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1. Introduction In the present model, it is assumed that the hierarchical struc-
ture of fermion mass matrices is attributed to the F-N factors
One of theoretically challenging issues is to understand char- coming from the F-N mechanism. In the previous work [8], we

acteristic features of quark mass patterns and the CKM-mixing  derived the typical relations among CKM matrix elements
matrix [1]. It seems that the important key to this issue is the

state-mixing between quarks and extra particles beyond the mini- Veal = Vs, (1)
mal supersymmetric standard model (MSSM). In fact, it was shown [Ves| = | Vepl, (2)
in the context of SU(6) x SU(2)g string-inspired model, which con-

tains massless particles beyond the MSSM, that we were able to IVidl = [Vus Vep|- (3)

explain characteristic patterns of the observed mass spectra and The CKM-matrix is defined as
mixing matrices of quarks and leptons [2-6]. In the model the

Froggatt-Nielsen (F-N) mechanism [7] plays an important role. It is Vue Vus Vup
noticeable that doublet Higgs and color-triplet Higgs fields belong Vakm=| Vea Ves Vo
to different representations of SU(6) x SU(2)g. This situation is fa- Viae Vis Vo

vorable to solve the triplet-doublet splitting problem. In addition, CioC S1oC §1z 00
the longevity of the proton can be guaranteed under appropriate 12513 is 12513 is 13

flavor symmetries [2]. In this paper we focus our attention on the = | TS12€23 — 12523513 ?5 C12€23 — $12523513 € . 52313
detailed form of the CKM matrix elements in the above-mentioned $12523 —C1223513€7  —C12523 — S12€23513€7 (23€13
model. It has been shown that in the model the hierarchical pat- (4)
tern of three mixing angles can be understood systematically [4].
We shed light on relations between the CP violating phase and
three mixing angles in this paper.

in the standard representation of Particle Data Group (PDG) [9].
Due to unitarity condition on Vcgwm, Eqgs. (1) and (2) are equiva-
lent to each other. From the independent relations (2) and (3), the
CP-phase § is expressed in terms of the three mixing angles as
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respectively. Here if we input the experimental values of sij; =
0.22536 = A, sp3 ~A%1 and s13 ~ 238 [9], Egs. (5) and (6) exhibit

S128
cos § ~ 1223 307 (7)
2513
s
cos§~ 12~ 07 (8)
2512523

respectively. These results are incompatible with each other.
However, the relations (2) and (3) are derived in the leading
approximation. So, we need to accomplish more accurate calcula-
tion in order to discuss the quark CP-phase. For this reason, in this
paper we carry out the analysis up to the next-to-leading approxi-
mation in the F-N scheme, which allows us to find more accurate
relations among the CKM-matrix elements. For example, we obtain

Vel = [Vasl? x [1= Ve 2],

which yields an attractive relation between the CP-phase and three
mixing angles. Using these relations, we are able to estimate the
quark CP-phase without relying on a specific flavor symmetry.

This paper is organized as follows. In Sec. 2 we briefly explain
Yukawa couplings in the SU(6) x SU(2)g model together with the
F-N mechanism. Solving the eigenvalue problem for the mass ma-
trices of the up-type and down-type quark sectors, we derive the
diagonalization matrices. In Sec. 3 the detailed form of the CKM
matrix is presented and interesting equations among the CKM-
matrix elements are found. In Sec. 4 it is shown that these yield
attractive interrelations between the quark CP-phase and three
mixing angles. Taking the existing data of three mixing angles, we
estimate the quark CP-phase at § = (75 = 3)°, which is in accord
with the current data of 8. Section 5 is devoted to summary.

2. Yukawa couplings and F-N mechanism

Here we briefly summarize the parts of the model which are
relevant to our analysis. For a more complete discussion, see
Refs. [2-6,8]. In this model the unification gauge symmetry is as-
sumed to be SU(6) x SU(2)g at the underlying string scale Ms. The
gauge group G = SU(6) x SU(2)g is a subgroup of Eg. Within the
framework of Eg we assign three families and one vector-like mul-
tiplet to matter superfields, i.e.,

3 % 27(®1,2,3) + (27(Do) + 27(P)). 9)

