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1. Introduction

We consider the following nonlinear parabolic problem:

u— V-(akx,t)Vu) =f(w), K, t)e 2 x],
{u(x, t)=0, (x,t)€df2 x], (1.1)
u(x,0) =up(x), x¢€ 52,

where £ C R? is a convex polygonal domain, x = (x1, x2),J = [0, T],f(u) = f(u, x, t) is a given real-valued function on £2.
We assume that

0<a, <alxt)<a*, Vixt)enx], If' |+ If"(w)| <M, ueR. (1.2)

Under the given assumptions, problem (1.1) has a unique solution in a certain Sobolev space (see, e.g., [1]).

Finite volume element (FVE) method, as a type of important numerical tool for solving differential equations, has a long
history. The method has been widely used in several engineering fields, such as fluid mechanics, heat and mass transfer and
petroleum engineering. Perhaps the most important property of FVE method is that it can preserve the conservation laws
(mass, momentum and heat flux) on each computational cell. This important property, combined with adequate accuracy
and ease of implementation, has attracted more people to do research in this field. The theoretical framework and the basic
tools for the analysis of FVE method have been developed in the last two decades (see, e.g. [2-10]). The main idea of FVE
method is as follows. First, we construct the finite element partition and the relevant dual partition. Second, we choose the
solution space of piecewise polynomial functions on the original partition and the test space of piecewise constant functions
on the dual partition (control volumes, [2,4,7,9]). Then we use the Petrov-Galerkin technique to construct the variational
formulation. Finally the discrete schemes are given.

Two-grid method is a discretization technique for nonlinear equations based on two grids of different sizes. The idea
is to use a coarse-grid space to produce a rough approximation of the solution of nonlinear problems, and then use it as
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the initial guess for one Newton-like iteration on the fine grid. This method involves a nonlinear solve on the coarse grid
of diameter H and a linear solve on the fine grid of diameter h <« H. Two-grid method was first introduced in [12,13]
for linear (nonsymmetric or indefinite) and especially nonlinear elliptic partial equations. Later on, two-grid method was
further investigated by many authors (see, e.g., [ 14-18]). Dawson and Wheeler [14,15] have applied this method combined
with mixed finite element method and finite difference method to this model problem; Li and Allen [16] have applied two-
grid method combined with mixed finite element method to reaction-diffusion equations; Chen, Guang and Yu [17] have
constructed a two-grid method for expanded mixed finite element solution of this model problem. Bi and Ginting [ 18] have
studied two-grid finite volume element method for linear and nonlinear elliptic problems. There are many other efficient
methods such as domain decomposition algorithms for parabolic problems, (see, e.g., [19-21]), so that an explicit treatment
of the boundary conditions on a coarser mesh will lead to an optimal DD method.

In this paper we will consider FVE method combined with two-grid method to solve (1.1). We choose the two-grid
spaces as two conforming finite element spaces V and V,, on one coarse grid with mesh size H and one fine grid with mesh
size h < H. We solve a nonsymmetric and nonlinear problem on the coarse-grid space, then we use the known coarse-
grid solution and a Taylor expansion to extrapolate the solution on the fine grid. On the fine grid we only need to solve a
symmetric and linear system. A remarkable fact about this simple approach is, as shown in [12], that the coarse mesh can
be quite coarse and still maintain a good accuracy approximation.

As far as we know there is no two-grid method convergence analysis for parabolic equations in the literature that can
be applied in finite volume element method. In this paper we present the algorithms and analysis which partly fill this
gap. The rest of this paper is organized as follows. In Section 2, we describe FVE method and two-grid FVE method for the
nonlinear parabolic equation (1.1). We give two algorithms for the two-grid FVE method. In Section 3 we derive optimal
error estimates in the H'- and L?-norm for the FVE method. Section 4 is devoted to the error estimates for the two-grid FVE
method.

Throughout this paper, C denotes a generic positive constant which does not depend on the spatial and time discretization
parameters and may be different at its different occurrences.

