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Abstract 

A three-dimensional compressible flow stability model is presented in this paper, which focuses on stall inception of mul-
ti-stage axial flow compressors with a finite large radius annular duct configuration for the first time. It is shown that under some 
assumptions, the stability equation can be obtained yielding from a group of homogeneous equations. The stability can be judged 
by the non-dimensional imaginary part of the resultant complex frequency eigenvalue. Further more, based on the analysis of the 
unsteady phenomenon caused by casing treatment, the function of casing treatment has been modeled by a wall impedance con-
dition which is included in the stability model through the eigenvalues and the corresponding eigenfunctions of the system. Fi-
nally, some experimental investigation and two numerical evaluation cases are conducted to validate this model and emphasis is 
placed on numerically studying the sensitivity of the setup of different boundary conditions on the stall inception of axial flow 
fan/compressors. A novel casing treatment which consists of a backchamber and a perforated plate is suggested, and it is noted 
that the open area ratio of the casing treatment is less than 10 , and is far smaller than conventional casing treatment with open 
area ratio of over 50 , which could result in stall margin improvement without obvious efficiency loss of fan/compressors. 
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1. Introduction1   

Considerable work was completed in the past tens of 
years on investigating the phenomenon of rotating stall 
of fan/compressors. Since the classical explanation 
presented by Emmons, et al. [1] in 1955, there have 
been some developments in the model studies of stall 
inception. Nenni and Ludwig’s work [2] resulted in an 
analytical expression for the inception condition of 
two-dimensional incompressible rotating stall, which 
was later extended to compressible flow in 1979 and a 
three-dimensional incompressible model without any 
relevant numerical results reported [3]. Stenning [4] also 
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studied the rotating stall based on a linearized small 
perturbation analysis in 1980. It is verified that all 
these models can predict the instability inception con-
dition with a satisfactory accuracy as long as sufficient 
loss and performance characteristics of the compres-
sors concerned are given. Furthermore, in recent years, 
more attention is paid to the compressible flow stability 
of rotating stall in multi-stage compressors. In 1996, X. 
F. Sun [5] firstly developed a three-dimensional com-
pressible stability model including the effect of the 
casing treatment, and this work was extended to tran-
sonic compressors stability prediction recently [6].  

However, most existing works are based on the as-
sumption that the circumferential flow passage com-
prises of two flat plates which model the hub and tip 
duct wall of compressors. It should be noted that this 
assumption implicates an infinite curvature radius, 
which is an approximate analysis of the actual annular 
duct. This simplification makes it straightforward to 
gain the perturbation expression and artificially de-
compose the radial modes for an eigenvalue. So a 
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model concerning a finite large radius, which searches 
for an eigenvalue for a coupled multi-radial mode dis-
tribution of perturbation in fan/compressors system, 
should be acceptable and viewed as an improvement 
towards the real configuration. 

On the other hand, casing treatment has long been an 
effective strategy to meet the requirement of stall mar-
gin with the increase of blade loading. Although there 
were successful practical applications in the research 
institutions [7-12] and industrial departments [13-14], a 
large number of different configurations [15-18] were 
used in various experiments without enough unambi-
guous or unified explanation. Up to now, most designs 
of casing treatments have been based on try and error. 
Smith and Cumpsty [19] admitted that the reason for the 
effectiveness of casing treatment is not really under-
stood. It was noted that with the discovery of stall pre-
cursor in compressors, the idea of a novel casing treat-
ment was proposed by D. K. Sun, et al. [20-21] to sup-
press the precursor or delay its evolution in order to 
enhance stall margin. It is obvious that such casing 
treatment is aimed at affecting stall precursors instead 
of improving the blade tip flow structure like the con-
ventional casing treatments. So, theoretically it is pos-
sible to design a kind of advanced casing treatment 
with low open area ratio to suppress the stall precursor, 
which can result in the stall margin improvement with-
out the obvious efficiency loss of fan/compressors. 

