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Abstract—A structural stability result for one-step discretizations of semilinear differential equa-
tions with an exponential dichotomy in its linear part is presented and interpreted as a shadowing
result. Estimates are given in terms of the stepsize and of the order of the discretization method
chosen.

1. INTRODUCTION

The main result of this paper (Theorem 3.1 and Corollary 3.1) is rather technical in nature, and
therefore, we give a somewhat informal description in this introductory section. Throughout this
paper, we consider differential equations of the form

¥ = A(t)y +alt,y) (1)

with ¢t € R and y belonging to a Banach space V. We assume that A € CP*1 a € CP*1 and
a(t,0) =0, ay(¢,0) = 0 for all t € R. The main assumption we make is that the linear equation
y = A(t)y admits an exponential dichotomy on R. We show in this paper that locally, in a small
neighborhood of 0 € Y, the differential equation (1) is correctly reproduced by one-step numerical
methods of order p > 2. For sufficiently small stepsize h and initial time ¢q = O (this is just for
simplicity), two “time variant discrete dynamical systems” are compared:

(a)  the solution operator of the difference equation obtained by discretizing the differential
equation (1) with stepsize h,
(b)  the time-h-solution operator of the differential equation (1).

The “time variant dynamical systems” described in (a) and (b) are in fact no dynamical
systems in the strict mathematical sense, they are rather cocycles associated with nonautonomous
difference equations. Equations of this type have not attracted much attention until only recently.
Things have changed, however. In recent years, the theory of difference equations has experienced
a tremendous renaissance which is demonstrated by the list [1-4] of new monographs in this
field. In [5,6], the time variance of the dynamics is emphasized. There we speak of “dynamical
processes” instead of “time variant dynamical systems,” and e.g., the “time variant family of
stable manifolds” is called “stable fiber bundle.” According notions are used for the other types

The authors are indebted to W.-J. Beyn for valuable comments on the list of references.
*This paper was written during a stay (supported by the PHARE-program of the European Community, Grant
No. 1962) of the second author in the Mathematical Institute of the University of Augsburg.
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of invariant manifolds. Also, in the present paper, we use these new notions in order to distinguish
our nonautonomous point of view from the autonomous one.

The main result of this paper (see Theorem 3.1) provides a coordinate transformation that
carries the above (a) and (b) onto each other. To be more precise, we present a sequence of
self-homeomorphisms {Hkh }, .y of Y, O (hP)-near to the identity, indexed by the time sequence
{kh}ren and carrying (a) onto (b). The corresponding stable fiber bundles are mapped onto
each other, and the same holds true for the unstable fiber bundles. Geometrically this means
that the “rotating saddle structure” inherent in the given differential equation persists under
discretization. It also means that exact and numerical solutions are mutually shadowing each
other.

The present paper is a natural extension of methods and results from [7-10] elaborated for
the autonomous case. In the present paper, we start with a rather formal generalization of the
Grobman-Hartman lemma and apply it to discretizations about equilibria of nonautonomous
ordinary differential equations. Naturally enough, it turns out later on that the assumptions
we have to impose for purely technical reasons are just the conditions defining an exponential
dichotomy for the linear part.

2. A NONAUTONOMOUS GROBMAN-HARTMAN LEMMA

It is an outstanding theorem in differentiable dynamics that locally, in a neighbourhood of a
hyperbolic equilibrium point, diffeomorphisms are conjugate to their linear part. A global version
of this result can be formulated as follows.

THEOREM 2.1. (GROBMAN-HARTMAN LEMMA, [11, THEOREM 5.14]) Let U, 8, X be Ba-
nach spaces, U € L{U,U), S € L(S8,8), X € L(X,X), X = U xS, X = diag(U,S). Let
&,n € C%X,X) be Lipschitzian and Lip(¢), Lip(n) < s. Assume that X is invertible and
k < min{l —a,1/|S7!|}, where a = max {|{U~?|,|S|} and a < 1. Then there exists a unique
h € C°(X, X) such that, with H = idx + h, the relation

(X+mH=H(X+) (2)

holds true. Moreover, ‘H is a homeomorphism of X onto X, and therefore, it is a conjugacy from
X+EtoX +n.

In this theorem and throughout this paper, we use standard notation and terminology. In the
following, K1, Ks, etc., will denote positive constants. The positive constants K (), Ka(¢), etc.,
will depend on some parameter €. The constants K7, Ka(¢), etc., will not necessarily be the same
at different appearances. Given Banach spaces X, Y, for each j = 0,1,2,..., C¥(X,)) denotes,
with the norm

max{sup{!f(m)(a:)l |z € X} | m=0,1,...,j},

the Banach space of all j times continuously differentiable functions from X to ) with bounded
derivatives. For brevity, we write C%(X,)) = C(X,)). Partial derivates are denoted by f., fi,
o, o, gosm), etc. The Banach space of bounded linear operators from X to ) is denoted by
L(X,Y). The norm of X € L(X,)) is defined by inf {c e R||Xz| < x|, for all z € X}.
The spectrum of X € L(X,X) is denoted by o(X). In product spaces, the norm is defined by
max {|ul,|s|}. (Though single bars denote norms in different spaces, no confusion should arise.)
Lipschitz constants are denoted by Lip(-).

