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Abstract

Let © be an invariant measure for the transition semigroup (P;) of the Markov family defined by
the Ornstein—Uhlenbeck type equation

dX=AXdr+dL

on a Hilbert space E, driven by a Lévy process L. It is shown that for any ¢ > 0, Py considered on L%(w)
is a second quantized operator on a Poisson Fock space of eA!. From this representation it follows that
the transition semigroup corresponding to the equation on £ = RR, driven by an «-stable noise L, « € (0, 2),
is neither compact nor symmetric.
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1. Introduction

Let u be an invariant measure for a Markov family X = (X*) on a measurable space (E, 3),
with the transition semigroup

Py (x) =Ey(X*(1)), t>0, x€E.
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Then (P;) is a semigroup of contractions on any L”(u) := LP(E, B(E), u)-space, p € [1, +00].
From a probabilistic and an analytic point of view, there is motivation to analyze (P;) and u as
can be treated as a reference measure (especially in infinite-dimensional case) and the generator
of (P;) as a reference operator.

In the present paper X is defined by the Ornstein—Uhlenbeck type equation

dX =AXdr+dL, X©0)=x€cE, (1)

where (A, D(A)) generates a Co-semigroup e, t >0, on a Hilbert space (E, (-,-)g). The main
result covers the general case of the so-called cylindrical process; that is the case where L is a
Lévy process taking values in a Hilbert space E <= E, for more details see Section 5.

Analytic properties of the transition semigroup (P;) corresponding to the equation on a finite
or infinite-dimensional state space, driven by a Wiener process have been studied for many years
and now they are rather well understood. For example, there are if and only if conditions for its
compactness, self-adjointness, analyticity, and hypercontractivity (see e.g. [7-11,14,13,23-26]).
In particular, in the case of £ =R, (F;) is symmetric, compact (even nuclear) and hypercontrac-
tiv. It will be shown in Theorem 7.3 of the present paper, that in the case of an «-stable noise,
o # 2, (P;) in neither symmetric nor compact. The fact that the transition semigroup (P;) is
not symmetric has been shown using different methods, by Albeverio, Riidiger, and Wu [1] for
a-stable processes, and by Applebaum and Goldys [3] for general noise, whereas the fact that
(P;) is not hyperbounded; thatis || P; || L(rr (u),19(u)) =00 forany t > 0and 1 < p < g < 0o, was
shown by Rockner and Wang [30].

Ornstein—Uhlenbeck equations with Lévy noise have been studied for over twenty years (see
e.g. [2,5,4,6,15,20,21,28-30]) and now they are a subject of intensive studies (see e.g. [5,4,28]).
However, even in the case of E = R, our knowledge on properties of their transition semigroups
is rather limited. Namely, apart of the Albeverio, Riidiger, and Wu, and the Applebaum and
Goldys results on the lack of symmetry of (P;), Lescot and Rockner [20,21] identified the gen-
erator of (P;) as a pseudo-differential operator with an explicit symbol, and obtained an explicit
formula for the square field operator of (P;), next Rockner and Wang [30] established Poincaré
and Harnack type inequalities and showed that generally (P;) is not hyperbounded (for related
results see [16]).

In the case of a Wiener noise; Chojnowska-Michalik and Goldys [8] following Simon [32]
and Feyel and de La Pradelle [12] showed that for each ¢t > 0, P; is equal to the second quantized
operator I” (Sa‘(t)) of the adjoint semigroup S(’)‘ (t), t = 0, where Sy(t) is the original semigroup
e, t > 0, “regarded” on the Reproducing Hilbert Kernel Space of 1. This representation is very
useful for study properties of the transition semigroup (see Section 2 where the Chojnowska-
Michalik and Goldys results will be sketched). The goal of the present paper is to formulate an
analogous result for the Markov family defined by equation with Lévy noise (see Section 5).

