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In this short note, we report a di-quark model calculation for the spin dependent odderon and 
demonstrate that the asymmetrical color source distribution in the transverse plane of a transversely 
polarized hadron plays an essential role in yielding the spin dependent odderon. This calculation confirms 
the earlier finding that the spin dependent odderon is closely related to the parton orbital angular 
momentum.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
The large size of the observed transverse single spin asymme-
tries (SSAs) in high energy scattering experiments [1] has stimu-
lated a lot of theoretical developments as it allows us to address 
some most fundamental aspects of QCD and gain more insight 
into the hadron structure as well. The various mechanisms be-
yond the naive parton model [2] have been proposed to explain 
the large SSAs [3–8]. The common feature of these mechanisms 
is that an imaginary phase required for the non-vanishing SSAs is 
generated by taking into account an additional gluon exchange be-
tween the active parton and the remanent part of the transversely 
polarized hadron. For a small angle scattering in the high energy 
limit, the spin independent cross section is dominated by the two 
t-channel gluon exchange at leading order, which can be viewed 
as a pomeron exchange. The three gluon exchange responsible for 
the spin dependent cross section is then naturally re-interpreted 
as an odderon exchange [9–12], which is a C-odd object. The con-
tributions to SSAs from a such tri-gluon exchange have also been 
extensively studied in the context of the collinear twist-3 frame-
work [13–18].

Apart from the conventional perturbative QCD description 
[19–22], an odderon exchange also can be formulated in the dipole 
approach [23] and in the Color Glass Condensate (CGC) frame-
work [24,25]. According to the saturation model calculation [26], 
the odderon exchange is absent when an unpolarized target has 
uniform color source (valence quark) distribution. This observation 
motivated one of us to introduce the spin dependent odderon [27]
by noticing the fact that the valence quark distribution is strongly 
distorted in the transverse plane of the transversely polarized tar-

* Corresponding author.
E-mail address: jzhou@sdu.edu.cn (J. Zhou).
http://dx.doi.org/10.1016/j.physletb.2016.06.055
0370-2693/© 2016 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.
get [28]. In a more recent work [29], it has been found that such 
spin dependent odderon is the only source of SSAs at small x, as 
the three dipole type T-odd gluon TMD in a transversely polarized 
target dominating small x dynamics are determined by the spin 
dependent odderon. We also note that the same subject has been 
studied in an earlier literature [30].

The objective of this short note is to demonstrate the relation 
between the spin dependent odderon and the distorted impact de-
pendent parton distribution in a more transparent way. For this 
aim, we compute the SSA for a quark scattering off an onium 
that consists of one quark and one scalar di-quark. As we fo-
cus on the high energy limit, we formulate our calculation in a 
standard kT factorization approach [31,32] (also often referred to 
as the high energy factorization), in which the cross section can 
be presented in terms of an impact factor involving the convo-
lution with the wave function of the incoming hadron. In this 
work, we use the Brodsky–Hwang–Ma–Schmidt (BHMS) di-quark 
model [7,33] to describe the transversely polarized projectile. Since 
the BHMS model evidently incorporates the parton orbital angular 
momentum effect that leads to an asymmetric impact dependent 
parton distribution inside a transversely polarized hadron [28], we 
use it to determine the light cone wave function of the onium. 
The current work can be viewed as the one more effort to ad-
dress the topical issue: the interplay of spin physics and saturation 
physics [34].

We start by fixing the relevant kinematical variables for the 
process under consideration. In the di-quark model, the partonic 
subprocess is expressed as the following,

N(P , S⊥) + Q (p) → q(k) + S(r) + Q (p′), (1)
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Fig. 1. Pomeron exchange between quark and onium. The solid line represent quark, while the doted line stands for the scalar di-quark.
Fig. 2. Feynman diagrams contributing to T (1) .

where the polarized nucleon N is described within the quark–
scalar diquark BHMS model, see the Chap. 4 of Ref. [33]. Q , q and 
S represent the incoming quark target, the produced quark and the 
scalar di-quark, respectively.

