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regularizing term is added to the magnetization equation. We prove the local-in-time
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1. Introduction

In this paper we investigate the question of solvability of the equations proposed by M.I. Shliomis [30,31] to describe
the flow of an incompressible ferrofluid submitted to an external magnetic field. Ferrofluids (also called magnetic fluids)
are colloidal suspensions of fine magnetic mono domain nanoparticles in nonconducting liquids. Such fluids have found
a wide variety of applications in engineering: magnetic liquid seals, cooling and resonance damping for loudspeaker coils,
printing with magnetic inks, rotating shaft seals in vacuum chambers used in the semiconductor industry, see [37] for more
details. There are also intensive investigations on the possibility of future biomedical applications of magnetic fluids, such as
magnetic separation, drugs or radioisotopes targeted by magnetic guidance, hyperthermia treatments, magnetic resonance
imaging contrast enhancement, see for example Pankhurst, Connolly, Jones and Dobson [26].

Consider the flow of an incompressible and viscous, Newtonian ferrofluid, filling a bounded domain D of R3, under the
action of an external magnetic field Hey. This magnetic field induces a demagnetizing field H and a magnetic induction B
satisfying the law B = H + x(D)M where M is the magnetization inside D and x (D) is the characteristic function of D.
Let T > 0 be a fixed time, Dt = (0, T) x D and let n denote the outward unit normal to D. The equations proposed by
M.L Shliomis [30,31] for this flow are

divU =0 in D, @)

p(8U + (U -V)U) —nAU + Vp = po(M - V)H+ %curl(M/\H) in Dr, (2)
1 1

&M+ (U- V)M = 5 curlU AM — —(M = xoH) = BM A (M AH) in Dr, 3)
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where U is the fluid velocity, p is the pressure and the parameters p, 1, (o, Xo, T and B are positive and their physical
meaning can be found in [28,30,31], for example. The magnetic field H satisfies the magnetostatic equations

curlH=0,  div(H + x(D)M) = —divHex in (0,T) x R>. (4)

Egs. (1) and (2) are the Navier-Stokes equations and (3) is the magnetization equation.
In [2] we considered a regularized system where Eq. (3), which is of Bloch-type, is replaced by the following

1 1
UM+ (U V)M — 0 AM = - curlU AM — —(M — xoH) = BM A (M A H)

which is of Bloch-Torrey type, o > 0 being a diffusion coefficient that carry spins. The Bloch-Torrey equations were pro-
posed by Torrey [34] as a generalization of the Bloch equations to describe situations when the diffusion of the spin
magnetic moment is not negligible; see also G.D. Gaspari [13] for the derivation of the Bloch-Torrey equations. We proved
existence of global-in-time weak solutions with finite energy to the system posed in a bounded domain of R3 and supple-
mented with initial and boundary conditions.

S. Venkatasubramanian and P. Kaloni [35] considered the differential system introduced by R.E. Rosensweig [28] to de-
scribe the flow of an incompressible ferrofluid under the action of a magnetic field. The Rosensweig system consists of the
Navier-Stokes equations, the angular momentum equation, the magnetization equation and the magnetostatic equations (see
also [27]); in [35] the authors studied the stability and uniqueness of smooth solutions to the system. In a recent paper [3]
we studied the local-in-time existence of strong solutions to the Rosensweig system. In [1] we considered a regularized
system of the Rosensweig system and proved existence of global-in-time weak solutions with finite energy to the system
posed in a bounded domain of R® and supplemented with initial and boundary conditions.

The study of magnetic fluids differs from magnetohydrodynamics (MHD) that concerns itself with nonmagnetizable but
electrically conducting fluids. The set of equations which describe MHD is a combination of the Navier-Stokes equations of
fluid dynamics and Maxwell’s equations of electromagnetism; see the papers by G. Duvaut and J.-L. Lions [8], M. Sermange
and R. Temam [29], ]J.F. Gerbeau and C. Le Bris [14,15] and H. Inoue [20] for some results of existence of solutions. In
a recent paper B. Ducomet and E. Feireisl [7] proved existence of global-in-time weak solutions to the equations of MHD,
specifically, the Navier-Stokes-Fourier system describing the evolution of a compressible, viscous, and heat conducting fluid
coupled with the Maxwell equations. Let us also mention some works on equations arising in the theory of micropolar fluids
introduced by A.C. Eringen [9] which focuses on the fluids consisting of randomly oriented particles suspended in a viscous
medium when the deformation of fluid particles is ignored; we refer to the papers by G.P. Galdi and S. Rionero [12],
G. Lukaszewicz [24].

In this paper we consider system (1)-(3) equipped with the boundary and initial conditions

U=0 on (0,T) x D, (5)
Ult=0 = Uo, Mlt=0 =Mp in D, (6)

where Uy and Mg are given data. For simplicity, we assume that the magnetic field H satisfies, instead of (4), the magne-
tostatic equations

curl H =0, div(H+M)=F in Dr, (7)
and the boundary condition
(H+M)-n=0 on (0,T) x aD (8)

where F is a given function in Dt such that fD Fdx=0, for all t € [0, T].

Our aim is to show that problem (1)-(3), (5)-(8), denoted problem (P) in the sequel, admits a local-in-time strong
solution (U, M, H), in the sense of Definition 1 (below). We assume that D is an open bounded domain in R? of smooth
boundary. Let L9(D) and W59(D) (1 < q < 00, s € R) be the usual Lebesgue and Sobolev spaces of scalar-valued functions,
respectively. When q =2, W$9(D) is denoted H*(D). By | - || and (-;-) we denote the L?-norm and scalar product, respec-
tively. The Holder spaces C*(D) (ke N, 0 <« < 1) are defined as the subspaces of C¥(D) consisting of functions whose
kth order partial derivatives are Holder continuous with exponent . We denote L9(D) = (L9(D))3, W9(D) = (WS9(D))3,
HS(D) = (H5(D))? and k¢ (D, R3) = (Ck*(D))3.

We introduce the following spaces of divergence-free functions, see Galdi [10,11], Ladyzhenskaya [21], ]J.L. Lions [22],
P.L. Lions [23], Tartar [32], Temam [33]:

Coo(D) = {v eCSO(D,R3): divv =0 in D},
U = closure of C§(D) in H'(D),
Up = closure of C3%(D) in L*(D).

It is well known that
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U={veH"(D): divv=0in D},
Up={velL*D): divv=0in D, v-n=0on 3D},
U C Uy c U’ =dual space of Y when Uy is identified with its dual.
We assume that
Ug e H2(D) NU 9)

and

Mo e WH(D),  Few'™(0,T;L9(D)), q>3, /Fdx:O in (0, T). (10)
D

Definition 1. Let ¢ > 3 and r = min{q, 6}. We say that (U, M, H) is a strong solution in Dt of problem (P) if the condi-
tions (i)-(iv) below are satisfied:

@) U e ([0, T U NHA(D)) N W'*(0, T; L*(D)) N L*(0, T; W(D)),
M, H e L®(0,T; W' (D)) nW'>(0, T; L"(D));
(i) the function H is such that H = V¢ where ¢ € L*(0, T; W2"(D)) and solves the problem

—Ap=divM —F in Dr,

ad
%:—M-n on (0,T) x 4D, /(de:O in (0. T):
D
(iii) Egs. (1), (2) hold weakly, that is, for every v € U, we have

, (2
d
pa[dex—l—,o/(U~V)U4vdx+n/VU~Vvdx
D

D D

=M0/(M “V)H - vdx + % /(curl(M AH))-vdx inD'(]0, T[),
D D
Ult=0 = Uo;

(iv) there exists p € L2(0, T; W17 (D)) such that Eqgs. (1)-(3) hold a.e. in D7 and the initial condition on M holds in the
sense of traces.