The proof [11, Exercise 5.19] of Theorem 2.1 begins with the observation that, in virtue of the
Lipschitz inverse function theorem [11, Exercise C.11], the mapping X + £ is a homeomorphism
of X onto X. The second step is to split the conjugacy equation (2) and to rewrite it as system

R = U BU(X + ) — it (idx + B) + €4}

RS = {Shs+ns(idx+h)—§s}(X+§)—l’ R
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where, of course, superscripts i and S stay for the U- and S-coordinate, respectively. A straight-
forward application of the contraction mapping principle yields that system (3) has a unique
solution in C(X, &) = C(X,U) x C(X,S). The last step in the proof of Theorem 2.1 is to point
out that the resulting map H = (idy + AY, ids + h®) is a homeomorphism of X onto X.

In order to extend the proof of Theorem 2.1 we just sketched to a nonautonomous setting, we
replace the one-cell conjugacy diagram (cf. equation (2))

UxS X+¢ UxS
H H
UxS X+n UxS
by the doubly-infinite (n € Z) conjugacy diagram
un X Sn Xn + €n Z’{'n-ﬁ-l X Sn+l
Hn Hn—f—l
L{n X Sn Xn + On un+1 X 8n+1 —
Given a sequence { (X, |- |n)}i°°o of Banach spaces, let C denote the Banach space of all

doubly-infinite bounded sequences h = (..., hn,hnt1,...) with coordinates in C(X,,,X,,). The
norm on C is defined as |[h| = sup{|hn] |ne Z}, where |hn] = sup{|hn(xn)]n | zn € Xn},
n € Z. The following theorem is the discrete analogue of the main result in [12]. For other
discrete-time nonautonomous variants of the Grobman-Hartman Lemma, see [13,14] as well as
the forthcoming monograph [6]. (Essentially, all continuous- and discrete-time invariant manifold
and linearization results treated in [15] are valid (see [6]) in the nonautonomous case as well.)

THEOREM 2.2. Let Uy, Sn, X, be Banach spaces, U, € L(Uy,Unt1), Spn € L(Sn,Sn+1), Xn €
L(Xy, Xnt1), Xn =Up x Sp, X, = diag(U,, Sp), n € Z. Assume that

X, is invertible and a = sup{ma,x{IU,:1|, |Sn|} I m € Z} <1 (4)
Furthermore, let £, 7, € C(Xn, Xnt1) be Lipschitzian and satisfy

|§n|, |77n| <K and Lip(&),Lip(m) < &, for alln € Z, (5)
where K, k are positive constants and

1

n<min{1——a,-|—S—_—l|
n

} , for all n € Z. (6)

Then there exists a unique h = (..., hn, hny1,...) € C such that, with H,, = id,, + h,, we obtain
the relations (cf. equation (2))

(Xn 4+ 1) Ho = Hny1 (Xn +&n), foralln € Z. (7)

Moreover, for alln € Z, H,, is a homeomorphism of X, onto X, and H = (..., Hp, Hpy1,...) is
therefore, a conjugacy from { X, + 5"}(1000 to {Xn + 1}

oo’

bl
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PROOF. Using (4)—(6), it is immediately seen that Lip (¢,) < xkand | X;!| = max {|U;}|,|S7}|} =
|S71| < 1/k. Thus, the conditions of the Lipschitz inverse function theorem [11, Exercise C.11]
are satisfied and so X, + £, is a homeomorphism of X, onto X,4+1, n € Z. It follows that
system (7) can be reformulated as a fixed-point-equation F(h) = h, where (cf. (3))

(F)t = U By (X + €)= 1 (i + o) + €4}
(F(B), = {sn_lhi_l + 751 (o1 + hne1) = €51 f(Xno1 + €nm1) 7

for all n € Z. We claim that F is a contraction on C. In fact, given h,j € C arbitrarily, it is
routine to check that

|(F(),| < max{a (Jhnsa| +2K) ,alhn_s] + 2K } < allb] + 2K,
|(FR)s = (FO)7| < a([Wsr = o] + sln = Gn]) < a1+ m) IR~
|(F®); = (FO)a| < albios =331l + wlhaoy = nos] < (@ + WIR =

for all n € Z and consequently, F(h) € C and ||F(h) — F(3))]| < (a + &)||h — j||. This proves the
claim. In what follows, let h denote the unique solution of F(h) = h in C. (Applying (4)-(6)
again, we obtain that

|hY] < a (W] + 6lhn| + | — 1 + €5]) <a(L+R) ||All + |70 — &
|hi| < a|hf_1| + "‘!hn—1| + |77§—1 - 55—1| < (a+&) Al + Inn—l - En—1|,

for all n € Z, and consequently,
||h||§ (l—a—n)_lsup{lnn—gnl |n€Z} (8)

In several cases, inequality (8) is sharper than ||h|| < (1 - a)_12K , a consequence of |(F(h)) | <
allhl| + 2K.)