We parameterize momenta of particles using Sudakov’s light-
cone vectors p1 and p2 (p2

1 = 0 = p2
2, 2p1 · p2 = s). The momenta 

of incoming nucleon P with mass M and transverse polarization 
vector S⊥ , the incoming massless quark target p, the produced 
quark k with mass mq and the helicity λk = ± and the scalar di-
quark r with mass ms have the forms

P = p1 + M2

s
p2, p = p2 ,

k = z p1 − (zl⊥ + v⊥)2 − m2
q

sz
p2 + zl⊥ + v⊥ ,

r = z̄ p1 − (z̄l⊥ − v⊥)2 − m2
s

sz̄
p2 + z̄l⊥ − v⊥ , (2)

where v⊥ is the relative transverse momentum between the pro-
duced quark and diquark, z̄ = 1 − z and the momentum transfer 
in the t-channel � = p − p′ is in high-energy kinematics mostly 
the transverse vector l⊥ , with suppressed like O(1/s) component 
along p2 Sudakov vector.

It is instructive to first review how to compute the spin inde-
pendent cross section of the onium–quark scattering with a sin-
gle gluon exchange as shown in Fig. 1. Using the Feynman rules 
given in the Appendix I and applying the eikonal approximation 
to both quark and diquark lines, it is straightforward to derive 
the T (1) matrix for the scattering process with single gluon ex-
change in momentum space, corresponding to the diagrams in the 
Fig. 2,

T (1) = 2sλs g2ta
ck cr

ta
cp′ cp[

z(1 − z)ū(z, zl⊥ + v⊥, λk)u(P , S⊥)

(zl⊥ + v⊥)2 − M̃2

− z(1 − z)ū(z, v⊥ − (1 − z)l⊥, λk)u(P , S⊥)

(v⊥ − (1 − z)l⊥)2 − M̃2

]
δλp λp′

l2⊥
,

(3)

where λp and λp′ are helicities of the scattered quark. Note that 
M̃2 = z̄m2

q + zm2
s − zz̄M2 is positive. For simplicity of notation, we 

show as an argument of quark spinor ū(k, λk) only the momentum 
component along Sudakov vector p1 and the transverse compo-
nent. The T (1) scattering amplitude expressed as a convolution in 
the impact parameter x⊥ (conjugate to the transverse momentum 
v⊥) is given by,
T (1) = 2sg2ta
ck cr

ta
cp′ cp∫

d2x⊥�(x⊥, z)eix⊥·(zl⊥+v⊥)
(

1 − e−ix⊥·l⊥
) δλp λp′

l2⊥
, (4)

with

�(x⊥, z) = λs

∫
d2 v⊥
(2π)2

e−ix⊥·v⊥ z(1 − z)ū(z, v⊥, λk)u(P , S⊥)

v2⊥ − M̃2
,

(5)

which is the nucleon wave function in impact (coordinate) rep-
resentation. We proceed to compute the product of spinors in 
Eq. (5) using the spinor technique of Ref. [35]. The result expressed 
in terms of two orthogonal vectors of a basis in the transverse 
plane,

ẽμ
1 = Sμ

⊥ , ẽμ
2 = ε

S⊥μ
⊥ , ẽ2

1 = −1 = ẽ2
2 , ẽ1 · ẽ2 = 0 , (6)

takes the form

ū(z, v⊥, λk)u(P , λP , S⊥)

= δλk +
1√
2z

[
Mz + mq − (

ẽ1 + iẽ2
) · v⊥

]

+ δλk −
1√
2z

[
Mz + mq + (

ẽ1 − iẽ2
) · v⊥

]
, (7)

where ενμ
⊥ = 2

s εp1 p2νμ . After carrying out the integration over v⊥, 
one can rewrite the wave function Eq. (5) as,

�(x⊥, z) = δλk +
(−λs

√
zz̄)

2π
√

2

[(
Mz + mq

)
K0(M̃|x⊥|)

− (
ẽ1 + iẽ2

) · x⊥
iM̃

|x⊥| K1(M̃|x⊥|)
]

+ δλk −
(−λs

√
zz̄)

2π
√

2

[(
Mz + mq

)
K0(M̃|x⊥|)

