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We introduce the concept of weak Γ -semigroups as a generalization of Γ -semigroups.
Using preordered weak Γ -semigroups, we obtain a class of semihypergroups and we
analyze them in this paper. A connection between morphisms of semihypergroups
associated with preordered Γ -semigroups andmorphisms of preordered structures is also
investigated.
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1. Introduction

Hyperstructure theorywas born in 1934 at the 8th congress of ScandinavianMathematicians,whereMarty [1] introduced
the hypergroup notion as a generalization of groups and after that he proved its utility in solving some problems of groups,
algebraic functions and rational fractions. Surveys of the theory can be found in the books of Corsini [2], Vougiouklis [3],
Corsini and Leoreanu [4]. In [5] Sen and Saha introduced the notion of a Γ -semigroup. Since then, many papers have been
published on the topic of Γ -semigroups.

Let S and Γ be two non-empty sets. S is called a Γ -semigroup if there exists a mapping S × Γ × S → S, written as
(a, α, b) → aαb, satisfying (aαb)βc = aα(bβc), for all a, b, c ∈ S and for all α, β ∈ Γ . In this paper we introduce and
study weak Γ -semigroups which are generalizations of Γ -semigroups. We construct semihypergroups from preordered
weak Γ -semigroups. Basic definitions and results concerning hypergroupoid theory can be found in [2,4]. To facilitate the
understanding of the results of this paper, in the following, we provide a brief account of the topic. Let H be a non-empty set
and P∗(H) be the set of all non-empty subsets of H . Let ⋆ be a hyperoperation (or join operation) on H , that is ⋆ is a function
from H ×H into P∗(H). If (a, b) ∈ H ×H , the image of a and b under ⋆ in P∗(H) is denoted by a ⋆ b or ab. The join operation
can be extended to subsets of H in a natural way, that is A ⋆ B =


{ab | a ∈ A, b ∈ B}. The notation aA is used for {a} ⋆A and

Aa for A ⋆ {a}. Generally, the singleton {a} is identified with its member a. The structure (H, ⋆) is called a semihypergroup
if a(bc) = (ab)c for all a, b, c ∈ H and is called a hypergroup if it is a semihypergroup and aH = Ha = H for all a ∈ H .
A hypergroup is named proper if it is not a group. A hypergroup is called commutative if ab = ba for every a, b ∈ H . A
commutative hypergroup (H, ⋆) is a join space if for all (a, b, c, d) ∈ H4, the following implication holds:

a/b ∩ c/d ≠ ∅ ⇒ ad ∩ bc ≠ ∅,
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where a/b = {x|a ∈ xb}. If (H, ⋆) and (H ′, ⋆′) are two semihypergroups, then a function f : H → H ′ is called
a homomorphism if f (a ⋆ b) ⊆ f (a) ⋆′ f (b) for all a, b in H . We say that f is a good homomorphism if for all a, b in
H, f (a ⋆ b) = f (a) ⋆′ f (b).

A semihypergroup (H, ⋆) is called complete if for all (x1, x2, . . . , xn) ∈ Hn and (y1, y2, . . . , ym) ∈ Hm, where n,m ⩾ 2 the
following implication holds:

n∏
i=1

xi
 m∏

j=1

yj ≠ ∅ ⇒

n∏
i=1

xi =

m∏
j=1

yj.

The notion of a complete semihypergroup was defined by Corsini [6], while complete hypergroups were introduced by
Koskas [7]. In [8] Corsini and Romeo proved that the class of complete hypergroups and the class of associativity hypergroups
coincide. On the other hand, not all complete semihypergroups are associativity semihypergroups; see for instance [9–14].
Associativity semihypergroups and associativity hypergroups were introduced by Koskas and then they were analyzed by
Corsini, Kepka, Jezek, Drbohlav, Nemec, and Niemenmaa. Complete hypergroups have been analyzed and generalized also
by Migliorato; see [15].

2. Preordered weak Γ -semigroups

In this section we introduce the notion of weak Γ -semigroups and then we introduce a class of semihypergroups
associated with weak Γ -semigroups. Moreover, necessary and sufficient conditions are given for such semihypergroups,
such that they become hypergroups.