The present work will introduce a three-dimensional 
compressible flow stability model of multi-stage com-
pressors with a finite large radius duct, which is ob-
tained by the following steps. First, under the assump-
tions of uniform mean flow and large radius assump-
tion, the perturbation field is described by linearized 
Euler equations, which can be solved by mode de-
composing plus appropriate boundary condition. Fur-
ther the compressor stability can be described as an 
eigenvalue problem, which is established by using the 
mode-matching technique and applying the conserva-
tion law and conditions reflecting the loss characteris-
tics of fan/compressors at the two sides of rotors and 
stators, which are modeled as a series of actuator disks. 
Then the eigenvalue equations in matrix form are 
solved using the winding number integral approach, 
and the stability can be judged by the non-dimensional 
imaginary part of the resultant complex frequency ei-
genvalue. Furthermore, based on the analysis of the 
unsteady phenomenon caused by casing treatments, the 
function of casing treatments is modeled by a wall im-
pedance condition which is included in the stability 
model through the eigenvalues and the corresponding 
eigenfunctions of the system. Finally, some experi-
mental investigation and two numerical evaluation 
cases are conducted to validate this model and empha-
sis is placed on numerically studying the sensitivity of 
setup of different boundary conditions on the stall in-
ception of axial flow fan/compressors. A novel casing 
treatment which consists of a backchamber and a per-
forated plate is suggested, and it is noted that the open 
area ratio of the casing treatment is less than 10 , far 

smaller than the conventional casing treatment with 
open area ratio of over 50 , which could result in stall 
margin improvement without an obvious efficiency 
loss of fan/compressors. 

2. Theoretical Model of Stall Inception 

2.1. Governing equations and pressure perturbation 

In the present work, a linear cascade of blades is 
modeled by the three-dimensional actuator disk. The 
actual compressor configuration is simplified as uni-
form annular duct with finite large radius, and the ra-
dial mean flow is ignored. A three-dimensional, com-
pressible, inviscid, non-heat-conductive flow is con-
sidered. The governing equations for a small distur-
bance problem are the linearized Euler equations as 
follows, which reflect the conservation relations for 
mass, momentum and energy. 

0 0 0 0 0
( )

0xr v vr v
V U

t r r r r x x
(1) 

0 0 0
0

12r r r vv v v pV U V
t r x r r

  (2) 

0 0 0
0

1rv v v v pV U V
t r x r r

  (3) 

0 0
0

1x x xv v v pV U
t r x x

     (4) 

0
0 0 0 0

0

pp p pV U k V U
t r x t r x

(5) 
where  is density, U and V are the velocity compo-
nents, p is the pressure, k the specific heat ratio, and v 
the fluctuating velocity. The subscript “0” represents 
the mean flow, while the superscript “ ” represents 
perturbation. x, r and  represent axial, radial and 
circumferential coordinates, respectively. A large radius 
assumption is made that the curvature radius rm of an-
nular duct is not infinite but much greater than the ax-
ial perturbation wavelength x: 

mx r            (6) 

Given that most previous stability models consider 
the actual annular duct as rectangular channel, i.e., 
infinite curvature radius, a model concerning a finite 
radius should be acceptable and viewed as an im-
provement. Under this condition, all items including V0 
become high-level minim in each equation and can be 
omitted. The simplified equations are obtained as fol-
lows:  

0 0 0 0
( )

0xr v vr v
U

t r r r x x
 (7) 
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 0
0

1x xv v pU
t x x

 (8) 

 0
0

1r rv v pU
t x r

 (9) 

 0
0

1v v pU
t x r

 (10) 

 0
0 0

0

pp pU k U
t x t x

 (11) 

From Eqs. (7)-(11), it can be shown that fluctuating 
variables related to pressure satisfy the wave equa-
tion in the form of  

 

2 2 2 2
2

2 2 2 2 2 2
0

2

0

1(1 )

2
0

x

x

p p p pMa
x r r a t

Ma p p
a x t r r

 
(12) 

where xMa  is the axial Mach number, 0a the sound 
speed. Assume the solution of Eq. (12) is  

 i( )

1
( , , , ) ( ) e mnm t x

mn mn
m n

p x r t p r  (13) 

where m is the circumferential mode number, or ordi-
nal number of harmonic, n the radial mode number,  
the eigenfrequency, mn  the axial wave number, and 

mnp  the wave amplitude. Substituting Eq. (13) into Eq. 
(12) yields an equation about the radial eigenfunction 

( )mn r : 

 
2

2
2

( ) ( )mn mnr r
r r

rr
 

2
2 2 2

0
( ) 0x mn mn mnMa r m r

a
 (14) 

Assume the solution of Eq. (14) is 

 1 2( ) J ( ) N ( )mn mn m mn mn m mnr b r b r  (15) 

where Jm( mnr) and Nm( mnr) are Bessel functions of the 
first and second kind, respectively, bmn1 and bmn2 are 
two undetermined coefficients, and mn is the radial 
wave number. For hard wall boundary condition on 
both hub and tip wall,  

 
h t,

( )
0mn

r r r

r
r

 (16) 

where rh and rt are the radius at hub and tip, respec-
tively.  

