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Abstract

A proper CAT(0) metric space X is cocompact if it has a compact generating domain with respect to its full
isometry group. Any proper CAT(0) space, cocompact or not, has a compact metrizable boundary at infinity ∂∞ X ;
indeed, up to homeomorphism, this boundary is arbitrary. However, cocompactness imposes restrictions on what
the boundary can be. Swenson showed that the boundary of a cocompact X has to be finite-dimensional. Here
we show more: the dimension of ∂∞ X has to be equal to the global Čech cohomological dimension of ∂∞ X .
For example: a compact manifold with non-empty boundary cannot be ∂∞ X with X cocompact. We include two
consequences of this topological/geometric fact: (1) The dimension of the boundary is a quasi-isometry invariant
of CAT(0) groups. (2) Geodesic segments in a cocompact X can “almost” be extended to geodesic rays, i.e. X is
almost geodesically complete.
c© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

A CAT(0) space is a geodesic metric space (X, dX ) whose geodesic triangles are “no fatter than” the
corresponding comparison triangles in the Euclidean plane. A general reference for facts about CAT(0)
spaces used here is [5]. We will usually suppress dX referring just to X . Such a space X is proper if all
closed balls are compact, and is cocompact if there is a compact generating domain for the full isometry
group of X , i.e. there is a compact set C ⊂ X such that the sets {h(C) | h is an isometry of X} cover
X . In particular, a proper CAT(0) space X has a compact boundary, ∂∞X , namely the set of asymptoty
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classes of geodesic rays in X with the “cone topology”. Equivalently, picking a base point p ∈ X one
can regard ∂∞X as the set of geodesic rays starting at p endowed with the compact-open topology.

There is no restriction for a compact metrizable space to be homeomorphic to the boundary of a
proper CAT(0) space; that is, every compact metrizable space is homeomorphic to the boundary of
a proper CAT(0) space (see the Appendix). But one can ask: can any compact metrizable space be
homeomorphic to the boundary of a proper cocompact CAT(0) space? The answer is no. First, there is
the following theorem of E.L. Swenson:

Theorem 0 ([17]; Theorem 12). If a space Y is homeomorphic to the boundary of a proper
cocompact CAT(0) space then the dimension of Y is finite.

Here, “dimension” means Lebesgue covering dimension (see [14]); we recall the precise definition in
Section 2.

In this paper we show that cocompactness forces another important restriction:

Main Theorem. Let the non-empty compact metrizable space Y be homeomorphic to the boundary of
a proper cocompact CAT(0) space and let its dimension be d (necessarily finite in view of Theorem 0).
Then the d-dimensional reduced Čech cohomology of Y with integer coefficients is non-trivial.

This theorem and its proof are in the spirit of [4] where an analogous statement is proved for the
boundaries of hyperbolic groups.

Remark 1. Since the Čech cohomology of a d-dimensional compact metrizable space vanishes in
dimensions above d, one could reword this as saying: the “global cohomological dimension” of the
boundary and the (locally defined) dimension of the boundary are finite and coincide.

Remark 2. Let X̄ = X ∪ ∂∞X , with the usual compact metrizable topology — see page 263 of [5].
Then X̄ is a Z -set compactification of X . (Recall that this means: For every open set U in X̄ the
inclusion map U − ∂∞X → U is a homotopy equivalence.) To see that ∂∞X is indeed a Z -set,
observe that ∂∞X can be regarded as the space of geodesic rays in X starting at some base point
p ∈ X , and each point q ∈ X can be identified with the “generalized geodesic ray” which proceeds
geodesically from p to q and then stays at q for the rest of time; the Z -set property is then obvious
— just retract geodesic rays to generalized geodesic rays as needed. It follows from the Z -set property
that the Čech cohomology of the compact space ∂∞X is canonically isomorphic to the direct limit of
the cohomology groups {H∗(X − K )} as K varies over the (directed set of) compact subsets of X .
This in turn implies, by straightforward homology arguments given, for example, in [9,10,4,3,11], that
Hn

c (X) (integral cohomology with compact supports) is isomorphic to the reduced integral (n − 1)-
dimensional Čech cohomology of ∂∞X . Thus, one could reword the Main Theorem as saying that
“global cohomological dimension with respect to compact supports” of a proper cocompact CAT(0)
space X is equal to 1 + dim(∂∞X).