2. FVE method and two-grid FVE method

We will use the standard notation for Sobolev spaces W*P(£2) with 1 < p < oo consisting of functions that have
generalized derivatives of order s in the space [P (§2). The norm of W*P(£2) is defined by

1
p
||u||s.p,g=||u||s,p=< Z|D“u|”dx) :

2 |o|<s

with the standard modification for p = oco. In order to simplify the notation, we denote W¥2(£2) by H*(£2) and omit the
index p = 2 and §2 whenever possible; ie., |[ulls2.0 = llulls2 = llulls. We denote by H(}(Q) the subspace of H!(£2) of
functions vanishing on the boundary 9 2.

For the polygonal domain §2, we consider a quasi-uniform regular triangulation Ty, consisting of closed triangle elements
K such that £2 = Ugcr, K. We will use A, to denote the set of all nodes or vertices of T, and Nho =M NSR.

Then we introduce a dual mesh T} based on Tj. There are various ways to introduce the dual mesh. Almost all approaches
can be described by the following general scheme. In each element K € Tj, consisting of vertices x;, X;, X, select a point Q in
the interior of the element K, and select a point x;; on each of the three edges X;x; of K. Then connect Q to the points x;; by
straight lines r;. Then for a vertex x;, let V; be the polygon whose edges are r; in which x; is a vertex of the element K. We
call V; a control volume centered at x;. Obviously we have Uy.c v, Vi = £, and the dual mesh T, is then defined as the set of
these control volumes.

We call the control volume mesh T;" quasi-uniform regular if there exists a positive constant C > 0 such that

C'h* < meas(V;) < Ch®, VV; €T},

where h is the maximum diameter of all elements K € Tj,.

There are various ways to introduce a regular dual mesh T;" depending on the choice of the point Q in each element
K € Ty, and the points x;; on its edges. In this paper, we use a popular configuration in which Q is chosen to be the barycenter
of the element K € Tj, and the points x;; are chosen to be the midpoints of the edges of K. This type of control volume can
be introduced for any triangulation T, and leads to relatively simple calculations. In addition, if Tj, is locally regular, then the
corresponding dual mesh T} is also locally regular. Let S, be the standard piecewise linear finite element space defined on
the triangulation Ty,

Sh = {v € C(2) : v is linear, VK € Tp; v|se = 0},

and its dual volume element space S;; on T},

Si={vel’(Q): vy, is constant for all V; € T;; vly, = 0, ifx; € 9£2}.

Then we obtain S, = span{¢;(x) : x; € Nho} and S; = span{¢;(x) : x; € Nho}, where ¢;(x) is the standard nodal basis
function associated with the node x;, and ¢; (x) is the characteristic function of V;.
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For any v € H, (£2) N H?(£2), we define an interpolation operator I, : H} (£2) N H?(£2) — S, such that
=Y v
Xi€Np
For any v, € Sy, we define another interpolation operator I : Sy — S, such that
von =Y v(x)e] ().
Xi €Ny
Now we formulate FVE method for problem (1.1) as follows. Given a vertex x;, integrating (1.1) over the associated control
volume V; and using the Green formula, we obtain

au
—dx — / (aVu) -nds = | f(u)dx, (2.1)
Vi ot aV; Vi
where n denotes the unit outward normal on dV;. It should be noted that the above formulation is a way of stating that we
have an integral conservation form on the dual element (V;).
Then the semi-discrete FVE method of (1.1) is written as follows: Find uy, € Sy, such that
8u,,
—dx — (aVuy) -nds = [ f(up)dx. (2.2)
Vi at aV; Vi

Now we rewrite (2.2) to a variational form similar to finite element problems. For any v;, € Sy, we multiply the integral in
(2.2) by vp(x;), and sum over all x; € M, to obtain

at

where ay (-, I}-) is defined by, for any up,, vy, € Sp,

% * * _ *
v | + an(un, Iivp) = (F(un), o), (2.3)

ap(up, Ijvp) = — Z (aVuy) - nljvyds = — Z v (X)) (aVuy) - nds.
Xi€Np v Xi€ENp v

We consider a time step At and approximate the solution at times t" = nAt,n = 0,1,...,N; At = T/N. Then we
obtain the Euler backward fully-discrete FVE method for (1.1): Find uj, € Sy, such that

At

u — unfl
(hh,lffvh> + an(up, Ijvp) = (F(up), Ifvp),  Yuy € Sp, (2.4)

Ug = Up.

