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Abstract

Van Assche, W., Orthogonal polynomials, associated polynomials and functions of the second kind, Journal of
Computational and Applied Mathematics 37 (1991) 237-249.

A survey is given of the interaction between orthogonal polynomials, associated polynomials and functions of
the second kind with an emphasis on asymptotic results. Various formulas are presented in a unified way in
terms of Wronskians of solutions of linear recurrence relations. Some of these formulas are classical and go back
to the previous century, but usually they are hard to locate in the literature. Some new formulas are also given,
in particular a formula expressing the derivative of an orthogonal polynomial in terms of the orthogonal
polynomials and the associated polynomials.
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1. Introduction

Let u be a probability measure on the real line with an infinite number of points of increase
and for which all the moments are finite. There exists a unique sequence of orthogonal
polynomials { p,(x); n=0, 1, 2,...} for which

[Pu(x) (%) du(x)=8,,,, m, n>0, (1.1)
with

Palx) =vux"+ -+, ¥,>0.
These polynomials satisfy a three-term recurrence relation

xpn(x)=an+1pn+l(x)+bnpn('x)+anpn—1(x)’ n>0’ (12)
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for which the recurrence coefficients satisfy

a,,=—y—n—>0, b,,=fxp3(x) dp(x) ER,
and with initial values p-,(x) =0 and p,(x)=1. An interesting result, usually referred to as
Favard’s theorem [7, Theorem 1.4.4], [8, Theorem II.1.5], states that for the polynomial solution
of (1.2) with g,>0 and b, € R and initial conditions p_;(x)=0, py(x)=1, there exists a
probability measure p so that the orthogonality (1.1) is satisfied.

Given the sequences {a,>0; n=1,2,...} and {b,; n=0,1, 2,...}, one defines for k€N
the kth associated polynomials { p{*’(x); n=0, 1, 2,...} by the recurrence relation

xPnk)(x) = an+k+1pr${(+-l(x) + b +kpnk)(x) + an+kpr$1i)l(x)’ n>0, (1-3)
with initial conditions
pH(x)=0, piP(x)=1.

The spectral measure (orthogonality measure) with respect to which these polynomials are
orthogonal will be denoted by u'®’. Notice that for every fixed k the polynomials { p{*) (x);
n=0,1,2,...} form a solution of the recurrence relation (1.2).

Functions of the second kind {qg,(x); n=20,1, 2,...} are defined by the integral

an(x) = [ 22 4u(y). xee\supp(n). (1.4)

where { p,(x); n=0,1, 2,...} are the orthogonal polynomials with spectral measure u. These
functions are well defined whenever x € C \ supp(p), where supp(p) — the support of p — 1is
the smallest closed set containing all the points of increase of p. A straightforward analysis
shows that {g,(x); n=0,1, 2,...} satisfies the recurrence relation (1.2) with initial conditions

an—l(x)=1’ 40(x)=fdx“—£);)).

Observe that g, is the so-called Stieltjes transform of the spectral measure p.

Associated polynomials already appear in Stieltjes’ fundamental work [27] and are very
natural because they are the numerators for the convergents of certain continued fractions. Some
interesting properties may be found in the works of Perron [23] and Geronimus [12]. These
properties and some new results have recently been given by Belmehdi [5] without referring to
continued fractions. Functions of the second kind and associated polynomials are usually only
studied for classical orthogonal polynomials [1,4,7,14,22,25,28,32] but recently more general
orthogonal polynomials have also been considered (2,3,6,9,11]. Grosjean has made some very
detailed contributions to the analysis of associated polynomials and functions of the second kind
[13-15]. In the next section we will show how all these functions are interrelated.