Example A. If Mn is a compact n-manifold with non-empty boundary, then its dimension is n, but its
n-dimensional (Čech) cohomology is trivial. Hence, by the Main Theorem, Mn cannot be homeomorphic
to the boundary of a proper cocompact CAT(0) space. For example: Sn

×[0, 1] cannot be homeomorphic
to the boundary of a proper cocompact CAT(0) space, even though Sn is, for example, homeomorphic to
the boundary of any (n + 1)-dimensional Hadamard manifold.
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Example B. Let Q denote the Hilbert cube with metric inherited from Hilbert space. The proper CAT(0)
spaces R≥0 × Rn and “the open cone on Q” (made into a CAT(0) space in the way described in [5]
II.3.14) have contractible boundaries homeomorphic to Bn and Q respectively, so the Main Theorem
implies that they are not cocompact. This is because the reduced Čech cohomology of the boundary
is trivial, while the dimension of the boundary is non-negative. (Recall that only the empty space has
negative dimension, namely −1, and the boundary of a proper CAT(0) space X is empty if and only if X
is compact.)

Remark 3. A proper cocompact CAT(0) space can have infinite dimension. For instance R × Q is such
a case; but of course its boundary is homeomorphic to S0.

Here is an application in geometric group theory. A CAT(0) group is a group Γ which can act
geometrically (i.e. properly discontinuously and cocompactly by isometries) on some proper CAT(0)
space X . Then H∗

c (X) is isomorphic to H∗(Γ , ZΓ ) (see Exercise VIII.7.4 of [6]). Thus, by the (remarks
following the) Main Theorem, if the dimension of ∂∞X is d then Hd+1(Γ , ZΓ ) is non-zero while
Hn(Γ , ZΓ ) is trivial whenever n > d + 1. Now, if Γ1 and Γ2 are quasi-isometric CAT(0) groups then
H∗(Γ1, ZΓ1) and H∗(Γ2, ZΓ2) are isomorphic [12]. Thus the dimension of ∂∞X , depends only on the
quasi-isometry type of Γ . This is of interest because Croke and Kleiner [7] have given examples to show
that the homeomorphism type of ∂∞X is not an invariant of Γ . Summarizing:

Corollary 1. The dimension of the boundary of a proper CAT(0) space on which a CAT(0) group Γ
acts geometrically is a quasi-isometry invariant of Γ .

Remark 4. Of course, if Γ acts cocompactly as covering transformations on X then Γ has finite
dimension (in the group theoretic sense of [6]) so the number d of the Main Theorem exists for group
theoretic reasons, and in that case Corollary 1 follows from the proof of Corollary 1.4 of [4], as is pointed
out in [3].

The next corollary follows from Theorem 0, the Main Theorem and Remark 2.

Corollary 2. Let X be a non-empty proper cocompact CAT(0) space. Then the cohomology with
compact supports of X is non-trivial.

Corollary 2 has an interesting geometric consequence. We say the CAT(0) space X is almost
geodesically complete if there is a number r ≥ 0 such that for any points a and b of X there is a
geodesic ray γ : [0, ∞) → X with γ (a) = 0 whose image meets the open ball about b of radius
r . The term “almost extendible” is also used. Obviously, the spaces in Example A have this property
while those in Example B do not. A cocompact example which has this property even though not every
geodesic segment can be extended to a geodesic ray is the graph consisting of R together with, for each
n ∈ Z, a copy of the closed unit interval glued at its 0-point to n ∈ R.

Corollary 3. Every non-compact cocompact proper CAT(0) space is almost geodesically complete.

Remark 5. It is shown in [15] that Corollary 3 follows directly from Corollary 2. The version of
Corollary 2 proved in [15] has the additional hypothesis that for some cocompact group of isometries
Γ the orbits of the Γ -action are discrete; see footnote on page 209 of [5]. Our Corollary 2 removes the
discreteness hypothesis. Still the version of Corollary 2 proved in [15] is much stronger in the sense that
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no geometric assumptions are required (like being CAT(0) or having a “space at infinity”; see Proposition
B of [15]).

Remark 6. Theorem H of [2] requires almost geodesic completeness as a hypothesis on the non-compact
cocompact proper CAT(0) spaces under consideration there. Corollary 2 shows that this hypothesis is
redundant.