The superfields ® are decomposed into two multiplets of G as

¢(15,1) : {Q.L, g 8 S}
v (6,2) {(US, DY), (N, E), (Hu, H)},

where g, g¢ and H,, Hy represent colored Higgs and SU(2).-
doublet Higgs superfields, respectively. Doublet Higgs and color-
triplet Higgs fields belong to different representations of G and
this situation is favorable to solve the triplet-doublet splitting
problem. The superfields N and S are R-handed neutrinos and
S0O(10)-singlets, respectively. Although D¢ and g¢ as well as L and
Hg have the same quantum numbers under the standard model
gauge group Gsy = SU3) x SU(2); x U(1)y, they belong to differ-
ent irreducible representations of G. We assign odd (even) R-parity
to superfields @153 (¥ and ®). Since ordinary Higgs doublets
have even R-parity, they are contained in ®g. It is assumed that
R-parity remains unbroken down to the electroweak scale.

The gauge symmetry G gets spontaneously broken in two steps
at the scales (So) = (S) and (N§) = (N) to Gsm as

q>(27)={ (10)

NC
G = SU) x SU@)r 2 SU@)ps x SU@), x SUR)R 2 Gy,

where SU(4)ps represents the Pati-Salam SU(4) [10]. The D-flat-
ness conditions require (So) = (S) and (N§) = (N) at each step
of the symmetry breakings. Hereafter it is supposed that the
symmetry breaking scales are (So) = 10'771® GeV and (N§) =
1015717 GeV. Under the SU(4)ps x SU(2); x SU(2)g the chiral su-
perfields ¢(15,1) and ¥ (6, 2) are decomposed as

15,1)=4,2,1)+(6,1,1) + (1,1, 1),
6,2)=4,1,2) +(1,2,2).

From the viewpoint of the string unification theory, it is probable
that the hierarchical structure of Yukawa couplings is attributed to
some kind of flavor symmetries at the string scale M. If the flavor
symmetry contains Abelian groups, the F-N mechanism works for
the interactions among quarks, leptons and Higgs fields. The su-
perpotential at the string scale is governed by the flavor symmetry
as well as the gauge symmetry G. Aside from the flavor symmetry,
we have two types of gauge invariant trilinear combinations

(¢(15,1))> = QQg + QgL + &S,
$(15,1)(¥(6,2))> = QHyD® + Q HyU® + LHZES + LH,N° (11)
+ SHyHy + gN°D° + gE‘U* + g‘U°D".
They must be multiplied by additional G-invariant factors sup-
pressed by powers of 1/Ms to form flavor symmetric terms.
Namely, the couplings arise from the nonrenormalizable terms
controlled by the flavor symmetry [2,11,12].

We first consider the effective Yukawa couplings of up-type
quark sector, which are given by

3
Wy =" M;jQiUSHyo. (12)
i,j=1
Due to the F-N mechanism, the dimensionless matrix M takes the
form

M= fu MMD. (13)

Our basic assumption is that the hierarchical structure of all 3 x 3
mass matrices is attributed to the F-N factors I'; and/or I. Hence,
hierarchy of M;; stems only from I'7 and I, and the dimension-
less matrix M contains no hierarchical structure. Here we put a
factor fy in order to set det M = 1. It means that all the elements
of M are O(1). The F-N factors I'7 and I are described as

I =diag(x*!, x*2, 1), I =diag(x?1, 2, 1) (14)

with the hierarchy x*' <« x*2 « 1 and x#1 « xf2 « 1. To be spe-
cific, we take the F-N factors like x*1 ~ 3, x®2 ~ xF2 ~ 32 and
xP1 ~ 147> consonant to the experimental data.

The mass matrix M is diagonalized via biunitary transforma-
tion as

ViiMuy = Ay,

with vy = (Hyo). According to the standard procedure for diago-
nalizing MM, we obtain mass eigenvalues

vyo Ay = diag(my, me, my) (15)

(my, me, my)

>~ [vuo fum| x (—

[m11]

[m11]
" |mss]

where mjj = (M);j, m;j = (Mfl)jf,. = A(M);;.. The diagonalization

X0 th xe2the |m33|> . (16)

matrix V), is described in terms of eigenvectors wi(u) of MMT
as

Vu=w", wi w), (17)
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(u)

where w;"" are expressed as
(u)
w® — N 3u> LWl W g ’
vgu) vgu)
ul®
wi =Ng [y | (18)
1