Our main result is the following one.

Theorem 1. Under assumptions (9) and (10), there is a time T* > 0 such that problem (P) admits a unique strong solution (U, M, H)
in D+, in the sense of Definition 1.

To prove Theorem 1 we study a linearized problem of problem (P). Assume that (Uy, My, Hy) is given, U belongs to
L0, T; U NHZ(D)) N L?(0, T; W2 (D)), U, belongs to L>(0, T; L?(D)) and My, H; belong to L(0, T; W17 (D)). Observe
that, since r > 3 and due to the Sobolev embedding

wbr (D) — c%*(D) (a =1- ;) (11)

where — denotes the continuous embedding, the function VU belongs to L%(0, T; C%%(D,R%)), and M A Hy belongs to
L%°(0, T; WLT(D)).
We define the function M as the solution of the linear hyperbolic system
1 1
&M+ (U - V)M — 5 curlU; A M + ;M + BM A (My A Hy) = %Ht in Dr, (12)
M|[=0=M0 in D. (13)

Note that the condition U =0 on (0, T) x D prevents the necessity of using boundary conditions for the solution to (12),
see for instance DiPerna and Lions [6].
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Then we define the function H as the solution of
curl H =0, div(H+ M)=F in Dr, (14)
(H+M)-n=0 on (0,T) x aD. (15)

The functions M and H being defined by (12), (13) and (14), (15), respectively, we define the function U as the solution
of the linear system

p(BtU—l-(Un-V)U)—nAU+Vp=u0(M~V)H+%curl(M/\H) in D, (16)

divU =0 in Dr, (17)
supplemented by the boundary and initial conditions

U=0 on (0,T)xaD, (18)

Ulg—o =Ug in D. (19)

We construct a sequence of approximate solutions to problem (7), derive some uniform bounds of the sequence and
then prove the convergence of the sequence to a strong solution of problem (7). The method and techniques we use
here are inspired from the paper by Y. Cho, H.J. Choe and H. Kim [4] on Navier-Stokes equations for compressible barotropic
fluids; see also the paper by Y. Cho and H. Kim [5] on the incompressible Navier-Stokes equations with a density-dependent
viscosity. In the final part of the paper (Section 4.4.2) we prove the uniqueness of strong solutions to problem (7P).

In the paper, C indicates a generic constant, depending only on some bounds of the physical data, which can take
different values in different occurrences.

2. Solvability of problems (12), (13) and (14), (15)
We first show the following results.
Lemma 1. Problem (12), (13) has a unique global-in-time solution M € L°°(0, T; W' (D)) n W1.%(0, T; L"(D)).
Proof. Clearly, (12) is a linear hyperbolic system with regular coefficients. Recall that, due to the Sobolev embedding (11),
VUy belongs to L2(0, T; C%*(D,R%) and My A H; belongs to L°(0, T; W17(D)). The existence and uniqueness of solu-

tions to (12) with the initial condition (13) are classical: problem (12), (13) has a unique global-in-time weak solution
M € L*°(0,T;1L" (D)), i.e. M is the unique function satisfying the integral identity

T

1 1
//(M-Wt+(Uj-V)w~M+(Ecurluj/\M—;M—,BMA(Mn/\Hn)>~w>dxdt
0 D

T
=—¥//Hn.wdxdt—/1wo(x)-w(o,x)dx
0 D D

for any w e C1(Dr, R3) with compact support in [0, T[ x D. Since the right-hand side of (12) belongs to L*°(0, T; W!-"(D)),
it implies that the weak solution M belongs to L>®(0, T; W' (D)) and (12) holds a.e. in Dt. Then we deduce from Eq. (12)
that the function M belongs to W1 (0, T; L"(D)). Lemma 1 is proved. O

Lemma 2. Let M be the solution of problem (12), (13). The following estimates hold:

(i) MO, <b1®), te©T), (20)
where
t
b1(6) = Mol p, + C / [H:)]s p, ds: (21)
0
(i) [YM@© {1 pyys <D26), te©,T), (22)

HMt(t) H]L"(D) < Cb3(t)’ te (05 T)a (23)
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where
t t
by (t) :b;(r)+/b;(s)b§(s) exp(/b%(o)da) ds, te(0,T), (24)
0 s
and
t
b3(®) = VMol )y + € / (IVH) [ (pyys + IMO 2 ) 10 2. py) d
0
t
+ C/"M(s) HL(D) |Hz(s) ”le'(n) [VM: )| @y 98
0
t
+ C/”M(S) ng(D) |M:(s) ”Wl-f(D) HVHﬁ(S)H(Lr(D))3 ds (25)
0
and
b3(®) = C(|Hz () ”W”(D) HVMﬁ(f)H(Lr(D))3 +| Mﬁ(t)HWH(D) ”VHﬁ(t)”(Lr(D))3) +C(1+ Uz levr(n)) (26)
and
b3(®) = [Hz Ol o) + b1 O (U2 Ly oy + IM2O iy )| He O g ) + b5 O U0 [y - 27)

Proof. (i) Multiplying Eq. (12) by [M|""2M and integrating over D yields

d ”M”]Er(D) 1 Xo -2
a(#) + ML ) = f H - IM""*Mdx. (28)
D

We estimate the right-hand side of (28) by using the Holder and Young inequalities and then obtain

d (IIMHfU(m

1 r T
= ) + 5= MU o) < ClIH I o).

Integrating from O to t we obtain (20).
(ii) We differentiate (12) with respect to x; (1 <i < 3) to obtain

1 1
8[N+(Uﬁ~V)N—icurlUj/\N—b—ﬁN/\(Mﬁ/\Hj)—I—?N=S (29)
where we set N = 0y, M, Ky = 0y, Hy, Ny = 0y, My, Vy = 05, Uy and
1
S=@Kﬁ—(vﬁ~V)M+Ecuerj/\M—ﬂM/\(Nﬁ/\Hﬁ)—ﬂM/\(Mﬁ/\Kﬁ).
T

Then we multiply (29) by |N|""2N and integrate over D. Observe that (curl Ug AN) - IN"2N =0 and AN A (Mg A
Hy) - |N|""2N = 0. We obtain

d (NI 1 s
E(ir >+;||N||]U<D>=/S~|N| Ndx. (30)
D

The right-hand side is estimated as follows:

‘/s S IN"2Ndx
D

1
</(§|Kn|+l<vj-vw| +5|curIVnAMl)lNl” dx
D

+ /(,B|MA (N: AHo)| + BIM A (Mg A Kg)|)INI™ ! dx
D
=11+ 1. (31)

Hélder’s inequality yields

I < C(IVHz oy + [ (Ve - VIM| )+l curl Vi A Ml IVMIES! o
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Due the Sobolev embedding (11) we have

IVellLem) < 19Uzl gy < ClUzllwer (o)

and

IMllL(py < C(IMIILrp) + IVMll 1 (yy2)
then

(Ve - VOM|| 1 ) < CNUlwrzrpy IV Ml s
and

llcurl Vo A MllLrpy < CllUg llywzr oy (IMlILr 0y 4+ VMl e (py)3)-
It results that