2. Wronskians

Consider the second-order recurrence relation

XU, =a, Uy, + B u,+au,_;, n=0, (2.1)
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with a,,,>0, b,€R, n=0,1,2,..., and x€C. Let {4,} and {v,} be two solutions of (2.1);
then the Wronskian W(u,, v,) is g1ven by
u 1)

n n

W(un’ Un) =4, =an+1(unvn+1 n+1 ) (22)

Uyt Un+1

This determinant is sometimes also called the Casorati determinant of the two solutions { u, }
and {v,} [18, p.354]. It follows easily that W(u,, v,) is independent of n. If the Wronskian of
two solutions is different from zero, then the two solutions are said to be linearly independent.
From the general theory of linear recurrence relations it follows that every solution of (2.1) is a
linear combination of two linearly independent solutions.

Consider u, = p,(x) and v, = pM,(x) with Wronskian

W(Pn’ P;Sl)l) _an+1[pn(x)pnl)(x) Pn+1(x) (1)1(")] =a;,>0. (2-3)

It follows that every solution of (2.1) is a linear combination of p,(x) and p{”;(x). In particular
for keN,

Py(x) = Ap,(x) + Bp2:(x).
Setting n =k and n=k — 1 yields

()
Pi2a(x) %))
A= —q PR S (),
“W(p. p21) o
B=a Pr-1(x) _ O

km - a_lpk—l(x)’

which gives the formula

a, P (x) = ay [ pioa (%) p21(x) = P22 (x) P ()], (2.4)
An interesting special case is obtained by taking k = 2, giving
2

xprfl)l(x)_alpn(x)+b0 (l)l(x)+ p,$2)2(x).

When considering the (k — 1)st associated Versmn of this formula, we obtain
2

B ay
3P (%) = aep (%) + By P (x) + g plE D (x), 23)

This formula was already given in [9] and is the basis for a perturbation theory for orthogonal
polynomials defined by a recurrence relation. If x € C\ supp(g), then in a similar way

9 X) = Cpn(x) +Dp(l)1(x)

and setting 7n=0 and n= —1 (observe that a,p(x) = —a,) gives
1
C=q0(x)a D=_—a—s
1

which results in the well-known formula

(1)1(x fpn(x —p.(») du(y).
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In general we may consider { p\”,(x)} and { p*),(x)} with j < k as two solutions of (2.1). Their
Wronskian is given by

W(prsj)j’ P,(,k)k “an+1[Pn (x)P(k)k+l(x) prgj)j-f-l(x)P(k) (x)] _akpk—_] 1(x),

(2.6)

which means that both solutions are linearly independent if and only if x is not a zero of p{/’ i—1-
Finally let us work out the Wronskian of {g,(x)} and { p{*,(x)}, which is

W(4,, P9%) = a,41[ 40 (x) PP s1(X) = @uir (%) P (%)] = argi_1(x). (2.7)

It follows that {g,(x)} and { P9 (x)} are linearly independent whenever x € C \ co(supp(p)),
where co(supp(p)) is the convex hull of supp(p), i.e., the smallest closed interval containing
supp( ). Indeed, by the representation

pu(x)ap(e) = (BB ) () + (22 ()
) au(y) (9)

for which the orthogonality (1.1) was used, it follows that p,(x)q,(x) is the Stieltjes transform of
the probability measure p>(y) du(y) and it is easy to show that the Stieltjes transform of a
probability measure has no zeros outside the convex hull of its support (see, e.g., [16, letter 273]
or [26]). None of these Wronskian formulas is new: the equation (2.3) even goes back to the
previous century and expresses the well-known relationship between numerators and denomina-
tors of the convergents of a Jacobi continued fraction. The Wronskian formulas can also be
found in [5].

As a result of all these Wronskian formulas we will now give two formulas closely related to
the Christoffel-Darboux formula. We have been unable to find these formulas in the literature
and therefore believe them to be new.

Theorem 1. The following formulas are valid.:

n

> Lo ()p2(y) = 2L =R). (2.9)

<=
j=1 % Y

and its confluent form

n

)> %p, 1(x) P2 (x) = pa(x). (2.10)

Jj=1

Proof. Let k < n; then from (2.5) we obtain

WP0(3) = a2 (0) + b1 P () + P, (2.11)

and from (1.2)
xpp_1(x)=app(x) +by_y1pp_1(x) +a,_1pp_r(x). (2.12)
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Multiply (2.11) by p,_;(x) and (2.12) by p{¥,(») and subtract the obtained equations to find

A

1
— v — ) {
“k_AkH‘\ Y \

a k n=
where we have used the abbreviation

(k—1)

A =pi_(x)pYS (Y O y).