From Lemma 2 in the next section we can know that there exists a unique local solution for (2.4), (see, e.g., [9]). In order to
present two-grid FVE method for the nonlinear parabolic problem (1.1), we introduce two quasi-uniform triangulations of
§2, Ty and T, with two different mesh sizes H and h (H > h). We introduce the corresponding finite element spaces Sy and
Sk which satisfy S C Sp. They will be called the coarse-grid and fine-grid spaces, respectively.

To solve problem (1.1), we introduce two-grid algorithms into the FVE method. The idea is to use a coarse-grid space to
produce a rough approximation of the solution, and then use it as the initial guess for one Newton-like iteration on the fine
grid. This method involves a nonlinear solve on the coarse-grid space and a linear solve on the fine-grid space. We present
the two-grid FVE method as two steps:

Algorithm 1. Step 1: On the coarse grid Ty, find uj; € Sy (n =1, 2, ...), such that

ul — !
<HH, I:,W) + ay (uy, vn) = (F(uy), Ljve), Yoy € S,

At (2.5)
uy = uo.
Step 2: On the fine grid Ty, find uj € S, (n =1, 2, ...), such that
un _ un—l
b oy | 4 an(ul, o) = (FQp) @) @) — ul), Fon),  Yon € Sh,
At (2.6)
up) = up.

We note that the system in the second step of Algorithm 1 is a linear problem but still nonsymmetric. In order to get a
symmetric system, we introduce the following bilinear forms
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ac(uh, Uh) = / Equh . VU},CIX, Vuh, vy € Sp, (27)
2
ah,c(uh,l,fvh) = — Z [ (&Vuh) -l'lI;;vhdS
Xi€Np Vi
= — Y o) [ (@up)-nds, Vup, vy €S, (2.8)
Xi€Np Vi

where a = alx = ax and

1
= 7/a(x)dx, VK € Ty.
meas(K) Jx

Then from [5,24], we have the following lemma.
Lemma 1. For any up, vy € Sy, we have
ap,c (Up, Iyvn) = ac(up, vp).
From this lemma we can see that ap, ¢ (u, I} vy) is symmetric. Then we obtain the second algorithm.

Algorithm 2. Step 1: The same as in Algorithm 1.
Step 2: On the fine grid Ty, find uf € S, (n = 1, 2, ...), such that

At (2.9)

ul —u!
(hh, Iffvh> + apc (up, Iyvw) = (F(up) + f'(up) (W — u), Iivw),  VYop € Sp,
u) = up.

We note that the system in the first step of Algorithm 2 is the same as in Algorithm 1. But on the fine grid in the second step
the coefficient matrix of the system is symmetric. So the system is easier to solve (e.g. conjugate-gradient-like methods can
be applied effectively). We call these algorithms two-grid FVE methods.

3. Error analysis for FVE method

To describe error estimates for the FVE method, we define ||uy |||§ = (up, Ijup), Yug, vy € Sp. Further (uy, Ivp) is
symmetric and positive definite and the corresponding discrete norm is equivalent to the L>-norm, i.e., that there exist
two positive constants C,, C* > 0, independent of h such that

Cellupll < Nuplly < C*llupll,  Yup € Sp. (3.1)

The following two lemmas have been proved in [9,24], where Lemma 2 indicates that the bilinear form a(-, I}-) is
continuous and coercive on Sy, while Lemma 3 shows that a(-, I;-) is generally not symmetric and how far it is from being
symmetric.

Lemma 2. For h sufficiently small, there exist two positive constants o, M > 0 such that, for all u,, v, € Sy, the coercive property
ap(up, liup) > ollupll

and the boundedness property
|an (un, lyvn)| < Mllupl1llonlls

hold true.