-1
I] g C”VHII”(]IJ(D))?’ ”VMHE]U(D))S + CI'”]ﬁ”Wzr(D) ”VM”Z]Lr(D)P

-1
+ CllUs Nz oy (IMIlLr 0y + ||VM||(]U(D))3)||VM||ILr(D))3'

Applying the Young inequality we obtain

I < C(”VHIi“ELr(D))S + ||M||£f(D)||Uﬁ||W2~T(D)) + C(‘l + ||Un||W2’r(D))||VM||ELT(D))3' (32)
Using similar arguments we show that

M A Nz AHD ||y ) < CUIMILr ) + IVMIlwr 0)3) IV Mzl wr )y | He llwr oy
and

”M A (Mg A Kj)”Lf(D) < C(”M”]L'(D) + ||VM||(]U(D))3)||Mﬁ||W1~V(D) IVH: wr(py)3

then we derive the estimate

I> < C(IHzlwr oy IVMelwrpyys + Mgl ooy IV He Dl oy3 ) (M oy + ||VM||[MD))3)- (33)

Combining (30)-(33) we deduce that

r

d ”VM”(]Lr(D))fS ] r

e e R A

< C(”VHﬁ”Z]LT(D)P + ||M||£r([)) ||Uj||W2«f(D)) + C”M”]rLr(D)(”Ht||W1~V(D) IVMzllwrpy3 + IMsgllyirp ||VHL1||(]U(D))3)
+C(1+ 1U¢ lwarp)) HVM”ZLr(D))a + C(”Hn”wl,r([)) IVMzllwr oy + 1M llyyirp) HVH:I”(]U(D)P)||VM”€]LT(D))3

and Gronwall’s inequality yields estimate (22).
Using again the Sobolev embedding (11) we deduce from (12) that

IMellLr(py < ClIU lwrr oy VMl wrpyys + ClIlU gy (IMIILr oy + 1V Ml wr(py)3)
+ CIIMIIzr o)y 1M llgyr.r oy | Hg llwtr oy + CIIH I r py
and using (20) and (22) we obtain (23). The proof of Lemma 2 is finished. O

Then we establish the following results.

Lemma 3. Assume that M is a given function. Then:
(i) If M € L*®(0, T; L7 (D)) then there exists a unique function ¢ € L>(0, T; W17 (D)) such that fD @dx=0and H = Vg satisfies

/H-Vvdx:—/M~Vvdx—/dex, Yv € C®(D).
D D D

Moreover, we have the estimate

[HOlr 0y < CUMO i)+ [FO ). € 0.7, (34)
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(ii) If M € L%(0, T; W-"(D)) then H € L°°(0, T; W' (D)) and we have the estimate

”VH(t)‘ (L"(D))3 < C(”VM(t)”(]U(D))3 + HF(t) ”L'(D))’ te(©,1). (35)

Note that Lemma 3 is valid for any 1 <1 < oco.

Proof. Introduce the boundary-value problem, for a.e. t € (0, T),

Ay =F in D, (36)
oy
-~ =0 ondD, /wdx=0‘ (37)
on

D

Problem (36), (37) has a unique solution ¥ € W27(D) satisfying the estimate
¥ lwzrpy < CIIF (D),

see for instance Grisvard [19]. Denoting ¥ = V¢ and N = M — ¥, we have to find a function ¢ satisfying
/V(p -Vvdx = —/N~Vvdx, Vv € C*(D).
D D

Employing Lemma 4.27 in Novotny and Straskraba [25, p. 211] we easily prove Lemma 3. Note that (35) can also be proved
as follows. Since curl(H + M) = curl M, div(H+ M) =F in D and (H+ M)-n =0 on aD, assuming that the first Betti number
of the domain D is zero, by a result of von Wahl [36, Theorem 3.2] we have, a.e. in (0, T),

|V(H+ M)H(]Lr(m)z < C(llcurl MllLrpy + IFllzry) < C(IVMIl1repyys + IFllLrpy)

and (35) follows readily. O

Lemma 4. Let M be the solution of problem (12), (13), let H be the solution of problem (14), (15) and let by, by, b3 be the functions
defined in Lemma 2. Then:

(i) H € L*°(0, T; L™ (D)) and we have

[He(t) ”MD) <ba(t), te(0,T), (38)
where
ba(t) = C(1+b3(1)); (39)
(ii) (M - V)H, M A H and curl(M A H) belong to L*°(0, T; L' (D)) and we have a.e. in (0, T)
[(M - HO s, < CA+b2) (b1 +b2)(0), (40)
IMAH©OL ) < C1+b1)b1 +b2)(0), (41
|eurl(M A HY(©) |1, < C(1+ba)(b1 +b2) (1); (42)

(iii) [(M - V)H]; and curl[M A H]; belong to L (0, T; H~ (D)) and [M A H]; belongs to L (0, T; L' (D)) and we have a.e. in (0, T)

I[M - VYH], O | -1 p) < C(A+b1 +b2) " (b3 + ba) (), (43)
[IM A HI(®) H{U(D) < C(1+ by +by) (b5 +bY) (0), (44)
leurliM A He (]| -1 ) < C(1+b1 +b2) " (b3 + ba) (©). (45)

Proof. (i) Differentiating (14) and (15) with respect to t we have curl H = 0, div(H; + M;) = F; in D, (H; + M) -n=0
on dD from which, similarly to (34), we deduce that

I HellLr oy < C(IIMellLrpy + IIFellr(py) < C(1 + b3).
(ii) Using the Sobolev embedding (11) and the estimates (20), (22) and (35) we have
[ M-I H L ) < CUMIr ) I VH sy < CA+b2) (1 +bo).

Similarly,
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IM A HILr ) < CIMIg1 ) IHIILrpy < C(1+b1) (b1 +b2)

and

r
HCUI‘I(M A H)H]Lr g C(”M”g;vlr(D)HVH”E]Lr(D))E» + ”HHQ;Vlr(D)”VM”;]Lr(D)P)
< C(1+by) (b1 +b2).

(iii) Let w € H(l)(D). Integrating by parts and using Eq. (14) we have

(D)

/(M~V)H~WdX:/Mi(aiHj)WjdX
D D

=/81(MiHj)wjdx—/(81Mi)ij,-dx
D D

_—/Mj(ajo)deX—/(F—diVH)HjodX

——/(M~VW)-de—/FH~wdx+/(divH)H-de. (46)
D D

Since curl H =0 we have 9;H; = 9jH; and using also integrations by parts, the last term of (46) can be written as

/(leH)H wdx_f(al l)H,w]dx_/al(HH Dwjdx — /Hi(ajHi)wjdx

D

2
/(H Viw - HdX—l—[uleWdX

Thus

/(M-V)H-wdx:—/((M—e—H)-V)w-de—/FH wdx + / div wdx. (47)
D D D

By differentiation with respect to t we have

/[(M~V)H]t~wclx:—f((Mt+Ht)~V)W~de—/((M+H)~V)W-thx

D D D
—/FtH~wdx—/FHt~de+th-Hdivwdx. (48)
D D D

Using the Cauchy-Schwarz inequality and the Sobolev embedding (11) we deduce from (48) that