By iteration one easily obtains
A=A, (x-y) Z —p, () P2 (»).
Setting k = 1 leads to (2.9). Formula (2.10) is obtained by letting y tend to x. O

Introduce the truncated Jacobi matrix A4, =(4; ;)< ;<. With 4,;=b, and 4,;, ;=A;, ;=
; then (2.10) is actually a trace formula since p,,(x) /P.(X) is equal to the trace tr(x] — A,) L.

lhe left-hand side of (2.10) can then be obtained by computing (xi — A4,)” usmg cofactors. As
a consequence of Theorem 1 we find

P = a [ B2 () (), (2.13)

which is obtained by multiplying (2.9) by p,_,(y) and integrating with respect to the measure p.
When k = 1, the classical formula for p{", drops out as a special case. Another formula for p{*,
is obtained by observing that

9. (x) =Ap,(x) + Bg,(x),
and solving for 4 and B — using (2.7) — gives
P,f"i)k(x) =a,qi—1(x) p.(x) — ay pi_ W(x)g,(x)

an(x)Pk (%) = p.(¥) e (y) Al o)
k) X—y dup(y),

which could also be verified by comparing with (2.13) and using the orthogonality.

—~~
(9]
b
S

~—

= 7
—u

3. Asymptotic formulas

We will now give some asymptotic formulas for ratios of orthogonal polynomials and their
associated polynomials. We will show that the functions of the second kind are very useful in

agvmntotic ana]vme

QS f AL VUL QLKL Y LS

Let us first discuss some decompositions into partial fractions. We will always denote the
zeros of p, in increasing order by

x1n<x2n<”'<xnn
It is very well known that the zeros of » belong to the convex hull of supp(u) {7, 0.29]. The most
*J bt n ARARLID VY VRS ALY A AWML VWA UM\ LT e ) SRRV ARAUR
elementary rational fraction and its partial fractions decomposition is

n/ () n 1

Pa\X) i
-y . 3.1
pn(x) j=1 X~ X)n ( )




242 W. Van Assche / Orthogonal polynomials and related functions
Another rather common fraction is
1) n
pn 1 ( X )
32
e E e, 6D
where
P2i(x;,)
j‘n Pn (xj,n ) ’
The numerator p{,(x;,) can be replaced using (2.3) and (1.2) which gives.
A = -1 _ 1
s an+1pr:(xj,n)pn+l(xj,n) anpr:('xj,n)pn—l(xj,n) .

The numbers {7 ,; 1 <j<n} are all positive and are known as Christoffel numbers [28, p.48].
They appear in the Gauss—-Jacobi quadrature formula

L A,nPl0) = [P(x) du(x), (.4

(3.3)

which is valid for every polynomial P of degrée at most 2n — 1. A new decomposition into
partial fractions is, kK <n

Pr— 1(X)P(k) (x) - i Aj,npl%:——l(xj,n) (3.5)
pa(x) tlh X—Xpn '
In order to check this formula we need to evaluate the residues of the left-hand side. The residue
for x; , is
Pr- l(xjn)pn k( )
R,,= :
: Pa(x.0)
Use (2.6) with j=0and x = x; , to find

ak Plzc -1 ( xj,n)
R, ,=- 7
’ a,41 pn(xj,n)pn+1(xj,n
and from (3.3) we see that (3.5) is indeed the desired decomposition. Taking k =1 gives (3.2) and

for k = n we find a formula already obtained in [29].
For the next theorem we need some notation. Define

Zy={x;,s1<j<n,n>N},

X, = Z{ = {accumulation points of Z, },
X,={x€Z;; p,(x) =0 for infinitely many n }.
These sets have been introduced in [7]). Note the relations

supp(p) € X; U X, C co(supp(p)).