We will use the fact that u is the distribution of

oo

Yoo = / eMdL(r), (2)

0

and that the transition semigroup (P;) is given by the generalized Mehler formula (see e.g. [2,15])
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Pif(x)= / FEMx +y) w(dy), xeE, 10, 3)
E

where p, is the distribution of

t

Y, ::feA(’_s) dL(s) €]

0
or equivalently of fé e dL(s).
2. Gaussian case
In this section we are dealing with (1) driven by a Wiener process. Namely, we assume that

L(t) = BW(t), where W is a cylindrical Wiener process on E, see e.g. [8,11,28], B is a bounded
linear operator on E, and e4’, t > 0, is an exponentially stable semigroup on E satisfying

o

2
/ eV BI2 . .5y df < 0.
0

Note that this estimate is in fact if and only if condition for the existence of an invariant mea-

sure 1. Moreover, due to the stability of the semigroup e, t > 0, 1 is unique. Finally y is the
distribution of Y, given by (2), and u is mean-zero, Gaussian with the covariance operator

oo
Ooo ::/eASBB*eA*S ds.
0

To simplify the exposition we assume that Ker O, = {0}.

Let us recall that the Reproducing Hilbert Kernel Space of u is the space Eq := Range ch,éz,
equipped with the scalar product

172 172
(0¥ u, 0¥ v)g, =W v)e, wveE.
2.1. Second quantization
-1/2

Given h € E( define a linear functional v, (x) := (Qs ' “h,x)g, x € E. Then

/wuwu(x)mdx) = {0005 "?h, 0xu), = (h.u)p,  h,u € E. )
E

Since Eg is dense in E, for any & € E there is a sequence (h,) C E( converging in E to h. By (5),
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(Yn,,) converges in Lz(u). The limit will be denoted by yy,. Clearly,

/wh(X)wu(X)u(dx)=<h,u)E, Vh,uecE.
E

Let P, be the closed subspace of L2(u) spanned by p(Yp,, ..., ¥n ), k€N, hy,....,hx € E,
and p is a polynomial of order < n. Let Hg be the space of all constant functions, and let H,,
n € N, be the orthogonal complement of H,,_; in P,. The It6—Wiener chaos decomposition says
that

L* (1) = P Ha.

n=0

Let Pr, be the orthogonal projection of L?*(u) into H,. Given an R € L(E, E) define
I,(R): H,+— H,,n=0,1..., by

Ly(R)Pro(Yny .- Vny,) := Pra(YRny - - YRu,)»  h1s... hn € E.

One can show that I, (R) is well defined and || 15, (R) || LM, H,) = ||R||’£(E’E). Hence for any
linear contraction R on E,

F(R):=Y_ TW(R)Pry
n=0

defines a contraction on L?(u). We call I"(R) the second quantized operator of R, and I the
second quantization operator. In the Gaussian case the action of the second quantization operator
is well understood. In fact, the following lemma gathers some basic properties of I". For its proof
we refer the reader to Lemma 2 and Proposition 2 from [8], and to Chapter 1 of [32].

Theorem 2.1. Assume that R, Ry, Ry are contractions on E. Then:

(@ I'Ig) = I12(,,, where Ig and 1}, are the identity operators.

() I'(RiR2) =T (R)I'(Ry), I'(R*) =T (R)*.

(¢) '(R)1 =1, and ' (R) is positivity preserving; that is if f >0, u-a.s., then I'(R)f >0,
u-a.s.

(d) The operator I' (R) has an extension (restriction) to a positive contraction on every LP (i)
for p > 1.

(e) Forany p > 1 and

p—1

go=1+ —
”R”L(E,E)

we have || I"(R) || L), 190 (wy) = 1 and if g > qo, then | I" (R) || L(Lr (1), L7 (1)) = OO
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(®) If R is self-adjoint with a complete set of eigenvectors (vi), then I'(R) is also self-adjoint
with the complete orthogonal set of eigenvectors

HPraj(ljfg;):(aj)CNU{O} and Zaj<oo.
j=1 '

J

(g) Let p,q>1and R #0. Then I'(R) : L?(u) — L9(u) is compact if and only if R is a
compact strict contraction and q < qo, qo is given in (e).