V[(M -VH)], - wdx| < C(IMc + Hell| Hllwr.r(py + 1M + Hllyrr o) | Hel) IV W]l
D

+ C(IFellIH e py + IF lwrrpy I He I I+ CIHETH [lyr.r oy VWl (49)
Using the estimates (20), (22), (23), (34), (35) and (38), we obtain

V[(M VH)], - wdx| < C(1+by+by)""(bs + ba) | Wl p)
D

hence
I[M - V) H], g1 (p) < €1+ b1 +b2)'" (b3 + ba).
Arguing as in the previous item we have
IMe A HIlErpy < CIIMelErpy | H Iy < CB5(1+ b1 +b2)

and

IM A Hell iy < CIM 10 1He ) < Chy (b1 + b2)
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and since [M A H]t =M AH + M A H¢ we obtain

For w € Hg)(D) we have, by integrating by parts and using the Cauchy-Schwarz inequality,
V[curl(m A )] wdx| < CIM A HIe O | iy Wl )

and using (44) we obtain (45). The proof of Lemma 2 is finished. O

3. Solvability of problem (16)-(19)

We denote by M the unique solution of problem (12), (13) and by H the unique solution of problem (14), (15) satisfying
M,H e L%, T; W' (D)) n W10, T; L™ (D)) and the estimates (20), (22), (23), (34), (35), (38) and (40)-(45). Since the
uniqueness of strong solutions can be easily proved, we will show the existence of a solution to (16)-(19) and establish
some uniform estimates. For this purpose we first construct approximate solutions by using the Galerkin method.

3.1. Approximate solutions

Let P denote the orthogonal projection from IL2(D) onto Uy and consider the Stokes operator —PA :H?(D) NU — Up.
The operator —PA is a self-adjoint operator and its inverse is compact. Thus there exist countable sets (u);j>1, 0 < u1 <
M2 <---and (aj)j>1 C H?(D) N such that —PAaj =pjaj (j=>1) and (aj)j>1 form an orthogonal basis in Uy and an
orthogonal basis in ¢/ and H2(D) N4, with the scalar product (Vu, Vv) and (—P Au, —P Av), respectively. Moreover, by the
Sobolev embedding and a classical regularity result we have a;j € C1(D,R3), for each j > 1. Let us also recall the following
result, see Ladyzhenskaya [21, p. 65]: There is a positive number C such that, for any v € H?(D) N1,

lAv] < CIPAV]. (50)

For more details on the Stokes operator, see for instance Temam [33, pp. 38, 39] and Ladyzhenskaya [21, pp. 43-45].
We define an approximate solution U, of problem (16)-(19) by the following scheme. We look for U, in the form

n
Un=) al(t)a;.

=1

The functions oz'?(t) will be found from the equation of U,

d
dt U, - ajdx—l—p/(U; VU, - a]dx—l—n/VUn Vajdx
D
_MO/(M V)H -ajdx + — / curl(MxH) ajdx (Gg=1,...,n (51)
D
with the initial condition
Un|t:0 =Uon. (52)
Let X, denote the space spanned by ay, ..., ay. Since Uy € H3(D) NU, we can choose Ug, as the orthogonal projection

in H2(D) NU of Ug onto A.
3.2. Solvability of problem (51), (52) and uniform estimates
We have the following result.

Lemma 5. Problem (51), (52) has a unique global-in-time solution U, € H2(0, T; X;;) and the following estimates hold:

t
(i) H Un(t)H /Hvun(s)” ds<dqi(t), te(0,T), (53)
0

where

di(t) = H 3 Uo

2 t
+C/(H(M—V)H(s)”2+HM/\H(S)”z)ds; (54)
H@D)
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(i) %fl}um(s) |*ds + guvun(t) I?<d0), te(,T),

”UHHLZ(O T;H2(D)) X C”dZ“LZ(O T)»

where
t t

da(t) = di(t) + / d(s)d3(s) exp< / d%(a)do) ds
0 s
and

t
dj(t) = gnuonﬂﬁp(m +C /(|| (M- VYH(s)|? + || curl(M A H)(s)|*) ds
0

and
() = C”Un(f)HJZLw(D);
t
(iii) —||Um(t)” + - /!IVUn[(s)H ds < C(di+d3)(®), te(0,T),
0
HUn(t)”HZ(D) C(dy +di+d3)(®), te(,T),
where
d3 = |Uoll2 p) + Uz (0] 52 p, I VUoll + || (Mo - V) Hol| + [[curl(Mo A Ho) |
and

t

d(t) = f (1M - V] [31-1 0y + [T A HIO) 551 ) b5 + 1012 g 11200 12 120,
0

Here Ho = Vo and gy is the unique weak solution in H' (D) of

—Ag@o=divMo— Fo inD,

%——M -n ondD / dx=0

an 0 ) $Yoax =0,
D

with Fo = F(0).

(55)

(56)

(57)

(59)

(60)

(61)

(62)

Proof. We can rewrite Eq. (51) as a linear system of ordinary differential equations with regular coefficients. The existence
of a unique solution U, then follows from the theory of linear ordinary differential equations. Note that U, € H2(0, T; &}).

Let us now establish the estimates stated in the lemma.

Proof of (i). We multiply (51) by a;? (t) and add the resulting equations for j=1,...,n. Using the relations fD(Un -V)Uy, -

Updx =0 and [, (curl(M A H)) - Updx = [,,(M A H) - curl Uy dx we obtain

d

E(gnunnZ) +7lIVU|I? =M0/(M-V)H Updx + —/(MA H) - curl Uy dx.
D

We estimate the right-hand side of (64) by using the Poincaré and Young inequalities and then obtain

d
a(gnunnZ) + gnvunn2 <C(|M-WH|? + 1M A HI?).

Integrating from 0 to ¢ and using the estimate |Uon | < [[Uonllmz(p) < IUollgz(py we obtain (53).
Proof of (ii). We multiply (51) by dtot "(t) and add the resulting equations for j=1,...,n; this gives

/lUm|2dx+,0/(Un V)Up - Umdx+ /|VUn|2dx
D

= / oM - V)H - Upe dx + % f(curl(M AH)) - Updx.
D D

(64)

(65)
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Applying the Young inequality we have

‘p/(Uu.V)Un.Un[dx g%/\Unt|2dx+C/|Un|2|VUn|2dx
D D D

<& [ 1w s CUiEe ) [190a2 dx (66)
D D
We also have
/MO(M~V)H~Umdx < §/|Un[|2dx+C/|(M-V)H|2dx (67)
D D
and
V %curl(M/\H)-Untdx < §f|un,|2dx+c/|cur1(M/\H)|2dx. (68)
D D D
Combining (65)-(68), we find
P 2 nd 2 2 2 2 2
1 |Unel dx+Ea |VUn|?dx < C([|[(M - V)H | + ||curl(M A H) || ") 4 ClIUlIf o (p) I VUn 1% (69)
D D

Applying Gronwall’s inequality we obtain (55).
To show (56), we multiply (51) by —,ujoz;?(t) and add the resulting equations for j=1,...,n. We obtain

n/|PAUn|2dx=,0/Um~PAUndx+p/(Un~V)Un~PAUndx
D D D
—/,LLO(M-V)H~PAUndx— %/curl(M/\HyPAUndx.
D D

Using the Young inequality to estimate the right-hand side of this equality we obtain
2 2
IPAUL? < C(I1Unel* + 1Usl1E oo oy I VURIZ + (M- VYH | + |[curl(M A H) |%).