Lemma 3. For h sufficiently small, there exists a positive constant C > 0 such that

lan(up, I;vn) — an(op, Liup)| < Chllupllillvalli,  Yug, vh € Sp. (3.2)

Let Ry : H%(£2) N H}(£2) — Sp be the standard Ritz projection such that
a(Ruu, vp) = a(u, vp), Yoy € Sp, (3.3)

where a(-, -) is the bilinear form related to the finite element scheme, i.e.,
a(u, v) =/ aVu - Vudx, Yu,v € H)(£2). (3.4)
2

It is well-known [22] that
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lu = Rypulls < Ch**Jlull;, s=0, 1. (3.5)

llu — Rnullo,cc < ChlInhllfulls oo- (3.6)
For error analysis we introduce two error functions

en(fo )= x)— . yx), VX €S, (3.7)

ea(X,s ¥) = a(x, ¥) — an(x, ;). VX, ¥ € Sh. (3.8)

The two error functions are defined in [10,11] and the bounds for (3.7) and (3.8) are shown as the following lemma.
Lemma 4. Let x € Sy, then

len(F, 01 < CH9If Nillx Ny, f € H(2),i,j=0,1,
leaRrv, )| < CH P |wllagillxllj, v e H'™Y(2) NHy(2),1,j=0, 1.

Now we turn to the error estimate for the FVE method. First, we will give the optimal error estimates in the H'-norm.

Theorem 1. Let u and uy, be the solutions of (1.1) and (2.4), respectively. Assume that (1.2) is satisfied and u € L®(H?(£2)),
ur € [*(H*(R2)), ug € L*(L?(R2)). For At small enough, if uj) = Ryuo with Ry, defined by (3.3), we have, for t" < T,

[u" —upllh < €(At +h), (3.9)
where C = C([lulljco 2y, 1t ll 212y ltee ll12(12)) is independent of h and At.

Proof. For convenience, letu" — uy = (u" — Ryu™) + (Ryu" — up) =: " + &". Denote 0;§" = %. Then from (2.1) and
(2.4), we get the following error equation at t = t"

(0:&", Iyvn) + an(E", Iyvp) = (Beu" — uf, Iyvn) — (", Ijvn) — an(n", Ifvn) + (F ") — f (uy), Iyvn),
Yop € Sh. (3.10)
By (3.3),(3.7) and (3.8), we have
an(n", Iyvn) = an(u", I;vp) — an(Rau", I vy)
= (f@W") —uf, Iyvp) — aRuu", vp) + [a(Rpu", vp) — an(Reu", I vp)]
= (f@W") —uf, Lyuy) — a(", vy) + [a(Reu", vy) — ap(Rpu", I;vp)]
= (f@W") —uf, [yun — v) + [a(Reu", vy) — ap(Rpu", Iy vp)]
= ep(uf — fU"), vp) + gq(RpU", vp). (3.11)
Choosing v, = 9,£™, we obtain
(08", 1;0:8™) + an(&", I;0:8") = (Bu" — uf, [70:E") — (0n", I;0:E") — en(uf — f(u"), &™)
—ea(Rpu", 3E™) + (F(W") — f(up), I;0:E"). (3.12)
Now we estimate (3.12). First

1
ap(§", I50:£") = i[ah(f?" +ETLLE &) FanE" "L E "))

1
= S " + L INET —E"TT))

1 1
= S lanE" g — an(" " IET ] - S1an(BE", [TEN — an(", 170" (3.13)

By (3.12) and (3.13), we have
O™ BN + 5 (& BE" — ay(@ )]
< Bt =, IEOE™) — O, [FBE™) — en(u! — F(u), BE") — eq (Rt 3,E™)
ST OE FED — & 3EN] + () — F@), &N
= Q0" — u, BE") — B [T0E") — en(Ou’ — F), E") — ea(Ryal, 06"
ST OE FE = (& F3EN] + ) — [, e, (3.14)

Multiplying by At and summing over n from 1to (1 <[ < N) at both sides of (3.14), by (3.1) and Lemma 3, since £° = 0
we have
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o ! | 1
5”5’”% +C Z 8:£"2At < Z(a[un —ul", EM)AL — Z(am”, I;oE") At
n=1 = | | .
_ ;sh(aru” —f@"), aEMAL — ;Sa(Rhu”7 REMAL + HX:; E[Gh(arén, )