It is left to prove that, for all n € Z, H,, is a homeomorphism of &;, onto A,,. Interchanging
the role of {¢,}  and {nm}~_, the previous argument yields the existence of a unique j =
(---y9nsJn+t1,-..) € C, such that, w1th Tn = idy +Jn, we get (Xn +€0)Tn = Tn+1(Xn+7,). Since
(Xn +§n)\7an = jn+1 (Xn + nn)Hn = Jn+1Hn+1 (Xn +§n) and ( o ajan - idm jn+1Hn+1 -
idy41,...) € C, the uniqueness property in (7) shows that J,H, = idy,, for all n € Z. A similar
reasoning yields that H,.J, = id,, for all n € Z. ]

REMARK 2.1. Assume, in addition to the assumptions of Theorem 2.2, that
there exists a constant L such that |U,| < L, for all n € Z. 9)

Let X denote the Banach space of all doubly-infinite bounded sequences € = (..., Zn, Tnt1,---)
with coordinates in X,,. The norm on X is defined as |||z||| = sup {|zn|n | n € Z}. By letting
Xz =(...,Xpn-1Zn-1,XnTn,-..), & bounded linear operator X € L(X,X) is defined. Observe
that X = diag(U,S), where U € L(U,U), S = L(S,S) and U = {x € X | zp € Up, for all
neZ}S {r € X | zp €Sy foralln e Z}, U= (...,Un_1un-1,Unln,...) for u € U,
S = (...,%-15n~1,5nSn,...) for s € §. Since X is 1nvert1ble and [[JUYI, IS|]| € a < 1,
X is a hyperbohc linear operator on X and, in case condition (9) is satisfied, the statement
of Theorem 2.2 about a nonautonomous Grobman-Hartman lemma can be interpreted as the
classical autonomous Grobman-Hartman result in a suitably chosen sequence space. Though
Theorem 2.2 is not in the most general form (nonlinear perturbations of the form £, € C(X, X)
can also be allowed), it is general enough for our purposes.
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REMARK 2.2. (continuation): By elementary Taylor-Laurent expansions, it is easily seen that
o(X) is contained in the closed annular hull of the set U{c(X,) | n € Z}. The notion (¢(X,))
makes sense here because the Banach spaces X, and A, can be identified via the linear homeo-
morphism X,, € L(X,, Xn+1). Thus, we get 0(X) C cl({u € C | there exist n € Z and A € o(X,,),
such that || = {A|}). On the other hand, it follows directly from the definition and from the
closedness of the spectrum that

o(X) > cl(U{a(Xn) Ine Z}).
In what follows, we present an example showing that, in general, o(X) is different from cl( U

{o(X,n) | n € Z}). In fact, consider the separable Hilbert space (I2,]-|). For n > 3, let Q, be a
weighted Toeplitz permutation matrix defined by

1, if (4,5) = (L,n) or (i,7) = (k, k), k> n+1
=Y (n—k+2) Y n—k+1), if(i,j) = (kk—1), k=3,4,...,n
0, otherwise .

It is immediate that Q,, is invertible and R, = Q! is given by Ty = l/q;‘z-, L,j=12,...,n>3.
A direct computation shows that
QuRne L(ly,l), |Qn|=n—-1, |Ry|=2, n >3, (10)
Q" = R =id,,, n>3. (11)
For n < 2, set @, = @3, R, = R3. Finally, for n € Z, set &, = I3, X, = 10-id;, — R,. Using
the R-part of (10), it is easily seen that X, € L(l3,l2), (Up = X, Sp = {O}), |Xn| <12, X, is
invertible and |X;!| < 1/8. In virtue of (11), the spectral theorem yields that o(—R,) C {) €
C||Al =1}, o(Xn) € {A € C||{X—10] = 1}. Thus, 10 ¢ o(X,) and, by the construction,
(10 - idy, — Xn)—1 = Qp, for all n € Z. With the notation adopted in Remark 2.1, consider
now the operator 10 -idy — X € L{X,X). If it were invertible, we had sup{|Q,,| |n e Z} =
sup{|(10 -idy, — Xn)_1| Ine Z} < oo, contradicting the Q-part of (10). Summing up the
previous considerations, we get cl(U{o(X,) | n € Z}) C {A € C||A— 10| =1} but 10 € o(X).
(A somewhat more detailed analysis shows that cl(U{c(X,) |n € Z}) = {A e C| A -10| =1}
and o(X) = {A€C||A-10| <1}. We do not know if there is any theoretical relationship
between o(X) and the convex hull of the set cl{U{o(X,) | n € Z}).)