So the radial wave number for hard wall can be 
solved by the following equations: 

1 h 2 h

1 t 2 t

(J ( )) (N ( )) 0

(J ( )) (N ( )) 0

mn m mn mn m mn

mn m mn mn m mn

b r b r
r r

b r b r
r r

 (17) 

where the undetermined coefficients bmn1 and bmn2 can-
not be zero at the same time for a nontrivial solution, 
so  

h h

t t

(J ( )) (N ( ))
0

(J ( )) (N ( ))

m mn m mn

m mn m mn

r r
r r

r r
r r

 (18) 

Meanwhile, the axial wave number mn is solved in 
the above process. The complete expression for pres-
sure perturbation is  

 i ( )

1
( , , , ) ( e ( )

j j
mn x xj j

mn mn
m n

p x r t p r  

 i ( ) i( )e ( ))e
j j

mn x xj j m t
mn mnp r  (19) 

where x j is the axial coordinates for an arbitrary ref-
erence plane; “+j ” and “  j ” represent the waves trav-
eling downstream and upstream from the plane x j, re-
spectively. After substituting Eq. (19) into Eqs. (8)-(11), 
the other perturbation corresponding to pressure can be 
obtained. 

 
i ( )

p
1 0 0

e1( , , , ) ( )
j j

mn x xj j
jmn mn

x mnj j j
m n mn

p
v x r t r

U
  

 
i ( )

i

0

e ( ) e
j j

mn x xj j
m tjmn mn

mnj j
mn

p r
U

 (20) 

i ( )

p
1 0 0

ei( , , , ) ( )
j j

mn x xj
jmn

r mnj j j
m n mn

p
v x r t r

U
 

 
i ( )

i( )

0

e
( ) e

j j
mn x xj

j m tmn
mnj j

mn

p
r

U
 (21) 

i ( )

p
1 0 0

e1( , , , ) ( )
j j

mn x xj
jmn

mnj j j
m n mn

mp
v x r t r

r U
 

 
i ( )

i( )

0

e
( ) e

j j
mn x xj

j m tmn
mnj j

mn

mp
r

U
 (22) 

 i ( )
p 2

1 0

1( , , , ) e ( )
( )

j j
mn x xj j

mn mnj
m n

x r t p r
a

 

 i ( ) i( )e ( ) e
j j

mn x xj j m t
mn mnp r  (23) 

where mn is the deriative of mn. 

2.2. Vortex wave 

Since the vortex wave will not cause the pressure 
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variation, the solutions related to vortex mode can be 
given by the homogeneous form of Eqs. (8)-(10). It is 
noted that vr is composed of two parts: one is the con-
tribution by the pressure wave vpr and the other one is 
by the vortex wave vvr. Since the wave lengths of the 
pressure wave and the vortex wave are different from 
each other, vvr can be assumed not to contribute to the 
left-hand side of Eq. (16). For this reason, vvr is con-
cluded to satisfy the following condition on solid wall: 

h tv ,| 0r r r rv               (24) 

In the similar way, the corresponding solutions for 
the homogeneous form of Eqs. (8)-(10) are  

0

i ( )
i( )

v v v
1

( , , , ) ( )e e
j

j x x
Uj j m t

x xmn mn
m n

v x r t v r (25) 

0

i ( )
i( )

v v v
1

( , , , ) ( )e e
j

j x x
Uj j m t

r rmn mn
m n

v x r t v r (26) 

0

i ( )
i( )

v v v
1

( , , , ) ( )e e
j

j x x
Uj j m t

mn mn
m n

v x r t v r  (27) 

where v
j

xmnv , v
j

rmnv and v
j
mnv are the wave amplitudes, 

the eigenfunctions are  

v 1 v 2 v( ) J ( ) N ( )j j j
mn mn m mn mn m mnr b r b r    (28) 

v 1 v 2 v( ) (J ( )) (N ( ))j j j
mn mn m mn mn m mnr b r b r

r r
(29) 