1
—an(E", IFOEMIAL + D (FW) — fup), [;EM At = '

n=1

We now estimate the right-hand terms of (3.15), from the results given in [23], we have

n=1

t! I
< C(e) ( / ||Utt||2dt> (AL +e ) 19" A,
0

n=1

I i 2 ]
| < c<e>2</ 1||un||dt) At+e Yy 195" At
n=1 [

where ¢ denotes a small positive constant.
For T,, from (3.5), we get

1 th 1
ITa| < c<e>Zf nelPde + e 3 13" A
n=1Jt"" n=1

t !
< C(e)h* (f ||u[||§dr> +e ) [aE"?At.
0 n=1

For T3 and T4, by (3.7) and (3.8) we have

1
C Y hlldeu" — f "l 18:£" | At

n=1

T3]

IA

IA

A

1
Tal < €Y hlu"[l2l18:£" 1At
n=1

1 1
Clen? (Z ||u"||%At) +e ) A" |PAL.

IA

n=1 n=1

By Lemma 3 and the inverse estimate, we have

|Ts]|

A

C ) _hlI&™ o 1At

I

n=1

IA

1
CY IE I Iag At
n=1

IA

1 1
C© Y NE" At +€ 3 &P AL

n=1 n=1
For Tg, at any point x € £2, by the Taylor expansion, we have
f@Wh —flup) = @H" —up) =f'@Hm" +&",

for some value 1" between u" and uj. From (3.5), we have

1 1
ITsl < C(©) > _(IE"I* + In"I1P)At +€ Y o g > At
n=1 n=1

n=1

1 1
< €O Y IE"IP + u"IBAY AL + € D 119:8" P At
n=1

tl I I
Ce)n’ ( / ||uf||%dt> + C(e)h? (Z IIf"II?At) +e Y l1aE">At.
0 n=1 n=1

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Combining (3.15)-(3.21), we have
1 tl 1 1
IE'2 + > laE"PAt < C(e)h? { / luel3de + ) u"3At+ ) IIf”II?At}
n=1 0 n=1 n=1

! ! I
+C(e)(AD)? / luelPde + C(e) Y IE"IFAL +Ce Y aE" |7 At. (322)
0 n=1 n=1

Choosing proper ¢ and kicking the last term into the left side of (3.22), and applying discrete Gronwall lemma [15], for
small At, we have

! ! ! i ¢l
IE'2+ > a1 At < ch? { / luel3de + ) " 3At+ ) IIf"IlﬁAt} +C(an)? / e |2 diE. (323)
n=1 0 n=1 n=1 0

Together with (3.5) we get (3.9). O

Then we state and show the optimal error estimate in the L?>-norm for the FVE method.

Theorem 2. Let u and uy, be the solutions of (1.1) and (2.4), respectively. Assume that (1.2) is satisfied and u € L™ (H?(£2)),
ur € [X(H*(R2)), uy € L*(L?(R2)). For At small enough, if u = Ryuo with Ry, defined by (3.3), we have, for t" < T,

lu" — il < C(AL + 1), (3.24)

where C = C([lulljeo 2y It ll 212y lUee ll;212)) is independent of h and At.
Proof. Choosing v, = £" instead of v; = 9;£" in (3.12), we obtain
(3&" [;E"M) + an (", [;E") = (Beu" — uy, [yE™) — (@en", [E™)
—en(uy —fu"), ") — eaRuu", £") + (F(W") — f(up), [yE"). (3.25)
For the first term of the left-hand side of (3.25), we have

(0:E", IyE™

1 n n—1 p*/en n—1 n n—1 px/en n—1
72&[(%‘ 5L LETHET ) HE T L LE -ET)]
1 n n—1 px/en n—1
A& TE L EEHET)
_ 1 n pkeny _ cen—1 prken—1
= 2At[(’;‘ RED — (87 ET)]

v

_ L ny2 _ n—1y2
= 2At(lllf;‘ llo — ME™ M- (3.26)
Then we have
1
m(lll%‘”lllﬁ - III$”_1III§) +an(E", [;E") < (Qu" —uf, &) — (0n", [;E") — en(u" — f(u"), &M