We can now formulate a generalization of Markov’s theorem.
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Theorem 2. Suppose that the moment problem for p is determined; then for every k € N,

(k)
- Pni\ X
lim —p%)(;)—) = aqgi—1(x), (3.6)

uniformly on compact subsets of C\ (X; U X;).

Proof. We use induction on k. When k& = 0, the result is immediate. For k = 1 we have Markov’s
theorem:

b

. pia(x) dp(y)

Jm T~ 5
uniformly on every compact subset of C \ co(supp(u)). Markov proved this result for supp(p) =
[a, b] with a and b finite [28, p.57], but the result also holds for infinite intervals provided the
underlying moment problem is determined. Actually p{” (x)/p,(x) is the [n—1/n] Padé
approximant of a,q, at co. The uniform convergence on compact subsets of C\ (X; U X;) can
be shown as follows. Let K be a compact subset of C\ (X; U X,); then it contains at most a
finite number of zeros of the sequence { p,} and none of these zeros belong to X,. Therefore we
can choose an integer N such that KN (X, U Z,) =#. The distance

S=inf{|z—x|; z€K, xE€X,UZy}
is strictly positive and by (3.2) we have for n > N,

P;El—)l(x)

p.(x)

Therefore p{V,(x)/p,(x) is uniformly bounded on K for n > N and the result follows from the

Stieltjes—Vitali theorem.
Now suppose the result is valid up to k. By (2.5),

n }\ n
jn ay a,
<a _— = A= .
SO L Tk, 1S LT3

2
_ a
xPr(.li)k(x) = akprg’ik}l—)l(x) + bk—lprgli)k(x) + Tilp,f’iil_)l(X)-

When we divide each term in this equation by p,(x), then by the induction hypothesis
(k+1)

- ph(x) _a
lim AL = k;l [(x— br_1)aqi—1(x) — akak—lqk—z(x)] = a1k (X),
n— oo pn(x) ay

uniformly on compact subsets of C\ (X; U X;). O

This theorem is very useful in determining the spectral measure p'*> for the associated
orthogonal polynomials { p{*’} when the moment problem for y is determined. Indeed, from
(k+1) (k)
. P P(x) du(y)
1 ———— e T3 e
o pO(x) a"“f x—y » YSC\R,
and from

1P (x) _ PP (%) para(x)

pO(x)  Pa(x) pP(x)”
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we can find the Stieltjes transform of u*? by means of (3.6), giving

fm=l_w)_ x € C\R. (3.7)

xX—y a4 gp_1(x)’
The measure p*) may now be obtained using the Stieltjes inversion formula [33, pp. 93-96]

wO(x}) + 3Oy D) + 9%, yD)
11, f:{ g (t—ie)  q(r+ie) }dt_

T 27 4y cmos Gi-1(t—i€) g (1 +ie)

The relation (3.7) was already known to Stieltjes for k=1 [16, letter 426], [27]. Explicit
expressions of the associated measure may be found for classical polynomials [1,4], [7, Chapter
VI, [25,32] and Grosjean made a very detailed study of the associated polynomials and functions
of the second kind corresponding to the Legendre polynomials [13] and the Jacobi and
Gegenbauer polynomials [14].

4. Cesaro summability

In this section we will consider the Cesaro sums
1 n—1 1 n—1
n Z Pk(x)‘Ik(x), " Z plzc(x)’
k=0 k=0

the first one outside the spectrum, the latter on the spectrum. The second Cesaro sum is closely
related to the Christoffel function A,(x) which is defined as

-1

M) = {:g:pz(x)}

This Christoffel function plays a crucial role in many investigations concerning orthogonal
polynomials [21].
Let us first consider the (C, 1) convergence of p,(x)g,(x).