(h) The operator I' (R) is Hilbert—Schmidt on L2(/1,) if and only if R is a strict Hilbert—Schmidt
contraction. Moreover,

1
”F(R)”L(HS)(LZ(M),LZ(M)) = det(l — R°R)

2.2. Second quantization of Mehler semigroup

The following lemma and theorem were formulated and proven in [8], see Lemma 4, and
Theorems 1, 2, 3. Let u; be the distribution of the random variable Y; given by (4). Clearly, u; is
mean-zero Gaussian with the covariance

t
0, :=/eAsBB*eA*S ds.
0

It is convenient to formulate the following condition

Range Q,l/2 = Range Q}x/)2 = E). (6)

Lemma 2.2. For any t > 0, eA’Eo C Eg, and Sy(t) = ngl/zeAthlx/)z, t >0, is a Co-semigroup

of contractions on E. Moreover, ||So(t)||L(e,E) < 1 if and only if (6) holds.

Theorem 2.3. For any t > 0, P, = I'(S;(t)) and P} = I"(So(t)). Moreover, the following state-
ments hold:

(a) Lett > 0. If (6) holds, then for any p,q 2> 1, | PllL(Lr ), Law)) = 1 if and only if

p—1
IS (g 5y

Otherwise, || Pl L(Lr(w), L4 (1)) = OO
(b) For p,q = 1 andt > 0, the operator P; is compact from LP () into L1 (w) if and only if (6)
holds, So(t) is compact and

p—1

g<l+———-.
IS0 (. )
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(¢) The operator Py is Hilbert—Schmidt on LZ(/L) if and only if So(t) is Hilbert—Schmidt on E
and (6) holds. In this case

1
P, = .
” t”L(HS)(Lz(,u)!LZ(,u)) \/det(l — SO(I)SS (t))

3. Chaos decomposition in Poisson case

For the convenience of the reader we recall here some basic facts on the chaos decomposition
in a Poisson case. This section is based on Last and Penrose [19], see also [18,22,27] and refer-
ences therein. Namely, let (E, B) be a measurable space, and let /7 be a Poisson random measure
on E with intensity measure A. We assume that I7 is defined on a probability space (£2, §, P). Let
Z4 (E) be the space of integer-valued o -finite measures on (E, ) with the o-field G generated
by the family of functions

Z+(E)3&—>£(A)e€{0,1,2,...,+00}, Aeb.

Denote by Py the law of IT in (Z4+(E),G). Let L%*(P;) be the space of all measurable
F:Z,(E) R such that|F|L2(P ) =EF2(IT) < oo.
Given F : Z+(E) — R, and y € E write

DyF(§):=F(& +68,) —F(), §eZi(E).

Differences D” F neN, yi, ..., y,, are defined by induction. Note that

------

Dy L FE= ) (—1)"—"'F<s+28y,-), £ € Z4(E). (D

Ic{l,...,n} iel

Set TO(F) :=EF(IT), and for n € N,

T"F(y1,...,yn) = ED" _ F(IT)= f D FE)Pr(de),
Z4+(E)

provided that the function D” .y, ' appearing on the right-hand side is integrable with re-
spect to Pr7. We denote by L(S)(E”, A™) the (closed) subspace of symmetric functions from
L2(E™, A, with the scalar product inherited from L2(E", \"). We set L(zs)(EO, 20 =R

Theorem 3.1. For any F € L>(Pr7) and for A*-almost all yy, ..., ya € E, T"F(y1, ..., yn) is
well defined and T" F € L%S)(E”, M. Moreover, for any F, G € Lz(]P’n),

EF(T)G(IT) = EF(THEGUT) + Zni T"F, T"G

)LZ(E”,A”)'
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Corollary 3.2. For any n, T" is a bounded acting operator from L*(P) into L Y)(E" A") and
its operator norm is bounded by v/n!.

In what follows 7 :=T'. For f € L?(E", ") we denote by I,(f) the multiple Ito integral
with respect to the compensated measure I7 := IT — L. We set Io(f) := f.

Theorem 3.3. Let F € L*(Pq). Then

3

F(IT) =ii

Let Hp =R, and let
Hu={I.(f): feLi,(E".2")}. neN.

By Theorems 3.1 and 3.3, H,,, n € NU {0}, are orthogonal closed subspaces of Lz(.Q, F,P), and
the operators

—1I,:L? L,(f) e L*(2,F,P), neN, (8)

1
Tl m(E",)»”) 5 fi>

1
Vnl
are linear and isometric. Let Pr,, be the orthogonal projection of L?(£2, o (IT), P) into H,,. Com-
bining Theorems 3.1 and 3.3 we obtain:

Corollary 3.4. One has

o0
L*(2.0(IT).P) = P H,
n=0
and for any F € L*>(Pr7), ProF (IT) = EF(IT), and Pr, F(IT) = %IH(T”F), neNlN.