Integrating from 0 to t and using (50) and (55) together with the estimate ||Uy|| < C||AUL|I%, we deduce (56).

Proof of (iii). Differentiating Eq. (51) with respect to t yields

2
HZ2(D)

d
pa/Um~ajdx+p/(Uﬁ~V)Um-ajdx+n/VUm~Vajdx
D D D

=/pto[(M-V)H]t-ajdx+%/(curl(MAH)t)~ajdx—p/(Um-V)Un-ajdx
D D D

for j=1,...,n. We multiply this equality by %a’}(t) and add the resulting equations for j=1,...,n. Using the relation
Jp Wz - V)Un - U dx =0, we obtain

d
a(gnun[nz) + I VU]
= / po[(M - V)H], - Uprdx + % /(curl(M AH)) Updx—p /(um -V)Up - Upe dx. (70)
D D D

Using Cauchy-Schwarz, Poincaré and Young inequalities we have

2
H-1 (D)’

V[m(M -V)H], - Unedx| < %HVUMHZ +C||[[M-VH],|
D

‘% /(curl(M AH)t) - Unedx
D

< ZIVUl? +CIM A HE [ .

An integration by parts gives
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/(Uut ~V)Up - Upedx = _/(U]:t -V)Upt - Updx
D D

then, using Holder and Young inequalities we have

S PIU IV UneIUn |l (D)

‘p/(uﬁt -V)Up - Upe dx
D

n
< 2 IVUnl? + ClU P 1Un e -

Substitution of these estimates into (70) yields

d

m (g ||Unt||2> + vaumn2 <C(I[M - VIH], |21 ) + [IM A HIe 31 ) + 10212 0Unl 2z )

Integrating with respect to t we deduce that

t
14 2 n 2
EHUm(t)H +Z/\|Vum(s)|| ds
0

t

<2un@|*+c / (1[M - )] 31y + 1M A HIO 551 ) d5 + CllU e g 1.2 12 1200,

0

By virtue of (65), at time t =0 we have
2
P Unc(@)|* = —p / (U£(0) - V)Uon - Une(0)dx + 17 / AUgp - Un (0)dx
D D

+ / Ho(Mo - V)Ho - Une (@) dx+ =2 [ (curl(Mo A Ho)) - Une(0) d.
D D

Recall that the function U; belongs to C([0, T1; HZ2(D)). It is clear that
lAUonll < CllUonll2(py < CllUollp2(p)

and by the Hélder inequality and the Sobolev embedding H%(D) < L>°(D) we have

‘ f (U2(0) - V)Uon - Une(0) dx| < CU(0) || ) I VUon [ Unc O)
D

<CU£0) | 320, I VUoll [ Une 0,

and

1to(Mo - V)Ho - Unt (0) dx| < C|[(Mo - V)Ho || | Une (0) |

U\

and

/ (curl(Mo A Ho)) - Une(0) dx| < C| curl(Mo A Ho) ||| Unt (0) ).
D

Combining (72)-(76) we obtain
[Une @ < C(IlUollgz(p)y + [U2(0) | 12, I VUoll + || (Mo - V)Ho|| + [[curl(Mo A Ho) ).

Then, integrating (71) from O to t and using (77) we obtain (60).
We prove (61) by arguing as for (56) and using the new estimate (60). The proof of Lemma 5 is complete.

O

(71)

(72)

(75)

(76)

(77)
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3.3. Passing to the limit asn — oo

Lemma 6. Problem (16)-(19) admits a unique global-in-time strong solution U satisfying:

(i) U eC([0, TI;U NH*(D)) n W (0, T; L%(D)) N L(0, T; W'(D));
2 t
(ii) nga)H +g/||VU(s)H2ds<d1(t), te(0,T), (78)
0
where dq is given by (54);
t
(iii) %/”Ut(s) [*ds+ 2 [vu®[* <dao), teT), (79)
0
U o 7120y < Clld2ll 20,7 (80)
where d> is given by (57)-(59);
t
(iv) §||Ut(t)||2+g/”vuf(s)ﬂzdsgc(d;+d§)(t), te(,T), (81)
0
[U® |52, < C(d2+di+d3)©). te@©.T), (82)

where d} and d? are given by (62) and (63);

(v) U220, 1o 0y < Cda (83)

where

1 2 2 2 2
dg =d3 +d5(T) + lld2ll 20,1y Uz £ e py) + (M- V)H”LZ(O,T;IU(D)) + ||curl(M A H) | 12(0,T;L7 (D))" (84)

Proof. According to the estimates (53), (55), (56), (60) and (61), there is a subsequence of (U,) converging to a limit U
in a weak sense. The function U belongs to L®(0, T; U NHZ(D)) N W12°(0, T; L2(D)) N L2(0, T: H2(D)) and by a classical
embedding result U € C([0, T]; 4 N H2(D)). It is a simple matter to show that U is a weak solution to problem (16)-(19);
we have, for every v el,

d
pa U-vdx—i—p/(Ut~V)U-vdx+r]/VU~Vvdx
D D D
= /Lo/(M -V)H -vdx + % (curl(M A H)) - vdx in D'(10, T[), (85)
D D
Ult=0 = Uo. (86)

Moreover, according to the lower semi-continuity of various norms, we have the regularity estimates (78)-(82).
From (85) and the classical results for Stokes equations, see for instance Temam [33, Lemma 2.1, p. 22] it follows that,
for a.e. t € (0, T), there exists p € L%(D) such that (U, p) is a weak solution of the Stokes system

—nAU+Vp=¢G, divU=0 inD, U=0 onaD,

with G = —pBU + (Uz - VIU) + wo(M - V)H + %curl(M A H). According to the regularity of Uy, U, (M - V)H and
curl(M A H), in particular ;U € L2(0, T; L%(D)) according to (i) and the Sobolev embedding H'(D) < L%(D), we have
G € L%(0, T; L'(D)). From the regularity results for the Stokes system, see Giaquinta and Modica [16], Giga and Sohr [17],
M. Giga, Y. Giga and H. Sohr [18], we have U € L%(0, T; W27 (D)), p € L%(0, T; W'"(D)) and

10Nl 20,7;w2r Dy + 1PNl 20,7;w1r (D)) < CIG N L2(0,7;10 (DY)
Using the Hoélder and Young inequalities we obtain
2 2 2 2
” U ”LZ(O,T:WZ'r(D)) < C(” Ut I|L2(0,T;L6(D)) + ”VU ”LZ(O.T;(ILG(D))3) ” Ut ”]LOO(DT))

2 2
+C(|M-WH| ) T ||curl(M A H) ”LZ(O,T;L’(D)))

(0,T;L"(D)
<C(IUel2 0 1o 0y T MU 20 1512y 1V IE e ()
2 2
+C(jm- V)H||L2(0’T;L,(D)) + [lcurl(M A H) | LZ(M;MD))) (87)

from which follows (83), according to (80) and (81). Lemma 6 is proved. O
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4. Proof of Theorem 1

To prove the existence we define a sequence of approximate solutions to problem (), derive some uniform bounds and
then prove the convergence of the approximate solutions to a strong solution of problem (7).