Let S be a non-empty set and . be a preorder on S, that is . is reflexive and transitive.
A set equipped with a preorder is called a preordered set.
Let (S, .) be a preordered set and for x ∈ S, we define

L(x) = {h ∈ S|h . x} and for ∅ ≠ X ⊆ S, L(X) =


x∈X

L(x).

We now introduce the notion of preordered weak Γ -semigroup.

Definition 2.1. Let S andΓ be two non-empty sets. S is called a weakΓ -semigroup if there exists amapping S×Γ ×S → S,
written as (a, α, b) → aαb, satisfying the following condition:

(aαb)βc ∈ {aα(bβc), aβ(bαc)},

for all (α, β) ∈ Γ 2 and (a, b, c) ∈ S3.

Definition 2.2. A weak Γ -semigroup S is called commutative if aαb = bαa for all (a, b) ∈ S2 and α ∈ Γ .

Definition 2.3. Let S be a weak Γ -semigroup and . be a preorder on S. We say that (S, Γ , .) is a preordered weak
Γ -semigroup if the following axioms are fulfilled:
(i) x . y implies that xαz . yαz, for every (x, y, z) ∈ S3 and α ∈ Γ ;
(ii) x . y implies that zαx . zαy, for every (x, y, z) ∈ S3 and α ∈ Γ .

If Γ is a singleton in a preordered weak Γ -semigroup (S, Γ , .), then it becomes a preordered semigroup and we denote
it by (S, ·, .).

Example 2.4. Let S be the set of all 3 × 2 matrices with positive entries and Γ be a non-empty subset of all 2 × 3 matrices
with positive entries. For A, B ∈ S, the usual matrix multiplication AB cannot be defined, i.e., S is not a semigroup under the
usual matrix multiplication.

But for all A, B, C ∈ S and P,Q ∈ Γ we have APB ∈ S and since the matrix multiplication is associative, we obtain
(APB)QC = AP(BQC). Hence S is a Γ -semigroup. Moreover, the triple (S, Γ , .) is a preordered Γ -semigroup, where

A = (aij) . (bij) = B ⇔ aij ≤ bij,

for all 1 ≤ i ≤ 3 and 1 ≤ j ≤ 2.

If S is a weak Γ -semigroup, α is a fixed element of Γ and we define a · b = aαb for all a, b ∈ S, then (S, ·) is a semigroup
that we denote by Sα .

A (weak) Γ -semigroup S is called a (weak) Γ -group if Sα is a group for every α ∈ Γ .
The following result holds:

Proposition 2.5. Let S be a Γ -semigroup. If Sα is a group for some α ∈ Γ , then Sα is a group for all α ∈ Γ .

Proof. Let (α, β) ∈ Γ 2 and Sα be a group with identity e. There exists f ∈ S such that (eβe)αf = e = f α(eβe) and
hence eβf = eβ(eαf ) = e = (f αe)βe = f βe. Now let a ∈ S. From aβf = (aαe)βf = aα(eβf ) = aαe = a and
f βa = f β(eαa) = (f βe)αa = eαa = a we conclude that f is an identity of Sβ . Moreover, we have the equations
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aβ(f αa−1αf ) = (aβf )α(a−1f ) = aα(a−1αf ) = eαf = f and similarly (f αa−1αf )βa = f , where a−1 is the inverse of
a in Sα . We have shown that f αa−1αf is the inverse of a in Sβ and hence Sβ is a group. �

The following example shows that Proposition 2.5 is not true for the class of weak Γ -semigroups.

Example 2.6. Let S = {e, a, b} and Γ = {α, β} be the non-empty set of binary operations defined below:

α e a b
e e a b
a a b e
b b e a

β e a b
e e a b
a a b a
b b a b

Wemention that S is a weak Γ -semigroup and Sα is a group but Sβ is not a group.

Example 2.7. Let G = {e, a, b, c} and Γ = {α, β} be the non-empty set of binary operations defined below:

α e a b c
e e a b c
a a b c e
b b c e a
c c e a b

β e a b c
e a b c e
a b c e a
b c e a b
c e a b c

It is not problematic to see that G is a Γ -group.