Recently, Dranishnikov has established in [8] the conclusion of our Main Theorem in the following
context: a discrete group Γ acts properly and cocompactly on a metric space X having a “Higson
dominated” compactification X̄ = X ∪ C , where X̄ is an absolute retract and C is a Z -set. When Γ
is torsion free this reduces to a case covered in [3].

2. Proof of the Main Theorem

We denote the Alexander–Spanier cohomology of the pair (Z , A) by H̆n(Z , A).

Lemma 1. Let Z be a compact metric space and A a closed subset of Z. Assume that H̆n(Z , A) 6= 0
and that H̆n+1(Z , B) = 0 for every closed subset B of Z. Then there is a sequence of open balls
{Bk}k≥k0 in Z \ A, Bk of radius 1/k, such that the homomorphisms H̆n(Z , Z \ Bk) → H̆n(Z , A) are
non-zero. Moreover, we can choose the Bk’s to satisfy dZ (Bk, A) ≥ δ, for some δ > 0.

Proof. Since H̆∗(Z , A) = H̆∗
c (Z \ A) (see 6.6.11 of [16]), elements can be represented by cocycles with

compact support in Z \ A. Hence we can find a closed set A′, such that A ⊂ int A′ and the morphism
H̆n(Z , A′) → H̆n(Z , A) is non-zero. Let k0 be such that 2/k0 < dZ (Z \ A′, A).

Let U1, . . . , U j be a finite cover of Z \ A′ by balls of radius 1/k0. Write U = U1 and V =
⋃ j

i=2 Ui .
Note that A ⊂ Z \ (U ∪ V ) ⊂ A′. We have the following diagram of Mayer–Vietoris sequences:

H̆n(Z , Z \ U ) ⊕ H̆n(Z , Z \ V ) → H̆n(Z , Z \ (U ∪ V )) → H̆n+1(Z , Z \ (U ∩ V ))

↓ ↓ ↓ ↓

H̆n(Z , A) ⊕ H̆n(Z , A) → H̆n(Z , A) → H̆n+1(Z , A)

where the last group of the first row is zero, by hypothesis. Since the non-zero morphism H̆n(Z , A′) →

H̆n(Z , A) factors through H̆n(Z , Z \ (U ∪ V )), the middle vertical morphism in the diagram is non-
zero. It follows from the diagram that (at least) one of the morphisms H̆n(Z , Z \ U ) → H̆n(Z , A) and
H̆n(Z , Z \ V ) → H̆n(Z , A) is non-zero. If the first one is non-zero take Bk0 = U . Otherwise write
U = U2 and V =

⋃ j
i=3 Ui , and repeat the process (using the fact that the latter morphism is non-zero).

Eventually, we will find an i such that the morphism H̆n(Z , Z \ Ui ) → H̆n(Z , A) is non-zero. Take
Bk0 = Ui . To find Bk0+1 take a finite cover U1, . . . , U j of B̄k0 by balls of radius 1

k0+1 and repeat the

process. In this way we obtain a sequence of balls Bk . Note that dZ (Bk, A) ≥ dZ (A, Z \ A′)−1/k0 > 0.
Take δ = dZ (A, Z \ A′) − 1/k0. �

Two metric spaces have the same bounded homotopy type if there are maps (i.e. continuous functions)
from each to the other such that either composition is homotopic to the appropriate identity map
by a homotopy which only moves points by a bounded amount, i.e. there is a number s ≥ 0 such
that the image of point × [0, 1] under either of the homotopies has diameter at most s. When that
happens the maps in question are called bounded homotopy equivalences. If the metric spaces are proper
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(i.e. all closed balls are compact) then these must be proper; moreover, “having the same bounded
homotopy type” implies “having the same proper homotopy type” and a bounded homotopy equivalence
is a proper homotopy equivalence. In particular, H∗

c is a bounded homotopy invariant.
When K is a countable locally finite simplicial complex, |K | will be understood to carry the unit

metric unless we say otherwise: by this we mean that each simplex is isometric to a standard Euclidean
simplex whose edges have length 1, and the distance between points of |K | is the greatest lower bound
of the lengths of all piecewise linear paths joining them such that each linear piece lies in a simplex.
Thus |K | is a proper geodesic metric space.

Theorem 2. Let X be a cocompact proper CAT(0) space. There is a finite-dimensional countable locally
finite simplicial complex K such that X and |K | have the same bounded homotopy type.