+ (
ẽ1 − iẽ2

) · x⊥
iM̃

|x⊥| K1(M̃|x⊥|)
]

, (8)

where |x⊥| =
√

−x2⊥ . This leads to the following expression for the 
wave function squared,∑
λk=±

|�(x⊥, z)|2

= λ2
s

zz̄2

(2π)2

[(
Mz + mq

)2
K 2

0 (M̃|x⊥|) + M̃2 K 2
1(M̃|x⊥|)

+ 2
(
Mz + mq

)
ẽ2 · x⊥K0(M̃|x⊥|) M̃

|x⊥| K1(M̃|x⊥|)
]

. (9)

With the above results one can compute the cross section which 
reads,



L. Szymanowski, J. Zhou / Physics Letters B 760 (2016) 249–253 251
Fig. 3. Odderon exchange between quark and onium. The conjugate diagrams are not shown here.

Fig. 4. Three Feynman diagrams with two gluons contributing to the transition vertex of proton into quark and diquark. The remaining 3 diagrams are obtained by the 
interchange of gluonic lines l1 ↔ l − l1 in the above diagrams.
dσ

d2l⊥
= C F

2π

α2
s

(l2⊥)2

∫
dz

zz̄
d2x⊥

∑
λk=±

|�(x⊥, z)|2(1 − e−ix⊥l⊥)(1 − eix⊥l⊥) . (10)

If one integrates over the azimuthal angle of x⊥ in Eq. (10), the 
spin dependent term in Eq. (9) drops out. Therefore, to derive 
the spin dependent cross section, one has to take into account 
one additional gluon exchange as shown in Fig. 3. Following the 
similar procedure as in calculation of T (1) , we compute the T (2)

scattering amplitude for the two gluon exchange in the symmet-
ric 8S color octet state. In the kT -factorization approach, the T (2)

amplitude is expressed as a factorized convolution in transverse 
momenta of t-channel gluons

T (2) = 1

i 2!
(

2

s

)2 s

2

∫
d2l1⊥
(2π)4

(−i)2

l21⊥(l⊥ − l1⊥)2[∫
dβ1 S(2)(P → q s)μν pμ

2 pν
2

]
[∫

dα1 S(2)(p → p′)μ′ν ′ pμ′
1 pν ′

1

]
. (11)

It involves S(2)(P → q s)-matrix for transition of a proton into 
quark and diquark with two gluons in 8S state, having longitu-
dinal polarizations ∼ pμ

2 , which is integrated over β1 Sudakov 
component of l1 momentum. Similarly, S(2)(p → p′)μ′ν ′ pμ′

1 pν ′
1

is the S-matrix for transition of target quark p into outgoing 
quark p′ . It is in turn integrated over α1 Sudakov component of 
l1 momentum. The combinatorial factor 1/(2!) assures that the 
S(2)(P → q s)-matrix element is represented as a sum of six Feyn-
man diagrams shown in Fig. 4. The expression for T (2) has the 
form,

T (2) = −
isg4(N2

c − 4)ta
ckcr

ta
cp′ cp

δλpλp′
4 2
2 π Nc
∫
d2l1⊥

l21⊥(l⊥ − l1⊥)2
d2x⊥ �(x⊥, z) eix⊥(v⊥+zl⊥)

(1 − e−ix⊥l1⊥)(1 − eix⊥(l1⊥−l⊥)) . (12)

The corresponding cross section reads,

dσ

d2l⊥
= i α3

s C F (N2
c − 4)

23π2Nc∫
dz d2x⊥

zz̄

∑
λk=±

|�(x⊥, z)|2 d2l1⊥
l21⊥(l⊥ − l1⊥)2l2⊥

(1 − e−ix⊥l⊥)(1 − eix⊥l1⊥)(1 − e−ix⊥(l1⊥−l⊥)) + c.c. , (13)

with |�(x⊥, z)|2 given by Eq. (9). We proceed to integrate out 
l1⊥ by the Feynman parameter method and obtain the expression 
(ā = 1 − a),∫

d2l1⊥
(2π)2

1

l21⊥

1

(l⊥ − l1⊥)2

(
1 − eil1⊥·x⊥

)(
1 − ei(l⊥−l1⊥)·x⊥

)