4. Second quantization in Poisson case

Given an R € L(E, E), and a real-valued function f on E" write

p??f(ylvn'vyl’l) 3:f(Ryla-~aRyn)a yl,---’)’n [S E
The proof of the following lemma is elementary.

Lemma 4.1. If pg := 10112 is a contraction on L*>(E, 1), then for any n € N, P is a contraction on
(S)(E" M), Moreover, || o || < lpr|l", where | - || stands for the operator norm on L(S)(E”, A
and on L2(E, ).
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Taking into account Theorem 3.1 and Lemma 4.1 for any R € L(E, E) such that pg is a con-
traction on L?(E, 1) we can define the second quantized operator I'(R) : L>*(Pr7) — L>(Pp7)
putting

=1
I'(R)F(I) I=Z;1n(pﬁ(TnF)). 9
n=0

Obviously, I"(R) is a contraction on L2(Pp).
5. Lévy-Ornstein—Uhlenbeck equation
Assume that:

(H.1) E is densely and continuously imbedded into E.

(H.2) For any 7 > 0, the semigroup e’ has an extension to a bounded linear map, denoted also
by e, from E into E, and that e?’, 7 > 0, is stable on E; that is [e'x|z — 0 as 7 1 400
for any x € E.

(H.3) L is a pure jump process; that is

Eei<x’L(l))E — e—lll’(x)’ xckE,

where the co-called Lévy exponent

W) = / (1= e Litx, y) p gyl <1y) vdy),

E

and v, called the Lévy measure of L, is a non-negative measure on E satisfying
fE(|x|% A D v(dx) < oo.

o0
" [ 13l stisizen = xgemyipcnvi@n ds <o,
0 7
o0
(H.5) //(|ef‘fy|fE A1) v(dy)ds < oo.
0 &

For t € [0, 400], define

t
m; :=/feASy(X{‘y|E<1} — X{jeAs 1z <1p) V(dy) ds, (10)
0 £

t

vy ::/vo(eAs)_lds. (11)

0
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Clearly, by (H.4) and (H.5), for each ¢ € [0, +00], the integral appearing in (10) converges,
m; € E, and v, is a measure on E satisfying

/(|y|2E A1) vy (dy) < oco.
E
Let
W (x) = i(x, m) g + / (1= €™M 4 ifx, y)Exqyle<ty) ve(dy). (12)
E

Proposition 5.1. Eq. (1) defines a Markov family (X*, x € E) on E, with a unique invariant
measure [v. Moreover, X*(t) = e’ x + Y;, where Y, is given by (4), and its distribution | is
infinitely divisible with the Lévy exponent ¥; and Lévy measure v;. Finally w is the distribution
of Yoo defined by (2), it is infinitely divisible with the Lévy exponent Yo, and Lévy measure Voo.

Proof. This result is a rather standard generalization of [6]. Namely, the identity X*(¢) =
eA’x + Y; is the so-called mild formula for the solution. The question is only, if the process
X* or equivalently Y takes values in E. To see this note that the law of Y is infinitely divisible
in E , with the jump measure v;. Then, by (H.5), v; is a jump measure of an infinitely-divisible
law on E. For more details see [6]. O

Remark 5.2. Assume that E = E , and that the semigroup edl 1 >0,is exponentially stable; that
is there are M, w > 0 such that [le?’ ||,z ) < Me™®', t > 0. Then (H.4) and (H.5) hold if and
only if

log |x|g v(dx) < oo,
{Ixle>1}
see [31] for finite-dimensional case and [6] for infinite-dimensional case.

From now on pt = fteo, A = Vo, and IT is a Poisson random measure on E with the intensity
measure A. Given a § € Z, (E) write

€(dx) = E(dx) X(ix| =1} + (E(dx) — A(dx)) x{x i <1)-

Recall that by the Lévy—Khinchin decomposition theorem there is a vector m € E such that

Yoozm—i—/xI_Y(dx).
E
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6. Main result
The main result of the present paper can be illustrated by the following diagram.