A version of Theorem 2 appears in [15] but with the additional hypothesis that for some cocompact
group Γ of isometries of X the orbits of the Γ -action are discrete; see footnote on page 209 of [5]. Here
we remove that discreteness hypothesis. (Of course the version in [15] gives a Γ -complex K , while we
are not claiming that the complex K in Theorem 2 supports a group action.)

Proof of Theorem 2. Let E ⊂ X be maximal with respect to the property that if x, y ∈ E and x 6= y,
then dX (x, y) ≥ 1. The family U = {BX (x, 1) | x ∈ E} is an open cover of X , where BX (x, 1) denotes
the open ball of radius 1. Let K be the nerve of this cover. Then K is clearly countable and it is locally
finite because the cover U is star finite (i.e. each member of U meets only finitely many others).

Suppose K is not finite-dimensional. Then for all natural numbers m we would have dim K ≥ m.
Thus for each m there would be points xm

0 , . . . , xm
m ∈ E such that 1 ≤ dX (xm

i , xm
j ) < 2 when i 6= j . Let

C be a compact generating domain for X . For each m there is an isometry hm such that hm(xm
0 ) ∈ C .

Then for each i the point hm(xm
i ) lies in C1, the 1-neighborhood of C . By induction, we can then pick

subsequences of N, each a subsequence of its predecessor, so that for each n the sequence (hn+k(xn+k
n ))

converges to some point yn ∈ C1. The resulting sequence (yn) consists of points which are pairwise at
least 1 apart while all lying in the compact set C1, a contradiction.

Because X is CAT(0) and U consists of open balls, it follows that all non-empty intersections of
members of U are contractible. It is well known that this implies that X is homotopy equivalent to
|K | (the weak topology coincides with the unit metric topology since K is locally finite), and indeed
the proof of this fact in Section 5 of [18] shows that, with the metric we have chosen, the mutually
homotopy inverse maps in both directions given in that proof are bounded homotopy equivalences which
are bounded homotopy inverse to one another. (Indeed, this also follows from the proof of Lemma 7A.15
on page 129 of [5]). �

When Z is a metric space BZ (p, r) denotes the open ball of radius r and center p ∈ Z . We say that Z
is uniformly contractible if for every r > 0 there is s > 0 such that for every p ∈ Z , BZ (p, r) contracts
in BZ (p, s). We say H i

c (Z) is uniformly trivial if Z has the following property:
For every r > 0 there is s > 0 such that whenever an i-cocycle z has compact support contained in a

ball BZ (p, r), then z cobounds a cochain whose compact support lies in BZ (p, s).
Recall that when U ⊂ V ⊂ Z with U and V both open in Z then the inclusion map ι : U → V

induces a homomorphism ι∗ : H∗
c (U ) → H∗

c (V ); see Remark 26.2 of [13]. Hence, H∗
c (Z) is uniformly

trivial if for every r > 0 there is s > 0 such that the map H∗
c (BZ (p, r)) → H∗

c (BZ (p, s)), induced by
the inclusion, is trivial.
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Proposition 1. Let X be a proper cocompact CAT(0) space. If H i
c (X) is trivial, then H i

c (X) is uniformly
trivial. In fact the number s in the definition of “uniformly trivial” is independent of i .

Proof. Let r > 0 and let x ∈ X .
Claim. There is r ′

≥ r (depending only on r ) such that ι∗(H i
c (BX (x, r))) is a finitely generated subgroup

of H i
c (BX (x, r ′)), where ι : BX (x, r) → BX (x, r ′) is the inclusion.

To prove the claim, let K be as in the proof of Theorem 2 and let f : X → |K |, g : |K | → X
be such that g f is bounded homotopic to the identity map. Then there is a compact set C containing
BX (x, r) such that, for any cocycle z with compact support lying in BX (x, r), z and f ∗g∗z are compactly
cohomologous in C .