—ea(Rpu", ") + (F (") — f(up), I;E™). (3.27)

By Lemma 2, (3.1), (3.26), multiplying At and summing over n from 1to [ (1 < I < N) at both sides of (3.27), since £° = 0
we have

1 | | 1
IE'1 4+ ) IEMFAL < €Y (" —uf, EMAL —C Y (@, FENAL = C Y en(du”" — f ("), EM AL

n=1 n=1 n=1 n=1
1 1 5
—C Y ea(Rpu" EMAL +C Y (FWh) —f(up), FEMAL =) Q. (3.28)
n=1 n=1 i=1

Now we estimate the right-hand terms of (3.28), from the results given in [23], we have

! e 2 I
Qi < CZ(/ 1||Urt||dt> At+CY [E"P At
n=1 =

n=1

¢! !
C </ Nl ||2dt) (AD? +C Y |E" 1AL (3.29)
0 n=1

A

IA
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For Qy, from (3.5), we get

1 th 1
NS Y IR YD WY
n=1 J "1 n=1
! I
< ant ( [ ||§dt) +C3 g AL, (3:30)
0 n=1

For Q3 and Qy, by (3.7) and (3.8) we have

I
CY Wl —fh 1€ At

Q3| =
"~ ¢ I !
< Ceh’ ( / ||ut||%dr> +C(eh* (Z IIf"IﬁAt> +e ) lEMRAL, (331)
0 n=1 n=1

A

1
Qi < €Y R |u"l21E" 1At

n=1

| 1
C(e)h* (Z ||u"||§At> +e ) lIE"13AL (332)
n=1 n=1

For Qs, by (3.5), we have

IA

1 1
Q5| < €D UE"IP + "I At +C D lIE"IP At
n=1 n=1

1 1
< cht (Z ||u"||§At> +C Y lE"P AL (3.33)
n=1 n=1

Combining (3.28)-(3.33), we have
! tl I !
IE1>+ " IEM AL < C(e)h* [/ luell3de + > " 3Ar+ ||f“||§m]
n=1 0 n=1 n=1

¢l I 1
+c(an? / luglPde + € 6" PAe + Ce 3 "2 AL, (3:34)
0 n=1 n=1

Choosing proper € and kicking the last term into the left side of (3.34), and applying discrete Gronwall lemma, for small At
we have

1

! el ! ! t
12+ Y I IFAL < Ch® [ / lueli3de + 3 u"I3A0 + ) IIf”IlﬁAt} +C(An? / e | (335)
n=1 0 n=1 n=1 0
Together with (3.5) this yields (3.24). O

4. Error analysis for two-grid FVE method

In this section we consider the error estimates in the H'-norm for the two-grid FVE method Algorithms 1 and 2. For the
two-grid FVE method Algorithm 1, we have:

Theorem 3. Let u and uy, be the solutions of (1.1) and the two-grid FVE method Algorithm 1, respectively. Assume that (1.2) is

satisfied, u € L°(H?(2) N W1 (2)), u; € L>(H*(£2)), uy € L>(I2(£2)), and the coarse-grid partition H and the time step At
satisfy H-'At < C. For At small enough, if ug = Rpug with Ry, defined by (3.3), then we have, for t" < T,

u" —ullls < (At +h+ H?|InH]|), (4.1)

where C = C(||ulljeo 2y, lIUll ooy, Uell 22y, 1t llj22y) is independent of h and At.
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Proof. Once again, we setu" — up = (u" — Ryu") + (Rpu™ — up) =: n™ + &" and choose v, = 9;£". Then for Algorithm 1, we
get the error equation

(08", 130:&") + an(€", [;0cE™) = (" — uf, [70:E") — (90", [;0:&™) — an(n", I 0,6")
+ (FW") — f Q) — )y — up), I;9:E™). (4.2)
Similarly as in Theorem 1, we have
1
(0", I3 0:") + Z—At[an(é”, E™ —ap(€" ", 1yE" )]
< Q" — U?, 9:E™) — (3", I;Tatgn) —en(Bu" — f(u"), 3E") — ea(Ruu", 3E™)