4.1. Approximate solutions

Set (U%, M°, H%) = (0, 0, 0), assuming that (U™, M™, H") is defined, let (U™, M"+1 H"*1) be the unique strong solution
to the linearized problem (12)-(19) with (Uy, My, Hy) replaced by (U", M", H"). Thus M"*! satisfies the linear system

X0

FM™ 4+ (U V)M — %curl Ut AM™ %M”H +BM™ A (M" A HY) = ~H" in Dy, (88)
supplemented by the initial condition

M"1(0) =My in D; (89)
the function H"*! satisfies the equations and boundary conditions

curl H"' =0,  div(H""' + M"t')=F in Dr, (90)

(H™'+M™1).n=0 on (0,T) x 9D; (91)
the function U™ satisfies the linear system

(U™ 4 (UM VYUY — pAUTH 4 VT = g (MM VY 4+ B2 curi(MmH A B in Dy, (92)

divU"™!' =0 in Dr, (93)
supplemented by the boundary and initial conditions

U™'=0 on(0,T)xdD, U™ 0)=Up inD. (94)

We will show that the sequence (U", M", H"),>¢ satisfies some uniform bounds and converges to a local-in-time strong
solution to problem (7).

4.2. Uniform bounds

Introduce the function @y defined on (0, T) by

DN (D) = Orgr}%v(ogzt(l + VU |+ M O p)

where N is a large fixed integer.

Lemma 7. We have
t t

[vurt! (t)”z—l—/H U?+1(s)||2ds<c+c/¢,‘3(s)ds (95)
0 0
forany0<n<Nandte(,T).

Proof. Multiplying Eq. (92) by U?‘H we derive the analogue of (65):

p/|U?+1’2dx+p/( . )Un+l Un+l dx + Z /|VU”+1| dx
D D D
:/MO(M"+] .V)Hn+1 -U?+1 dx + % /(curl(M"“ A Hn+1)) . U{H'] dx.
D D
Using the Holder and Young inequalities, we estimate the second, fourth and fifth term and then obtain the inequality

/|U"+]} dx+nd/|VU"+l| dx

D
< UM o) IVU™ [y + CHM™ - D)H™ [ € euri (M B

=C(1+ 1+ 13). (96)
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Arguing as in the proof of Lemma 4 we have
“ (MHH ' V)HHH ” < C“ M HW”(D)(l + ” M ”WU(D)) (97)
and
Jeurl(M™!" A H™1) | < c||M™! ”W”(D)(l + M ”W“(D))' (98)
Using the interpolation inequality
IVVIEs o, S CIVVIIVIg2 ) ¥V € HA(D) N Hg(D), (99)
the Sobolev embedding H!(D) < L®(D) and the Poincaré inequality, we have

< vur Vo U g (100)

(D)

On the other hand, there exists p"t! € L2(0, T; H'(D)) such that (U™, p"*1) is a strong solution (for a.e. t € (0, T)) of the
Stokes system

—nAU™ pvpttl=c™! divu™!'=0 inD, U™'=0 onaD, (101)
where
Gl = —p(UM! + (U - V)U™ ) + po(M™T - V)H™HT 4 % curl(M™1 A H'HT). (102)

From the regularity results for the Stokes system we have
Jum! “HZ(D) +[p™t! ”Hl(D) <cllem |
<C(Jurt+ - v)ur 4+ (M V) HT |+ eurl (MM A HTE ).

Using the Holder inequality, the Sobolev embedding H!(D) < L%(D), the Poincaré inequality and (97)-(99), we have

”Un-H HHZ(D) + ” pnﬂ “Hl(D) < C(H U?H “ + ” u" ”]LS(D) ”Vun-H “(]L3(D)3) + ” M ”W“(D)U + “Mn-H HW”(D)))
12 1/2
<C(fuzt =+ Ivur VU gy + M7 gy (1 M7 )
then Young’s inequality yields
1
1™ oy + 10" 1oy < 51U oy + CIUF | + VU™ P vum|
+ C”Mn+1 HW”(D)(1 + ”Mnﬂ “W”(D))
from which follows
2

10" gy < CUUE T+ VU EIVUT ]+ [ M gy (14 TP 00 ) - (103)

Combining (100) and (103), together with the Young inequality, we obtain
2 2
h<Cvur [ vurt(JuE |+ v um PV M g, (U4 IMT 00 p)))
o 2 4 2 2
<G IU + ot T v um T+ v un PV um M g ) (T M7 g )

and thus

h< U+ cof. (104)

According to (97) and (98) we have

o 13 < O™ [y ) (14 [ [ ) < o (105)
then we deduce from (104) and (105) that

I+ +1I3< %HU?H ||2 + C<DE,.

Reporting this in (96) and integrating from 0 to ¢t we obtain (95). The proof of Lemma 7 is complete. O
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Lemma 8. We have

t

t

Ui o)? + [ [vurtis)|*ds < cexp|c | ®8(s)ds (106)

t t N
0 0

forany0<n<Nandte(0,T).

Proof. Differentiating Eq. (92) with respect to t and multiplying the result by U{"H, we derive the analogue of (70):
P yym+12 +1)12
(S1ure ) +nivup]

= / o[ (MM V)H" ] U dx + % /[curl(M"“ AH™)] - UTT dx - p /(U;1 SV U Ut dx
D D D
=+ J2+ s (107)

Denote

An® = sup (1+]Ul'©]?).
o<ngN

M=

4
dt

We estimate each term J; (1 < j < 3) by using the Sobolev embedding, the Poincaré and Hélder and Young inequalities.
For J1, using (49) we can write

< CIMEH ] + DD TH™ gy VU + CUAM™ g oy + T o)) [HE I VUE
+ CIFN | H™ 1.y + I Fllggr oy [HET D JUEF | + CTHE T HS | | VUE|
and using the following inequalities (see Lemmas 3 and 4)
[H™ ey < CUM™  ir oy + IF ), JHEFH < C(IMEF | + 11Fel), (108)

we obtain

<+ IMETH) (M o ) IVUE ]+ €O MY g ) JUE T+ €O+ [MET D UE

On the other hand, it follows from (88) that

IME < MU o) IVM™ s oo + IVUHIM™ g ) + [M™1]])
+ C(” M ” “Mn ”W”(D) HHn ”W”(D) + ” H" ”)

<C(IVUTIM™ ey + VU HIM™ o + M)
+ C(” M ” “Mn ”W”(D)(l + ”Mn ”lef(n)) + (1 + ”Mn HW”(D)))

<cal. (109)

H]LB(D)}

Then
Ll < (@[ VU + @y Jut)
<2 |VUr P+ c(f + 23 %). (110)
An integration by parts gives

/[Curl(MnH AHM)] Ut dx:/[M”“ AH™T], - curl U d
b D

then applying the Young inequality we obtain

B (111)

a1 < D|wue [P M A b P
Arguing as in Lemma 4(iii) we have

[ A B < CUMEH (4 M g )+ CIM™ gy (14 M)
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From this estimate, (109) and (111), we deduce that
2
ol < 2 |VUrtt? + caf.
Using the Sobolev embedding, the Holder and Young inequalities and (99) we have

[J3] < C”U? U?H ||]L3(D) “VUnJrl ”

HLG(D) ”
<clvup|furt P vurst ot

n
< IVUEIP + clupt [ vup | fvunt)?
<Ipvurl® + 2| vurtt P + copan.