= − 1

4π l2⊥

1∫
0

da

aā

{
1 + eil⊥·x⊥ −

√
aāx2⊥l2⊥K1(

√
aāx2⊥l2⊥ )

(
eial⊥·x⊥ + eiāl⊥·x⊥

)}
, (14)

where K1 is the modified Bessel function of the second kind. For 
a very small onium x⊥ << 1/l⊥ , one can make the following ap-
proximation,√

aāx2⊥l2⊥K1(

√
aāx2⊥l2⊥ ) ≈ 1 , (15)

and to perform integration over Feynman parameter a
1∫

da

aā

{
1 + eil⊥·x⊥ − eial⊥·x⊥ − eiāl⊥·x⊥

}

0
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≈ (x⊥ · l⊥)2

2
(1 + eix⊥·l⊥) , (16)

The cross section is simplified as,

dσ

d2l⊥
= α3

s C F (N2
c − 4)

23π Nc∫
dz d2x⊥

zz̄

∑
λk=±

|�(x⊥, z)|2 2(x⊥ · l⊥)2

l4⊥
sin(x⊥ · l⊥) .

(17)

If |�(x⊥, z)|2 were an azimuthal symmetric wave function, the 
integration over the angle of x⊥ would lead to an vanish-
ing cross section. However, it has been realized long time ago 
that the parton distribution in the transverse plane of a trans-
versely polarized target is strongly distorted [28]. It can be 
clearly seen from the expressions Eq. (9) that this is indeed the 
case in the quark–scalar diquark model of a nucleon. The term 
in Eq. (9) involving ẽ2 · x⊥ gives after angular integration in 
Eq. (17)

2π∫
0

dφx⊥ ẽ2 · x⊥(x⊥ · l⊥)2 sin(x⊥ · l⊥)

= ẽ2 · l⊥ 2π

[
J3(|x⊥||l⊥|) − 3 J2(|x⊥||l⊥|)

|x⊥||l⊥|
]

|x⊥|3|l⊥| . (18)

With the help of this formula, one obtains the spin dependent 
cross section,

d�σ

d2l⊥
= −ẽ2 · l⊥

λ2
s α

3
s C F (N2

c − 4)

(2π)2|l⊥|2Nc

1∫
0

dz
z̄
(
Mz + mq

)
4M̃4

, (19)

where we ignored the terms suppressed by the power of |l⊥|/M . 
This approximation is justified for a small onium.

On the other hand, the spin dependent cross section for the 
quark initiated jet production in the backward region reads [27],

d2�σ

d2l⊥
= Fxg (l

2⊥) + 1

M
ε

i j
⊥l j

⊥ Si⊥ O ⊥
1T ,xg

(l2⊥) . (20)

Here Fxg is the usual unintegrated gluon distribution, while O ⊥
1T is 

the spin dependent odderon introduced in Ref. [27]. One thus can 
extract,

O ⊥
1T ,xg

(l2⊥) = − λ2
s α

3
s C F (N2

c − 4)

(2π)2|l⊥|2Nc

1∫
0

dz
z̄M

(
Mz + mq

)
4M̃4

, (21)

which is the main result of our short note. We refrain from per-
forming the integration upon z as it is sufficient to clearly demon-
strate the relation between the spin dependent odderon and the 
asymmetric color source distribution in the transverse plane of the 
polarized target at this step. Before summarizing the paper, few 
comments are in order. Though it is clear that the existence of the 
spin dependent odderon relies on the polarization dependent part 
of the wave function which is essentially the GPD E, one should 
note that the exact relations between the odderon and the GPD E 
are different in the MV model [27] and the di-quark model. In 
general, such relations are model dependent. Thus, it would be 
very interesting to work out a model independent relation be-
tween SSAs and the GPD E in the future.