1
+ E[Gh(até", E") — an(E", [39:EM] + (F W) — fupp) — f'(uf) (uh — up), [;3:E"). (4.3)

For the last term of the right-hand side of (4.3), a Taylor expansion about uj; yields
1, .
FU =i +f @@ —up) + Sf @ - up)?,
for some function ii. Then
1, .
@ = fug) — f i) (up —uy) = )@ —up) + if/ (@) (u" — uy)?
/ ] 1o~
='W (" + 8" + Sf O - up)?.
By (1.2), we have

|(F ™) = Fupy) = f i)y — up), [3:EM] < C@EOUE™? + 11117 + C@ON " — up)?1? + €ll:5" 1. (4.4)

For the first five terms of the right-hand side of (4.3), we can estimate them similarly as in Theorem 1. Multiplying At
and summing over n from 1to I (1 <[ < N), since £° = 0, for small At, we have

il

1
||s’||%+Z||ats”||2ArsC(e)h{/ e dt+Z||u ||2Ar+an I Ar}+c<e><m>2 / lue Pt
0

n=1 n=1 n=1

+c<e>Z||<u —up?I Ar+c<e>Z||s I3 At+CeZ||ats IPAt. (45)

Choosing proper ¢, kicking the last term into the left side of (4.5), and using discrete Gronwall lemma, for small At we
have

i ¢l ! i
IE'NT+ D 19" 1> At < Ch? { / luell3de + > ju3ae+ Yy |If"||?At}
0

1
+C(AD)? /Ot lluee |I*dt + C XI: [ —ul)?(I*At. (4.6)
n=1
For the last term of (4.6), we have
@™ —ufp)?[1? < flu® = uf g oo llu" — ufy|1?
< (Ju" = Ryt lo,co + IRuU" — ufyllo.c0)llu" — ufy 1%, (4.7)
where Ry is defined in the same way as Ry, is defined by (3.3). By Theorem 2, (3.6), (3.24) and the inverse estimate, we get
" —ul)?|I> < C(H|InH| +H (At + H?)*(At + H?)?
C(H|InH|At + H?|InH| + H '(At)* 4+ 2HAt + H?)%. (4.8)
We can choose H and At such that H-'At < C, then we have

IA

@ — ufp)?|I* < e(At + H’|InH|)?, (4.9)
with (4.6), we get

€Y1 < (At +h+ H?|InH|), (4.10)



132 C. Chen et al. / Journal of Computational and Applied Mathematics 228 (2009) 123-132

where ¢ = C(|lullom2)s [tlljeo ooy, e ll22)s 1t ll;2g2)) is independent of h and At. Together with (3.5)
this yields (4.1). O

For the two-grid FVE method Algorithm 2, we can have a similar result.

Theorem 4. Let u and uy, be the solutions of (1.1) and the two-grid FVE method Algorithm 2, respectively. Assume that (1.2) is
satisfied, u € L (H*(2) N W1®(2)), u; € [>(H*(£2)), uy € L>(L2(£2)), and the coarse-grid partition H and the time step At
satisfy H-'At < C. For At small enough, if uﬁ = Rpug with Ry, defined by (3.3), then we have, for t" < T,

< C(At + h + H?|InH)|), (4.11)

flu" — uplls
where C = C(||ulljeo g2y, lItll ooy, NUelli2g2ys 1t lli22y) is independent of h and At.

5. Conclusions

In this paper, we have presented and derived error estimates for two-grid finite volume element methods for a nonlinear
parabolic equation. The theorems demonstrate a remarkable fact about two-grid FVE method: we can iterate on a very coarse
grid Ty and still get good approximations by taking one iteration on the fine grid Ty, It is proved that the coarse grid can be
much coarser than the fine grid (h < H). We can achieve asymptotically optimal approximation in H'-norm error estimate
as long as the mesh sizes satisfy h = O(H3|In H|).
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