2.3. Entropy wave 

Since the entropy and the vorticity are related by 
Crocco’s theorem, there must be the solution of the 
entropy wave with the solution of the vorticity wave 
inside the gap. On the other hand, it can be shown that 
the entropy wave relates to a density fluctuation, or, to 
temperature fluctuation since no pressure fluctuation is 
accompanied by this wave. So according to energy 
equation, the density related to entropy variation will 
be determined by the equation:  

0 0U
t x

           (30) 

Furthermore, the walls are assumed to be adiabatic 
to such fluctuation, so the adiabatic condition of 
boundary walls is described as  

h t,
0

r r r

T
r

           (31) 

where T is the temperature. 
The solution of Eq. (30) is  

0

i ( )
i( )

v v v
1

( , , , ) ( )e e
j

j x x
Uj j m t

mn mn
m n

x r t r (32) 

where v
j

mn is the wave amplitude. 

2.4. Complete solution of perturbation 

With the above basic solutions, it is shown that pr- 
essure perturbation is 

 i ( )

1
( , , , ) e ( )

j j
mn x xj j j

mn mn
m n

p x r t p r  

 i ( ) i( )e ( ) e
j j

mn x xj j m t
mn mnp r  (33) 

Density perturbation is 

i ( )
2

1 0

1( , , , ) ( e ( )
( )

j j
mn x xj j j

mn mnj
m n

x r t p r
a

i ( )e ( ))
j j

mn x xj j
mn mnp r  

 0

i ( )
i( )

v v ( )e e
j

j x x
Uj j m t

mn mn r  (34) 

Axial velocity perturbation is  
 

i ( )

1 0 0

e1( , , , ) ( )
j j

mn x xj j
j jmn mn

x mnj j j
m n mn

pv x r t r
U

 

 
i ( )

0

e ( )
j j

mn x xj j
jmn mn

mnj j
mn

p r
U

 

 0

i ( )
i( )

v v ( )e e
j

j x x
Uj j m t

xmn mnv r  (35) 

Radial velocity perturbation is 

 
i ( )

1 0 0

ei( , , , ) ( )
j j

mn x xj
j jmn

r mnj j j
m n mn

p
v x r t r

U
 

 
i ( )

0

e ( )
j j

mn x xj
jmn

mnj j
mn

p r
U

 

 0

i ( )
i( )

v v ( )e e
j

j x x
Uj j m t

rmn mnv r  (36) 

Circumferential velocity perturbation is 

 
i ( )

1 0 0

e1( , , , )
j j

mn x xj
j mn

j j j
m n mn

mp
v x r t

r U

 
i ( )

0

e
( ) ( )

j j
mn x xj

j jmn
mn mnj j

mn

mp
r r

U

 0

i ( )
i( )

v v ( )e e
j

j x x
Uj j m t

mn mnv r  (37) 

In gap flow region, there are five mode coefficients 
for one specific mode (m, n). 
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2.5. Mode-matching equations 

The coefficients of perturbation wave in adjacent 
gap regions are coupled via five mode matching condi-
tions in the blade reference frame, which reflect some 
conservation law and the loss characteristics of 
multi-stage compressors at the two sides of rotors or 
stators modeled as a series of actuator disks.  

1) Mass conservation  

 1 1 1 1
0 0 0 0

j j j j j j j j
x xU v U v  (38) 

2) Continuity of radial velocity 

 1j j
r rv v  (39) 

3) Conservation of rothalpy 
2

0
0 0

0 0
1 2 1 1

1 10
01 1

0 0
1 1

0

( )
( )

1 1

( )
1 1

( )

j j j
j j j j j

xj j

j j j
j j

xj j

j j j

a k p U v V r v
k k

a k p U v
k k

V r v (40)

 

where  is the rotational speed of rotor and the 
rothalpy is defined as  

 2 2 2
w

1 1
1 2 2

k pI v r
k

 (41) 

where vw is the relative speed. 
4) Kutta condition 
The Kutta condition states that both the steady and 

unsteady flows must be aligned with the blades at the 
trailing edges, which leads to the equation  

 1 1 1 1
0 0( )j j j j j

xU v r V v  (42) 

5) Relative total pressure loss characteristics 
The total pressure loss is assumed to occur through 

each actuator disk. This relation is matched through the 
total loss coefficient s

j which is assumed by a function 
relationship s qs

j j tan j in a quasi-steady manner 

as a function of the inlet relative flow angle j . Its 
derivative to  j is defined as d s

j. 