Let L be a finite subcomplex of K such that:

g−1(C) ⊂ int |L|. (∗)

Choose r ′ such that g(|L|) ⊂ BX (x, r ′). It follows that C ⊂ g(int |L|) ⊂ BX (x, r ′). Hence,
if z is a cocycle with compact support contained in BX (x, r), then z is compactly cohomologous to
(g f )∗z = f ∗g∗z in BX (x, r ′). By (∗) v := g∗z is a cocycle with compact support contained in int |L|.
Consequently every cocycle with compact support contained in BX (x, r) is compactly cohomologous in
BX (x, r ′) to a cocycle of the form f ∗v where v is a cocycle with compact support contained in int |L|.
Since H i

c (int |L|) is finitely generated we conclude that f ∗H i
c (int |L|) is also finitely generated. The

claim follows.
Now let r ′ be as in the claim and let z1, . . . , zl be compactly supported cocycles representing a set

of generators of ι∗(H i
c (BX (x, r))). Since we are assuming H i

c (X) = 0, there is s = s(r) such that
z1, . . . , zl compactly cobound in BX (x, s). Since X is cocompact it follows easily that, given r , a number
s independent of x exists with the required property. That s is independent of i follows from the fact that
K in Theorem 2 is finite-dimensional. �

The following is a consequence of Proposition 1 and the construction of the chain homotopy ∆i given
in Proposition 1.4(a) of [4].

Corollary. Let X be a proper cocompact CAT(0) space. Assume that there is a k such that H i
c (X) = 0

for i > k. Then there is a number t such that every i-cocycle with compact support cobounds in the
t-neighborhood of its support, i > k.

Remark. The construction of ∆i given in [4] is done for a finite-dimensional simplicial complex, but
this is not a problem since, by Theorem 2, X is bounded homotopy equivalent to a finite-dimensional
simplicial complex.

We now recall some facts of dimension theory; see [14] for details. Let Z be a compact metrizable
space. The (Lebesgue covering) dimension of Z , dim Z , is ≤ n if every open cover of Z has a refinement
whose nerve has dimension at most n; one writes dim Z = n if, in addition, dim Z is not ≤ n −1. If there
is no such n then dim Z is infinite. The Z-cohomological dimension of Z , dimZ Z , is n if H̆n(Z , A) 6= 0
for some closed subset A of Z while for all k > n and all closed subsets B of Z , H̆ k(Z , B) = 0. If
there is no such n then dimZ Z is infinite. Traditionally, here, H̆n refers to Čech cohomology, but that is
canonically isomorphic to Alexander–Spanier cohomology, at least when dim Z is finite, as it is in our
case — see page 342 of [16]. There is always the inequality dimZ Z ≤ dim Z , and equality holds when
dim Z is finite.
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Proof of the Main Theorem. We write X̄ = X∪∂∞X . Let d be the largest integer such that Hd+1
c (X) 6=

0 (if H∗
c (X) = 0, then d = −∞). By Theorem 0 we know that dim ∂∞X is finite so we may use the

cohomological definition of dimension. Write n = dimZ ∂∞X ≥ 0. Then n ≥ d. We have to show that
n = d , so we will suppose that n > d and derive a contradiction. There must be a closed set A such
that H̆n(∂∞X, A) 6= 0. Let Bk and δ > 0 be as in Lemma 1 (taking Z = ∂∞X with a metric d∂∞ X that
induces the cone topology on ∂∞X ). We may assume that the balls Bk converge to some point γ 6∈ A.

Fix a base point x0 ∈ X . For any set G ⊂ ∂∞X , the cone CG of G is the union of all rays emanating
from x0 and ending in G. We claim that, using geodesic retraction along rays emanating from x0, we can
find a closed set D ⊂ X̄ such that:

(i) D ∩ ∂∞X = A and C A ⊂ D.
(ii) D \ A lies in the 1-neighborhood (in X ) of C A \ A.

(iii) D is a strong deformation retract of X̄ .

Here are the details of how to construct this set D. We will abbreviate the geodesic ray [x0, β] to β. Then
β(0) = x0, β(∞) = β and dX (β(t), x0) = t . Let τ(β) = inf{t : dX (β(t), C A) ≥ 1}. Note that the
function τ : ∂∞X → [0, ∞] is not necessarily continuous. This function τ has the following properties:

(1) τ(β) < ∞ when β 6∈ A, and τ(β) = ∞ when β ∈ A.
(2) If βn ∈ ∂∞X is such that d∂∞ X (βn, A) → 0 then τ(βn) → ∞.
(3) dX (β(τ (β)), C A) = 1 when β 6∈ A. Moreover, dX (β(t), C A) ≤ 1 when t ≤ τ(β) and β 6∈ A.

For every n = 1, 2, 3 . . . let cn = inf{τ(β) :
1

n+1 ≤ d∂∞ X (β, A) ≤
1
n }. By (1) cn < ∞, and by (2)

cn → ∞, as n → ∞. Let ϑ : (0, ∞) → [0, ∞) be a continuous function such that:

(a) ϑ(s) = 0, for s ≥ 1.
(b) ϑ(s) ≤ cn , for s ∈ [

1
n+1 , 1

n ].
(c) ϑ(s) → ∞ as s → 0+.