Here N.(”) are normalization factors. The phase factors are so cho-
sen that the diagonal elements of V), are real. Explicit forms of u(”)
and v?“) (i=1,2,3) are

u® — oo [@ +oe2® —ﬂz))],
miu

m:
= [T oqgin)|
mi

=k
ugu) — _x— [% + o>, XZ(ﬁl—ﬁz))] ,
- 11 (19)
v(2u) — _XOQ |: 23 2(&170[2) 13 _il +O(X2ﬁ2)]
m33 m33Myq

ul =y [— + O(xzﬂz)} ,
ms3
m

Vi) = x [ﬁ + O(x%)} :
ms3

where x*17%2 ~ ), x*1 ~ )3 and x%2 ~ 22,
Note that x2(A1=82) x202 and x2f2 are O(A%) or less than O(1%).
The normalization factors are given by

Y2(e1—a2) [maq |

i ORI,
11

(O
N =1—
N — 1 = @) Iz |2

2t + o) | x202) (20)
11

NSY =1+ 0(*2),

and we have the relation N(”)N(”) No(u)(1 4+ O15)).
We next proceed to study the effective Yukawa couplings of
down-type quark sector, which are of the form

3
wp=3" [Zij £ig5S0 + Mj; (giujNg + QiD?HdO)], 21)
ij=1
where Z = f; IMZI'y and detZ = 1. It is assumed that there is no

hierarchical structure in Z. The mass matrix of down-quark sector
is given by the 6 x 6 matrix

gC DC
G & (PsZ puM (22)
= p 0 pgM

where ps = (So)/Ms, pn = (N§)/Ms and pg = (Hgo)/Ms =
v4o/Ms. It is noticeable that D-g¢ mixings occur in down-type
quark sector. Diagonalization is accomplished via biunitary trans-
formation as

YV Myl = diag(AY, €49, (23)

where €4 = pa/pN = Vao/(N§) = O(10715). A((jo) means the heavy
modes with the GUT scale masses. To solve the eigenvalue prob-
lem, we deal with MdMT, which are expressed as

Ag + By

MM = d 24
4d ( €4B4 |€d|23d) (24)
with the notation Aq = |ps|> ZZT and By = |pon|?> MM, Within

0 (e4%) mass eigenvalues Aéz) are given as

AP =v At +B7H (25)
and
Ms leg pn| A = diag(mg, ms, mp), (26)

where V; is unitary within O (e€4) as seen in Eq. (24). It turns out

that down-type quark masses are

(mg, ms, mp)

1 [l
~ [Vao ful x (Txaﬁ_ﬂl’ %XUZ'H?]’ \/%Xm) i (27)
11

where
lij = &3 Zin Z§y + M 1}y,

g=£7 D},

h=g] X272 |(z3.m})|> + 7 2P P2 (3 - Z)))2,
on fu |?
psfz

Here we use the notations z;; = (Z)yj, zjj = A(Z)* and

XA P, (= (@i x ).

& =

m; = (my;, my;, m3;)’, m; = (My;, Mai, M3i)',

T N
zi = (z1i, 22i, 23i) ", zi = (Z1i, 22is Z3i)" .

The diagonalization matrix Vy is expressed as

d d d
Vo= wi, wi wi) (28)
with
1 L@
@ _ N@ | @ @ _ y@ [ 2
:N1 s WZ :Nz ‘(ld) s
ng) 1P
ul®
d d
wi’ =N | @ ], (29)
1

Here the phase factors are so taken that the diagonal elements of
Vy are real. Each element of Vy is of the form
-ID3'P)

2
(d) 10 lZ] 2(0{1 —D{z) Sd (—*
u;’ =x = +x +
1 |:l11 (1112 \"1? 13

+ 0@‘*)},

I _ 1>
ng) — 1 |:£ _ yx2lar—a) _5d é:ci ( TZ ]2+l

11
11 (I1)? D b3 *)

+ oa“)},

2

(d) _ a1 —ay li2 2(0t1—0p) r<;:d =

Uy’ =—X — +X ——\z12n13 (30)
2 |:l11 (111)2(
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I
+ 2 IDJ'P) + O(A“)},
1
D]l 1 Dl]
@ _ 2 2(0(170(2)( * 12 Y4 ) 4
Vol =—X —— 4+ x n3————~J)+0RK R
2 |:D§1 fanis 1 D11 (%)

— X0 gy 4 O(A“)} ,

D 1x
vgd)zxaz |: + x2—e) £ niy + O )j|

where

(23 -mY)

fo=—Fr—375
Djli]* |D%1|2

25 —  21x
nij =§&4zinzj3 —mj D7,
The normalization factors become

l
ND =1 e 1Pty

2(111)2
@ _ 1 _ 2o |21 2 A=) 20
N =1- + O , x%02), (31)
2 2(n)?
N =1+ 0x*)
with
NN =N (1 + 0(15)). (32)