REMARK 2.3. The argument which led from Theorem 2.1 to Theorem 2.2 works equally well
when generalizing basic invariant manifold theory to the nonautonomous case. For example,
consider the classical stable manifold theorem {11, Theorem 6.5] for mappings of the form

UxS—-UxXS, (u,s)— (Uu+E¥(u,s),Ss+&5(u,s)).
As it is well known, the stable manifold M is obtained as
graph(u) = {(u(s),s) eEUXS|se S},
where p is the unique bounded Lipschitzian solution of the invariance equation
w(s) = U (S5 +€5(uls), ) — U (u(s),s),  s€S.

In order to extend the stable manifold theorem to the nonautonomous case, i.e., to state and
prove a stable fiber bundle theorem for nonautonomous difference equations, the only thing to do
is the introduction and the solution—as in the proof of Theorem 2.2, via the contraction mapping
principle—of the doubly-infinite system

pn(s) = Un_lﬂn+1(sns + 55(,“71(3)»3)) - Uglgg (/‘n(s)vs)’ SES,, neZ

of invariance equations. For a precise statement see the proof of Theorem 4.1.
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3. AN APPLICATION TO NUMERICAL ANALYSIS

Let )V be a Banach space, f € CP*1(R x ), ), and consider the ordinary differential equation
y' = f(t,y). The solution through (to,2) € R x ) is denoted by ®(:,%o,2). The T-discretization
of order p = 1,2,... is defined as a mapping ¢ € CP*}(R* x R x ), ) satisfying, with some
positive constants K and 7y (independent of 7, to and z) the inequality

|®(to + 7,0, 2) — @7, t0,2)] < KrPtl forallto € R, 7 € (0,7], z€ V. (12)

(Actually, inequality (12) is needed only on a Y-ball of sufficiently large radius. Also the bound-
edness of derivatives of f and ¢ is required only in this sense.) It is well known (see [16])
that, for each T' > 0, there exists a constant K = K(T) such that K(T;) < K(T1) whenever
Ty < Ty and, with ¢(k, T, to,2) defined by the recursion ¢(0,7,t0,2) = z, @k + 1,7,t9,2) =
o7, to + k1, p(k, 7, t0,2)), k € N, we get

L K(@)
- Np I

T
'@(to +T,t0,2) — @ (N, ﬁ,to,z> (13)

whenever tg e R, Ne N, T/N <79 and z € Y.
In other words, on any interval of finite length T", the exact solution is O(N ~P)-approximated by
the numerical solution obtained by solving the nonautonomous difference equation (with zy = 2)

T kT
Zk+1=(p(-ﬁ,to+w,2k), k:O,l,...,N—l.

LEMMA 3.1. Under the previous conditions, the estimate

< (14)

T
Q{z(tﬂ + T,to,Z) - Sofz (Na ﬁathz>

holds true whenevertg e R, N e N, (T/N) <71y and z € ).
PROOF. In virtue of (12), <I>$"‘)(t0,t0, z) = <p(Tm) (0,t9,2), m =0,1,...,p, and hence, differentiat-
ing Taylor’s expansion formula

1
B(to + 7 to, 2) — (7, to, 2) = ((p — 1)!)‘1/ (1-s)"" (w)(to + 57,10, 2) — P (7, to, z)) ds TP,
0

with the remainder in integral form, we obtain that
|®%(to + 7, t0, 2) — @, (7, to, 2)| < K77, for all to € R, 7 € (0,70), 2 € V. (15)

For brevity, we write Fy(z) = ®(to+kT/N,to+(k—1)T/N, 2), Gk(2) = ¢(T/N,to+(k—1)T/N, z)
and observe that ®(to + kT/N,to,:) = FpFi—1...F1 and ¢(k,T/N,tp, ) = GxGr_1...Gy, k =
1,2,...,N. Applying Gronwall’s lemma to the variational equation of § = f(t,y), it follows that
|Fi(2)| <1+ a/N and (using (15),(13)) |G}(2)| <1+ b/N and

|Fi(Fx—1 ... F1) — Gi(Gg=1...G1)| < |Fi(Fk-1...F1) — G (Fe-1.-.F1)|
+ |G (F=1- .. F1) — G(Gg=1...G1)|
T p
SK(W) +c|Fe-1...F1 — Gro1...Gq|

<4
_Npa

forallk=1,2,...,N, to € R, T/N < 19, 2 € Y (where, of course, a, b, ¢, d (and €) are constants
independent of N). The desired inequality follows now via
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T
®(to + T, to,2) — ¢, (N, N,tg,z)

= |(Fw--- ).~ (Gn...G1),

= |F;\,(FN_1 W F1)-Fly_(Fy_a...F1)-... - F!

