¢n)nen € ext (By,) : existsng € Nsuch that &3, = 1 foralln > ng}.
Then span (B) verifies the following:
1. It contains c, satisfies the First Terms Property, and enjoys the Bade Property. Even more, span (B) is
linearly isometric to ¢ Do £ o-

2. Itis not the space of convergence associated to any series in a real Banach space.

Proof. In the first place, observe that

co (B) = {(en)nen € Be,, : existsng € Nsuch that e, = 1foralln > no},
aco (B) = {(en)nen € By, @ existng € Nand A € [—1, 1] such that &3, = A
foralln > ng},

span (B) = {(Sn)neN € Lo : existsng € Nsuch that (£2n)p>y, is constant} .

Now take into account that

€0 (B) = {(en)nen € Bey, : (€2n)ney convergesto 1},
aco (B) = {(en)nen € Be,, : (€2n)nen is convergent} ,
span (B) = {(én)nen € Loo : (€2n)nen i convergent} .

Finally, assume that > °° | x, is a series in a real Banach space X verifying that S (302 ; x,) = Span (B).
Let M := {2n:n € N}. Note that (xy (1)),eny € Span (B) = S (272, xn). Therefore >°°° | xoy is
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convergent and there exists a subsequence (x2p, ) keN such that > 72 | Xan, is absolutely convergent and
hence unconditionally convergent. As a consequence,

{(@n)pen € loo : @y = 0foralln € N\ {2n : k € N}}

is a closed subspace of S (3.°° | x,) = Span (B) linearly isometric to £« This is a contradiction with
the construction of span (B). O

The end of this section is devoted to state a conjecture in whose truthfulness we tend to believe.

Conjecture 6.1. Let X be a real Banach space. Let 352 ; X, be a series in X. Then S := S (322, Xn) has
the Bade Property if and only if > .22 ; X, is unconditionally convergent.

7. A characterization of unconditionally convergent series in real Banach spaces

The final part of this manuscript is devoted to characterize unconditionally convergent series in
real Banach spaces.

Definition 7.1. Let X be a real Banach space. We will say that a series > ; x, is uniformly convergent
inM C S :=8 (202, xp) if for every & > 0 there exists ko € N such that for every k > ko and every
(an)pen € M we have that | 300, anx,| < e.

It is immediate to see that every absolutely convergent series in a real Banach space is uniformly
convergent in ext (By,).

Proposition 7.1. Let X be a real Banach space. If > -2, X, is an unconditionally convergent series in X,
then it is uniformly convergent in ext (B, ).

Proof. Suppose to the contrary that the series >0 ; x, is not uniformly convergent in ext (Bg_ ).

There exists § > 0 such that for every i > 1 there are j > i and ( ) € ext (By,,) verifying that

neN
HZOO 5,(,’))(“ H > 8. We can consider a strictly increasing sequence of indices

i1 <ki<ip<ky<---<ij<k<ijp1<---
satisfying that
o0 -
Z sr(l’)xn )
n=ij

and

N >

'
> eix| >

n=ij

for every j € N. Next, we will construct a sequence (€) e € ext (By,,) as follows:
o Ifi € [ij, k] for somej € N, then5; = &
® The rest of the €;’s can be either 1 or —1.

Clearly >°° ; &,x, is not a Cauchy series, so Y72 ; X, is not unconditionally convergent. [
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Corollary 7.1. Let X be a real Banach space. Let 32 ; X, be a series in X. The following conditions are
equivalent:

1. 292, X, is unconditionally convergent.
ns ! ; N
2. Y00 xn is a convergent series and is uniformly convergent on ext (Bg).

Proof. Assume that > .52, x, is convergent and uniformly convergent on ext (Bs) but not uncondi-
tionally convergent. There exists (¢,),eny € ext (Bg) such that > 52, enx, does not converge. Then

there exists § > 0 such that for every ¢ € N we can find p > q verifying that H Zf:q EiX; H > 4.
Following an inductive process we can construct a strictly increasing sequence of naturals

pr<pr<--<pp<--

such that for every n € N we have that HZ?;;; 11 EiXi H > 8. Since > 02, Xy is convergent, there exists

ng € N such that for every n > ng we have that || > X Xi | < %, Next, for every k € N we choose

Pn, > max {np, k} and define a sequence (a,gk))neN as follows:

en, if n € {pn, +1..... Ppt1}

o =
1, if ne N\ {pn, +1,...,Pn+1}-

Observe that (ar(lk))neN € ext (By) for every k € N. Now, if j = py, + 1, thenj > kand
[e'9) @ Pry+1 o0
Dokl =] > exi+ D X
i=j i=pp;,+1 I=pny+1

Prp+1 00
= Z EiXi|| — Z X
i=pp,+1 =Py +1
>8— -
2
9
5

This is a contradiction. [J
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