P

L*(w) —_— L?(w)
i i
L2(Pr) Teh, L2®p) (13)
7| d
;.lc:opnm

Do L) (E" A" —— @2 L, (E",A").
More precisely, we have the following theorem:

Theorem 6.1. Under assumptions (H.1) to (H.5), for any t > 0, p.a: is a contraction on L%(E, )
and (13) holds with

UHE) 1=f(m+/xg(dX)>, feL*(w), £ €Ly (E),

E

and

n:Om

Proof. Letusfixar > 0. The contractivity of p 4 on L?(E, 1) follows from the fact that A = v
is given by (11). We have

/|peA;f(x)|2Ek(dx)://|f(eA’x)|2Evo(eAS)_l(dx)ds
E 0 E

= /|f(eA<f+S>x)|2Eu(dx)ds
E

To see (13) it is enough to show that for alln e Nand f € L*(w),

T"(j P f) = 0" T"Gif).
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To do this fix an f € §2(/1,). Given at € [0, +00) denotg by Yt a copy of Y;, independent of Yy,
s € [0, 400], and by E the g,xpectation with respect to Y;, t € [0, +00). Note that for any ¢, the
random variable e’ Y, 4 Y; has the law y. Finally, by Proposition 5.1, the Mehler formula (3)
reads

Pf(x)=Ef(e?x+7,). (14)
If n =0, then, by (14),
TOG P f)=E( P f)UT) =EP f (Yoo) = BE f (e Yoo + Vi) = Ef (Yoo)
=Ejf 1) =T°Gf).
Assume now that n > 1. Then by (7),

T"GP O, y) =EDY, .y jP fUT)

.....

= EZ(—l)"—"P,f<m + / y( Y by 17) (dy))
1

E iel

—IEZ( by, f( > i +Yoo)

iel

Hence, again by (14),

T”(jﬂf)(yl,...,yn)—Z( "= '”EEf(ZeA’y +eAfYoo+Y,>

iel
—Z( "= "'Ef(ZeA’y,woo)
iel
:Z(—l)n—lll]Ef(m—i—/y(Z(Semyi +17)(dy))
1 E iel
—Z( " "'Ejf(ZaA, +17>
iel

= ED:A’yl,.‘.,eA’y,, Jrdn
=T"GA(Yy1,....eMy). O
As a direct consequence of Theorem 6.1 we have the following decomposition formula.

Corollary 6.2. Forall t >0 and f € L*>(w),

o0

1
Pif (Vo) =D —Ia(0la T" (i), (15)

n=0

where the series converges in Lz(.Q, T, P).
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7. One-dimensional case with density

Assume that £ = R, and that u is absolutely continuous with respect to Lebesgue measure.
Let g :=du/dx. We start this section with two simple general observations. We will use them to
the study of the equation driven by an «-stable noise.

Note that

k:L*(R,dx)> fi> fqg "7 e L*(w)

is a linear isometry. Let Tn:=T1" ojok:L*(R,dx) L%S)(R", A™). By Theorem 6.1 we have
the following fact.

Lemma 7.1. Let t > 0. If P; is a compact operator on L*(w), then for any n, pZA, oT" isa
compact operator from L*(dx) to L%S) (R™, A™).

For f : R+ R write
Vi fo= ) (—D”"".f(x - Zyi>, neN.
n} iel
Lemma 7.2. Foranyn, f :R+—> Rand y = (y1,...,yn) € RY,

T”f(y)Z/Gn(x,y)f(X)dx,

R

where

Gulx,y) =472 (0)Vyq(x).

Proof. We have
T"f(r.....y) =ED}, _ j(fg~"?)um)

= (=" flz+ ) yi)lg '“|\z+ ) yi)q()dz
O KGO W) T GO0

I1c{l,...,n} R iel iel

:/Gn(x,wf(x)dx. g

R

7.1. a-Stable case
Assume that L is a symmetric «-stable process taking values in £ = R. Then its Lévy expo-

nent is ¥ (x) = |x|% and the Lévy measure is A(dx) = c,|x| !~ dx. Given y > 0, consider the
following one-dimensional Lévy—Ornstein—Uhlenbeck equation

dX = —y X dt + (ay)/*dL. (16)
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Note that the invariant measure p for the Markov family given by (16) is symmetric o-stable.
Our main result of this section is the following theorem.