~GN(Gn-1...G1) - GN_1(GN-2...G1)-...- G'1|

N
< Z'F,’\,(FN_l...Fl) e Fpi(Fr.. Fy)- [F,;(Fk_l...Fl)

k=1
—G(Gr-1 --Gl)] - G_1(Gr—2...Gy1)-. 4
<N /1 max{a,B}\V " d
U~ ) =
e
< N1
This completes the proof of Lemma 3.1. 1

REMARK 3.1. Similar computations yield also that

g —

T
(D,(zm) (tO + T7 tOvz) - ‘Pgm) <N’ ﬁ?tO) Z)

whenever m =0,1,...,p,to e R, Ne N, T/N <1p and z € ).

From now on, assume that f(t,y) = A(t)y + a(t,y), where A € CP*(R,L(},})), a € CP*!
(R x ¥,Y) and, for all t € R, a(t,0) = 0, a,(t,0) = 0. The solution of § = A(t)y through
(to,z) € R x Y is denoted by ¥(-,1o)z.

Further, assume there exists a function p € CP*1(Y R*), with the properties that u(y) = 0
whenever |y| > 1, and p(y) = 1 whenever |y| < A, for some A > 0. (This requirement concerns
the finer structure of the Banach space and is met, e.g., if ) is finite-dimensional or a Hilbert
space.) With a(t,y;¢) = a(t, y)u(y/e), consider now the ordinary differential equation

=A@y +alt,y; ), teR, yeY, e>0. (16)

The solution of (16) through (fg,z) € R x Y is denoted by ®(:,t9,2;¢). Fort, to € R, z € },
€ > 0, set 7(t, to, z;€) = B(t, to, z;6) — ¥(¢t, to)2.

LEMMA 3.2. There exists a continuous function Q : R* x Rt — R¥, increasing in both variables,
with Q(0,T) =0, for all T > 0, such that

[r(t,ta, - €)] < Qe, T)e(t —to), whenever ty € R, tg Kt <ty +T, T>0,e >0, (17)
7% (¢, to, €} < e, Tt — to), whenever tg € R, g Kt <ty +T, T >0,e>0. (18)

ProoF. The differentiability assumptions on a imply that, for a suitable bounded continuous
function w : Rt — R* with w(0) = 0, one has

la(t, z;€) — a(t, w;€)| < wle)|z — w), whenever t € R, z,w € Y, € > 0.
In particular, |a(t, z;¢)| S w(e)e for allt € R, z € Y, € > 0. Since

7(t, to, z;€) = A(t)r(t, to, z;€) + a(t, ®(¢, to, 2;€); €) (19)
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and r(to,tp,z;€) = 0, an elementary application of Gronwall’s lemma yields that, with o =
sup{|A(¢)| | t € R},

1
[r(t, to, z;€)] < w(e)sa(exp(a(t —tg)) ~ 1), foralltg e R, t > tg, 2€ Y, € > 0.

Thus, (17) follows. Furthermore, since r is obviously differentiable in z, (18) is equivalent to
Lip(r(t, to, ;€)) < Qe, T)(t —to), and this latter inequality is a direct consequence of Gronwall’s
lemma when applied to the difference of equations (19) and 7(¢,to,w;e) = A(t)r(t, to, w;e) +
a(t, ®(t, tg, w; €); €). ]

In what follows, we put further restrictions on ¢y = A(f)y and assume there are positive con-

stants u, Ty, M satisfying 4 < 1 and, for each n € Z, we assume there exists a splitting
V. x W,, = Y with projections P, € L(Y,V,) and Q,, € L(Y, W), P, + Qn = idy such that

¥ (nTy, (n + 1)To)Vas1 = Vn and |¥(nTp, (n+1)To)v| < plv|, whenever v € Voyy (20)
\Il((n + 1)T0,nT0)Wn = Whp41 and |\II((n + 1)T0,nT0)w| < plw|, whenever w e W, (21)
[Py, |@Qn| € M, for all n € Z. (22)

From now on, we consider equation (16) with the particular initial condition y(0) = 2. Also con-
ditions (20)-(22) were already formulated in anticipation of this technical simplification. There
is another technical simplification: the stepsize is chosen to be Typ/N, (N € N, large). The first
paragraph of Section 4 helps the reader to reformulate the results for arbitrary initial time #o.
(With g, N fixed, the sequence of homeomorphisms is indexed then by {to/To + m/N}mez. It is
not hard to show that H;, 1, +m/~ depends continuously on to. (The basic reason for this is that
in Theorem 2.1 the homeomorphism H depends continuously on £ and 7.))