Theorem 3. Let ¢, be a positive sequence such that (x, ,— X, ,)/c, is bounded; then
palenx) S (1)
e C,X c,x)=0—], (4.1)
2,(c,%) kgopk( )i (c,x) c,
where the O-term holds uniformly on compact subsets of C\R. If ¢, =1 for all n, then the result
holds uniformly on compact subsets of C\ (X; U X;).
Proof. By Theorem 1 we have

pr:(cnx) — i ka—l(cnx)prsli)k(cnx)
pn(cnx) k=1 g pn(cnx)

>
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and by (2.14),

ipk—l(cnx)prsk)k(cnx) qn(cnx)

=pk—1(cnx)qk—1(cnx) _Plzc—l(cnx)

a p.(c,x) P.(cx)
Therefore

palex) S q,(c,x) "=

p(cx) kg,opk(c %) (e, x) = — 7.(cx) %) & 2 pi(c,x). (4.2)

By means of the confluent form of the Christoffel-Darboux formula [7, p.24] we have

g.(c,x) "¢ §: (e x _ qa(c,x)

Palenx) & = ey anl pilen®) paa(enx) = pulex) pia (%))

)p,._l(cnx) JACRIN )
pn(cnx) Pn(cnx) pn—l(cn'x) )

Now let K be a compact set in C\R and let § be the distance between K and R; then for
x€eK,

=anpn(cnx)qn(cnx

_.!M dp.(y)<

| P(cpx)gu(c,x) | <

l¢.x =yl
and
pn—l(cnx) a i >\j,npnz—1(xj,n) < a,
pn(cnx) nj=1 |Cn'x—xj,nl = cna’

where we have used (2.8) and (3.5). Moreover,

o) palex) 1 1
Pn(cnx) pn—l(cnx) Jj=1 c"x_xj’n Jj=1 C x_x

1 _ n-1 xj,n-l — An
cnx—xn,n j=1 (Cnx_xj,n)(cnx_xj,n—l) ’

X

By the interlacing of the zeros x;, <x;,_; <x,,,, this gives

1
+ c382 g (xj,n—l"xj,n)

p,:(CnX) _ pr:—l(cnx) <
pn(cnx) pn—l(cnx) = c 8

/\

2622(xj+1n_ n)=C8+82—2,

A combination of all these bounds gives

n—1

Pn(cax)
Cn Pn(cnx) kEOPk(C 2 X)qi(€,x) | <

1 1xn,n—x1,n
22) F(”f—c |
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If (x, ,— x1.,)/¢c, is bounded, then also a,/c, is bounded because
2 2 2 2 2
max(xly,,, X, ,,)> max (ak+ak+1+bk)
’ O<ksn—1

[19, p.52]. This concludes the proof. O

A more precise result can be obtained when supp(p) =[—1, 1] [20]. Let us introduce some
sequences of probability measures associated with orthogonal polynomials. Define », and &, by

[7(x) dn,(x) = %élf(xg;") (43)

and
[ de,(x) = [ ngpi(x)f(-f;) an(x), (44)

where f is a bounded continuous function. The behaviour of », as n — oo gives the asymptotic
distribution of the contracted zeros x;,/c,, 1 <j<n, and the behaviour of £, gives the weak
(C, 1) behaviour of the polynomials p, on the spectrum. Recall that a sequence u, of probability
measures converges weakly to a positive measure p if and only if

J7() da(x) = [7(x) dp(x),

for every bounded and continuous function f.

Theorem 4. If c, is a positive sequence such that (x, , — X, ,)/c, is bounded, then the weak limits
of v, and §, are the same.

Proof. The Stieltjes transforms of », and £, are

n

fdvn(y) _% 5 1 ¢ Paleax)

X=y B j=1 x_xf»"/cn h pn(cnx)

and

d d n n—1
[l 2 OIS % pemantenn).
and by Theorem 3 we see that the Stieltjes transforms of », and &, have the same limits. The
Grommer—Hamburger theorem [33, p.104] states that when a sequence of probability measures
., is such that the Stieltjes transforms converge on compact subsets of C\R to a function S,
then S is the Stieltjes transform of a positive measure p and p, converges weakly to u. The result
thus follows by applying this to our sequences of probability measures. O

This theorem states that the sequence £, and the zero distribution of orthogonal polynomials
are closely related. Moreover, the (C, 1) limit of p,(x)q,(x) is exactly the Stieltjes transform of
the asymptotic zero distribution. This was already known before [10,17], [19, p.49], [30], [31,
Chapter 95].
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The (C, 1) convergence of p,(x)q,(x) can be improved to (C, 0) convergence when the
recurrence coefficients behave nicely.