3. The CKM matrix
In the present framework the CKM matrix is given by
Vam =V, 'V = VZ 2 (33)
and each element of Vy becomes
d

Vexmij = (u)* . W;- ). (34)
Using approximate analytic expressions of w® and w@ given in
the preceding section, we are in a position to exhibit each element

of Vekm explicitly. Thus Vs and V4 are expressed as

25 11 2
VUS — A Elt%) N§U)N§d) |:$d Zl] D3 _ X2(Ol1 —0{2) gd

miq i (1)
x (Zi2n1s + ﬁ—jméwz) +<9<A4)], (35)
Vg = — x1-2 NN [55_371 D' aer-a 1
iyl (h1)?
x (2t + ﬁ—leéHz) +O<A4>], (36)

where x*17% ~ ). The relation of Voq = —(Vys)* x (1 +OR%) is
hold in the present phase convention, in which the diagonal ele-
ments of V, and V; are chosen to be real. Also the other elements
are given as

mi; (z] -m
Vep = x*2 Ngu)Ngd) _11( 1 11*3) + x2@1—02)
m33 D3

Im2112 (Z} - m3) 4
X (fa ni; + W) +0MY |, (37)

miy (z1-m -
Vts — _x0l2 Ngu)Néd) i 3 3) 2((11 o)
33 D

Ma1 l12 (21 - m3) 4
x(ffnz3+ ——————2") 4+ 0 R 38
(fam oy DT ) +06 (38)

where x%2 ~ 22. These equations yield the relation
VislP = Vep 2 x [1= IVisl2 4+ p 24 ] (39)

with p = O(1), which is free from the phase convention. From the
unitarity condition on Vcgym Eq. (39) can be rewritten as

x[1= Va2 +0069). (40)

Further we obtain

2 5% * =
zZi1(m; - 2
Vg = x¥1 Né”)Ngd) Sq 2 (m3 - 21) “*( 321 +
m33111

2 2
Vedl® = [Vus|

%-2
x2(@1—a2) d
m§3 (1 )2

25 = > )2 5
x (&377121, (3 x 29)7 + 25, [ (m - 22)

I
—12—1m DI (m3 - zﬂ)—i—(’)(k“)] (41)
11
3120z N ) (@) Sd 35 (z3 -mY)
Vup = o OtzN N3 W, (42)

where x*1 ~ 23 and x3%172%2 ~ 33 In the above equation (42) the
element V, is rather small compared to the element Vi due to
the cancellation of leading term. The above expression of V4 leads
us to the relation

[Veal® = [Vus Vepl? x (1+q21%) (43)
with ¢ = O(Q).

4. The quark CP-phase

Here we pay attention to Egs. (39) and (43), which yield inter-
esting relations between the CP-phase and three mixing angles. It
has been shown that in the present model the hierarchical magni-
tude of three mixing angles can be understood systematically [4].
The recent values of the CKM matrix elements have been summa-
rized by PDG [9] as

|Ves| = 0.0405 +£0.0012,  |Vp| = 0.0414 +0.0012,
|Vus] = 0.22536 £0.00061,  |V¢q| = 0.22522 £ 0.00061,
|V¢4| = 0.00886 + 0.00033. (44)

As seen in Eq. (4), the values of |Vi| and |V(y| are mainly de-
termined by s;3 due to the hierarchical structure of the mixing
angles. So it is noted that the double-sign in them corresponds in
the same order. Then, with the aid of these data the relations (39)
and (43) lead to

p=3.0=£0.6, q=-19 £0.4, (45)

which are consistent with p, g = O(1). The relation (40) is also in
good agreement with the data. These results are in support of the
present analyses up to the next-to-leading approximation in the
F-N scheme.