Now we are in a position to state and prove the main results of this paper. Our aim is to
compare exact and numerical solutions of equation (16). More precisely, the time-Tp/N-sequence
{®(kTu/N,0, z;€)}g° of the exact solution through (0,z) € R x ) is compared with a numerical
solution suitably chosen, i.e., for some w € Y suitably chosen, with the solution sequence of the
nonautonomous difference equation w41 = ¢(To/N, kTy /N, wy;€),k =0,1,2,... (and wy = w).
With the notations of Theorem 3.1, below, w = Ho(2) and |wy — P(kTy/N, 0, z;¢)| < L{e)/NP for
all k € N. Similarly, since Hy is a homeomorphism, given w € Y arbitrarily, there exists a z € )
(as a matter of fact, z = Hg ' (w)), such that |wy — ®(kTp/N,0, z;¢€)| < L(¢)/NP, for all k € N.
Thus, using a terminology dating back (see [17]) to Anosov and Bowen, exact and numerical
solutions are mutually shadowing each other. In particular, the O(N~(®*+1))-pseudo-orbit {wy }§°
is O(IN~P)-shadowed by the time-T/N-sequence of the exact solution ®(t, 0, Hal(w); e). For the
reader’s convenience, we recall the notions appearing in this shadowing statement: Suppose we
are given a mapping F : Y — ). The sequence {xx}, C ) is then said to be a §-pseudo-orbit
if |zx41 — F(zk)| < 8, k € N. This pseudo-orbit is e-shadowed by the true orbit {yx}o- C V if
(yk+1 = F(yk) and |zx —yi| <&, k€N,

In describing the relationship between true orbits and orbits found by computers (round-off-
errors!), the concept of shadowing has found some nice applications (see, e.g., [18,19] and the
references therein). While most of these papers are devoted to explaining numerical results,
especially numerically computed chaotic orbits, our approach is analytical and more traditional.

Heading for the main results of this paper, we first present a conjugacy result for N th power
subsequences. By considering the collection of initial conditions {y(nTo) = z}n cz» We will see that
Theorem 2.2 is directly applicable for N** power (exact resp., numerical) solution subsequences.
The extension to the full solution sequences is accomplished in Corollary 3.1.

THEOREM 3.1. Assume that all conditions preceding Lemmas 3.1 and 3.2 are satisfied. Fur-
thermore, assume that the conditions (20)-(22) are met and that p > 2. Consider equa-
tion (16). Its solution operator and T-discretization are denoted by ®(t, o, -; €) and (T, o, ; ),
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respectively. Let ¢(0,7,to,2;€) = z and recursively, for k € N, define p(k + 1,7,to,2;€) =
o(T,to + k7, 0(k,7,to, z;€);€). Then there is a positive constant eo with the following property.
Given ¢ € (0,¢&¢] arbitrarily, there exist an integer No = Ny(e) and a constant L = L(e) and,
for each integer N > Ny, there exists a unique sequence {Hn}:o = {Hn(e,N )}{f"oo of homeo-
morphisms of Y onto Y such that (provided € € (0,¢9] and N > Np), for alln € Z,z € Y, we
get

0 (kN,%,nTO,’Hn(z);e) =Hk+n(<I>((n+k)To,nTo,z;e)), k=0,1,2,... (23)

and
1 (Y 2l < E@ {94\
”Ln\k} /4' _— Np . \‘l‘t}

Proor. It is enough to show that (23) is true for k = 1. In fact, (23) is trivially satisfied for

k = 0 and (“extrapolating” in the long conjugacy diagram prior to Theorem 2.2, i.e., by induction,
starting from the k£ = 1 case) the k > 2 case follows from the cocycle formulas

®(t, to, 2;€) = B(t, 5, D(s, to, z;€); €),
ok +€,7,t0,2;6) = o(k, 7, to + €1, (£, 7, o, 2;€); €).

Qot ¥V =V |yl —max Pl 104} forallue ¥ /L =V S —W = U{{n+ 1T}

OCU Ay, = Uy U n max LEnYIgny|fy iVt Gll § T dvp, vip ¥Yny ©n r'vny <3 X (\7 L Ly
’I’LT()) n ] u Sn Xn l Sny gn = r((n + 1)T01 'I’LTo, ,E), M = f N;TO/N,
nTy, - <I>((n + 1)Tn nlp,;€), n € Z.

We pomt out that the conditions of Theorem 2.2 are satisfied. Observe that Iuln = |ul,
whenever u € U, and |s]m = |s|, whenever s € S,,n € Z. Hence, by virtue of (20) and (21), the
constant a can be chosen for ¢ and condition (4) is satisfied.