 
1

t t
s 2

w( ) 2

j j
j

j j
p p

v
 (43) 

 s
sd

tan

j
j

j  (44) 

where pt is the relative total pressure. 
The first-order lag equation is used herein to find the 

dynamic loss response in the form of  

 s
qs s

j
j j

t
 (45) 

where  is the time lag. The numerical results for three 
different time lags do not show change qualitatively, so 
the time lag used in this work is simply set to be the 

time for the mean flow passing through the blade row. 
Then it is shown that the total pressure loss relation is 

 
2

1 w
t t s s

( )1 d tan
1 i 2

j
j j j j j jv

p p  

 
2

w
0 s 0 0 0

( )
( ( ) )

2

j
j j j j j j j j

x
v

U v r V v  (46) 

2.6. Closure of stability equation 

Since there is no coupling between each circumfer-
ential harmonic wave, consideration is restricted to a 
particular circumferential mode number “m” and lim-
ited radial mode number “N”, then there are 5N un-
known coefficients in description of the gap flow fields. 
Assume that there are no inlet disturbances caused by 
entropy or vortex and no reflection, this inlet condition 
yields 

 
1 1

v
1 1

v v

0 0
  ( 1, 2, , )

0 0
mn mn

mn rmn

p
n N

v v
 (47) 

For the outlet of the blade row, assuming that there is 
no reflection, then 

 ( 1) 0  ( 1,2, , )k
mnp n N  (48) 

Given that consideration is given to K cascades, a 
specific circumferential mode number m and primary N 
radial modes, there are 5KN unknown variables left. 
And applying 5 matching equations on K cascades and 
N integral matching conditions leads to 5KN closed 
equations which are described in matrix form of  

 

1

2
5 5

5

[ ( )]mN KN KN

N KN

0G  (49) 

where all unknown mode coefficients are arranged in 
one column vector . 

Since Eq. (45) is homogeneous, a non-trivial solu-
tion exists if  
 det( ( )) 0mNG  (50) 

Solving the established eigenvalue problem Eq. (50) 
leads to the resultant complex frequency = r+i i. 
The imaginary part of  represents whether the system 
is stable with positive value or unstable with negative 
value, and the real part of  determines the rotating 
frequency of the precursor wave. The two nondimen-
sional parts are defined as relative velocity and damp-
ing factor as follows:  

Relative velocity= r

2m f
           (51) 

Damping factor= i

0

r
mU

            (52) 
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2.7. Numerical method for solving stability equation 

In the present investigation, winding number integral 
approach is applied to solving the stability Eq. (50). It 
is demonstrated that this method has advantages over 
other methods that have been proposed, Raph-
son-Newton iteration methods in particular. More of 
details the method are presented in Ref. [20] and Refs. 
[22]-[23]. The authors also adopt singular value de-
composition (SVD) method in matrix theory over a 
fine grid on the complex plane, and find that similar 
accuracy can be derived with a little longer time ex-
pended. 

3. Stability Model Including the Effect of Casing  
Treatment 

3.1. Unsteady mechanism of casing treatment 

In Ref. [20], a complete theory based on vortex 
wave interaction is made to explain the unsteady me-
chanism of a novel casing treatment. By applying vor-
tex sound theory, Bechert [24] and Howe [25-26] further 
explained the phenomenon and set up the theoretical 
model to calculate the absorptive properties of a perfo-
rated screen with bias flow, and their investigations all 
show that a perforated plate with bias flow will not 
only change the impedance condition but also the 
range of absorption frequency by adjusting the bias 
flow. For a recess casing treatment, when the radial 
flow enters the cavity from the blade tip and blow 
ahead of the blade inlet, the vortex shedding will hap-
pen as described in Fig. 1. A noticeable fact is that the 
wall boundary condition will change greatly. Physically, 
one of the approaches to describe unsteady boundary is 
to use “impedance” concept [25].  

 
Fig.1  Schematic of vortex wave interaction in casing treat-

ment. 

The physical explanations of the above phenomenon 
is that when a pressure disturbance interacts with a 
hole and slot with the mean flow through them, un-

steady vortex ring or vortex street will be formed due 
to the requirement of the edge condition, then the en-
ergy exchange between the pressure wave and vortex 
wave will remarkably change the wall boundary condi-
tion. The above analysis further shows that if we de-
sign a casing treatment as displayed in Fig. 1, an un-
steady boundary condition will naturally be formed. In 
fact, lots of models [27-30] developed on the basis of 
vortex method were also validated by different ex-
periments [31]. 