Theorem 5. Suppose that a, — a >0 and b, — b; then
1

)’ — 44? ’

nlingopn(X)qn(x)=\/( =

uniformly on compact subsets of C\ supp(p). The square root is such that

2 2
V(x—5b)" —4a
lim ( ) =1.
X — 00 X

For every continuous function f:[b—2a, b+ 2a) = R which is bounded outside [b— 2a, b+ 2a]
one has

' , 1 (b+2a f(»)
lim d =% dy.
lim [£(y)pi(») du(y) ﬂfb_h oz —(y—b) Y

Proof. From (2.7) with k = 0 one easily obtains
a [Pn+1(x) _ gur1(x) } _ 1
" op(x) gu(x) | pa(x)gu(x)

Now {p,} and {g,} both satisfy the same recurrence relation with converging recurrence
coefficients. By Poincaré’s result it then follows that the ratios p,,(x)/p,(x) and g,,,(x)/q,(x)
converge to one of the solutions of the quadratic equation

ag’(x)—(x—b)g(x)+a=0,
provided that | g(x)| # 1. Clearly,
Pn+1(x) _ Yn+1

Xli'n;lo xp,(x) 2
and
g dre1 (%) Poar(x) _ lim, o oxfpra(0)/(x =y) de(y) _
wmo (%) p(x)  lim, L oxfpi(y)/(x—y)dp(y) 7
so that
 pp(x) _x—b+(x—b) ~4a’
lim =
n— o0 pn(x) 2(1
and
 gp(x) _x—b—{(x—b)—4a’
lim =
n—oo Gn(x) 2a ’
in the neighborhood of oo, and in such neighborhoods we thus have
. 1
lim p,(x)q,(x) = = :
n—oo V(x - b)* — 4a>



248 W. Van Assche / Orthogonal polynomials and related functions

This convergence is uniform on compact subsets of C\ supp(g) since on such a compact set K
we have

2

2.(y) 1
—d

x—y7 #0)<3,

where 8 is the distance between K and supp(p). The uniform convergence thus follows from the
Stieltjes—Vitali theorem. The second part of the theorem concerning the weak convergence of the
measures p, given by dp,( y) = p2(y) du(y) follows, since

_/-b+2c1 dy 1
20 /442 —(y b X J(x—b)—aa?
so that the Stieltjes transforms of the measures p, converge to the Stieltjes transform of the

arcsin measure on [b — 2a, b + 2a] uniformly on compact sets in C\ R and we can then apply
the theorem of Grommer and Hamburger. O

| P (x)g.(x) | <

The previous result was already given in [24] and is an easy consequence of the convergence of
the recurrence coefficients. It shows that the functions of the second kind behave like the
reciprocal of the orthogonal polynomials outside the spectrum. A stronger result holds when we
impose stronger conditions on the measure p.

Corollary. Suppose that supp(p) =[—1, 1] and that
fl log p'(y)

\/1_7

dy> —oo;
then
lim q,,(x)(x +ix2—1) =V2myx*—1D(x—Vx*-1 ),
uniformly on compact subsets of C\[—1, 1], where D is the Szegé function
1 /m , 14+ze
D(z) =CXP{E—/—W log p’(cos 0)1_—;F d0}, |z] <1.
Proof. This follows immediately since the recurrence coefficients satisfy

1
an_)i’ bn_)o’

and
lim p,(x)(x+Vx*—1) =vV2aD(x—Vx*—1),
uniformly on compact subsets of C\[—1, 1] [8, Chapter V], [28, Chapter XII]. O

This result was already given in [3] where a more complicated proof is used.
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