At this point, we would like to comment on the phenomeno-
logical implications of our work. Due to the C-odd nature of the 
odderon exchange, it doesn’t contribution to the scattering be-
tween the onium and gluon. This implies that the SSAs caused 
Fig. 5. Feynman rules in the diquark model.

by the spin dependent odderon disappear at mid-rapidity which 
is dominated by gluon. Therefore, we anticipate that the size of 
SSAs rises in the backward region of the transversely polarized tar-
get. This observation seems to be consistent with the measurement 
performed at RHIC [36].

To summarize, we calculate the SSA in the onium–quark scat-
tering by taking into account an odderon exchange. It is shown 
that the asymmetric impact parameter dependent parton distri-
bution inside a transversely polarized hadron computed from the 
diquark model is critical for having a non-vanishing odderon ex-
change. This calculation confirms that such a spin dependent odd-
eron gives the potential access to the parton orbital angular mo-
mentum. This is also in agreement with the earlier observations 
that SSAs phenomenology is closely related to the parton orbital 
angular momentum [37,38].
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Appendix I

Based on Ref. [33], in the diquark model, the interaction be-
tween the nucleon, the quark, and the scalar diquark is described 
by the following Feynman rules for the nucleon–quark–diquark 
vertex, quark–gluon vertex, diquark–gluon vertex, and the diquark 
and quark propagators in Fig. 5, respectively,

iλsū(k, λk)u(P , S⊥)δcc′
, −igtaγ μ, −igta(r + r′)μ,

i

r2 − m2
s + iε

,
i(k̂ + mq)

k2 − m2
q + iε

, (22)

and the standard scalar diquark propagator, quark propagator and 
gluon propagator in the Feynman gauge,

i

r2 − m2
s + iε

,
i(k̂ + mq)

k2 − m2
q + iε

,
−igμνδc c′

k2 + iε
, (23)

where the subscripts c and c′ are color indices in the adjoint rep-
resentation and k̂ = kμγ μ , ta are SU (N) gauge group generators in 
the fundamental representation.

Appendix II

In this appendix, we present an alternative way of determining 
the wave function in the diquark model. It is well known that the 
impact parameter dependent parton distribution can be parame-
terized as [28],

fq(z,b⊥,q) = Hq(z,b2⊥,q) + 1

M
ε

i j
⊥bi⊥,q S j

⊥
∂Eq(z,b2⊥,q)

∂b2⊥,q

, (24)

f s(z,b⊥,s) = Hs(z,b2⊥,s) + 1

M
ε

i j
⊥bi⊥,s S j

⊥
∂Es(z,b2⊥,s)

∂b2
, (25)
⊥,s
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where H and E are the Fourier transform of the normal GPD H
and E . The subscript q and s indicate the quark and the scalar 
diquark respectively. Using the relation,

b⊥,q − b⊥,s = x⊥ , zb⊥,q + (1 − z)b⊥,s = 0 , (26)

and the fact that light cone wave function and GPDs are normal-
ized in the different way, one has,∫

d2x⊥
2π

dz

2z(1 − z)
|�(x⊥, z)|2

=
∫

d2[(1 − z)x⊥]dz

{
Hq(z, (1 − z)2x2⊥)

+ ε
i j
⊥xi⊥ S j

⊥
M(1 − z)

∂Eq(z, (1 − z)2x2⊥)

∂x2⊥

}
, (27)

where d2x⊥
2π

dz
2z(1−z) is the two particle phase space factor. The ex-

pression for the GPD E in momentum space derived in the diquark 
model has been given in Ref. [39]. By taking Fourier transform, one 
obtains,

Eq(z, (1 − z)2x2⊥) = λ2
s

(2π)3
(mq + zM)M K 2

0 (M̃|x⊥|) . (28)

This leads to the spin dependent part of the wave function 
squared,

�|�(x⊥, z)|2 = − ε
i j
⊥xi⊥ S j

⊥
2λ2

s

(2π)2
(mq + zM)(1 − z)2z

M̃

|x⊥|
K0(M̃|x⊥|)K1(M̃|x⊥|) , (29)

which is in complete agreement with Eq. (9) from the direct calcu-
lation. The same result is also found for the polarization indepen-
dent piece of the wave function squared. The derivation presented 
here is essentially based on the observation that both the wave 
function squared and the GPDs in the position space have the clear 
probability interpretation.
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