Example 2.8. Let G = {e, a, b, c, d, f } and Γ = {α, β}, where

α e a b c d f
e e a b c d f
a a b c d f e
b b c d f e a
c c d f e a b
d d f e a b c
f f e a b c d

β e a b c d f
e e a b c d f
a a b e d f c
b b e a f c d
c c d f e a b
d d f c a b e
f f c d b e a

By the above tables, we have

(aαb)βd = cβd = a = aβ(bαd) = aβe ≠ aα(bβd) = aαc = d.

We notice that G is a weak Γ -group.

In what follows, starting with a preordered weak Γ -semigroup, we construct a semihypergroup and we analyze it when
it is a hypergroup.

Let (S, Γ , .) be a preordered weak Γ -semigroup. We define a hyperoperation ∗ on S, as follows:

∀(a, b) ∈ S2, a ∗ b = ∪α∈Γ L(aαb).

Proposition 2.9. (S, ∗) is a semihypergroup, called an (S, Γ , .)-associated semihypergroup.

Proof. It is clear that ∗ is well defined, so wemust check that ∗ is an associative hyperoperation. We assert that (a∗b)∗ c ⊆

a ∗ (b ∗ c). Set x ∈ (a ∗ b) ∗ c. So x . t0αc , for some t0 . aβb and α, β ∈ Γ . Thus by Definition 2.1, we have
x . (aβb)αc ∈ {aβ(bαc), aα(bβc)}. If (aβb)αc = aβ(bαc), set v = bαc , so x ∈ a ∗ v, where v ∈ b ∗ c and hence
x ∈ a ∗ (b ∗ c). Similarly we analyze the other case and also the opposite assertion. �

Remark 1. If S is a weak Γ -semigroup and . is the discrete relation on S (i.e. .= {(s, s)|s ∈ S}), then the associated
hyperoperation (∗) is

a ∗ b = aΓ b = {aαb : α ∈ Γ },

for every (a, b) ∈ S2 and (S, ∗) is called the natural associated semihypergroup of S.

Proposition 2.10. If S is a commutative Γ -group then the natural associated semihypergroup (S, ∗) is a join space.

Proof. It is clear that (S, ∗) is a commutative hypergroup, so it is sufficient to prove that the following implication is satisfied:

a/b ∩ c/d ≠ ∅ ⇒ a ∗ d ∩ b ∗ c ≠ ∅.

Let us suppose that x ∈ a/b∩ c/d, so there exists (α, β) ∈ Γ 2 such that a = xαb and c = xβd. Therefore aβd = (xαb)βd =

(bαx)βd = bα(xβd) = bαc and hence aβd = bαc ∈ a ∗ d ∩ b ∗ c ≠ ∅. �
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Example 2.11. The next table describes the associated join space obtained from the Γ -group introduced in Example 2.6.

∗ e a b c
e e, a a, b b, c e, c
a a, b b, c e, c e, a
b b, c e, c e, a a, b
c e, c e, a a, b b, c

Theorem 2.12. Let (S, Γ , .) be a preordered weak Γ -semigroup and (S, ∗) be the associated semihypergroup. Then the
following conditions are equivalent:
(i) for all (a, b) ∈ S2 there exist (c, c ′) ∈ S2 and (α, β) ∈ Γ 2 such that a . bαc and a . c ′βb;
(ii) (S, ∗) is a hypergroup.

Proof. (i) ⇒ (ii): Set t ∈ S. So the inclusions t ∗ S ⊆ S and S ∗ t ⊆ S, are obviously fulfilled. We must prove the
opposite inclusion. For any s, t ∈ S there exist c, c ′

∈ S and a pair (α, β) ∈ Γ 2 such that s . tαc and s . c ′βt , whence
s ∈ L(tαc) ⊆ t ∗ c ⊆ t ∗ S and s ∈ L(c ′βt) ⊆ c ′

∗ t ⊆ S ∗ t , and consequently S ⊆ t ∗ S and S ⊆ S ∗ t .
(ii) ⇒ (i): Let a, b ∈ S be arbitrary elements. So b ∗ S = S ∗ b = S and it follows that a ∈ b ∗ S =


t∈S b ∗ t which means

that a ∈ b ∗ c for some c ∈ S, i.e., a . bαc for some α ∈ Γ . Similarly a ∈ S ∗ b, which implies that a . c ′βb, for some c ′
∈ S

and β ∈ Γ .