3.2. Mathematical model of casing treatment 

As we know, the stability of a system is determined 
by its initial and boundary conditions, and any change 
of the boundary condition will inevitably lead to the 
influence on its stability. Because of this, it could be 
clearly concluded that the unsteady impedance bound-
ary condition caused by the recirculating flow in the 
casing treatment will certainly have an influence on the 
generation and development of initial perturbation. 
Therefore, how to describe and include the effect of the 
novel casing treatment in a three-dimensional stability 
model is the key to determine the design parameters of 
casing treatment for practical applications, and a rea-
sonable parameter combination is derived by the study 
of boundary sensitivity on the stall inception under 
some restrictions.  

For the simplification of physical problem, we as-
sume that a casing treatment is right ahead of a com-
pressor with a neglectable distance as shown in Fig. 2. 
Although there is only one rotor blade row in this fig-
ure, the compressors with one stage or multi-stage can 
also be modeled by applying the relevant matching 
conditions on the interface. 

 
Fig. 2  Schematic of a single blade row and a new type of 

casing treatment. 

In the present work, equivalent surface source me-
thod is applied to modeling the impedance boundary, 
and a unified model which can account for the effect of 
casing treatment is established. Equivalent surface 
source method was firstly verified by Namba and Fu-
kushige [32], and developed by X. F. Sun, et al. [33] in 
the configuration shown in Fig. 3. 

After applying impedance definition and Rayleigh 
conductivity concept which can be calculated by im-
pedance model [30], the integral transformation along 
the axial direction is conducted to turn the integral 
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Fig. 3  Schematic of a duct with perforated plate and back-

chamber. 

equation into an algebraic equation without a special 
treatment to the singularity problem which is met by 
Namba and Fukushige [32]. More details about mathe-
matical model of casing treatment is given by Ref. [33]. 
Finally, with the model for the casing treatment de-
scribed above, two new equations are obtained by us-
ing the continuity of pressure and velocity at both ends 
of the casing treatment. Then these new equations are 
combined into the previous coefficient matrix of ei-
genvalue equations for solid boundary condition. So, 
the final stability model is improved to corporate the 
effect of this novel casing treatment on the stall incep-
tion. 

4. Numerical Prediction Results and Discussion 

In this part, two numerical cases are conducted to 
validate the developed model, which firstly focus on 
the stall inception prediction for solid boundary and 
then the sensitivity of casing treatment on the stability 
of fan/compressors. It is noted that for a flow stability 
problem, the lower order circumferential modes always 
tend to be unstable firstly compared to the higher order 
modes. So, in this paper, emphasis is put on the most 
unstable mode and how to stabilize this mode.  

4.1. NASA Rotor 37 at 70 design rotational speed 

4.1.1.  Stall inception’s prediction 

The first validation of this model is to predict the 
inception of rotating stall for a typical high speed com-
pressor in subsonic case, i.e., NASA Rotor 37 at 70  
design rotational speed. The data from experiment at 
this rotational speed is used as the input parameters, 
and the inlet relative Mach number is between 0.8 and 
1.0. More details of the geometries and characteristics 
of this rotor can be referred to NASA report given by 
Moore and Reid [34]. Figure 4 shows the relative speed 
and damping factor of the perturbation frequency in 
inception period of instability. 

As shown in Fig. 4(a) and Fig. 4(b), there are two 
lines, which represent the two different circumferential 
modes m=1 and m=2, respectively. It is seen from Fig. 
4(a) that the dimensionless perturbation velocity in 
inception period of rotating stall ranges from 0.6 to 0.7 
for the two modes.  

Along with the throttling process, the damping fac-
tor decreases gradually and becomes negative at some 
specific point of lower mass flow rate coefficient  

 
Fig. 4  Stability prediction of NASA Rotor 37 at 70  design 

rotational speed. 

which means the occurrence of compressor instability. 
The arrow labeled by “E” in Fig. 4(b) denotes the ex-
perimental onset point of rotating stall, while that la-
beled by “T” points to the onset point predicted by the 
model. The difference of flow rate coefficient between 
theory and experiment is about 0.01, while the relative 
error is less than 3 . It is not known from the experi-
ment which mode contributes to the inception point of 
rotating stall. From our theoretical prediction, the two 
different circumferential modes seem to pass through 
the neutral point at the same time. This investigation 
shows that the present model is capable of predicting 
the stall inception for high subsonic rotor. 