Combining (107), (110), (112) and (113), we deduce that

d(p 2\ 71 2_1 2
(210 ?) + 2pvur P < 2 vup + cofan,

integrating with respect to t we obtain

t t t
gHU?“(t)H2+g/HVU?“(s)szsg gHUf“(O)HZ+C/¢,§,(S)AN(s)ds+Z/HVU?(S)HZCIS

0 0 0
and since, arguing as in the proof of Lemma 5(iii), ||U?+1(0)||2 < C, we have

t

t t
’;HUf“(t)HZJr;’/Hvup“(s)||2ds<c<1 +/¢,§,(S)AN(s)dS> +%/Hvu;‘(s)\|2ds.
0 0

Using induction, this inequality implies

—_

t t t
/HVU?H(S)HZngC(l +/¢,§,(3)AN(s)ds) + f/HVU?(s)UZdS

2
0 0 0

t

<C<l+;+;l...)(l+ /¢g<s>AN<s>ds)
0

t

< c(1 +/¢,8V(5)AN(s)ds)

0
for any 0 <n < N. Then we deduce from (114) that

t t

|untt (t)”z+[(}|vuf+1(s)u2)dsgc(1 +/¢>,’3(s)AN(s)ds>

0 0
for any 0 <n < N. We then have

t

AN < c<1 +/¢§,(5)AN(s)ds>

0
and Gronwall’s inequality yields

t

An(®) < Cexp<c/<p,% ds)

0

and the lemma follows from (115) and (116). O
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(112)

(113)

(114)

(115)

(116)
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Lemma 9. There is a positive number K1, depending only on r, such that

t
HM”“(t)HWl.r(D) < Cexp (C exp <C/ of1(s) ds))
0

forany0<n<Nandte(0,T).

Proof. By (20) and (21) it holds that

t
M O gy < €+ [ IS s
0
and using (34) we obtain
t
MOy <C+C f D} (s)ds.
0
By (22) we have

VM) [y pyys <b2(O)

(D)3

(117)

(118)

(119)

with by(t) = b (t) + f()[ bl(s)b3(s) exp(fst bi(0)do)ds. Here b} and b3 defined by (25) and (26) where we replace My, H;

and Uy by M", H" and U", respectively. Clearly,

t t

by (t) < b%(t) + </b%(s)b%(s) ds) exp(/b%(o)da).

0 0
Using (34) and (35) we deduce that

t t
bi(t)<C+C / oL (s)ds + c/ DN [|U"(s) szr(n) ds,
0 0

applying Young’s inequality to the last term and since r > 3 we obtain

t t

bl (t) <c+c/<p,2j(s)ds+C/HU”(s) H@Vz,r(m ds.
0 0

Since @y is a nondecreasing function we also have, for s <t,
t
2
bl(s) < CO(s) + c/||u"(a)||wz,,w) do.
0

On the other hand we have
b3(5) < C(@R () +C[U"®) [zr(p))

then

t t

t
exp(/b%(a)do) ds <exp(C/¢,%,(s)ds> exp(C/H Un(S)HWZ»r(D) ds).
0

0 0
Using Young’s inequality, we deduce from (120) and (121) that

t t t t

2
/b%(s)b%(s)dsgC/CD,‘\‘,r(s)ds+C</HU”(S)H§V21(D)d5> +C/|}U”(s)”§v2_,(mds
0 0

0 0

therefore

(120)

(121)
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t

t
bz(t)<C+C/rp[%lr(s)ds+C/HU"(5)HW2,(D)ds+C|:fd5 (s)ds + (fHU"(S)szf(D) > /HU”(S)HWZr(m }
0 0

t
x exp(C/d?,%,(s)ds) exp(C/HUn(s)sz_,(D) ds). (122)
0 0

Let us now give an estimate of |[U" |lyy2rpy (for any 0 <n < N). For this we apply the elliptic regularity results for the
Stokes system (101), (102). Remind that 3 < r < 6. Assume first that r < 6. We have

U™ oy < 1™ ireo)

<C(IUE oy + U™ VIO gy ) + CNM™T DYy )+ [eurl (M A BT

(D) ” IU(D))'

We use the Holder inequality, the Sobolev embedding, (35), (97), (98) and the interpolation inequality to obtain
10" lgzr oy < CIVUE 4 CNU ) [ VU™ oo pyys + CIM™ oy (1 M )
<CIVuEt |+ U VU U G, CIM™ g (1 1M )
with 6 = (4r — 6)/3r € (0, 1). Applying Young’s inequality we obtain
[ yar oy < CUTUH |+ +03) + 2 |U™ [y,
with § =(2—-6)/(1 —0) > 1 and then
[0 gar oy < CIVUEHH] + @ + 2R,
hence
[0 oy < CUVUET | + 07 + 7). (123)

We estimate similarly ||U”+1\|Wz_s(D) (for any 0 < n < N). Using the Sobolev embedding Wl (D) — c%%(D), for
3<r/<63nda=l—%,wecanwrite

”UIH_1 “WZ«B(D) < C”VU?H “ + CHU” ”LG(D) ”VU"Jr1 ” (L*°(D))3 + C” M ”WH(D)(l + ”M’H—l HW”(D))
< C”VUH+1 H + CHVU” ” ”VUnJrl ” (Wl ' (D))3 + C”MH] le r(D)(1 + H M “Wl T(D))
<CUrt |+ VU U™ o U™ [y + CIM™ oy (1 [M™ [ )
with 8’ = (3r" — 6)/2r' € (0, 1). Applying the Young inequality and using the estimate (as a consequence of (103))
Jurt HHZ(D) <C(Py +An) (124)
we obtain
= 1
[0 s oy < COIVUET | + @3 + @4 T4 )+ 10" s oy
with 8’ = (4 —-360")/(1 —6’) > 1 and then
4
[0 ooy < CUVUF P+ 0% + 07 + A%)- (125)

Then (117) follows from (106), (118), (119), (122), (123) and (125). Lemma 9 is proved. O

Lemma 10. There is a time T* > 0 such that

T*

2 2
/(HU?“ ) 300y + 1U™ O 2 (py) s +0<S:J<I)T*(|}U"+](t) |20y + IM™ Oy ) < € (126)
0 <t

foranyn > 0.
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Proof. It follows from Lemmas 7 and 9 that there is a positive number K, depending only on r, such that @y satisfies the
integral inequality
t
Dy () < Cexp(C exp(C/ @5(5) ds)).

0
We deduce as in [4] that there is a time T* > 0 such that &n(t) < C, for all t € (0, T*). According to (116) and (124) we
have HU”“(t)HHz(D) < C, for any t € (0, T*), then, using Lemmas 7-9 we easily derive (126). The prof of Lemma 10 is
complete. O

Remark 1. We deduce from (108) and (126) that

1
o2 I Oflyprp) < €

4.3. Convergence

Denote
[NJn+1 — Un+1 _ Un’ ]\7[11-0—1 — Mn+1 _ Mn’ Ifln-H — yntl _ Hn’

and

Prt=ptt=pt @it =Qit - (=12

where Q" = (M™- V)H™, Q' = M™ A H™ (m=n,n + 1). We easily verify that the functions U"*!, M"™1, H"+1 and p"+!
satisfy the system of linear equations

p(8:U™1 4+ (U™ V)T — AT + VP = —p(U"- V)U" + o Q! + % curl Q0" in Dr, (127)

divi"' =0 in Dy, (128)

~ ~ 1 ~ 1~ ~
atMn—H 4 (U" X V)Mn—H _ 5 curlU™ A Mn—H 4 ;M”‘H +/3Mn+1 A Q;