Then we can extend ϑ by ϑ(0) = ∞. Let D = {β(t) : β ∈ ∂∞X, t ≤ ϑ(d∂∞ X (β, A))}. Since
ϑ(β) ≤ τ(β), (1) implies (i). Also, (b) and (3) imply (ii). Finally, we can deform X̄ to D by deforming
each ray β to β([0, ϑ(d∂∞ X (β, A))]). Thus D satisfies (i), (ii) and (iii) as claimed.

Let t be as in the corollary to Proposition 1. Since γ 6∈ A we can find a point x1 in [x0, γ ], such that
the ball BX (x1, t + 2) does not intersect D. Write a = dX (x0, x1). Since Bk → γ there is a k′ such
that every geodesic ray in C B̄k′ intersects BX (x1, 1) ∩ SX (x0, a), where SX (x0, a) denotes the sphere
of radius a centered at x0. We write B ′

= Bk′ . By Lemma 1, H̆n(∂∞X, ∂∞X \ B ′) → H̆n(∂∞X, A) is
non-zero. Let {z} ∈ H̆n(∂∞X, ∂∞X \ B ′) be such that its image in H̆n(∂∞X, A) is non-zero, where z
denotes a cocycle with compact support lying in B ′. (Here, as at the beginning of the proof of Lemma 1,
we are identifying a relative Čech cohomology group with the compactly supported cohomology of the
complement — we will use this convention again below.) Using a geodesic deformation retraction we
can find a closed set E ⊂ X̄ such that:

(i) E ∩ ∂∞X = ∂∞X \ B ′.
(ii) C(∂∞X \ B ′) ∪ BX (x0, a) ⊂ E .

The construction of E is similar to the construction of D given above.
Note that the distance from D \ A to X \ E is larger than t + 1. From the exact sequence of the

triple (X̄ , ∂∞X ∪ D, D) and the fact that H̆∗(X̄ , D) = 0 we conclude that H̆n(∂∞X ∪ D, D) →

H̆n+1(X̄ , ∂∞X ∪ D) is an isomorphism. By considering also the exact sequence of the triple (X̄ , ∂∞X ∪

E, E) and the inclusion (X̄ , ∂∞X ∪ D, D) ↪→ (X̄ , ∂∞X ∪ E, E) we get the following commutative
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diagram:

H̆n(∂∞X, ∂∞X \ B ′) ∼= H̆n(∂∞X ∪ E, E) → H̆n+1(X̄ , ∂∞X ∪ E)

↓ ↓ ↓

H̆n(∂∞X, A) ∼= H̆n(∂∞X ∪ D, D) ∼= H̆n+1(X̄ , ∂∞X ∪ D)

where the isomorphisms on the left are given by excision — see 6.6.5 of [16]. Let {z′
} be the image of {z}

in H̆n+1(X̄ , ∂∞X ∪ E). Then the image of {z′
} in H̆n+1(X̄ , ∂∞X ∪ D) ∼= H̆n+1

c (X \ D) is non-zero. We
regard z′ as a cocycle compactly supported outside ∂∞X ∪ E and we obtain a contradiction by showing
that z′ compactly cobounds outside D\ A as follows: since the support of z′ lies in X \ E and the distance
from D \ A to X \ E is larger than t + 1, the corollary to Proposition 1 implies that z′ cobounds outside
D \ A, a contradiction. �

Acknowledgement

The second-named author was supported in part by a research grant from CAPES, Brazil.

Appendix

That cocompactness is essential in the theorems proved here is shown by the following observation
attributed to Gromov — see the remark preceding 2.28 of [1]:

Proposition 2. Let C be a compact metrizable space. There is a proper CAT(0) space, indeed, a
proper CAT(−1) space, X, such that ∂∞X is homeomorphic to C.

Proof (Sketch). For the case where C is finite-dimensional, embed it in a suitably high-dimensional
sphere which is regarded as the boundary of a hyperbolic space H . Let X be the closed convex hull of
the union of all geodesic lines in H joining two points of C . Then X has the required properties. For the
infinite-dimensional case, do the same using an infinite-dimensional hyperbolic space.
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