Theorem 7.3. Let o € (0, 2). Then for any t > 0, Py is neither compact nor self-adjoint. More-
over, the adjoint semigroup is given by

X —nyat
Pig(Voo) =) ———In(oln (T"(jg))). V120, Vg L*(). (a7
n=0 :

and (P;) satisfies the following spectral gap property

/

forallt >0and f € L*(n).

2
pdx) <e 7 f 1, (18)

Pf(x) — / Puf(2) u(dz)
R

Proof. Note for any z € R\ {0}, p; is a bounded bijection on L*(R, 1). Therefore, as far as com-
pactness is concerned, then, taking into account Lemma 7.11 it is enough to show that T := T!
is not compact from L?(dx) into L>(R, ). By Lemma 7.2, T is given by the kernel

Gi(x,y)= w x,y€eR,

Vg (x)

where ¢ is the density of the «-stable law . We will use the fact, see e.g. [17], thatg € C 1 (R),
g(x) > 0, and ¢ (x) decreases like |x|~!=* as |x| — o0o. Let f,(x) = Xnn+11(x), n € N, x e R.
Then

1

o _[ax+n—y)—qx+n)
gn(y) = Tfn(y)—O/ N/ICEDD) dx, yeR, neN.

Hence there are constants Co, C; > 0 and ng € N such that for m > ng,

1
gan(y) > c()/qoc +m)" V2 dx = om0 vy e [m,m 411
0

Next note that for any n there is an m,, such that for all m > m,,,

gx+n—y)<qx+n), Vxel0,1], Vye[m,m+1].

Therefore, for all n € N and m > m,,,
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m+1

l8m — &2 5 = /Igm(y) 29[~ 5 |1+a
m
m—+1 d
2 14« Co dY
2 ¢ |y|1+a
m
Zaclzcam“““( —(m+1~ "‘)

and consequently there is a constant C > 0 such that
lgm — g”'iz(R,A) =2C, Vn=ng, Ym=my,.

Thus the sequence (g,) is not relatively compact in L2(R, 1), and hence 7 is not compact.
We will show that for ¢ > 0, P; is not symmetric. By Theorems 3.1 and 6.1, for f, g € Lz(u),

(Pef, 82y =EP f(Yoo)§(Yoo) =E(j P fHUT)(j)UT)

3|._.

pe*}’f Tn (]f)’ Tn(jg)>L2(R,A,,).

Note that for the operator pg,y, considered on L2(R", A"") we have

( C yt) h()’] LI ) yl’l) = e_nyath(eytylv ceey eyt)’n),
and hence (17) holds. To show that P; is not symmetric it is enough to find a g € L?(w) such that

Li(per (T (j©))) #e " Ii(per (T (j8)))- (19)

Since

T(je)(») =E(g(Yoo +y) —8(Ys0)) = /(g(x +y) — g(x)) m(dx),

R

(19) can be written in the equivalent form
K= / /(g(x +e7""y) — g(x)) u(dx) I1(dy)

# K=o | / (x +e7y) — g(x)) u(dx) T (dy).

R
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Take g(x) = e'*. Then

K; :e—l /(ele vty )H(dy) Kr ze—VDtt—l /( e’y )H(dy)

R R

Thus for any z € R,

EeizeKL — Eexp{lz/ ie 'y H(dy)}
R

=exp{—/(l _eiz(eie*yr,vfl)) )»(dy)}
R
and

EelzeKr — Eexp{ize_y”” /(e‘ey 1) H(dy)}
i a—vat e’y
=exp{—/(1 _ elze yat gie?) —1))A(dy)}.
R
To see the spectral gap property note that by Theorems 3.1, 6.1, and 3.3, for f € L?(u),

/

2
1u(dx) =E| P f (Yoo) = EP, f (Yoo)|”

Prf(x) — / Py f (z) n(dz)
R

0 2
=21l "GP oy

n=1

By direct calculation for any z > 0 and any 7 € L?>(R",1"), we have 107 Bl p2@mn jmy =
Z”a/zlhlLZ(Rn’)"n). Hence

02 a2 myerz o amy = 2%

and consequently (18) holds. O
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