To check (5) and (6), a little more care is needed. Since

[91 < 1Pay] + 1Quyl < 2max {|Pagl, 1Qu()I} = 2Jul,,

and, using (22),

ly|,, < Mlyl, for all y € Y,
the norms | - | and l |n, n € Z, are uniformly equivalent. Therefore, though being somewhat
altanad ke +ha nanarming +tha 1 avn atill diractly annlicahla i

mmag 3 +h o writh +ha
aiterea oy une 1cuu1uuus, the lemmas are still directiy appiicable. Fix g¢ so that, with the
notation adopted in Lemma 3.2, 2MQ(eq, T0)To < (1—p)/3. Further, given € € (0, g arbitrarily,
choose Ny = Ny(e) so that, with the notation adopted in Lemma 3.1 (9 and K(Tp) may depend
on € now), TO/NO < 70 and 2MK(Tp)/NP™* < (1 — 1)/3. By (13), (17) and the renorming
inequality |u|* < My, the constant K in (5) can be chosen for M$(eo, To)eoTo + M K (Tp)/NY.
Similarly, (14) (18), and the renorming 1nequahty jy] < 2|yl < 2M]y| imply that k can be
chosen for 2MQ(<o, Tp)To + 2M K(Tp) /Np and so condition (5) is satisfied. There is no loss
of generality in assuming that 2Mk < exp(—aTy), where @ = sup{|A(t)] | ¢t € R}. Since
[S71 < | X1 < 2M exp(aTy), it follows that also condition (6) and therefore, all conditions of
Theorem 2.2 are satisfied.
Observe that X, + &, = ®((n + 1)Tp, nTo, ;&) and X, + 1, = (N, Ty /N, nTp, -;€). Applying

Theorem 2.2, we see that (23) is identical to (7), and (24) is implied by (8). It is siraight-
forward to check that L(¢) can be chosen, for (1 — u)"'6M K (Tp) (where K(Tp) may depend

on &, too ). H
REMARK 3.2. Further restrictions on the numerical method guarantee that the constant K (T)
in (13) and (14) does not depend on ¢ if the differential equation § = f(t,y) = A(t)y + a(t,y) is
replaced by the one-parameter family of equations (16). As it is shown—mutatis mutandis—by
the arguments in {20, pp. 385-391] elaborated for autonomous equations, this is the case for
explicit Runge-Kutta methods. As an easy consequence of this, it follows then that also the
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constants Ny and L in (24) are independent of € varying in (0,&g). Another advantage of Runge-
Kutta methods is that then ¢(r,t0, 2;€0) = (7, to, 2) for 7 and |z| sufficiently small. Thus (for
Runge-Kutta methods), locally, in a small neighborhood of 0 € ), Theorem 3.1 can be interpreted
as a result on the original ordinary differential equation § = A(t)y + a(t, y).

COROLLARY 3.1. The conjugacy obtained in Theorem 3.1 can be extended to the full solution set
{p(k,To/N,mTy/N, z;¢) | k € Nym € Z} of the nonautonomous difference equations obtained
via Tp /N -discretization.

PrOOF. We “interpolate” in the long conjugacy diagram prior to Theorem 2.2. Forn € Z,£ € N,
2 €Y, we set

T 4
Horen(z) =9 (Z, WQ,nTo,'Hn (<I> (nTn, (n + _ﬁ) To,z;e>) ;e) .

It is easy to see that H, 4/ is well defined and that this mapping is a homeomorphism of Y
onto Y,

T £ k+¢& £
@(k, ﬁ,(m—l—v-) To,'Hn+e/N(2);€) =Hn+(k+e)/1v(‘1>((n+( N )> To,(n + N) To,Z;a)) .

Furthermore, we get

L(e
[Hser(e) ~ 2| < 5,
foralln e Z,k e N,£ € N, z € Y (providing N > Ny(e), e € (0, €o)). ]

COROLLARY 3.2. The sequence of homeomorphisms obtained in Corollary 3.1 shares possible
periodicity properties of (16).

PROOF.

(a) Assume that both ®(ty + 7,t0,2;€) and (7, %o, 2;€) are periodic in tp with minimal
period p > 0. Analyzing (20)-(22), we see that Ty can be chosen for an integer multiple
of p, say Ty = jop for some jo € N. Assume that N = ¢ jy for some positive integer 7.
Then the uniqueness property in Theorem 3.1 yields that H, /N = Hpy(otki)/n, for
all n,m, k,l € Z.

(b) For N fixed, the uniqueness property in Theorem 3.1 implies also that M, ,/n is in-
dependent of n and ¢ provided that ®(to + 7,to, 2;€) and ¢(7, %o, 2;€) are independent
of tg. i

4. REMARKS ON EXPONENTIAL DICHOTOMIES

We now return to the linear equation § = A(t)y and examine conditions (20)—(22). It is
an elementary observation that (20)-(22) are consequences of an exponential dichotomy of this
equation. Moreover, in case the estimate

sup{|A(t)||teR}=a < oo (25)

is valid, (20)-(22) are equivalent to an exponential dichotomy (and (22) is a consequence
of (20),(21) [21, Section IV.3]). For convenience of the reader, we recall one of the various
equivalent definitions [21, Section IV.3] of exponential dichotomy: The linear equation y = A(¢)y
is said to have an exponential dichotomy if there exist positive constants M, v and, for each
t € R, there exists a splitting U4; x S§; = Y with projections P, € L(),U;) and Q; € L(Y, S:),
P, + Q. = idy such that
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(a) U(to,t)Uy = Uy, and [E(to, t)u| < Me~7(t=t0)|y| whenever u € U, t > to,
(b) W(t,t0)St, = S; and |¥(t,t9)s| < Me"(t=t0)|s| whenever s € Sy, t > to,

(¢} |Pe), |Q:) < M forallt eR.