It should be noted that at the beginning of throttling, 
NASA Rotor 37 exhibits precursor waves with a rela-
tive speed of approximately or appreciably higher than 
the rotor rotation. To the authors’ knowledge, some 
finding of the kind was discovered experimentally. 
Tryfonidis, et al. [35] conducted many experiments on 
eight different high speed compressors with identical 
processing, and two types of behavior of precursor 
waves occurred prior to stall. Apart from some waves 
with a rotation frequency of approximately one-half the 
rotor speed and a wavelength which is equal to the 
circumference, another kind of wave traveling at rota-
tional speed near the rotor rotation was also detected. 
Furthermore, in 1998 Weigl [36] showed that a single- 
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stage high speed compressor could drive stall inception 
waves at even 150  of the rotor rotation. Paduano, et 
al. [13] stated that these high speed modes are related to 
the flow compressibility which cannot be described in 
Greitzer & Moore model [37-38]. More in-depth explana-
tion is not available. In brief, the prediction result in 
the present case is reasonable and it is obvious that 
compressibility is indispensable to complete and pre-
cise physical expression in a flow stability model, es-
pecially for the practical high speed flow. 

4.1.2.  Sensitivity of casing treatment on the stall in-
ception 

In the principle of this work, the novel casing treat-
ment results in soft boundary condition and has the 
ability to enhance the stability of the system of fan/ 
compressors. So, numerical test is conducted to check 
whether different configurations of such casing treat-
ment in the model has the ability to turn the unstable 
point under the solid casing condition into a stable re-
gion, i.e., emphasis is placed on numerically studying 
the sensitivity of different design parameters of casing 
treatment on the stall inception of axial flow fan/com-
pressors. The chosen point is an unstable point in the 
theoretical prediction, which corresponds to a flow rate 
coefficient at 0.375. The variable parameters of the 
configuration are the length of the casing treatment, the 
height of the backchamber, the open area ratio of the 
perforated plate and the bias flow rate through the ap-
ertures, which represent the effect of the recirculation 
flow in the casing treatment at the impedance boundary 
condition. 

Figures 5-8 show the results for the stability predic-
tion with the casing treatment at 70  design rotational 
speed. The vertical coordinates stand for the imaginary 
part of the perturbation frequency, which determines 
whether the system is stable or not. The results are 
shown in four different figures, in which one of the 
four parameters is adjusted while the others are un-
changed. 

It is found that the change of any parameter of the 

 

Fig. 5  Effect of open area ratio on the stability of the com-
pressor of NASA Rotor 37 at 70  design rotational 
speed, mode number m=1. 

 
Fig. 6  Effect of height of backchamber on the stability of 

the compressor of NASA Rotor 37 at 70  design 
rotational speed, mode number m=1. 

 
Fig. 7  Effect of length of casing treatment on the stability 

of the compressor NASA Rotor 37 at 70  design 
rotational speed, mode number m=1. 

 
Fig. 8  Effect of Mach number of bias flow through the slots 

on the stability of the compressor NASA Rotor 37 at 
70  design rotational speed, mode number m=1. 

casing treatments will change all the stall inception 
from the unstable to the stable state. Obviously, as 
shown in Fig. 7, backchamber of enough length is nec-
essary to stabilize the stall inception point. Besides, 
due to various restrictions to casing treatment size, the 
ranges of these parameters do not allow being arbitrar-
ily decided, and a reasonable combination of these pa-
rameters is required.  
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4.2. Low speed TA36 Fan at design rotational speed 

4.2.1. Experimental investigations and various com-
parisons for stall inception 

Some experimental investigations of rotating stall 
are conducted on a low speed TA36 Fan in Beihang 
University, which is shown in Fig. 9, and the main de-
sign parameter of which is displayed in Table 1 and 
Table 2. This fan is equipped with accurate-regulating 
bleed valves, which can accurately move the operating 
point near stall and quickly move away from stall. All 
the steady-state operating characteristics of the com-
pressors are gained using standard time-averaged in-
strumentation in this test rig. 

 

1—Flow tube; 2—Measurement point of wall static pressure; 
3—Measurement point of inlet total pressure; 4—Rotor; 
5—Stator; 6—Measurement point of outlet total pressure and 
static pressure; 7—Motor; 8—Struts; 9—Outlet adjusting 
mechanism. 

Fig. 9  Schematic of TA36 Fan. 