=—([~]”~V)M"+%curlﬁ”/\M"—ﬁM”/\@E-ﬁ-%ﬁ" in D, (129)
curl ™' =0,  div(H"' + M) =0 in Dr, (130)

and the boundary and initial conditions
U™l=0, (H™'4+M"*1).n=0 on (0,T) x aD, (131)
g"'©y=0, M"t'0)=0 inD. (132)

Multiplying Eq. (127) by gnt1 and integrating over D yields
2 (210 F) +af e

dt
= —,o/(LN]” -V)un. g dx—l—uo/ Q.UM dx + % curl Q). U™l dx
D D D

=R;+ Ry +Rs. (133)

Using Holder, Sobolev and Young inequalities, together with the uniform estimate (126), we have

[R1] < C“Gn ” ”Vun ” (L3(D))3 “Gnﬂ ”Hﬁ(D)

<clorjvur ot

H (L3(D))3 “V
n ~ 2 ~n2 2

< g IV P+ U 7VU" s o)

< S IVT P 4 clon). (134)

On the other hand, since (see (47)) for any w € H-]I})(D) and m=n,n+1,

my2
/((Mm~V)Hm)-wdx:—/((Mm+Hm)-V)W~Hmdx—/FHm~wdx+/ |H2| div wdx,
D

D D D
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we can write
/a;lﬂ wdx= _/((M"H + ™) V)w . H dy /((M” +H) - V)w - T dy
D D D

1~
/F HH1 wdx—i—/ 2H”+1 (H™ + H") divw dx.
D

Then, using the inequality
||ITIn+1 ” < C” s H (135)
and (126) we have

Ral < CFMY o F [ H [ VT C M 4 HY g |57
+ CH[ VO |+ [ E [ B VD
<Mt v
and Young'’s inequality yields
IRol < 3| VO™ | 4[|, (136)

Writing Q2! = M™1 A H™*! + M" A H™* and integrating by parts we obtain

_ %/ Mn+1 AH™ - M A §n+1) -curl U™ dx,
D

then
R3] < C(IM™ [ |H™ | o ) + [ M [ e ) [H™ )| VT™
Nior 2 ~ 2 2 2 ~ 2
< G VT T+ M T H e )+ CIM™ [ | ™
< Z[VT P+ e, (137)
We deduce from (133), (134), (136) and (137) that
d(p,~ 2 - 2 ~ni2 ~ 2
(BT )+ 2pvTm | < |07+ i
from which follows by integration from O to t
t t t
G / |V )2 ds < € f |G7s)[? ds + € / |77+ 5) | ds. (138)
0 0 0
Multiplying (129) by M™1 and integrating over D yields
1d,~ 2 1, ~ 2
L
:/(—(ﬁ” -V)M" + %curl U" AM" — BM" A Q5 + %FI”) M dx
D
= Ry. (139)

We estimate R4 by using Holder and Sobolev and Young inequalities, together with the uniform estimate (126). We have
IRal < C T o ) I VM™  3pyye [M™ | + C[HT [ MM 4 C[ M e ) [ (1T [ g ) + 1 Q5)
<CvOn R 4 c[E M+ MRS
Since Q = M" A H" + M"™~! A H" and ||H"|| < C[|M"|, we have |3 < C|[M"|| and then
[Ral < C[[ VT |M" 1] + C[Ra™ || 7

1 ,~ 2 ~n2 ~a02
Sy L I (N e
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Then we deduce from (139) that
1d
2dt

from which follows

~ 2 1~ 2 ~ o2 ~02
[T+ M < e (It + [ VU

¢
i@l <c [ (i + |90 0)) ds. (140)
0
Combining (138) and (140) we obtain
t ¢ s
0o 1ol (190 o < [ (T0f +iof + [[5e]) o
0 0 0
Thus, setting

t
Y0 = [T 0 + [ + [ [V0 o)
0

we have y"t1(t) < Cfot y"(s)ds and then we show by induction that

con
yo < S sup yie), re©,1).
n! ogs<t
We conclude from this inequality and (135) that the sequence (U",M",H"),>o converges to a limit (U, M, H) in
L%(0, T*; L2(D)). Moreover, (U™)p>o converges in L2(0, T*; H'(D)).

4.4. End of the proof of Theorem 1

4.4.1. Existence

We deduce from the uniform bound (126) that (U, M, H) satisfies the regularity of the item (i) of Definition 1. We easily
verify that (U, M, H) satisfies the items (ii)-(iv). From (ii) we deduce that there is a pressure p € L%(0, T*; W7 (D)) such
that Egs. (1) and (2) hold a.e. in Dr=.

4.4.2. Uniqueness

Let (U',M', H') and (U2, M2, H%) be two strong solutions in D7 of problem (P). Set U = U% — U!, M = M? — M',
H=H?—H'p=p2—p", Vi=(M'-V)H, Wi=M AH! (i=1,2), V=V2—-V!and W = W2 — W'. We easily verify
that the functions U, M, H and p satisfy the equations

,o(BtU+(U1~V)U)—nAU—f—Vp:—p(U-V)Uz—HLOV—f—%curlw in Dt, (141)
divU =0 in Dr, (142)

1 1 1 1 2

M+ (U'- V)M — 5curlu /\M—l—?M-i—,BM/\W

1
:—(U<V)M2+5curlU/\M2—,3Ml/\W+¥H in Dy, (143)
curlH=0, div(H+M)=0 in Dy, (144)
and the boundary and initial conditions

U=0, (H+M)-n=0 on(0,T)x aD, (145)
U@ =0, M@©)=0 inD. (146)

Multiplying Eq. (141) by U and integrating over D yields

d
E(gllUHZ)+77||VU||2=—,0/(U-V)U2~de+/L0/V-de+%/cuer~de
D

D D
=51+S2+Ss. (147)

Obviously we have |S1| < C||U||%. We estimate S, and S by arguing as in Section 4.3 for R and R3; we obtain

n n
I1S2] < vaun2 +CIMI2,  IS31 < vaun2 +CIIM2.
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Then we deduce from (147) that

d(p 2 n 2 2 2
—| =|IU —||VU||* < C|U C|M
dt(2” I >+ 2|| I IU]I= + ClIIM]|

and by integration from 0 to t

t t t
§||U(t)||2+ngVU(s)szsgc/||U(s)||2ds+c/||1v1(s)||2ds. (148)
0 0 0
Multiplying (143) by M and integrating over D yields
1d 1 1
——IM|I? + = M| =/ —(U-V)M? + = curlU A M? — BM' AW + X1 ) . Mdx
2dt T 2 T
=S4 (149)

We estimate S4 by arguing as in Section 4.3 for R4. We obtain
IS4l el VU + CIM|1?

for any € > 0, then we deduce from (149) that

1d 1
= —[IM|I? + = IM|? < || VU|*> + CIM]|?
2 dt T

and Gronwall’s inequality yields
t
2 2
M@ < ce / VU )| ds.
0
Reporting the latter inequality in (148) and choosing ¢ small enough we can write

t t

gHU(t)H2+g/HVU(s)szsgC/HU(S)szs.
0 0

Applying Gronwall’s inequality we obtain U = 0, then by (140) M =0, and (144), (145) imply H = 0. The uniqueness of
strong solutions to problem (P) is proved. The proof of Theorem 1 is complete.
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