Example 2.13. Let S = {e, a, b, c} and Γ = {α, β} be the non-empty set of the binary operations defined below:

α e a b c
e e a b c
a a b c e
b b c e a
c c e a b

β e a b c
e e a b c
a a e c b
b b c e a
c c b a e

We can see that S is a weak Γ -semigroup which is not a Γ -semigroup and the natural associated semihypergroup is the
following one:

∗ e a b c
e e a b c
a a e, b c e, b
b b c e a
c c e, b a e, b

Theorem 2.14. Every complete semihypergroup is derived from a preordered semigroup.

Proof. Let (H, ∗) be a complete semihypergroup. According to Theorem 45 of [4], H =


s∈S As, where S is a semigroup and
{As}s∈S is a non-empty family of sets which are mutually disjoint.

Let C be a choice function over the set {As|s ∈ S}, i.e.,

C : {As|s ∈ S} →


s∈S As = H ,

where C(As) ∈ As.
The following assertions can be easily checked:

(i) (H, ◦) is a semigroup, where for all (a, b) ∈ As × At and s, t ∈ S,

a ◦ b
def
:= C(Ast);

(ii) the relation . defined over H by:
(1) for all a ∈ H, a . a;
(2) for all s, t ∈ S and (a, b) ∈ As × At and for all x ∈ Ast , a ◦ b . x,

is a preorder relation on H and the associated semihypergroup of the preordered semigroup (H, .) is just (H, ∗). �

The notion of general mutually associative hypergroupoids was introduced in [16], as follows: two (partial)
hypergroupoids (H, ∗1) and (H, ∗2) are called general mutually associative, or for short g.m.a., if for any (x, y, z) ∈ H3, we
have

(x ∗1 y) ∗2 z ∪ (x ∗2 y) ∗1 z = x ∗1(y ∗2 z) ∪ x ∗2(y ∗1 z).

We obtain:

Proposition 2.15. If S is a weak Γ -semigroup, then for all (α, β) ∈ Γ 2 the two semigroups Sα and Sβ are g.m.a.
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Proposition 2.16. Let (S, ·, .) be a preordered semigroup and (S, ∗) be the associated semihypergroup. The following assertions
hold:
(i) the pair ((S, ·), (S, ∗)) is g.m.a.;
(ii) for all (x, y, z, t) ∈ S4 if x · y ∈ z ∗ t, then x ∗ y ⊆ z ∗ t.
Proof. (i) It is obvious.
(ii) If u ∈ x ∗ y, then u . x · y, and since x · y ∈ z ∗ t , we obtain that x · y . z · t . Thus u . x · y . z · t; by transitivity it follows

that u . z · t . Therefore u ∈ z ∗ t . �

Theorem 2.17. Let (S, ∗) be a hypergroup associated with a preordered semigroup (S, .). Then (S, ∗) is a group if and only if it
contains a left scalar identity (i.e. ∃e ∈ S such that e ∗ x = x, for all x ∈ S).
Proof. Let (x, y) ∈ S2 and e be a left scalar identity of (S, ∗). Nowwe have x·y = e∗(x·y), and using the previous proposition
we conclude that x ∗ y ⊆ e ∗ (x · y), so |x ∗ y| = 1 thus (S, ∗) is a group. The converse is obvious. �

Remark 2. In [12], Hort introduced a class of hypergroups associated with preordered semigroups. The previous theorem
shows that the associated hypergroup of Example 2.13 cannot be produced from a preordered semigroup, so the class
of hypergroups associated with weak Γ -semigroups is bigger than the class of hypergroups associated with preordered
semigroups.

Corollary 2.18. The class of hypergroups which contain a left scalar identity and the class of proper hypergroups associated with
preordered semigroups are disjoint.

3. On morphisms of associated semihypergroups

In this section we give a connection between morphisms of the semihypergroups associated with preordered Γ -
semigroups and morphisms of preordered structures.

Proposition 3.1. Let (S1, .1) and (S2, .2) be preordered sets and f : S1 → S2 be a mapping. The following conditions are
equivalent:
(i) f is isotone;
(ii) f (L(x)) ⊆ L(f (x)) for all x ∈ S1;
(iii) L(f −1(f (x))) ⊆ f −1(L(f (x))) for all x ∈ S1.
Proof. (i) ⇒ (ii): Let x ∈ S1 be an arbitrary element and set y ∈ f (L(x)). Then there exists z ∈ L(x), i.e., z .1 x such that
y = f (z). Since f is isotone, f (z) .2 f (x) which implies that y ∈ L(f (x)). Thus f (L(x)) ⊆ L(f (x)).