Table 1 Geometrical parameters for TA36 Fan 

Parameter Rotor Stator 

No. of blades 20 27 

Tip diameter/mm 600 600 

Hub to tip ratio 0.577 0.669 

Tip stagger angle/(°) 45 0 

Table 2 Aerodynamic parameters for TA36 Fan 

Parameter Value Parameter Value 

Mass flow/(kg s 1) 6.5 Design speed/(kg s 1) 2 900 

Efficiency/  85 Total pressure ratio 1.022 

Stall margin/  15.5 Total pressure rise/Pa 2 000 

 
Figure 10 shows the time history of the wall static 

pressure as measured by all eight sensors about the 
circumference on a magnified scale during the stalling 
transient, and regular disturbances can be observed 
here for an inconsiderable (short) time before the stall. 
The input data (see Fig. 11) is obtained from the throt-
tling experiment on this fan, and the prediction result is 
given in Fig. 12. It should be noted that the point cor-
responding to the smallest mass flow is just the stall 
point in the experiment. So, the relative error between 

the measured and predicted critical point is less than 
1 , and the relative speed at the stall inception point is 
approximately 63  of the rotor rotational speed which 
is quite close to the measured precursor rotating speed, 
i.e., 58  as shown in Fig. 10. 

 

Fig. 10  Measured time traces of wall static pressure during 
transients into rotating stall on TA36 Fan at 100  
rotational speed. 

 

Fig. 11  Relative total pressure loss coefficient data and 
fitting line of a low speed axial flow compressor 
TA36 Fan at 100  rotational speed. 
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Fig. 12  Stability prediction of a low speed axial flow com-

pressor TA36 Fan. 

4.2.2.  Sensitivity of casing treatment on stall inception 

Figures 13-16 show how the stall inception varies 
with the design parameters of casing treatment. It is 
seen that the optimum combination of various parame-
ters can be chosen in terms of these numerical analyses. 
Obviously, as shown in Fig. 15, it is not true that more 
large configuration parameters of casing treatment 
make the system of fan/compressors more stable. A 
reasonable combination of these parameters is required  

 
Fig. 13  Effect of length of casing treatment of on the stabil-

ity of TA36 Fan, mode number m=1. 

 

Fig. 14  Effect of open area ratio on the stability of TA36 
Fan, mode number m=1. 

 

Fig. 15  Effect of Mach number of bias flow through the 
slots on the stability of TA36 Fan, mode number 
m=1. 

 

Fig. 16  Effect of height of backchamber on the stability of 
TA36 Fan, mode number m=1. 

for the stability of the whole system. Besides, for un-
steady physical process, it is not appropriate to roughly 
draw conclusion about the stall inception just by nu-
merical convergence of steady CFD calculation. So it 
is suggested that the input data to this model prediction 
could be derived by CFD, and in this way the stability 
model can be applied to determining the stall margin 
during design stage of multi-stage fan/compressors. 
Such possibility for further application of this work is 
in progress. 

5. Conclusions 

1) A three-dimensional compressible flow stability 
model of multi-stage compressors including a finite 
large radius duct configuration is presented. Unlike the 
previous models concerning flat plate simplification for 
the actual annular duct, this model does not artificially 
decompose the radial modes, i.e., the eigenvalue solu-
tion for a coupled multi radial modes perturbation in a 
fan/compressors system is derived. 

2) Two numerical validation cases show that this sta-
bility model can provide a reasonable prediction for the 
stall inception point for both low and high subsonic 
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fan/compressors with solid casing boundary, and a 
good agreement between relative speed and measured 
data can be achieved. Compared with the previous 
models considering a liner cascade with tip and hub 
plates, more accurate prediction results are obtained. 

3) A mathematical model of a novel casing treatment 
is included in the stability model, which consists of 
backchamber and perforated plate. In contrast to the 
conventional recess casing treatment with more than 
50  open area ratio, such casing treatment with very 
low open area ratio is aimed at affecting the evolution 
of the stall precursors for the stall margin improve-
ment. 

4) The sensitivity of the novel casing treatment on 
the stall inception is verified numerically. Theoretically 
it is possible to design a kind of advanced casing treat-
ment with a reasonable combination of configuration 
parameters to suppress the stall precursor, which can 
result in the stall margin improvement without the ob-
vious efficiency loss of fan/compressors. 

5) It is suggested that extracting the input parameters 
from steady CFD calculation may be helpful to guar-
antee or check enough stall margin of fan/compressors 
during design phase.  
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