In the standard representation of PDG [9] for Vg the relation
(39) becomes

2
id
C12523 +512C23513€ ‘

= (s23013)° X [1 — (s12¢13)* +P)»4], (46)
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which is rewritten as

2
s23(C s
coss — S3(13) 24 13 ((s12 03)?
2512€12 €23 513 251212523 C23
+ (523)% — (523 512)° (1 + (613)2>)- (47)

It is worth noting that in Eq. (46) the leading terms in the L.h.s. and
the r.h.s. are canceled out and that Eq. (47) represents a relation
between the non-leading terms. When we take p = 3.0 £ 0.6 and
the experimental values [9]

s12 =0.22536 £ 0.00061,
s13 =0.00355 £+ 0.00015,

Sp3 =0.0414 +£0.0012,

the above equation (47) results in cosé = 0.20 4 0.04. It might be
thought that we can simply derive cosd from |Vi| =
|c12 523 + 12 C23 513 €8 |. However, it is impossible for us to get in-
formation about cosé because the magnitude of the experimental
error of |Vs| is larger than the coefficient of e,

Further Eq. (43) is translated into

.12
‘512 $23 — €12 €23 513 e‘s‘ = (s12523¢13)% x (1 +qkz), (48)

which contains

C12€23 S S128
coss = F12€23513 _ S12523 ((c13)4qkz

2512523 2€12€23 513

— G121+ @), (49)

Substituting the experimental values of the three mixing angles
and ¢ = —-1.9 £ 0.4 to Eq. (49), we obtain cosé = 0.32 + 0.03.
Note that the uncertainty of cos§ obtained here is rather small
compared with that (cos§ = 0.32£0.11) determined directly from
Vgl = [s12 523 — c12 c23 513 €.

Within 20 there is no discrepancy in the above two values of
cos§. Consequently, we conclude with cos§ =0.26 +0.05 and § =
(754£3)° in this analysis. The current experimental data show that
y = (68 £8)° [9], where y = arg(—(VuaVi)/(Vea V) ~ 6. In
addition, the recent averaged value is y = (73 :90)‘) [13]. So our
result is consistent with the data.

5. Summary

In the present model, the characteristic structure of the CKM
matrix is attributed to the hierarchical effective Yukawa couplings
due to the Froggatt-Nielsen mechanism and also to the state-
mixings beyond the MSSM. The D¢-g® mixings as well as gen-
eration mixings take place in the down-type quark sector. On the
other hand, in the up-type quark sector we have no such mixings.
These differences cause the nontrivial structure in CKM matrix.
Specifically, the down-type mass matrix is described in terms of
M and Z matrices in contrast with the up-type mass matrix of
M itself. As a result, all off-diagonal elements of the CKM matrix
are expressed as the products of M and Z elements.

In the D°-g® mixings, since D¢ and g¢ are both SU(2); -singlets,
the disparity between the diagonalization matrices for up-type
quarks and down-type quarks in SU(2);-doublets is rather small.
Accordingly, Vcgm exhibits small mixing. In this study we have
found interesting relations between the CP-phase and three mix-
ing angles without relying on a specific flavor symmetry. Taking
the current data of three mixing angles, we estimate the quark
CP-phase at § = (75 &£ 3)°. This result is in accord with the current

data of §.
The relations between the CP-phase and three mixing angles

stem from the fact that the CKM matrix comprises only two matri-
ces M and Z. This is because all matter fields belong to either of
(15, 1) or (6, 2) representations in the gauge group SU(6) x SU(2)g.
If the gauge group is chosen to be smaller than the above group,
the number of irreducible representations for matter fields be-
comes larger than two. In such a case, there appear more pa-
rameters and hence we have no interesting relations between the
CP-phase and three mixing angles. We expect that the present
model gives a comprehensive explanation of fermion mass spec-
tra and mixing matrices together with the longevity of the proton
and gauge coupling unification [2-6].

Finally, we touch upon the study of the MNS matrix [14].
The observed features of the MNS matrix differ considerably
from those of the CKM matrix. In the present model the L-Hy
mixings occur in the lepton sector. Since L and Hg are both
SU(2)-doublets, there appears no disparity between the diago-
nalization matrices for charged leptons and neutrinos unless the
seesaw mechanism does not take place. As a matter of fact, how-
ever, the seesaw mechanism is at work and an additional trans-
formation is required to diagonalize the neutrino mass matrix.
This additional transformation matrix yields nontrivial Vyns. The
seesaw mechanism brings about the cancellation of the F-N fac-
tors in the neutrino mass matrix [6,8]. As a consequence, there is
no hierarchical structure in neutrino mass matrix and eventually
Vuns exhibits large mixing. It does not seem that the MNS matrix
elements are connected to the CKM matrix elements in an uncom-
plicated way. For this reason it is difficult for us to find a simple
interrelation among the quark CP-phase and the leptonic CP-phase.
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