By kinematic similarities, i.e., by linear time-dependent coordinate transformations, systems
with an exponential dichotomy can be carried over (see [21, Sections IV.2 and IV.6]) to the
simpler form where U; = Uy, S; = Sy, for all t € R.

The standard reference books on ordinary differential equations with exponential dichotomies
are [21,22]. Though most results in those books were proved to remain valid (see, e.g., [16,23]
and the references therein) in the discrete case, we do not know of any published expository
treatment of exponential dichotomies for difference equations (see [24], however). Neither do
we know of any research papers devoted to the combinations of discretizations and exponential
dichotomies. The predecessors (see [7,9,10]) of our Theorem 3.1 concern the time-independent
case. The analogue of Theorem 3.1 for autonomous ordinary differential equations was proved
in [10]. On the link of structural stability and exponential dichotomies, see [14,23,25].

Concluding this paper, we present a perturbation result on how the stable fiber bundle, i.e., the
time variant family of stable manifolds is affected by discretizations. The corresponding statement
for autonomous equations was proved, with increasing generality, in [7,9,10]. We use the notation
adopted in the previous section and assume, of course, that all the conditions imposed in Section 3
are satisfied.

THEOREM 4.1. The stable fiber bundle {M;}nel of the time-Ty/N-sequence of the solution
operator of (16) is O(N~P)-approximated by the stable fiber bundle { MgV }nEZ of the nonau-
tonomous difference equation obtained via Ty /N-discretization of order p.

ProOOF. The argument we used in proving Corollary 3.1 shows that it is enough to prove the
corresponding statement for N** power subsequences.

Modifying the proof of the classical stable manifold theorem in the same way (cf. Remark 2.3)
we modified the proof of Theorem 2.1, a simple computation yields the existence of a family of
bounded Lipschitzian functions

s Wy =V, e € (0,¢], n € 7Z,
such that, with
ME = {(ug(w),w) EVaxWa=Y|we wn},

we get
Mflz{zey|<I>((k+n)T0,nTo,z;e)—>O, ask—-»oo} (26)

and
® ((n +1)Ty, nTo, M;) = M; 4, €€ (0,8, neZ

Similarly, for each N > Ny(e), there exists a family of bounded Lipschitzian functions
uf;N :Wh — Vp, € € (0,e0], n € Z,
such that, with
MEN = { (4N (), w) € Vo x Wo =V |we Wa ),
one obtains

MZ’N={Zeylg’(kN,]Z\(;'anTO,z;s) ——)O’ B,Sk—'oo} (27)

T
2 (Nv —JVO,'H,T(),M;’N;E) = M;‘_{_Vl, €€ (0, 60], n € Z.
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Further, for some positive constant l(¢) independent of n and N, N > Ny(¢), we have

Lip (u;,) , Lip (uf;N) <l(e), e€(0,e0], nEZ

(and l(g) — 0 as € — 0).

It is well known that the homeomorphism H in Theorem 2.1 is Holder continuous and has a
Hélder continuous inverse [11, Exercise 5.47]. By a quick analysis of the parameters in solving
(11, Exercise 5.47], Hn(0) = 0 and there are positive constants a, b, b < 1, such that

IHa(2) = Ha(2)], |Hy (2) - H7H(2)| <ale -2

foralln € N, 2,Z € Y, |2|,|Z] < 1. In particular, the collection of homeomorphisms {H,,, H, 1},
is equicontinuous in a neigborhood of 0 € ).
It follows now from (23) and from the stable fiber bundle limiting characterizations (26),(27)

that

n/ 1 IE_N_ —
MY, n < 4.

301

n (M) =
Pick an arbitrary (u(w),w) = z € M¢, and consider also (u5™ (@), W) = Hn(z) € MEN. By
virtue of (24) and (22),

i ML(e
8 0) = W ()] b 18] < M |2~ Ha(2)] < TR,
and consequently, for all w € W,,
g (w) — N (W) < |pg(w) — pg™N (D) + [ (@) — N (w))
ML(E) ML(e)
—p e - < (1+1e ))—N—p-. [

Obviously, the same result is true for the unstable fiber bundle as well. Thus, the persistence of
the “rotating saddle structure” is established. Together with Theorem 3.1, the previous theorem
shows that equation (16) is correctly reproduced by numerical methods.

REMARK 4.1. Starting from the inequality stated in Remark 3.1, we may repeat all considerations
from [10, Section 3]. After some lengthy computations, we obtain that uz,, N e CPHI(W,, V)
and that, with some positive constant k = k(¢) (independent of n and m),

k(e)
Np—m’

(e )™ — (ueNym) < € (0,e0], N > No(e), n€Z, m=0,1,...,p.
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