(ii) ⇒ (iii): Let x ∈ S1 be an arbitrary element and set y ∈ L(f −1(f (x))). Then there exists z ∈ f −1(f (x)), i.e.,
f (z) = f (x) such that y.1 z which means that y ∈ L(z). Therefore f (y) ∈ f (L(z)) ⊆ L(f (z)) = L(f (x)) and hence
y ∈ f −1(f (y)) ⊆ f −1(L(f (x))). Consequently L(f −1(f (x))) ⊆ f −1(L(f (x))).

(iii) ⇒ (i): Let x, y ∈ S1 be such that x.1 y. Since y ∈ f −1(f (y)), it follows that x ∈ L(y) ⊆ L(f −1(f (y))) ⊆ f −1(L(f (y))).
Thus f (x) ∈ L(f (y)) and hence f (x) .2 f (y). �

Definition 3.2. Let (S1, Γ1) and (S2, Γ2) be weak Γ -semigroups. A pair of mappings f : S1 → S2 and g: Γ1 → Γ2 is said to
be a homomorphism if f (aαb) = f (a)g(α)f (b), for all (a, b) ∈ S21 and all α ∈ Γ1.

Theorem 3.3. Let (S1, Γ1, .1) and (S2, Γ2, .2) be preordered weak Γ -semigroups and let (f , g) be a homomorphism, where
f : S1 → S2 is isotone and g: Γ1 → Γ2 is a surjection map. Then f is a homomorphism between the associated semihypergroups
(S1, ∗1) and (S2, ∗2).
Proof. For any x, y ∈ S1, we have

f (x ∗1 y) = f (∪α∈Γ1 L(xαy))
= ∪α∈Γ1 f (L(xαy))
⊆ ∪α∈Γ1 L(f (xαy))
= ∪α∈Γ1 L(f (x)g(α)f (y))
= f (x) ∗2 f (y). �

Proposition 3.4. Let (S1, .1) and (S2, .2) be two preordered sets and f : S1 → S2 be a mapping. The following conditions are
equivalent:
(i) f is a strongly isotone mapping;
(ii) f (L(x)) = L(f (x)) for all x in S.
Proof. (i) ⇒ (ii): For a strongly isotone mapping f is enough to prove the set inclusion L(f (x)) ⊆ f (L(x)) according to
Proposition 3.1. Let y ∈ L(f (x)) be an arbitrary element, that is y.2 f (x). Since the mapping f is strongly isotone, there
exists x′

∈ S1 such that x′ .1 x and f (x′) = y. Therefore x′
∈ L(x) and hence y = f (x′) ∈ f (L(x)) which means that

L(f (x)) ⊆ f (L(x)).
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(ii) ⇒ (i): Let x1 ∈ S1 and x2 ∈ S2 be such that x2 .2 f (x1). Since x2 ∈ L(f (x1)) = f (L(x1)), there exists x′

1 ∈ L(x1), i.e.,
x′

1 .1 x1 such that f (x′

1) = x2; consequently f is a strongly isotone mapping. �

Theorem 3.5. Let (S1, Γ1, .1) and (S2, Γ2, .2) be preordered weak Γ -semigroups and let (f , g) be a homomorphism, where
f : S1 → S2 is strongly isotone and g: Γ1 → Γ2 is a surjection map. Then f is a good homomorphism between the associated
semihypergroups (S1, ∗1) and (S2, ∗2).

Proof. The proof is similar to the proof of Proposition 3.4. �

4. Conclusion

In this paper, we introduce and analyze the notion of weak Γ -semigroups which is a generalization of the notion
of Γ -semigroups. Several properties are investigated, such as connections with (semi)hypergroups. This research can be
continued, for instance in the study of some particular classes of semihypergroups. Moreover, we intend to continue this
study in order to obtain fuzzy weak Γ -semigroups, interval-valued fuzzy weak Γ -semigroups and (λ, µ)-fuzzy weak Γ -
semigroups; see [11,10,17,18].
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